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INTRODUCTION xV 


types of elementary excitations. It would be more correct to speak simply of 
the long wave and short wave excitations”. In that second paper he had fitted 
the energy spectrum to agree with Peshkovw’s data on second sound propaga- 
tion, and found that the two branches of the spectrum should continuously 
merge into one another—a feature since then abundantly corroborated by 
microscopic theories. In the earlier paper, Landau calculates the specific heat of 
liquid helium following from the energy spectrum, and shows that superfluidity 
is also a consequence of the spectrum inasmuch as the fluid, if moving with suf- 
ficiently low velocity, will be unable to slow down by the excitation of a single 
elementary excitation. He also evaluates the velocity of sound in liguid helium, 
and finds that apart from the ordinary sound waves, temperature waves may 
be propagated with a velocity different from that of ordinary sound. These 
waves are the so-called second-sound waves. Finally, he started the discussion 
of hydrodynamics of helium SI, a subject further developed by him in a later 
paper: 6, In a paper with Pomeranchuk® he shows that impurities in helium IT 
move with the normal and not with the superfluid part of the liquid. Landan’s 
other contribution to the theory of liquid helium has been in two papers with 
Khalatnikov® 7° in which they gave an extensive discussion of viscosity 
phenomena in liquid helium, based upon the idea that transport phenomena can 
be described in terms of collisions between the elementary excitations. Together 
with Lifshitz®> he has considered the problem of rotation in liquid helium; 
although the picture given there is not in agreement with the now generally 
accepted Feynman—Onsager theory it may be correct under certain conditions. 
It is nowadays generally accepted that the peculiar properties of liquid *He. 
are due to the fact that the *He-atoms are bosons. in three—by now classical— 
papers®: 9.95 Landau developed a theory of Fermi liquids, that is, of a system 
of interacting fermions, the most important of which are the conduction 
electrons in a metal and liquid *He. As in the case of “He, the first problem is 
to find the energy spectrum for the elementary excitations. Landau” found 
this spectrum by assuming that in switching on the interaction between the 
fermions, the classification of the levels remains invariant, ‘‘dressed”’ fermions 
taking the piace of the original “bare” fermions. We find then that the energy 
of the excitations is a functional of the distribution function of the particles— 
and is thus temperature dependent. In the second paper®! Landau discusses 
the propagation of waves in a Fermi liquid and finds a new kind of “sound”: 
zero sound or “high frequency” sound. While ordinary “low-frequency” 
sound with its rarefactions and compressions corresponds to the oscillation of 
the radius of the Fermi surface which remains spherical about its centre, zero 
sound corresponds to a periodic oscillation of the shape of the Fermi surface. 
In the third paper®* Landau discusses the forward scattering of the “dressed” 
fermions, which determines the general properties of a Fermi liquid. 


2. Sourip Starve Puysics 


Among Landau’s contributions to solid state physics we should first of all 
mention his paper on the diamagnetism of metals*. Classically one knows 
that a system of charged particles will have a vanishing magnetic susceptibility. 
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However, quantum mechanically a magnetic field introduces a quantisation 
of the levels—the so-called Landau levels—and this discreteness of the levels 
leads to a non-vanishing diamagnetism. This effect becomes expecially notice- 
able at low temperatures, and the susceptibility shows a periodic variation 
with the magnetic field (de Haas—van Alphen effect} due to the changing rela- 
tive position of the highest occupied level and the Fermi level. This effect has 
been studied experimentally, notably by Shoenberg, and was theoretically 
treated by Landau®. 

Landau discussed’ the field-dependence of the low-temperature magnetic 
susceptibility of such anti-ferromagnetic substances as chromium chloride 
and with Lifshitz?* gave a thermodynamic theory of domain structure as well 
as the basic equation of motion for the magnetisation in ferromagneties and 
a first theory of ferromagnetic resonance. 

In two papers in 1937°° Landau developed a theory of second-order phase 
transitions, pointing out the close connexion between such transitions and 
symmetry properties. In a paper with Khalatnikov® he showed that near a 
second-order phase transition point anomalous sound absorption occurs, 

“while he has also considered*® the scattering of X-rays near such a transition 
point. In an earlier paper on a related topic!” Landau had considered the specific 
heat anomalies near a critical point and found below the critical point a 
(T, — T)¥? law. Zeldovich and Landau* discussed the relations between the 
liquid, dielectric, and metallic forms of a substance, while Landau also con- 
sidered the scattering of X-rays by crystals with a variable lamellar structure** 
and the equilibrium shape of crystals”. Together with Rumer®® the absorption 
of short wavelength sound was investigated, and the absorption was considered 
to be due to sound-wave-lattice-wave collisions. 

In 1933 Landau! suggested the possibility that an electron might dig its 
own hole in a crystal through its polarising action. This idea is essential for 
polaron theory, and in a later paper with Pekar®’ the effective mass of a polaron 
was evaluated. With Lifshitz®® photoconductivity in semi-conductors was 

. studied. 

We finally mention a paper with Pomeranchuk** on the electrical conduc- 
tivity and thermo-electric power of metals at low temperatures and a paper?? 

on the theory of the accommodation coefficient both at low temperatures where 
quantum effects become important and at high temperatures where the clagsi- 
cal thecry holds. 


3. PhasMAa PHYSICS 


In plasma physics Landau has made two important contributions. The first 
one* was his derivation of a transport equation for a system of charged-par- 
ticles, where the long range of the Coulomb forces makes it impossbile to use 
the normal Boltzmann equation. The second one®! was a paper where he dis- 
cusses in some detail plasma oscillations and shows that these are always 

‘damped (Landau damping). 
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Apart from providing physics with one of the best existing text books on 
hydrodynamics, Landau has also from time to time contributed short notes 
ex various problems in hydrodynamics and aerodynamics. With Levich* he 
studied the formation of a thin liquid layer upon the surface of a solid which is 
dragged through the liquid, and in a later note® he showed that the motion 
in an axially symmetric jet can be determined for arbitrary Reynolds numbers 
by solving the Navier-Stokes equations rigorously. Landau investigated® the 
behaviour of shock waves at large distances from their point of origin, pointing 
to the existence of two (rather than one) shock waves. With Liishitz®* he used 
the Euler—Tricomi equations to study weak discontinuities at the sonic line. 

The onset of turbulence as an eigenvalue problem was studied ® in order to 
further the understanding of turbulence, while with Lifshitz®? hydrodynamic 
fluctuations were considered. 

We finally mention three papers with Staninkovich 5 5* % on the hydro- 
dynamics of detonating gaseous mixtures and condensed explosives. 


5. ASTROPHYSICS 


Landau has also made a few brief excursions into astrophysics, and again 
as one is bound to expect, with interesting results. In his first paper on this 
subject’ he discusses in general terms stellar equilibrium. He points out the 
importance of quantum statistics and relativity for the equation of state of 
matter at the centre of a star, and comes to the conclusion that for stars heavier 
than about 1-5 solar masses, quantum mechanics can no longer hold for parts 
of such stars. He discards the idea that “some mysterious process of mutual 
annihilation of protons and electrons’? would supply stellar radiation, but 
suggests that rather the law of conservation of energy. should no longer be 
valid in the relativistic region®. However, a year later he considers with Ga- 
mow?’ the consequences of nuclear reactions for the temperature at the centre 
of a star and concludes that either lithium will not be present in any appreci- 
able amount, or the central temperatures can not exceed a few million degrees. 
In his final paper on stellar energy*? Landau suggests that this energy is 
released by transforming ordinary matter into “neutronic”’ matter, that is, 
by pushing all electrons into the nuclei. He shows that this would be energeti- 
cally favourable for systems with masses more than about one thousandth of 
a solar mass. 


6. NecuEar Puysics arp Cosmic Rays 


In 1937 Landaz applied*! Bobr’s concept of a statistical theory of nuclei to 
find a relation between the level density and the neutron scattering width. 
He has also®® pointed out the importance of selection rules—especially the 
forbiddenness of transitions between states of different parity—for the 


xviii INTRODUCTION 


stability of nuclei against «-particle disintegration. With Tamm*° he sketched 
a theory of nuclear forces. 

Landau has at various times studied scattering processes (see also the next 
section), for instance, scattering of mesons by nuclear forces*, scattering of 
light by mesons (with Smorodinski*s), and proton—proton scattering {also with 
Smorodinski®). With Lifshitz®* he has considered the energy transfer during 
neutron—deuteron and proton—deuteron scattering*, while with Pomeranchuk”? 
he discussed the emission of gamma-quanta when fast pions are scattered by 
nucleons. 

With Rumer, Landau has considered various processes leading to cosmic 
ray showers® 86 especially the cascade theory of electronic showers. Follow- 
ing these calculations Landau evaluated the angular distribution in a shower 
and also has developed a theory of secondary showers produced by mesons**. 
He has also studied the ionisation energy loss of fast particles®*. One of his 
most widely quoted contributions to the theory of cosmic ray phenomena. is 
the theory of multiple production of particles by fast incoming particles”. 
This theory is an extension of ideas, first proposed by Fermi. The essential fea- 
tures of the production process are that when two nucleons collide, a compound 
system is produced and within a small volume, Lorentz-contracted because 
of the high velocity of the centre-of-mass system, a large number of. particles 
is created. The density in that small volume is so high and the mean free path 
so smal] that statistical equilibrium is established. After that the system ex- 
pands, at first “hydrodynamically”’, that is, in such a way that the mean free 
path of the constituents remains small, and finally in such a way that the indi- 
vidual products of the collision-process can be distinguished. This theory was 
further developed by Belen’kii and Landau®*. With Pomeranchuk” Landau 
applied their considerations of Bremsstrahlung processes’§ to electron—cascade 
processes at very high energies. 


7. Quantum MEecwanics 


Among the many contributions by Landau to quantum mechanics we must 
first of all mention a fundamental paper with Peierls* in which the applicabi- 
lity of the uncertainty relations to relativistic quantum mechanics is studied. 
This attempt to establish in relativity restrictions on measuring processes 
which are not included in the uncertainty relations led to the well-known papers 
‘by Bobr and Rosenfeld on the measurement of electromagnetic fields. Landau 
also discussed!® the relativistic corrections to the many-body Schrédinger 
equation, the so-called Breit Hamiltonian. The problem of the angular momen- 
tum of a system of two photons which is of importance in the theory of elec- 
tron—positron annihilation processes was discussed by Landau in 19486, 


* Ti is interesting to note the title of this paper. Instead of a title such as ‘‘ Neutron—deuteron 
and proton-deuteron scattering,” the authors gave the paper a title so that it looked like 
‘continuation of refs.'7 and 9 in order to be able to publish this paper at a time when nuclear 
physics papers seldom obtained permission to be published. 


INTRODUCTION xix 


Apart from the scattering processes mentioned in the previous section, Lan- 
dau has also made a general study of inelastic collisions?® and applied this 
theory, for instance, to excitation of nuclei, and excitation of vibrations during 
optical transitions. Bremsstrahlung emitted by fast electrons was evaluated 
by a method slightly simpler than Heitler’s original one}®, and the limitations 
of the applicability of the theory were considered. With Pomeranchuk, Landau 
returned to this problem® in a paper in which pair-production was also taken 
into account, a topic also treated in a paper with Lifschitz!*. The cross-section 
for photon—photon scattering was calculated for the case of very high energies®® 
with Akhieser and Pomeranchuk. In ashort note in the Physical Review*® Landau 
pointed out that the failure to observe the theoretically prodicted polari- 
sation of electrons through scattering was likely to be caused by the fact that 
most electrons underwent multiple rather than single scattering. Berestetskii 
and Landau”! vonsidered the second-quantised wave equation of the elec- 
tron—positron system. 

Among Landau’s earlier papers there are a few dealing with spectra. In the 
first paper he wrote alone! Landau evaluated the band spectrum of diatomic 
molecules, the intensity distribution in the spectrum, and the Zeeman and 
Stark effect in the band spectrum. In a paper on damping in wave mechanics 
Landau introduced the density matrix to discuss coupled systems. In a short 
note in the Naturwissenschaften’ Landau pointed out the importance of sum rules 
for estimating the intensity of spectral lines. Together with Placzek, Landau 
studied the fine structure of Rayleigh scattering lines, but a detailed paper 
on this topic never saw the light of day, and only the main conclusions of this 
study were published*. 


8. Quantcm Fre.p TeEory 


With Peierls, Landau derived* the Heisenberg—Pauli quantum electrodyna- 
mics in a slightly different manner while Landau*! has considered the limits 
beyond which electrodynamics loses its validity in quantum mechanics, and 
applied these considerations to electrons and mesons. 

With Abrikosov and Khalatnikov, Landau has considered the elimination 
of infinities in quantum electrodynamics®, the propagators or Green functions 
for photons® and electrons”, and the electron mass*!, while Landau and Pome- 
ranchuk® discussed point interactions in quantum electrodynamics. A survey 
of the results of these papers were presented in the Nuovo Cimento supplement 
dealing with Russian physics® and in the Bohr Festschrift**. The gauge trans- 
formation of charged particle propagators and vertex operators were considered 
by Landau and Khalatnikov®’. Landau® also studied some spectral properties 
of the temperature-dependent single-particle Green functions. 

Abrikosov, Galanin, Gorkov, Landau, Pomeranchuk and Ter-Martirosyan% 
have shown the impossibility of constructing a consistent strong-coupling 
fermion theory. The difficulty here is that as one increases the so-called cut-off 
limit, the physical interaction tends to zero independent of how large the bare 
coupling constant is. 
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Recent developments in quantum field theory are mainly concerned with 
constructing theories without Hamiltonians and wave functions in which dis- 
persion relations and diagram methods play the main role. One of the tasks to 
be accomplished is to find the singularities of the various quantities occurring 
in the theory. Landau®® (see also ref. 99 and a general discussion in ref. 100) 
has developed a general method to find such singularities. 

In connection with the developments following Lee and Yang’s theory of 
non-conservation of parity, Landau proposed® the hypothesis of conservation 
of combined parity and also discussed in that connexion the properties of the 
neutrino. 


9. MISCELLANEOUS 


In this last section we have collected all those papers which do not fall 
easily into the earlier categories. In an interesting paper with Bronstein! 
Landau discussed the connection with the second law of thermodynamics 
and the universe as a whole. Discussions with Vavilov led Landau to a study 
of the thermodynamics of photo-luminescence® and the limitations imposed 
by thermodynamics upon its yield. The temperature dependence of the dis- 

persion of sound in gases was studied together with Teller’. 

Landau has also made some contributions to theoretical chemistry. He stu 
died the pressure dependence of the decomposition rate of large molecules®’, 
the theory of slow combustion®*, and the stability of sols and the coalescence 
of charged particles in electrolytic solutions under the action of van der Waals 
forces*’. 

Finally, Landau has studied with Meiman and Khalatnikor®? finite differ- 
ence methods for solving differential equations. 


1. ON THE THEORY OF THE SPECTRA OF 
DIATOMIC MOLECULES 


The model of the diatomic molecule as a rotator with internal momentum is 
treated by means of the new quantum mechanics. The familiar band theory is 
obtained for the frequencies. All intensities are calculated. The behaviour of the 
molecule in electric and magnetic fields (Stark and Zeeman effects in the bands) 
has been examined. 


THE Hamiltonian for a diatomic molecule ist 


1 1 I 
H=U+——Y pt + —— Pi + —— Pi, 1 
am =P + oy ta a) 


where the small letters refer to electrons and the capital letters to the nuclei; 
U denotes the potential energy. 

In order to separate the translatory motion of the molecule as a whole, 
we make the following transformation of co-ordinates: 


_- M,R, + M,R, 
=f — R= Rk, — R,, 
se M,+ M, eS 
(2) 
my r+ MW, R,+ M,R, 
C = eS 
Ym+ iM, + M, 


the new co-ordinates of the electrons are their vector distances from the centre 
of mass of the nuclei, R is the distance between the nuclei, and C is the radius. 
vector of the centre of mass of the molecule. After this transformation the 
Hamiltonian becomes 


1 1 _ 
He C225 we 
* 3m LP + sory LP) 


a ae 1 
fe Pease opener,» oy ee eS 3 
a =e tan) *3em+M,+M,* 3) 


where y is the momentum corresponding to the co-ordinate C. It is seen that 
only the last term in equation (3) relates to the translatory motion ; it is therefore 
of no further interest here, and we shall ignore it. We shall also omit the bar 
from r and p. The angular momentum is then 


M=S [ra p)+[Ba P]. (4) 


L..Landau, Zur Theorie der Spektren der zweiatomigen Molekiile, Z. Phys. 40,.621 (1926). 
+ All co-ordinates and momenta which occur are treated as matrices. 


oPL 1 i] 


Ww 
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If finally we use polar co-ordinates R, 6, » for R, the result is 


I I ] 1 1 
SFP I Ae pe oe Sh pa orien Pe 
HeOt ou a payee =(¥ a) 


i ae Dane Lys me a . 
Toe, t/a tele ( 


1 
M, = — sing p, — “g Cot 8 (cos Py + Py cosg) + D,. 





1 (6) 
M,, = Cosy M, — = cot (sing p, + p, sing) + D,, | 


M, =p, + D,, 


where D,. D,, D, denote the components of the electron angular momentum 


e= Dy [a A Pl : 

6 and ¢ occur explicitly in (5) in the potential energy also; in order to isolate 
them, another co-ordinate transformation is necessary. Let the new z’ axis 
have the direction of the vector R, and the x' axis be normal to the z and 2’ 
axes. Then the result of the transformation is 


H=H,+ Hy, 


— 


1 1 fhe 
= a, 12 loa ne ice hse? N22 paar cere? 2 
Hy=U+ 5 LP? + sor ay UEP ta oz * a) 


1 1 (7) 
H,= ay {te + Dy} - a 


+ —— 
sin?@ 


i as I 1 
J Mm, +h Re 
=Vy' py — 2 py), ete. 
The components of the angular momentum along the old co-ordinate axes are 


[we + sin@ D) — cos@ D,.)? — male 
where 


; i COS Y 
Mt, = —SNng py — “x cot8 (cose Po + Pp: COSY) +a Dy: | 
1 ; . sin p 8 
HL, = 00s Dy — = cot (sin p Pp + Py 810g) Piece ee | (8) 
MM, = Dy. 
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Since H, is small compared with H, (on account of the relative magnitude 
of J), we can first of all neglect #,. This corresponds to a motion of the mole- 
cule in which the two nuclei are fixed on the:z’ axis. It is easily seen that the 
z'-component of the electron angular momentum is then constant, and D,, 
is therefore a diagonal matrix. Born, Heisenberg and Jordan! have shown that 
in this case 


D2 = kin, | 
2, = A= Pan, = 9 when kek, (9) 
= Un, = Dy, = DG = 90 when &+k, +1, | 
where » is the set of all quantum numbers and & is one of these. 
H, introduces two further quantum numbers, on account of the new 
degrees of freedom. The H, problem is degenerate with respect to these. A cano- 


nical transformation is therefore perhaps necessary. The transformation matrix 
must be such that! 


Si =0 when 2 +7, (10) 


i denoting these new quantum numbers. Since the solution already found for 
any quantity can be put in the form 


Ag mals = 4; by; 
we can write 
A=SA gS, Ani = ALS Sat = Annis Sing = Sai> (24) 
where s is independent of the nature of the quantity 4. If n = n,, then 
bri, = 54, Agi = At. (12) 
For any function of 6, 9, 6, ~, alone, since H, is small, we have to a first 
approximation dB/di = 0, and hence it follows directly that 
Bri =0 when n+. (13) 
The above discussion shows that} 
Bayar = Aaya 
sae 1, 2. —2cosd py, D,, + Dt ~L 2 
Rey — a aS eg 
2ST sin? 6 


ord 


+ a + D.- 2) 


ab 


l 2) 2 2 et 
= 5 (M2 + MG + M2 + Dt. + D2. - =| ; (14) 


since from (9) Dp% = Dy R= 0. 
4\* 


4 COLLECTED PAPERS OF L. D. LANDAU 
Born, Heisenberg and Jordan have shown that 
My = (Me + My + M2)... = PIG + VY): (18) 
let 7 be one of the two quantum numbers 1. From (14), (15) and (12) we find 


Bayn,t = 4,979 +1)+4,, 


or 
Eat = Boyne + Fans = An t+ IG + 1), (16) 


where A, and a, depend only on » and not on J. By the j selection rule? 
the well-known formula (16) gives the following frequencies: 


ada + PLIG+D, 


d= oh + G(R + BED), (17) 
mpd tm i +5 (—of + Bhd) | 


oy and £ are constants characterising the % band system. 
Let us now calculate the intensities. Acoording to Born, Heisenberg and 


Jordan! 
E+ init. =AvG +m (j-m+y, 
(g-in itt =E+inh.., Gt=sfim, 
(+ ica = -flivG+m) G+m—Y, 


-ini. t =f.iVG-™ G—-msD, (18) 


Gm =fliv+m™ G-m). 
é + inet m-1 ~ = as iniaes 
> invite} = (€ + in wma. ae = Gain; 


where é,7,¢ are the same combinations of rand X, yand Y,zand Z, respectively, 
and the f are independent of m. It is easily seen that similar formulae are valid 
for the components of the unit vector along R, viz. sin@ cosy, sin@ sing, cosé. 
Elimination of p, and », ffom (8) gives 


ee sin® cosy M, + sind sing M, + cosé M, = D,, (19) 
1. : : J : 
Fane e'? (MM, —iM,) + sine e7'? (M, +i M,) + cosé M, = D,. (20} 
The diagonal terms of (20) give 

uyl = pea (21) 


(9 + 1) 
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(where uj is the value of fj for sin@ cosg, sin@ sing, cos@), since* 
(M, +iM,i"_, = (4, ~ié,)iz = iV (7 + mG - m4), {22) 


(jim = hm. 
The relations 
sin@ e'? cos6 — cos@ sin@ e” = 0, 


sin 0 e'? sind e” + cos? = 1 


GG +h) — *) 
ce ie ~2 [eae +1)(27—-1) oe 


Formula (23) shows that we must have 
> |k]. (24) 
If we recall that the } terms of x’ and y’ are zero (equation (9)), we can put 


at =ztsnOcosp, yr=ziksin@sing, 2% 


give fnally 


= z cosé. 


Since also for the nucleus co-ordinates Xi = Rk sin @ cosg, etc., it follows that 
similar relations hold for all possible &, y, = This gives 
earn Fae 
GeDUs ae 
PD a -1. 
with ff independent of j. In order to caloulate the jf_,, we use the ¥_, terms of 


the commutation relation. 
z cos@ — cos6z = 0 


ViG+ HG -k +) 
jG +1) 
GV @J+)Q—-H ” 


L /G-MG-k+) 
- Mer SS) of Ns SEE 
fea” =Si-rz J Qj+Ha-y° | 


Similar formulae are obtained for the te ae 

Since 2%! is approximately equal to Yq, on account of the smallness of £,, 
and therefore is independent of j and m (to a first approximation), we can use 
formulae (25), (26) also for time derivatives of €, 7, ¢ of any order. They there- 
fore give the radiation amplitudes also. 

In the field-jree case the system is degenerate with respect to m. It is easily 
seen that we then have for the intensity of (unpolarised) radiation. 


(25) 


Then 


? 


See = Shs 


fi-1-1 = “ia 


F238 D (4p), (27) 


w= —j 
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where A, is the araplitude of the radiation polarised in the direction of the z 
axis (in the non-degenerate system). Substitutition of A, from (18) gives 


= (HP 7G + (27 + 2), } 
Fy = (fy? 9 (27 — 1) (27 + ¥), (28) 
Jr = fa | 
or 
i J 
ma n(b+ bin 
‘s i(; jtl 
we, - 2G DUB 
Fa-1 & y , 
Jit “lL Ftt_ ‘i 
Jt_,i=a Jt (++ Z \a+ 9G k+1) v3 
Bg jt k\(j+k—1 
Fotis fp ee 
j 
BY ge /, G-AG-k+1 
Fi} t= ge 
3 
RYe Sia, UPI IP esta. 


5 


A magnetic field along the z-axis gives in a first approximation the following 
addition to the Hamiltonian + 





an = fl yp. (30) 
2ue 
Hence 
e| | ek km 
R= D,, = —— | B|———_-; $1 
A aae cos 6 a IG Dy? (31) 


(Dz jn = (Dyn = 0 from (9). This completes the investigation of the Zeeman 
effect for the bands: the splitting is obtained from (31), the intensities and pola- 
risations from (18), and (25), (26). An %-band system for which k= k’ = 0 
shows, according to (31), no splitting in the first approximation. For sufficiently 
strong fields we must carry the approximation to (7) one step further and also 
take into account the quadratic terms in the field perturbation. The calculation 


t Here and below we denote the electron mass by » to avoid confusion with the quantum 
number m. 
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is somewhat involved; the result is 
i(g+1 (m—-1 
G+ ae Ge ee), (32) 
(27 = 25 +8) 
Yn is of the order of 1/14 (M being the nuclear masses), 
The solution is quite similar for an electric field, with 
4H = |E|C,, (33) 


where C, denotes the z component of the polarisation vector, and from (18) 
and (25) 


(AB)2o = |B) y_ mm + | HP a, 


48 =|Ele,% (34) 


m 
IG+H- 
If & = 0, we must distinguish between molecules where the atoms are the same: 
and those where they are different. In the former case the formula for the Stark 
effect is similar to (32), but if the molecule is polar, the second term in that 
equation must be replaced by 


[EPA 3m? — 7(9 +1) 
"FG + VY(27 -1)(2F +3)’ 
where A, is of the order of J. 
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2. THE DAMPING PROBLEM 
IN WAVE MECHANICS 


A formula is derived for the wave-mechanical treatment of damping, and is 
used to investigate some related problems; coherence phenomena also are explained. 
An expression is obtained for spontaneous emission, and the problem of the intensity 
of spectral lines is solved in this way. 


1. CovPLED SyvstEMsS IN WavE MECHANICS 


A system cannot be uniquely defined in wave mechanics; we always have a 
probability ensemble (statistical treatment).t If the system is coupled with 
another, there is a double uncertainty in its behaviour. 

Let the state of the first system be described by the quantities a, in 


Y= Von Pa» (1) 
and for the second system let 
vy = Loy. (2) 
The Schrédinger function for the two systems together is then 
P= py! = VY ay by Yn B= YY Cnr Vn Yr: (3a) 
nr ner 
where 
Cap = Gy by. (3b) 


If there is coupling, then c,, is a function of time and can no longer be resolved 
as in equation (3b). Thus @, and b, can no longer be used separately. 

For a function f of co-ordinates (and momenta) of the first system alone 
we havet 


fe | W FW drde! TTT ch, te { otf eede=TEamfan (4a) 


am 7 
where 
, Kam = poe Crs > (4b) 
and 


Sam = | eitrede 


L. Landau, Das Dampfangsproblem in der Wellenmechanik, Z. Phys. 45, 430 (1927). 

} It has recently been shown by Heisenberg’ that the reason for this is in the nature of the 
problem; this finally resolves the model problem in wave mechanics. The relationship with 
classical mechanics is discussed by Ivanenko and Landau®, 

+ ~ denotes the probability average value of f. 
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are the matrix components of /. Thus the ‘‘state”’ of the system can now be 
described by the quantities «,,,. For a system defined by the quantities a, 
it is well known that 


j= | otivde= D5 ara fen: 6 


In this particular case, therefore, on = Gf Gm; in general such a representation 
is not possible, and «,,, must then be regarded as a certain mean value of a* a,,. 


2. Caviry RapiatTriox 1s Wave MucHanics 


Wave mechanics usually deals with objects having a limited number of degrees 
of freedom. The general problem of quantisation of the electromagnetic field 
(quantum electrodynamics) still presents insuperable difficulties. If the struc- 
ture of the field is not involved, however, but only the properties of the radia- 
tion as a whole, the problem is considerably simpler. 

If we imagine the radiation enclosed in a vessel of any shape, it is known 
to consist of independent eigen-oscillations, in general of different frequencies. 
Since each eigen-oscillation corresponds to a separate degree of freedom, such 
a system has a discrete, though infinite, series of degrees of freedom. Since 
they are independent, the eigen-oscillations can be quantised individually. 

As the co-ordinate of an eigen-oscillation we take the phase of the correspond- 
ing electric (cr magnetic) force for a particular pointy. We have 


= 0, (6) 


where ¢ is the phase, and w the frequency of the eigen-oscillation multiplied 
by 2x. If we now use the energy #, equation (6) may be written 


d dz oH 
fies AOE Oe o 


where H = £ is the Hamiltonian and 
z 
p= (8) 
® 
must be regarded as the momentum corresponding to the co-ordinate ; the 
second Hamiltonian equation gives an identity in consequence of the relation 
AB/di = 0. 
In order now to derive Schridinger’s equation, we use the operator method. 
From 
wop-H=0 
we have 


{ Here I follow the ideas of Dirac*. The introduction of light quanta is, however, arbitrary 
and not necessary. 


CPL ta. 
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or ey oy 
om +— = 0. 9 


Since ¢ is a cyclic co-ordinate, the permissible solutions of (9} must have the 
period 2%; the quantity #, being the energy, must be vositive for every com- 
bination of such solutions. Separation of the variables gives 


Wy = : e eet (10) 
22 


where 7 is a constant which, by the first condition, takes only integral values. 
The energy is 
E,=rho, (12) 


and r must therefore be positive +. We shall also use the quantities e!? and e-i*; 
in the matrices corresponding to them, all elements are zero except 


je}. =el’ and le'*|_,,=e7t' (12) 


3. Damping In ATomic STRUCTURES 


In view of the results of section 2 the methods of ordinary perturbation theory 
are applicable here, since the damping phenomena are caused by the reaction. 
of the atomic radiation field. 

The perturbation function is known to be 


n = (CE), (18) 
where C denotes the polarisation vector and E the electric force at the centre 


of the atom. The latter can be represented as a sum of electric forces correspond- 
ing to the individual eigen-oscillations: 


E=)E,, 9 = (C-)'E,). (14) 


lf we take the centre as the point which determines the phase, then 
E, = €, CO8S@_,; {15) 


with e, independent of time. The total energy of an eigen-oscillation is* 


f 


1 —3—s 1 =, 1 as 1 2 
E, =| $y ee + Hav ~ | Rav = | eee nar - =a | ear. 


(46) 
and the space average of e? is given by 
j a E. 
E, = Vez, e = 8; a 


t From equation (11) Planck’s radiation formula can be obtained by direct application of 
Planck statistics (see also ref. 4). 
+ Here we average over the time. 
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so that 
£. 
e, = ext Nz, (17) 
where n, depends only on the position of the centre and satisfies the condition 
m= 1. (18) 


Substitution of (17) in (15) gives 


ae 
E, = [set COSE, 2, . (19) 


If now we regard #, and cosg, as matrices, 7 and therefore Z, must be sym- 
metrised: 


[on . 1.5. ee 
E, = sa (VB, ei 4. e-ivs A B,) n, (20) 


According to general perturbation theory, the coefficients cy in gp = 3) cy py 
are such that 
dey 
dt 


If we use radiation quantum numbers r, as well as the atomic quantum numbers 
nim, k, ...), we have in our case from (14) and (19), and (41) and (12), 


i 
= py tae Oe (21) 


3 9 
[227 y say 


a . 


fOon(r,+ lo, _, 
+ C(t, + Sey, ™) 7 ie e~ “| (125° Cam) > (22) 
where 


64, = 9 for x+y, 
= for x=y. 


For simplicity we take as the initial state a “state” of the atom determined 
in the usual way (see section 1); the final formulae can be immediately applied 
to the general case. Since the previously emitted field has no effect on the 
atom, we also suppose that no radiation field is present at the initial instant. 
Then all the coefficients c except the c(0, ~) are zero. At the next instant the 
o(dzy, 2) maust be brought in, since (22) shows that only they have a non-zero 
time derivative: 


d 2 
> 6 (ory, %) = tf Pate tony c(0, m) (%y° Crm), 
nV 7 





(23) 





| 250 wy 


<s =~ iV ——_—_. p—ivyt ’ | 
4G c(0,”) = 1 Leys m) | iy (70,° Cam) - 
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The state of the atom is described, according to (4), by the quantities 
Xunm = (0, 2) c(0, m) + Yic*(b,,. %) o(dzy, ™). (24) 
y¥ 


The time derivative of «,, is 


Xam 


= ee aE Ele (0, n) ¢(dz,; kA 


i Qx =n ts t 
eT" (y+ Corn) 








j 2c Yt piwyt 
=. o* (Oey, k) ¢(0, m).} ee (n,° Cun) 





i 2 
+ o* Bay, ) 6(0, b) | OF elo! (m,- Cm) 





* (0, k) c(b,4, m m)| ee eidyt (n,- Cu : (25) 


If we substitute directly in (25) the initial conditions ¢y(6,,, %) = 0, we arrive 
at the absurd conclusion that do,,/at = 0. The reason for this is evidently that 
.the infinite frequency sums 5) are divergent. In order to obtain a more plau- 


¥y 
sible result, we apply (25) not to the initial instant but to a later instant 7. 
In the same approximation we have 








r 
“ | 250 @ ; 
C(dzy, 2) = iJ ‘a > € (0, m) | Oy Cam) er dé, | 
) 


(26) 
c(0, %) = ¢y(0, 2), 
and so, using the relation ohm = cf (0, 2) ¢y(0, m), 
7 
ay 2 (My *Cnx) ee? (m,° Cy.) et dt 


0 
T 


~ af (ty Con) [ (ny Cua) ertae 
3 
£ 
+ of (ny Car) ctnt | (n,° Con) ei! dé 
0 
2 


a (n,- Cage | (ny Cn) coral. (27) 
0 


oan 27 Ray {_ 





aay 
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Since the volume V is regarded as infinite, the frequency sums can be replaced 
by integrals. The number of eigen-oscillations between » and w + dm is known 
to be 


: @ 
Ni, do = Vora 1. (28) 
Instead of each expression of the a {n+ A)(n- a we must put 

<4. B) (29} 


in consequence of the averaging, having regard to (18). Equation (27)may there- 
fore be written 
~ 


Lr 
d 
ange] talon fesors 
0 
t 
+t (ouirer enone 
oe 
- (Cre eet. -{ es.)e ei”! de 
0 


fr 
t 208 
- 22, ( Cre eet. ‘fe .)e mart ser deo. (30) 
0 


A number of considerations which will not be given here show that the double 
integrals occurring in this formula (which are divergent) must be independent 
of the upper limit 7’. If we raise the latter to infinity, apply the theory of the 
Fourier integral, and return to the initial instant, the result is 








dann 


Hoe as 
adi = tie = = {oe Cae ae ci,) - OXke (Cn ae Sz Om) 
as as 
+ ne (Cus : ae cj.) = som (Con ag cx) 
Oadnm _ 2 d? ds 
dt Ld 3h {os (Cn “ae ci.) - (Cen de aa Cas) 


| as at: 
t+ Kay One” aa Cok — Sem Con’ Gp Cex 5 (31) 


the signs + and — signify that only the part containing positive and negative 
frequencies respectively is taken. This is because the integration is only over 
positive w. 


or 
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Formula (31) is of fundamental importance in the theory of damping 
phenomena. The quantities a, cannot be used in this problem; the “‘state of 
the atom’? must be described by means of the quantities x,,,. 

If the external influences on the atom are quasi-periodic, the quantities «,,, 
change in a definite manner under the action of damping and tend (in the first 
approximation) asymptotically to definite values. The “state of the atom” 
corresponding to such values of Xn Will be called the zero state. In some cases 
there are several such states, of which some may be metastable. 

For any quantity f with matrix f/,,, we obtain from (4b) 











aj A fam 5 ae 
b= FEE canfen =D E(« Xam dé = fan) 
_ af dan 
= “at. — py ay Sums (32) 


d,f/dt denotes the time derivative of f without allowance for damping. Substi- 
tution of (31), gives, in matrix notation, 


BIG 7)-(0E) 





at dt 3hc ae 


an dC a 
+ (fe S)- é/)| 
af 2 [fact pL) 
ery +el( ap sl dé I se 


where fe- 6f==8 


For / = constant, the damping term in (33) is zero, as we should expect. 
The same is true of any function of co-ordinates only, on account of the com- 
mutation relations. For an electron moment H we have 


dH dH 2 /aC* BE-\ AH 2 @E 
di de ail i “ae Be de’ 








(34) 





dé dé 
where ¢ is the electron charge. This equation agrees entirely with the classical 
theory. Since linear relations always appear in wave mechanics unchanged, 


this conclusion can be used to justify (31). If f is taken as the energy « of the 
atomic system, then 


dé 2 7/aer aé ag én oo 
Mp Bell de ab Cae. ae 
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In order to derive from this formula an expression for the energy radiated, we 
follow the classical theory; elimination of a complete derivative gives 


> dB 27/a86+ #6 ae aee- 
Oi ee ee ea, 
di 30 I( de e)t(S de )] Oy 


This formula is of importance not only in damping theory but also in the wave 
mechanics representation of the radiation intensity, which can not be derived 
from the expression for the “‘mean’”’ field (in the sense of the comment follow- 
ing equation (5)).t 

In the continuous “spectrum” the sums in (31) must be replaced by inte- 
grals. 


4. Some ParricuLnarR APPLICATIONS 


Let us now apply the above results to systems which, apart from the damp- 
ing, are conservative. In such systems, as we know, for any quantity f which 
does not depend explicitly on time, 


Sum = f°" ene (37a) 
i= yy 2, Coe a > > Samir” ones, (37b) 
nm m » me 


where wz = (#, — B,)/h and the 7" are independent of time. 
In order to obtain an expression for the intensity of spectral lines, we use 
formula (36): 


; 2 Exn<En “ $ & bn Ex<Em 5 = k k 
Pe LE Wenn (CFO) + YL chr ay (OM OF) 
: (38) 
J =¥ Yaka, J” elon! 
nm © 
or, after averaging over time, 
= ; En<Ex Q re : a 
12 
J => |e.P 7" = oy sz Ont | Cae P an P- (39) 
n nm & 3c 


Each term in this formula is to be regarded as the intensity of the radiation 
of the corresponding frequency. The characteristic properties of intensity (in- 
cluding, of course, polar‘sation etc.) of a spectral line thus correspond entirely to 
the amplitude coefficient of the radiation field (matrix component of d? C/d¢?*). 
In addition, the intensity of radiation for a frequency w,; is, as we should 
expect, proportional to the quantity |a,,|? or, in the usual terminology, to the 
number of atoms in the initia] state (the state with the higher energy value). 


{ The expression for the square of a quantity is, in wave mechanics, not equal to the square 
of the expression for that quantity; the quantities a, must always appear homogeneously in the 
second degree. The results of Joos® are therefore unsatisfactory. 
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In order to analyse the damping process, we use the basic formula (31): 


9 
aoe = >> reo ae c™*) eh lore tomato a3 
e 


Eo> 
c > Em 202 coke. one i eore + Omn)t 
+22 ie! “ 


Ex > Eq 9 
=5 py) Seis (ome. c**) element y a 
bo € 
Bux Be 203, * 
ye ek or. cet givent : 40a 


and for m=n 








S 3 
a => 5 Sie : (ce. C7) eiree! yy, 


ey 20 en 2 (oe. or ebro! gy, 
% 3h 


e 





Ex > Ee 2 
EBB onmn 


€ 





Eux<Ee Qu, 








20 en UC CN yen: (40b) 
é 
If all the frequencies w,,, are different fT, panies over time gives 
da ok oo 
= -"5 aac E + Ss "2b ot one (41a) 
deine BAS 4000) pea ” 40nb | onkp 
—= — : d : 41b 
de} gage lO Pate — Mn ou aie le" ahi 


The latter formula also follows from elementary arguments (a, corresponds 
to the quantity |a,|*). The relation 


J (@am) = |@n!? Anm h Dam> 

where 4o3 
RIM 
3h 08 


is the Einstein transition probability for spontaneous emission, is also in agree- 
ment with this. The time spent in the nth state is given from (41b) as 
1 Ex< En 


vn 


Aan = 





|or™p (42) 


Age- (48) 


+ The majority of the following results are valid also for ordinary cases of eigenvalue degene- 
racy (directional degeneracy, the many-body problem). 
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The state of minimum energy (the ground state of the atom) here evidently 
represents the zero state. States of higher energy which show no transitions 
to the zero state are, of course, only metastable; a further approximation in 
equation (31) gives the corresponding time for these states also. 

Equation (40a) shows that the quantities a,,, always decrease on average 
in the course of time. The reason is that the intensity of the radiation behaves 
quite differently according to (39) and (41b), evidently, in the increasing 
uncertainty of the phase, which causes a reduced coherence of the radiation.f 
The ‘‘duration’” of coherence t,,, is given by equation (41a) as 


l i/fit 1 
=== (et ): (44) 


Ta Tm 








Instead of the quantities a,,, which correspond to the unperturbed system 
and are now functions of time, we can also use quantities independent of time: 


Gey eis: (45) 


rR ™ 


where a, are the arbitrary constants. If new quantities 
Inn = Kiyo mt (46) 
are introduced in order to eliminate the time from (37), then (40) becomes 


dy Bu > En Qu? 
7S = 10am Yam + ue sta (CROP) Vke 











2 nm 
3 sae CC”) Yire 





ze (O"* O°) yyy 





— SSE (Ot 9) rm. (47) 


Exponential solutions of this linear differential equation with constant coef- 
ficients correspond to certain relations between the y and therefore also 


certain expressions /',, for f. In the first approximation we have, with /'™ a 
constant, 
ic = elnm—Inm)s prtem aa eliEn—Em)—jn—jmle/a pina | 


| {48) 


where 
3 By < En BB: <2, 2u3 


haz > Ant = ar re ae 


7 This phenomenon is only partly related to the damping process; the agency which keeps 
the emission in a steady state (e.g. black-body radiation, optical excitation, etc.) also causes a 
perturbation of coherence. 
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The quantities //”” are evidently linear combinations of the /™. They can easily 
be derived from equation (46). For the zero state we evidently have 

foe = fee (49) 
and 
I, (50) 


oo 
replacing the usual condition D7 ay.” = L. 


nR 
For the line width (to which the preceding remark applies also} we find 
ae : ss 
A Gam = Tia ee Ju + 15m): (53) 


and so we can define a “term width” JZ, = x j,. 
Finally, I should like to express my most sincere thanks to my friend and 
colleague D. Ivanenko for helpful discussions and many suggestions. 
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3. QUANTUM ELECTRODYNAMICS 
IN CONFIGURATION SPACE 


The electromagnetic field and its interaction with matter are described by a 
Schrédinger equation in the configuration space of the light quanta. The results 
are identical with those of Heisenberg and Pauli. 


LiIntTRopvctTion 


Heisenberg and Pauli} (henceforward cited as J and IZ) have derived a quan- 
tum theory of the electromagnetic field and its interaction with matter, using 
the method of quantised waves. It seems desirable to make use of the configu- 
ration space of light quanta, by analogy with ordinary quantum mechanics. 
It has been found that the form of the equations can be deduced from a small 
number of physically plausible assumptions. The discussion by Dirac and others? 
indicates that the equations are equivalent, and we shall confirm this by direct 
calculation in section 4. 

Our treatment does not, however, avoid the difficulty that a particle has an 
infinite interaction with itself. The equations are therefore certainly not yet 
physically correct, and we do not believe that this defect can be removed by 
any purely formal modification. 


2.THEe Wave Equation For a Licut QUANTUM 


The opinion has sometimes been expressed that it is impossible to set up a 
wave equation for light quanta, because there is no conservation of their num- 
ber. Pauli and Heisenberg (Ii, p. 190) first pointed out that this difficulty can 
easily be overcome by considering a system of functions in 0, 3, 6, . . .-dimen- 
sional space, of which the Nth function gives the probability that NV particles 
are present and that the configuration of these particles is given by the rele- 
vant point in 3.N-dimensional space. These functions have then to be related 
by a set of simultaneous equations. 

Let us first consider the case where no matter is present. Then the functions 
are independent, and only the “‘one-quantum” function need be considered. 
The three-dimensional equations must be such that their solutions correspond 
to all possible states of motion and polarisation of a light quantum, i.e. to 
all solutions of Maxwell’s equations: 


E=ccurl #, (La) 
H= ~—c curl E, (1b) 
div ZH = div H=0. (2) 


L. Landav und R. Peierls, Quantenelektrodynamik im Konfigurationsraum, Z. Phys. 62, 
188 (1930). 
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The functions must, however, differ from those solutions in having a time 
dependence e*”‘ for a light quantum of frequency w, so that the law of conser- 
vation of energy should hold in interaction with matter. Thus we cannot 
require that E and H should be real. Instead we must impose another subsidiary 
condition, which expresses the fact that only quanta of positive energy are 
present. Let us examine this condition for a linearly polarised plane wave: 


E= E, eilwtt(eer)) H-= H, eilwtt(le-r)} 
If w is negative, it can be replaced by — c|k}. (In the usual notation, a positive 
energy corresponds to a negative frequency.) Maxwell’s equations give for 
this case 
~ikE=curlH, k= |k|. (3) 


For any other solution, (3) must hold for each Fourier component of E and #. 
For brevity we define an operator |V| such that it transforms a function 
G(r) = i fd QO, AQ = dk, dk, dk,, 
into 
Iv @ = (ikon) ade q QO. (4) 
The notation | V| is justified by the fact that the repetition of this operation 


evidently gives the Laplacian operator. Then the subsidiary condition must be 
that 


—curl H =|VIE. (5) 


The compatibility of this condition with Maxwell’s equations is trivial, but 
now His uniquely determined by E, so that only one of the two functions need 
be found. Very little now remains of the relation with the field quantities, and 
so we shall call the wave function F and not HE Then (1a), (2) and (5) give 


Vis 
TF = -IVIF, (6a) 


div F = 0. (6b) 


We must also, however, include a normalisation condition which expresses the 
fact that one quantum is involved. This may plausibly be done as follows. Again 
assuming a monochromatic wave, the classical Maxwellian theory gives the 
total energy as 


l 
3] es HP) AY, 


and thus the number of light quanta as 


1 
2k fa! 





[e + BAY. 
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Hence we call 
1 
—— | (B- F*) dV 7 
a { (FF) (7) 
the number of light quanta for 2 monochromatic wave.f On account of the 


subsidiary condition we can again replace |w| by ck% and so calculate for any 
field function, which we take to have the form 


F(r) = [re df ao 


at some given time, the number of quanta 


Rk) f*(R')) ye 
x= F fav [EMCO sawraoan 5 
2h ck 
Corresponding to (4) we define the operator 
p(k) F® dQ, 9 
wie o-|F 2) a 
which, by Fourier’s theorem, may also be written as an integral operator: 


ct I G(r’) 
— G(r) = <a 
| ive ani | [rr 
With this definition, (8) gee 


Ves OT ad 





dV. (9a) 


Cale — 
-sane |p avay’, (10) 


and the normalisation condition states that the integral (10) has the value unity. 
The quantity 
(a?) 
iv | 


cannot, however, be defined as a probability density, since it is not positive 
definite. The correct expression for the probability density has not yet been 
found. 


3. SEVEBAL PaRTICLES WITHOUT INTERACTION 


Let us now consider the case of an arbitrary number of light quanta and 
electrons. Here it is sufficient to write the equations for the case of one elec- 
tron, since that of several electrons is a simple generalisation. Let N be the 


+ Equation (7) is permissible, since from equations (5) and (2) 


f (E- ES dV = | (H. H*)d7. 
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number of quanta; then an equation in (3.N + 3)-dimensional space is needed. 
The solutions must be products of solutions of equations (6) and a solution 
of the force-free Dirac equation. Thus a quantity with 4 x 3% components is 
required. This is denoted by 


Fin m,...myo V1» Wa» «+++ Ix» Q, t)- (13) 


The suffix 9 relates to the Dirac function, m, denotes the three directions in the 
space of the yth quantum, @ = @,, Q., Q, are the co-ordinates of the electron, 
and q,= gi, 95, 93 those of the vth quantum. For clarity, however, we shall often 
omit the affixes and write simply F*. It is then understood that a differential 
operator which acts on the co-ordinates of the »th particle also relates to the 
suffix m,, €.g. 3 
div, => Y roe 

. My 2 Gn, 
Differential operators without suffix relate to the co-ordinates of the electron. 
Likewise, the Dirac matrices a1, «?, «3, «4 = x, the first three of which may also 
be written as a vector a, will be used without indices, and will then always 
act on the suffix e of the function following. 

By definition, therefore, the function F satisfies, from equations (6a and b), 
the equation 





lk @ ime 
RY FY : 2 
(+ ae ; x) + 21% = 0 (12) 





in the familiar manner we choose, of course, not the simple product functions 
but those linear combinations which remain unaltered when the points q, 
‘and the corresponding suffixes m, are permuted in the same way (principle 
of symmetry). 

For clarity we may write these equations pees for VN = 0 and NV = 





oH Oe Wr a ee, Be = 0, (13) 
ee + (@,,°V) F ns oo FE t+ [VIF = 0. (14) 
¢ bt * re 
In addition, we have, of course, the subsidiary condition 
div, F¥ = 0, (12a) 
that is, for instance, 
div, F+(q,, Q) = 0. (14a) 
The normalisation condition is that 
Js= (sez) fe : Pa Was .dVy = 1 (15) 
2ae Val 1 Vay] ali 


dW = dQ, d@, d@;, 
av, = dgj dg3 dqs. 
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The derivation of (12) shows that both (12a) and (15) are compatible with the 
equations, i-e., are automatically satisfied at all times if they hold good at time 
zero. 


4, INTERACTION 


In order to take account of the mutual interaction of the particles, we must 
modify the equations in several ways. First of all, the law of conservation of 
number of light quanta is certainly no longer valid. The integral J in (15) can 
therfore no longer be regarded as constant; instead, it gives the probability that 
just V quanta are present. But we must still require the fulfilment of a condition 
of the form. & 

y J=1. (16) 
NV=0 
This condition must, of course, hold for all times, and we shall see that the 
possibilities in setting up the equations.are thereby greatly restricted. 

We xaust further notice that the classical equation (2) is valid only for the 
matter-free case and is otherwise to be replaced by 


div E = 9. (17) 


For the present, we shall leave open the question of how this equation is to be 
generally formulated in our theory, i.e., what must be the general equation 
replacing (12a), but for the special case VN = 1, ie. for (14a), this question is 
easily answered. For this expression represents the charge density at the point 
density at the point g on the assumption that there is an electron at the point @. 
It is scarcely possible to find any plausible expression for this other than 


div, F;(g, @) = ¢6(q — Q) #(Q). (18) 


where d(7) = 6(x) d(y) 6(z) is the three-dimensional singular function of 
Dirac’. 

It must now be noted that the relation (5) applied only to the divergence-free 
part of B. If EZ is divided into divergence-free and curl-free (transverse and 
longitudinal) parts, it is easily seen that the former is 


— curl curl 
ve 
Thus the operator |V,| im (12) must be replaced by 
— curl, curl, 
Iv,] 
We can likewise require only that the normalisation integral for the transverse 
part of ¥ should retain the form (10). There is still an arbitrary factor in the lon- 
gitudinal part. The equations acquire their simplest form, however, if the inte- 
gral (10) is retained for the total F. This has the intuitive meaning that a lon- 


gitudinal quantum corresponds to an electric field of the same amplitude as 
a transverse quantum of the same wavelength. , 


(19) 
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We also have to express the effect of the field on the electron. A single elec- 
tron must execute a force-free motion so long as no quanta are present, ie. 
so long as only F° is not zero, but it will in general deviate from this motion 
as soon as a quantum is present. In equation (13), therefore, we must add 
terms depending on F!. These terms must, of course, be analogous to the poten- 
tial terms in Dirac’s equation, but with a characteristic difference; for, if we 
consider an electron under the influence of a given constant external electric 
field, its classical] energy is eV, but if we regard the whole field as produced by 
electrons, the energy of each electron must be taken as }eV to give the correct 
interaction, because otherwise the same energy is counted twice. This circum- 
stance, which is quite well known in the classical theory, has the consequence 
that only half the potentials are to be used in the Dirac equation. Hitherto‘only 
the field strengths have been used, and the potentials must now be expressed 
in terms of these. This procedure is unambiguous only if the potentials are 
subject to a subsidiary condition, for which a convenient form is 


div A = 0. (20) 
With this condition and the equations 


bow 
E= —Ve-—A, H=cwildA 


the potentials can be writtent 


curl dir 


A=-—~H; 9=-— FB. (21) 





The quantities to be used in the Dirac equation instead of yp, y, and A. y, are 
therefore, using equations (5), (19) and (21), 


1 div, 1 curl, curl 


-—— F! z 3; o- Fi > 22 
SFG Os -g—a_ Pe (22) 
so that equation (13) becomes 

1 a j 

— = Fo 4 (av) PO AME yo 





ce at 





ie [ div, : curl, curl, 
—- F4(0, @ _—_——_— _F'(Q, = 0. 23 
=| a PMO )+(a TA 0)| (28) 


These added terms in the expression 0f,/dt also make a contribution to 
éJ,/dt. On account of the conservation of the normalisation, this change must 
be compensated by a corresponding change in J,. We must therefore include 
additional terms in (14) which depend on F°. (The physical significance of 
this is that the existence of an effect of the field on the electron necessarily 
implies a. corresponding effect of the electron on the field.) In order to derive 
“the form of these terms, we calculate 0J,/d¢. It can easily be seen, however, 
that the longitudinal terms in (22), on account of (18), make no contribution, 


+ The significance of the operator 1/y? will be evident from the foregoing. 
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so that the first term in (22) may be omitted and the second replaced by 





Finally we obtain 
i I 
Eelam + [rose ~ (2. —. F\(Q, o))aw 
2he 





ce at | V3 


ie f., 
+ | Pos ( 





. : ,B|aV. 
= (Q 9) 


This can be transformed to 
i 1 
—— | ——- (F*(q¢, 2 - . 0 W+... 
+ ap | as Wola - )-em) PI)AT,AW + 


Thus we see that, for >'Jy to be constant, we must add to (14) a term 


ead(q — Q) FQ). (24) 


This term is precisely what would be expected, since ¢ a d(q — @) is the ex- 
pression for the current density at the point g in Dirac’s theory, and the term 
corresponds exactly to the current-density term in Maxweli’s equations. This 
provides further confirmation of the factor } in the potential terms in the zero- 
order equation. 

The form of this added term could also have been derived from the com- 
patibility of the divergence condition with the equations. If we form the diver- 
gence of equation (14) with the added term (24) and use (18), we obtain (13) 
multiplied by 6(q¢ — Q). This demonstrates the compatibility of the equations 
apart from the added terms by which (23) differs from (13). Thus two changes 
are necessary: firstly, exactly similar additional terms must be added to (14), 
and secondly, a further subsidiary condition between F? and F} must be as- 
sumed, analogous to (18). It then again follows from the constancy of the 
normalisation that terms analogous to (24) must be added in the equation 
for F*. The general equations are therefore 





1 a imc F curl, curl 
ee 7 FY _ BN 
(- pe Pe *) 4 
ie [ divys. iy 
+ FYtt Le thee O; 
wie TE PE de +--+ are D2) 


(* -eurly,, curl 


Nt pNtig ae, Q, 
[Vai (1 > Gx, Q 0)| 


+ e(a-S FY (q,, oes Goin: Wgas sso Fy Q)) 6(4, ~ Q)=0, (25) 
with the subsidiary conditions 
div, FY = e O(q, — Q) BY-7(q,, oboe. By—1> G41> Sore ays Q). (25a) 
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We can also immediately state how the equations are to be generalised to the 
case of several electrons. No interactions between the electrons need be assumed 
the interaction terms between the individual electrons and the light quanta can 
be added. The number of equations also is not increased, since we assume a 
conservation of number of particles of matter. For this case we obtain ft 


1 


] ime 
— = + ¥ (Vy) + Op} By (Qi, ---: Ey» Oy, ---. Qn) 
c ot 4 i 








— ¥ curl, curl, RE 
ee 
ie divys, 
= BNti te eee 
Die 5 |e Voi (3; , a Q,, a, Q,) 
curly, curl ‘ 
+( 9 PO (a, s+ es Yy, 2; 0, ee) Q,) 
lVyeal 
+e  (,:8(4 a Q,) F*-(q,, sees Bors Wore ss Iw, Q,, ce 0] 
BY 
=0 (26) 
and 
div, FY(q...-, Mw» Qi: ---> Qn) 
ge 0,) FY(a,,. PCD: Ut Ae Baris: Qy> Q,, or hese Q,)- (26a) 


5. Toe RELATION 10 THE HEISENBERG-PAULI THEORY 


In this section we shall show that the equations derived here are entirely 
equivalent in content to those of Heisenberg-and Pauli. This shows at the same 
time the relativistic invariance of our equations, which does not follow rigo- 
rously from their derivation in the three-dimensional notation where preference 
is given to one system of co-ordinates. The invariance could, of course, also be 
verified directly by converting for our equations the operator A pertaining to 
a Lorentz transformation (cf. IT). 

To obtain a direct comparison of the two theories, it is best to transform the 
Heisenberg—Pauli equations, since for our purposes it is more convenient to 
use travelling waves instead of the standing eigen-oscillations of a cavity, and 
to impose a periodic boundary condition on these waves so as to obtain discrete 
eigen-oscillations. 

It should also be noted that we write the field strengths in Heaviside units. 
Then the Hamiltonian function is {apart from the contribution due to matter, 
which remains unchanged) 


6G,\2 1 
H= —ey oe : 97 
fa vft (= - a) a Hy + € Py oe5 By v.| (27) 


f The matrices a,, «, act on the suffix g, of the function following, which belongs to the pth 
electron. 
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ef. II, equation (42). We expand ® and /7 as Fourier series: 


I i [e £ 
eee 3/8 Qni(keriL f 7 rok hog A. 
m J 4x ue Vk (ez” (Agr + Aga) + CF” (Ane + Ane) 


+ ef 9.4/2], (28) 


; : k " 
He Ey eee [it (Ags — Aga) ef (Aye — Ay) 
+ 9p. /2]. (29) 


Here e*1, e*? are unit vectors perpendicular to s, and e*? js parallel to k. Also 
etl = eH Fl ek? — e-*k2, but e&§ = —e-*3, Then the followmg commutation 
relations must hold: 


[Ay,, Anal = 9; [Apa, Ana) = 9; 
[A,.2; A_,-a =h (A =1, 2), (30) 


[Puss Gna] = ik. (308) 


These relations, together with the remark that © and J/ are real quantities, 
and so their operators are Hermitian, justify the assumption that 


Aya = «/ (i) 07! n2/? - NYP, | 


(31) 
A yg = 9/(h) NEG el Oneal? 

For the longitudinal part, however, another procedure is convenient: we have 

the auxiliary condition, which in our variables is 


ie Pa er ¥ 
(1s + pre e oe on O(N ya, Pas, Q) = 0. (32) 
= 


The functionals which satisfy this subsidiary condition form a sub-system which 
does not combine with others, and for ali g numbers only those matrix elements 
are physically significant which belong to two states compatible with the sub- 
sidiary condition. 

Instead of equation (32) we now use the condition 


ie Oni (e-Q)s : 
(Bs + Tan. a\ =0, Byes = Pep tigers, (82a) 


and accordingly replace ,3 by By,3 in the Hamiltonian. This leads to different 
functionals, but the relations between all gauge-invariant quantities remain 
unchanged, since in the sub-system selected by (32a) all matrix elements of 
dug are zero; this is easily seen by writing (32a) for — k and taking the complex 
conjugate of both sides. This possibility arises because the condition for the 
longitudinal part of the field strength to be real is not new, but follows from 
div Z =. The quantities B,. satisfy commutation relations analogous to 
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(30), so that we can put 
Bug = —ivh e-iSns/ WHE (33) 
In the term in B,; B_,3; in the Hamiltonian, it is convenient also to express 


one factor by means of (32a). Thus, instead of the equation in II, p. 69, we 
have finally 


[(-# + YN uz h Ops) bo6 = ikea, ‘V) +me Beal %e {M35 Q} 


1 hk 
= —— 4/2 g2ri(k- OVD : 
on eee © Po(---> Megs t1,.--) 


1 re Re 
42 k. 41,2 k OL 


x Galea Mex — Us + Mer + DM OME M GN + 1,..., OI 


(ayo ens) NBertme-oH7 


= @ 





1 fhe 1 oe : ; 
ae re Ley F (oa" xs) & BK OIL VIP | (Nig —b,..., Q)=0, 
bra : 


with the subsidiary condition 


(34) 


en 27 le OYE 


Se Wie Eo Oe 1, xs, 0) eo 
k3 3 J/8ntck 


P(Ny3,-.-7 Q) (34a) 


We now form, in the familiar manner (see, e.g. Dirac’), the functions 
Fe Go (0, 0, .. ., 0, 9), 


i—. [ER cece 
F°(@; @) = 4%i OL 2 ee L ¢ ena Po (0, ete ines ae] Q), 


F (@, q', Q) = -4n 0° T-3 


t 1 Fm 
«| y — kK 


hk 2,a 2 Le 











Qzi[(R-@)t(h’-|@ VL 
Cn Spr ze € (Kea) + Oe" a')); G.(9,---: dear -ees Terps} 





h : 
si Og OEE 10) ug Baia 
a” Te Cn Cz © %, (0, ear ---)s cto 
We now take (34) for the case where all V = 0; the ,(0,..., 1, 0,..., Q) 
oceurring in this equation are expressed in terms of F). This gives (25) for 
N = 0. We also obtain (25) if in (33) we put all V = 0 except for a certain k 7 
for which V,, = 1, multiply by 


+h k- 


n/a ¢€ ra [EE Cn, e273 (k-g)yjb 


and sum over all & and 4. 
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It can also easily be seen in the same way that (33a) is identical with (25a) 
and that the normalisation condition 


ye: pe Pp (Mux, OY 98 (Naar +) QHAW =1 


NX: 


leads to (16). This proves that the two systems of equations are identical. 


6 MoMENTUM AND FreLpD OPERATORS 


It would be expected that the total momentum operator is here given by 
-ik¥Y, (35) 


the summation being extended over all particles (matter and light quanta). 
It is now immediately seen that (35) is indeed an integral of the equations of 
motion, since only co-ordinate differences occur explicitly in (25). It is further 
evident that (35) is the only quantity available for this purpose. 

It is also of interest to derive the operator of the electric and magnetic field 
strengths at a point r. For this purpose we note that for these operators Max- 
well’s equations must be satisfied as g-number relations. In particular this 
must apply to the equation div E = 0, so that the longitudinal part of the elec- 
tric field must be represented by the me : 


Brong (1) F* (q,,..-, dy, 9) = Pros (Ga--+) Ue» 7 Q)- 
It would be plausible to put for the field operator in general 
FY 5 PY*1(g,,..., ¢y, 7, Q). (36) 
This is not permissible, however, because, although the longitudinal part of 
(36) is Hermitian on account of the subsidiary condition (25a), the transverse 


part is not. We must therefore render the transverse part of (36) Hermitian, 
and this leads to the operator} 


E, (r) BY o(Q; «++. En,» Q) 


i 
= FPA mye -2+> Fy P, Q) 


V divas 
a Ft amy? (G13 sees Yy> Yr, oy} 


Virsa 
. 1 6? 
+iky Vol ont ~ THT Ga og, 8(q, — 7) 
» ¥ My 


* Fi iy 4 My yy tay Q(Da9 0+ 02 Unt Notts +> Ew» Q)- se) 


+ On. account of the circumstance discussed in section 4, the longitudinal part of the field ope- 
rator is not uniquely determined; an operator could also be defined which is identically Hermitian 
but satisfied Maxwell’s equations only in consequence of the subsidiary condition. 


30 COLLECTED PAPERS OF L. D. LANDAU 


It may be verified that (37) in fact satisfies Maxwell’s equations, and that the 
conversion of Heisenberg and Pauli’s operators also leads to (37). 

The magnetic field strength operator can be defined similarly if it is noted 
that our function Fis, on account of (5), simultaneously representative of the 
electric and magnetic field strengths, and if we again render the operator 
Hermitian. These operators naturally obey the same commutation rules as those 
of Heisenberg and Pauli. 

The authors are deeply grateful to Professor Pauli for much helpful criti- 
eism. 
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4. DIAMAGNETISM OF METALS 


It is shown that in quantum theory even free electrons, besides spin-paramagne- 
tism, have a non-vanishing diamagnetism originating from their orbits, which 
is due to the limitation of the electron orbits in the magnetic field. A few further 
possible inferences concerning this orbit limitation are indicated. 


1. Up to now, it has been more or less quietly assumed that the magnetic 
properties of electrons, other than spin, are due exclusively to the binding of 
electrons in atoms. For free electrons, the classical zero-result is assumed for 
the orbital effect, on the basis that the Fermi integral of the corresponding 
Hamiltonian, just as the Boltzmann function, is independent of the magnetic 
field. However, a quantum phenomenon is thereby allowed to be neglected. 
In the presence of a magnetic field, the motion of the electron is obviously finite 
in the plane perpendicular to the field. This leads, of necessity, to a partial 
discreteness {corresponding to the motion in this plane) of the eigenvalues of 
the system, which gives rise, as will be shown, to a non-vanishing orbital magne- 
tism. 

The Hamiltonian of a free electron in a magnetic field can be written in the 
familiar form: 








2 2 2 
mv MM Mo; 
+——+ 


2 1 
ss 2 2 2 (4) 
where 
1 eH 1 eH 1 
a eae ae a ye Sa, 9g 
c= (1 Qe v), Ve am (m+ Qe «), Vg m v2 (2) 


are the velocities of the systems (H is the absolute value of the magnetic field 
in the direction of the z-axis}. The motion in the direction of the field is inde- 
pendent of the field and of other components of motion, and can be split off 
by putting p, simply equal to a constant, which corresponds to the Schrédinger 


function (a, y, 2) = fla, y) bm, (3) 


The energy value of the system will then be represented as the sum of two 

independent terms. Now, instead of having to solve the two corresponding 

Schrédinger equations for the zy-motion, we can use an artificial method 

for deriving the energy values by writing down the commutation relationships 

of the component velocities 7, and v,. From equation (2) it follows directly 
h eH 


[vy, Ye] = Uy %2 — Ve% re (4) 
L. Landau, Diamagnetisnaus der Metalle, Z. Phys. 64, 629 (1930). 
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since, as is well known [x, y] = [p1, 92] = 0, [p,. 2] = [M., y] = Afi. The constant 
on the right-hand side of equation (4) is reminiscent of the usual p, g-commu- 
tation relation. In order to come back to that case, we can now temporarily 
introduce the co-ordinates P and @ by means of 


et 
= YS, ————_— . 5 
Se e 


The commutation relation reduces into the usual form [P,Q] = afi. The equa- 
tion referring to the energy can now be written in the form: 


BH 2 
p+ (<4) Q? 
LL = ——___—_—__.. 


: (6) 


This, however, is none other than the Hamiltonian of a linear oscillator with 
mass m and frequency w = e H/mc. The eigenvalues of such a system are, as 
is well-known, equal to 


1 l\ ¢& 
B=(n+s)ion(n+s)oon, 7) 
where » can assume all positive integral values. Together with the z-motiou 
this gives ; ‘ a : 
é B3 
E= —)}—H+—, 8 
(» * =) m © - 2m (8) 


for the eigenvalue of the translational motion of the electron. 

The eigenfunctions can also be determined in a simple manner. For this 
purpose we eliminate one of the co-ordinates, for example x, from the velocity 
operators (and thus also from the energy operator), by putting 








_ ieHay 
ie ae (9) 
‘This gives 
A Oy eff ich fk 84 ef 
Ss iy ee 6 he yy}, 
Se oe ae i aa c vx) 
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The Schrédinger equation corresponding to this is written 


h @ \2 ah @ eH \3 
pee ORS east eae en ~ 2 = 0. Il 
(4 =) +(5 6x he ) mak, cos. 


This equation does not contain x explicitly; thus, its solutions can be written in 
the exponential form 


y= eF* gly), (12) 
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where g is a constant and ¢ is no longer dependent on «. If we substitute equa-_ 
tion (12) in equation (11), we obtain immediately for y an oscillator equation 


i 2m m (eH? ce \ 
dy? TR [2 2 (=) (v ef \le ; ue) 


which is just as we should expect from what has previously been said. The: 
“equilibrium point” of this oscillator is at the point 7 = c o/e H. Thus, we 
obtain finally for the complete eigenfunction of the system 


= @zton—Seny ie ae 
ae #( Ip nF SF ly 3°) ae 


where y, denotes the eigenfunction of the equation 


O Ona: 
due 





+ (2n + 1-4) m= 9. (18) 


The quantity o does not enter into the eigenvalue. Since it can assume an 
arbitrary value, then our problem is still degenerate in a continuous way. 
In order to determine the density of the eigenvalues we replace, as usual, 
the infinite space by a finite container with the linear dimensions A, B and C 
in the x-, y- and z-directions. In the z-direction the number of possible p,-vahnes 
in the interval 4p is well known, and is equal to 


Esp = Ap. (16) 


oak 


In a quite similar manner, we obtain for the x-direction 


Ry, = 





A 
7 17 
Qh ae my 


In the y-direction we require that the trajectory always lies in the container 
at a sufficient distance from the walls. Then we need not consider the influence 
of the “y’’-walls, because of the rapid damping of ¢, with range. Since the 
number of trajectories colliding at the walls can be considered as small, with 
an adequately large container, then we can assume that this requirement gives 
us practically all the existing trajectories. On account of the large container 
dimensions, we can thus neglect also the radius of the trajectory and we can 
simply write 
c 
0< cH” <B 

or 


B 
0<o<——H. (18) 
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If, now, we wish to obtain the total number of eigenvalues corresponding 
to the given non-degenerate quantum number x, then we have to substitute 
Ao = (e Bic) H in equation (17). This gives 


ef eH g 
" 8nhe ~ Qrhe 


where § is the area of the container sides. Altogether we have 


eH 


Raza = Rap Fn = Ant 8? ¢ 


VA, (19) 


- thus, as was to be expected, proportional to the volume. It can be easily checked 
that equation (19), as a result of the limiting transition H > 0, converts into the 
usual eigenvalue distribution of free motion. Together with the spin, we have 








eh 
‘= + vei ; 20 
Be HS 2m ¢ 
that is to say 
ki 5 
Se (21) 
mec 2m 
so that to every n > 0, the double degeneracy 
eH 
Bua aataee |“? veer 
corresponds, and with n = 0, we have 
eH 
Ro. s9 = inthe VAp. (22b) 


2. In order to obtain the magnetic properties of the system, we require, as 
is well known, only to evaluate the summation 


Q= —kT SP In(1 + ei) (23) 


over all eigenvalues; w denotes the so-called chemical potential. The number 
of particles NV is linked with » through the expression 


N=- a2 7 (24) 
bw 
and the magnetic moment through 
62 
=-——, 25 
ms oH ie 


In our case, we have a continuous and a discrete parameter, so that the 
summation in equation (23) can be represented by a sum of integrals. Thus, in 
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order to resolve the effect more clearly, we shall start from the orbital energies 
of equation (8) and consider to begin with the spin only in the multiplicity. 
If we put 


ek 
ere lge. 26 
cant (26) 


then we have 





ees w- Mtr ue ps eH 
a= EF [white ef air | oo 
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n=0 
If, now, for the sake of brevity we write 
Pom 
-k EF ~ SauF } ——_. ou 28) 
er [ila ie ) rar an = Ho), (28) 
then 2 assumes the form 
Q= pHs s|o-(n+ 5)e 8]. (29) 


In order to determine this sum, we can use the familiar series expansion 
b 


Ei(e+s)=[imae-Sireb. (30) 
a 
Its admissibility requires, in general, that 
fava a fe he <i. (31) 
ie 
It can easily be seen in our case that this corresponds to 
BH <kT. (32) 


This condition is no longer fulfilled at very low temperatures and in strong 
fields. On account of this, the latter case should lead to a complicated, no 
longer linear dependence of the magnetic moment on H, which should have 
a very strong periodicity in the field. Because of this periodicity, it should 
be hardly possible to observe this phenomenon experimentally, since on account 
of the inhomogeneity of the existing field, an averaging will occur. Hf, however, 
we average the series in equation (29) over an interval 4H, the condition for 
equation (31) will again be fulfilled, if in the ‘‘dangerous” part near 
@ — [n+ (1/2)] u 7 = 0, the change of argument is considerably larger than the 
difference between the two successive arguments, i.e, 





npO>pd, 
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(33) 
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Even with the strongest possible fields (H = 3 x 10° gauss), the right-hand side 
gives only 0-1 per cent with w = 3eV. 
Hi we now use the summation formula (30) explicitly, we obtain 


1 ee os 
0 = uH| fo-nuH)an + gem eons 
24 ew F 

0 


f = wee” 2 
= | Hs) a - oi Fp i) (34) 





[f (co) = 0]. The first term of this summation is independent of the magnetic 
field. It represents the summation in the field-free state, so that in place of 
equation (34) we can write 


Cre wH? BQ, 





24 = Bw?” 
From this, we obtain 
62 Ww BQ, 7 
M = OR T2 doa. (35) 
If we now put 
62 =—-MN Peis 
Gar 


where F = Q — w(@2/2) is the free energy of the system, then equation (35) 
becomes 


2H we 
Be ge fe i) 
12 —~ 2—— 
an Ne 


We have thus in reality a diamagnetism, which is exactly equal to one third 
of the Pauli spin paramagnetism}, for which we have, in the familiar form 


Pe way 3 Wes BH BQ, 
2-500 +)4 5 a(o-28 eM one are (87) 


Thus, free ‘electrons are altogether still paramagnetic. 

. If the electrons are found in the periodic field of a lattice, then it is well 
known? that their motion can still be considered as free, in a certain sense. ‘The 
principal characteristic of the effect of the magnetic field therefore remains 
unchanged, although the above calculation is, of course, no longer quantita- 
tively applicable. In particular, the ratio of para-~ and diamagnetism changes, 
and it is quite possible that in actual cases the latter can also exceed the former, 
so that we obtain a diamagnetic substance like bismuth. However, this is 
only possible with a relatively powerful lattice effect, so that a quantitative 
theory of this phenomenon should scarcely he possible. Another effect of the 
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interaction consists in the fact that the diamagnetism loses its symmetry and 
now depends on direction, a property in which this type of diamagnetism differs 
from the norma] atomic diamagnetism as well as from the necessarily symmetri- 
ca} spin-paramagnetism. 

A similar phenomenon can also take place in non-conducting substances 
and indeed with paramagnetic substances, where we also have a continuous 
eigenvalue spectrum. Here, we also get discrete eigenvalues in the magnetic 
field and. as a result of this—diamagnetism. This diamagnetism is quite small 
compared with the paramagnetism which is present, but differs from it by its 
asymmetry, so that perhaps it forms the main basis of the observed asymmetry 
in paramagnetic crystals (another reason is the so-called magnetic or relativistic 
interaction between spins). On this account, it is of interest to estimate the 
order of magnitude of the effect. This is done in the simplest manner dimension- 
ally. The susceptibility is first of all proportional to (e/c)?, since the action 
of the magnetic field is always introduced by e Yc. The mass of the electron 
m does not occur explicitly in the calculation, in this case. It plays its role 
in the exchange-integral, which characterises the exchange phenomena in 
the lattice. Moreover, only 4 and the density N/V can still make their 
appearance. Clearly this leads to the expression 


2 V \1/3 
= ( (38) 


i~ Rely 
The exchange integral J determines. as is well-known, the Curie temperature 0, 
and & @ is of the order of magnitude of J, so that in place of equation (38) we 


can write 
~ aa ae c kO (39) 
t~ a \¥ ; 


The phenomena turn out to be quite different if the external effects are of 
a non-periodic nature. Such effects destroy the direction-degeneracy oi the 
motion and consequently, if they cannot be assumed to be small, the possibility 
that the field produces an effect of the type investigated here. This requires 
that the ‘“‘mean free path” corresponding to this effect is small compared with 
the diameter of the electron orbits in the magnetic field. Since this diameter 
in normal fields is of the order of magnitude of a tenth of a millimetre, then even 
very small impurities or even powdering of the substance can suffice. Such 
changes of susceptibility have been detected in bismuth, and for the first case in 
a whole range of substances. It would be of great interest to be able to observe 
in these cases a change of susceptibility with field, which ought to take place 
according to the present theory, when 7q > A(rg is the radius of the orbit in 
the magnetic field, 4 is the mean free path or the dimensions of the crystal) 
changes to ry < 2. 

In conciusion, I should like to make the supposition that the phenomena 
which have been investigated might explain also the Kapitza. effect of linear 
resistance changes in a magnetic field. For the admissibility of the presumed 
approximation of free electrons in a magnetic field, it is not necessary that rg 
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be smaller than the mean free path corresponding to the lattice (which would 
be impossible at normal temperatures), because the interaction with the lattice 
oscillations involves, apart from momentum transfer, also energy transfer. 
However, according to the foregoing remarks, it is probably essential that rg 
be considerably smaller than the mean free path of the lattice distortions, which 
leads, after short calculations, to the expression 


N 
H>ec—R, (40) 
v 
where # is the specific resistance (in electrostatic units) of the crystal. If 
inequality (40) is not fulfilled, then the method considered here is not appli- 
cable and it can be seen quite easily that all the effects of the field must be 
necessarily quadratic. The field in expression (40) is in good agreement with 
the critical field of the Kapitza experiments, which should lend support to 
the theory. I have not yet succeeded in presenting a quantitative development 
of the theory. 
At this stage, I should like to thank sincerely Mr P. Kapitza for discussions 
of the experimental results and for the communication of certain unpublished 
data. 
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5. NOTE ON THE SCATTERING OF 
HARD GAMMA-RAYS 


In a communication by G. Beck under the same title (Waturwiss. 18, 896 (1930)) 
the intensity of nuclear scattering by hard y-rays is estimated. In it, the author 
purports to show that this can, in heavy nuclei, represent a consider- 
able portion of the total scattering. However, a somewhat closer observation 
shows that this result is based on an erroneous assumption concerning the 
' matrix elements of the y-transition considered. From the commutation relation 
follows that the equation 
2m w [r]® 


L—|_ =} 


‘must always be exactly fulfilled (m is the mass of the radiating particle), 
where w and r represent the frequency (27) and the matrix element of the 
transition, and the sum is over all possible transitions to the ground state. If 
we put in the Beck formulae 4m = 3 x 10-Serg,r = 10-22 om, then the left- 
hand side becomes equal to 40. Consequently, a strong decrease is necessary 
of the scattering intensity, which varies as the square of |7[?, which would result 
in a scattering which is at least a factor of 10,000 smaller than that of Compton 
scattering. 


L. Landau, Bemerkung zur Streuung harter y-Strahlen, Naturwisa. 18, 1112 (1930), 
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6 EXTENSION OF THE UNCERTAINTY PRINCIPLE 
TO RELATIVISTIC QUANTUM THEORY 


It is shown by considering possible methods of measurement that all the 
physical quantities occurring in wave mechanics can in general no longer be 
defined in the relativistic rannge. This is related to the well-known failure of the 
methods of wave mechanics in that range. 


lL. IntRoptvcrion 


It is known that the application of the methods of wave mechanics to prob- 
lems in which the speed of light cannot be regarded as infinite leads to absurd 
results. In the first place, states with negative mass appear in Dirac’s relati- 
vistic equation!. This difficulty arises because the relation between momentum 
and energy in relativity theory is quadratic, so that two energy states are pos- 
sible for a given momentum. In contrast to classical (h = 0) relativity theory, 
where the continuous change of all quantities means that transitions hetween 
the two kinds of state are impossible, such transitions cannot reasonably be 
forbidden in quantum theory. 

In the second place, the interaction of a charged particle with the field pro- 
duced by itself is inevitably divergent. 

The infinite zero-point energy of the radiation field which occurs on quanti- 
sation of the field? can be avoided by the use of suitable variables*, but it 
still has the effect that the energy-density matrix elements become infinite. 
This is very closely related to the self-energy difficulty mentioned above (see 
also ref. 5). 

This complete failure of the theory suggests that in the range considered 
the physical requirements for the applicability of the methods of wave mech- 
_anics are no longer satisfied. The present paper investigates this problem.} 


29>. Tue ConcErt or MEASUREMENT IN Wave Mecuanicos 


The significance of any physical theory is to derive from the result of an ex- 
periment conclusions regarding the results of subsequent experiments. Thus 
the relations between measurements and the physical states of a system are 


L. Landau und R. Peierls, Erweiterung des Unbestimmtheitsprinzips fiir die relativistische 
Quantentheorie, Z. Phys. 69, 56 (1931). 

+ The uncertainty relations on which our conclusions are based are derived mainly from 
discussions in Copenhagen. Professor Bohr’s attitude to these relations will be described in an 
article te appear shortly in Nature. 

+ This section is essentially a development of ideas put forward by N. Bohr in his lecture at 
Como’. 
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of two kinds. Firstly, the measurement determines the state of the system 
after the measurement is made, and secondly it examines the state of the system 
which existed before the measurement. In classical (2 = 0) mechanics this dis- 
tinction is of no importance, since the states of the system before and after the 
measurement can be regarded as identical. 

In wave mechanics, however, the situation is quite different, since the mea- 
surement always causes a change in the state of the system, and this change 
is in principle impossible to determine. If the measurement had no other pro- 
perty, the wave-mechanics description would be neither possible nor meaning- 
ful. It is necessary to make use of another physical property of measurements, 
which is usually described as repeatability. This signifies that, when the same 
measurement is immediately repeated, the same result is certainly obtained. 
In this form, however, the hypothesis is physically incorrect in most cases, as 
will be shown in more detail below: and in this strict form it is not necessary 
for wave mechanics. The important point is that for any system there should 
exist predictable measurements. This means measurements such that for every 
result there is a state of the system in which this measurement certainly gives 
that result. For, if this requirement were not fulfilled, the state of the system 
after a measurement could not be described by a w function. This may be 
seen as follows. We can describe the state of the system and the measuring 
apparatus together by a wave function which, before the measurement, con- 
sists of a product y gp. Here y is the initially arbitrary wave function of the 
system, and g, the known wave function of the measuring apparatus. After 
the interaction, the wave function will in general no longer be a product. If 
we expand it in terms of the eigenfunctions of the measuring apparatus, in the 
form 2) pp Gn, then y, describes the state in which the system remains after 
the measurement. In general, the form of y, depends on that of y. If the wave 
function of the system is to be deduced from an observation of the measurmg 

- apparatus, y, must be independent of y apart from a constant factor, ie. 
Yn = Ay Uy, With uw, normalised to unity. From the linearity cf the wave equa- 
tion it follows that a, depends linearly on y, i.e. can be written in the form 


j y % dz, with v, any function dependent on the process of measurement. Then 


|@, |? is the probability that the measurement gives the nth result. The sum 
of all these probabilities must be equal to unity, ie. 5/|a,|? = lindependent of y 
(cpovided that w is normalised): 


Daas = | Lay % yar. 


This expression must therefore always equal unity if { py dt = i, ie. we 
must have 
> Cy Vn = Y- 


(The v, form a complete orthogonal system). From this, however, it follows 
that the measurement is predictable if we take y to have the particular value 
of one of the v,; then only one of the a, is not zero. The repeatability of the 


OPpL 2a 
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measurement would signify that the v, and the u, are identical, and this is 
not in general true.} 

If, however, the wave function of the system can not be determined by any 
measurement, it can have no physical meaning. The use of wave functions 
would then be as pointless as, for example, the use of the concept of paths 
in quantum mechanics. Thus the existence of predictable measurements is 
an absolutely necessary condition for the validity of wave mechanics. 

The condition of repeatability cannot in general be satisfied. This is parti- 
cularly seen if the time necessary for the measurement is taken into account. 
This time is restricted by the relation AH At > k, which has very often been 
stated, but which has been correctly interpreted only by Bohr°. Clearly it 
does not signify that the energy can not be known exactly at a given time (for 
in that case the concept of energy would have no meaning), nor does it mean 
that the energy can not be measured with arbitrary accuracy within a short 
time. We must take into account the change caused by the process of measure- 
ment even in the case of 2 predictable measurement, i.e. of the difference 
between the result of the measurement (»,) and the state after the measurement 
(u,). The relation then signifies that this difference causes an energy uncer- 
tainty of the order of #/4t, so that in time 4? no measurement can be per- 
formed for which the energy uncertainty in both states is less than AjAt. 

This follows from a consideration of the time evolution of the interaction 
process. The method of the variation of constants shows that transitions 
within short times occur not only between states which satisfy the condition 
E+e= HB + e' (Hand & being the energy of the system before and after the 
transition, ¢ and «’ that of the apparatus). These states are given preference 
by resonance only after a long time, the corresponding transition probabilities 
increasing greatly with time. In practice, after a time 4?t, only transitions 
for which |Z + « — #’ — «| S h/t are of importance. This fact does not, of 
course, contradict the strict validity of the law of conservation of energy in 
wave mechanics, but the energy of interaction between the system and the appa- 
ratus is also Indeterminate by the same amount. In the most favourable case, 
where ¢ and ¢’ are precisely known, the uncertainty must be 4(# — £’) > aft. 

This relation has important consequences as regards the measurement of 
momentum. Any measurement of momentum is made by allowing the body 
to collide with another. In measuring a component of momentum (mest sim- 
ply done by collision with a plane mirror) the law of conservation of momentum 
is to be applied rigorously, but that of conservation of energy applies only to 
within 4/4 t, because of the unknown interaction energy. Thus to determine the 


t Ina measurement which occupies a short time it can easily be shown that the w, are identical 
with the v,, only when the corresponding operator commutes with the energy of interaction between 
the system and the apparatus. In wave mechanics (neglecting relativity) this interaction energy 
is always a function of the co-ordinate. The only quantity for which a repeatable measurement 
is possible is therefore the co-ordinate. Measurements of the co-ordinate always actually have 
this property. It is also seen that the w,, need not in general be orthogonal, ie. the measurement 
does not in general diagonalise an operator. This physical circumstance also is usually overlooked 
jn the presentation of transformation theory. 
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particle momentum P we have the equations 
p+P—p'-P'=0, 


h 
e+ H-—¢ ~-H|\2z—,; 
|e At’ 
Pp, p’, &, &, 1e. the motion of the measuring apparatus before and after the 
collision, may be regarded as known. Then JP = AP’ and, since AZ = v AP, 
i 
y—vj4P>— 1 
( ) TTe (1} 
Thus any measurement of momentum necessarily involves a dejinite change of 
momentum (in addition to the unknown change which restricts the accuracy 
of the measurement).} This fact was first recognised by Bohr®. The non-repeat- 
ability of the momentum measurement in a short time is thus shown with 
particular clarity. Momentum measurements which last a long time, on the 
other hand, are meaningful! only for free particles. 


3. Momentum MEASUREMENT IN THE RELATIVISTIC CASE 


We now wish to make use of relativity, ie. of the finite speed of propagation. 
There exists as yet no satisfactory relativistic quantum theory, but it is clear 
that here also we certainly cannot go beyond the limits imposed on the accu- 
racy of measurement by the general principles of wave mechanics. 

The scope of the relation just derived for momentum measurement is con- 
siderably extended by relativity. In the non-relativistic theory, the definite 
change of velocity could be made arbitrarily large, and so the momentum could 
be measured with arbitrary accuracy even in a short time. If, however, we 
take into account the fact that the velocity cannot exceed c, then v — v’ can 
be at most of the order of c, so that equation (1) gives 


i 
AP dt > —. (2) 


The inequality (2) is particularly easy to derive for the state after the measu- 
rements. If we assume that the particle had a definite position before the 
measurement, then after a time 4¢, on account of the finite velocity limit, the 
position is still known with accuracy ¢ Jt, If the momentum after this time 
were determined more accurately than as given by (2), this would contradict 
the result 4P Ag > is. 


‘+ Here an important point is that not every Hamilton’s function can actually occur in nature; 
as already mentioned, the interaction function is always a function of the co-ordinates and so 
does not commute with the momentum. If the form of the Hamilton’s function could be chosen 
arbitrarily, the momentura could be measured in an arbitrarily short time without change of 
velocity; this is a trivial deduction from the fact that co-ordinates and momenta are then equi- 
valent. 
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On account of (2) the concept of momentum has a precise significance only 
over long times. Thus, in cases where the momentum changes appreciably 
within such times, the use of the concept of momentum is purposeless. 

In the measurement of momentum of a charged body, in addition to the 
above-mentioned inaccuracy, a further perturbation of the measurement arises 
because the body will emit radiation in the necessary change of velocity. 
We shall consider only the case where the velocity of the body before the mea- 
surement is certainly small compared with c. In this case it is favourable to 
conduct the measurement so that after the measurement the velocity is again 
considerably less than ec. For, if the velocity approaches c, the relation (1) 
gives very little benefit, while the accuracy is greatly reduced by the emission 
of radiation. Thus the non-relativistic formula for radiation damping can be 
used. The energy emitted is then 


er. 
— | v dé, 
eB 


where e¢ is the charge on the body. This energy evidently has its least value 
for uniform acceleration, i.e. for » = (v' — v)/At, so that the energy emitted is 


2 


é (v' — v)P 
3 Lt 

This unknown change of energy has to be taken into account in the energy 

balance, and there thus arises in the momentum a further inaccuracy: 





e@ (v’ — v)? 


y —~ 2d wi 
(vy —vAP> A aa 
or 
AP At> —(v'—»). (3) 
c 


For electrons this inequality gives no new information, since even in the most 
unfavourable case where v~ v' + ¢ it gives only 4P At > ec, and this is 
weaker than (2), since e® < % ¢. For macroscopic bodies, however, the relation 
(8) is significant. Multiplication by (1) gives 


k fe 
AP At> Ia: (4) 


and in this form we shall make use of it later. The inequality (4) is, of course, 
valid independently of the method of measurement used, and in particular 
when the measurement is made by means of the charge on the body, as in the 
case of the Compton effect, where, in addition to the Compton scattered radi- 
ation used in the measurement, there is a further radiation corresponding to 
that discussed above, obtained when higher approximations are taken into 
account in the perturbation calculation for the interaction between the radia- 
tion and the particle’. (In the ordinary Compton effect with electrons this 
effect is of no importance, on account of the smallness of ¢?/% c.) 
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4. FIELD MEASTREMEXNT 


The simplest method of measuring an electric field is to observe the accele- 
ration of a charged test body. In order to avoid interference by magnetic 
fields, we use a body of very large mass and very small velocity. Let the mo- 
mentum of the body before the measurement be known, and let the momentum 
afterwards be measured, again with accuracy 4 P. From this we can deduce the 
electric field strength with accuracy such that 


e4€At> AP. (5) 


In addition, however, the condition (4) uaust be satisfied in the momentum 
measurement. Multiplication of equations (4) and (5) gives 


Jhe 
(¢ At)? 


For the magnetic field strength we easily obtain the same result by considering 
the motion of a magnetic needle: 


AE> (8) 


- fhe 
44 >. 6a 
(c At)? ee) 
If it is desired to measure the electric and magnetic field strengths simultane- 
ously, then, in addition to the effects already discussed, we have to take into 
account the effect on the needle of tae magnetic field due to the charged body 
and vice versa. This magnetic field is, in order of magnitude, 


e 


€ 

4H >—_~-— 7 

where 4e is the distance between the test body and the needle. If we multiply 
this inequality by equations (5) and (1), then (with v = 0) we have 


Ac i] 
HORI ne 
edb (dep 


(6b) 
This condition differs from the product of (6) and (6a) in that ¢ 4t in the de- 
nominator is partly replaced by Ae. 

EE follows from (6), (6a) and (6b) that for At = o the measurement can 
be made arbitrarily accurate for both ¢ and #. Thus static fields can be com- 
pletely defined in the classical sense. 

In wave fields (that is, field which are further than c/y = 4 from the bodies 
which produce them), it is sufficient to use (6) and (6a), because as a result 
of the coupling of the space and time variation nothing is discovered about the 


+ Our thanks are due to Professor Bohr for pointing out this situation and the significance of 
time in general. 
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field if the region of measurement has an extent less than c At for a given 4t. 
Thus here also the measurements of # and # do not interfere, and to the extent 
that the field strengths can be measured in accordance with (6) and (6a) they 
can be measured simuitaneously. Thus the field strengths are in accordance 
with the classical theory inasfar as they can be defined at all. In the quantum 
range, on the other hand, the field strengths are not measurable quantities. 


5. MEASUREMENTS OWN LiGHY QUANTA 


We shall now snow that in 2 radiation field no measurements can be carried 
out with certainty within a short time, i.e. measurements for which every 
possible result gives information about the state of the system. (Thus we do 
not consider suck measurements as, for example, a measurement of position 
by means of a collision which does not occur with probability unity within the 
period of observation, so that, although a deflection of the test body shows that 
the body under measurement was at the point considered, the absence of such 
a deflection shows nothing.) The time necessary for the measurement depends 
on the state of the system. If the energy of the radiation field is approximately 
determined as #, we shall show that this time is greater than 2/H#. Since the 
field consists of light quanta, the greatest frequency occurring in the Fourier 
resolution of the field can be at most Hj’; if we carry out the measurements 
in times small compared with 4/#, we remain within the period of oscillation, 
and so the field strength may be regarded as constant during the measurements. 
All measurements in such short times are therefore field measurements and are 
subject to the inaccuracy (6). Thus, in order than an effect should be detect- 
able, the field strength must considerably exceed aft hej(e At. The smallest 
wavelength occurring, on the other hand, is 4 c/H, and so the field strength, 
if non-zero at any point, must be non-zero in a region of at least this extent. 
Consequently, the total field energy must be at least of the order # > 
O° (hk c/H)® > (h c)*/H3 (c4t)4, ie. 

h 
At> e (8) 
in contradiction with our hypothesis. Thus measurements which do not satisfy 
equation (8) are impossible. 

This result applies in particular, of course, when the radiation field consists 
of a. single quantum of light. Within the time given by (8), a quantum of light 
is therefore undetectable, and in particular its position cannot be determined 
with any accuracy. In a measurement of position, the time to which that posi- 
tion refers is therefore indeterminate by more than 4/Z#. If the measurement 
of position is to be used to investigate a state, as discussed in section 2, we are 
interested in the position at a time up to which the state under investigation 


+ The inaccuracy for the field measurement with an electron found by Jordan and Fock® 
is greater than (6) and therefore proves only that the electron is not a suitable means of measuring 
the field. 
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(i.e. the state whose energy was of the order of Z) existed. The measurement 
of position indicates such 2 quantity with inaccuracy, at best dg > hc/#. 

It might be thought that the accuracy could be improved by measuring momen- 
tum at the same time as position (within the limits given by 4P dg > A, 
of course), and seeking to deduce how far and in which direction the light 
quantum has meanwhile travelled. A closer examination, however, shows that 
the resulting accuracy can be no better than 4 c/#. Thus in every state it is 
meaningful to give the probability of presence of the light quantum only for 
regions large compared with the wavelength, and the position of the light quan- 
tum is a meaningful concept only in geometrical optics. 

H the number of light quanta varies appreciably within the period of oscilla- 
tion, the concept of light quanta itself is meaningless. 


6. MEASUREMENTS ON MATERIAL PaRTICLES 


Let us now investigate the corresponding relations for material particles. 
(We shall always speak of electrons, but the arguments of course apply for 
any kind of material particle.) Such particles can best be detected by means 
of collision processes, for example using the Compton effect. Thus the presence 
of an electron is demonstrated by making two momentum measurements 
on the light quantum and deducing from the change in momentum that a 
collision has occurred in between. Here, however, the course of the process 
depends considerably on the length of the time interval between the two measu- 
rements. Over long times the Compton effect is obtained, i.e. the momentum 
of the light quantum changes either not at all or by an amount determined by 
the imitial momenta, which can be made arbitrarily large by using very hard 
radiation. Over very short times, however, any changes of momentum may 
occur, provided that the law of conservation of momentum remains valid; 
the sum of the energies of the electron and the light quantum need be conserved 

only to within 2/At, as shown in section 2. For the same reasons as in measure- 
ments on light quanta, the small momentum changes have much the greatest 
probability. An elementary calculation shows that the second behaviour 
begins when the time interval is no longer large compared with 4/#, where # 
is the approximate energy of the electron before the measurement. 

Thus, if the duration of the process of measurement is made shorter than 
hj, the momentum of the light quantum (and therefore also that of the elec- 
tron) changes by an arbitrary amount. Hence, from the fact that no measurable 
change of momentum has occurred, we cannot conclude that no collision 
has taken place. Physically this signifies that the measurement of the momentum 
of the light quantum destroys the initial state of the electron. We cannot 
ensure that the electron is found with probability unity at the first measure- 
ment: if it was in a volume 6 g before the measurement, a time d gjc is necessary 
before we can be sure that the light has reached the electron. Since 6 gjc > 
hicd P > hic P > 2j#, we should therefore have to make several measurements 
before being able to detect the electron, and thus completely destroy its state 
before we find it. Measurements in times less than #/# are therefore useless. 
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We now again ask how accurately this measurement can be used to derive 
the position of the electron at a time up to which it was in its former state. 
To do this, of course, only the knowledge about the velocity which is compatible 
with the position measurement can be used, and not, for example, the velocity 
in the state before the measurement. If an exact measurement of position is 
made, no information is obtained as regards the velocity, which thus remains 
indeterminate within c. The co-ordinate can therefore be derived only with an 
error 4g > ic/H. Elementary considerations show that no higher accuracy 
can be achieved by measuring the momentum and co-ordinate simultaneously 
with any accuracies compatible with 4 PAg> ’. Thus 


he 
Aqg> + (9) 


represents the limit of the accuracy with which the position of the electron 
can reasonably be defined. If in particular, if the velocity of the electron is 
not very close to c, this becomes 


b 
AU: (10a) 
MC 


The derivation of (10a) shows that it is valid only for electrons which are not 
moving too rapidly. The statement frequently found in the literature that 
ijmc is a general limit for the accuracy of measurements of position is based 
-on incorrect arguments. 

A superficial consideration might suggest that the uncertainty relations 
derived above are not relativisticaly invariant. In reality, of course, there 
can be no contradiction with relativity, which has been taken into account 
throughout the derivations. The explanation is that the inequalities themselves 
need not transform in a relativistically invariant manner, since the most 
favourable possible measurements of a quantity need not be so when they 
are viewed from a moving system of co-ordinates. Thus we have only to require 
that the limit of accuracy should not be exceeded when such a measurement 
is viewed from a moving system of co-ordinates. This requirement is, of course, 
always satisfied. 

Particular care is needed in this respect with position measurements, for 
here the statement of the problem is itself not relativistically invariant, but 
distinguishes a time axis, since we ask for the co-ordinate at a time up to which 
the unperturbed state existed. 


7. MATHEMATICAL FAILURE OF THE METHODS 
or Wave MECHANICS 


The above-stated unmeasurability of all wave-mechanical quantities also 
appears, of course, in the formalism which results when we attempt to apply 
the methods of wave mechanics to the relativistic case. 
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The most fundamental quantity in the theory, both for electrons and for 
light quanta, is the momentum; this is of course due to the fact that if it 
remains constant in time it can be defined with arbitrary accuracy, although 
very long times are needed for its measurement. This latter fact does not, 
of course, appear in the wave-mechanics formalism, and in consequence the 
statements of the theory regarding short times have no meaning. 

The unmeasurability of the position, on the other hand, is directly expressed 
in the formalism. For electrons this is because the Dirac equation also allows 
the physically meaningless solutions with negative energy. The result of a 
measurement can, of course, in reality only be a wave function composed only 
of states with positive energy. Such states cannot, however, form an axbitrary 
wave packet. It is easily seen that the dimensions of a wave packet in general 
cannot be less than 2/m c. There are, it is true, special wave packets of smaller 
size (namely those whose centre moves at almost the speed of light), but the 
corresponding wave functions do not form a complete system, and the state 
before the measurement cannot in general be expanded in terms of them. This 
corresponds to the result shown earlier that in short times a determination of 
position may sometimes chance to be possible, but a measurement cannot 
be carried out with certainty. 

The conditions for light quanta are still more extreme in that no mathema- 
tical expression can be given for the probability density. This is seen from the 
fact that, on account of polarisation properties, the wave function for a light 
quantum must be a tensor of rank two‘. The probability density and current 
must form a four-vector, which is impossible, because they depend quadrati- 
cally on the wave function. In geometrical optics it is, of course, possible to 
construct wave packets in which ail effects vanish outside a certain region. But 
here also these wave functions do not form a complete system. 

The unmeasurability of the field strength is shown by the fact that in empty 
space (no light quanta) the field strength operator? * is not zero, but even the 
expectation of the square of the field strength is infinite. This is related to the 
fact that for 4t = 0 we have from (6) an infinite indeterminacy of the field 
strength. 


8. CONCLUSIONS 


We have seen that no predictable measurements can exist for the funda- 
mental quantities of wave mechanics (except when these quantities are con- 
stant in time, and then an infinitely long time is needed for an exactly predict- 
able measurement). It cannot, of course, be formally demonstrated that there 
are not in nature some particularly complicated quantities for which predict- 
able measurements are possible, but such a speculation need not be discussed. 
The assumptions of wave mechanics which have been shown to be necessary 
in section 2 are therefore not fulfilled in the relativistic range, and the applica- 
tion of wave mechanics methods to this range goes beyond their scope. It is 


{ Our thanks are due to Professor O. Klein for pointing this out. 
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therefore not surprising that the formalism leads to various infinities; it would 
be surprising if the formalism bore any resemblance to reality. 

The applicability of wave mechanics is restricted to processes where the state 
of the system varies sufficiently slowly. In cases where theordinary Schrédinger’s 
equation is applicable this is of course not always true. For radiation alone wave 
mechanics is never meaningful, since the limit c = 0 has no meaning. 

in the correct relativistic quantum theory (which does not yet exist), 
there will therefore be no physical quantities and no measurements in the sense 
of wave mechanics. One can, of course, cause the system to interact with some 
apparatus and ask what happens to the latter. The theory will give a probabil- 
ity for the result of this experiment, but this cannot be interpreted as the 
probability of a parameter of the system under investigation, since it can in 
no way be ensured that the probability of a given result is unity and that of 
all other results is zero. In addition, it is in principle impossible to make the 
duration of such an experiment arbitrarily short. 

This view is confirmed by the known fact that the f-spectra of radioactive 
nuclei aré continuous, although the uniform lifetime indicates that the nuclei 
are not in different states. For, if all the 8-particles had the same energy, the 
process could be regarded as a predictable measurement. 

This fact presents an insuperable difficulty in wave mechanics because, 
as Bohr has emphasised, it means that the law of conservation of energy is 
probably invalid for nuclear electrons. This law is indissolubly connected 
with the foundations of wave mechanics. In relativistic quantum theory, 
however, the preceding discussion shows that the concept of energy need not 
be mechanically definable. It is of course definable in a certain sense in terms 
of the total mass of the nucleus, because the nucleus in its motion as a whole 
satisfies wave mechanics, but this does not imply a predictable measurement 
of quantities related to the internal state of the nucleus. 

If the law of conservation of energy is not valid, then in radioactive processes 
the mass of the whole system will of course change, but this change cannot 
be followed in the course of time, since the mass cannot be measured in an 
arbitrarily short time. If we consider the process of measurement of the mass 
as in section 8, the time needed for the measurement is such that 


edie 
rd 


‘The preceding discussion is not contradicted by the fact that the spectra 
of protons and «-particles are discrete. On account of their large mass (low 
velocity) these particles obey wave mechanics even in the nucleus, rather as 
the nuclei in a molecule can be essentially described in classical terms despite 
their strong interaction with the electrons, for which classical mechanics 
fails completely. 

One of us (Landau) thanks the Rockefeller Foundation for making it possible 
for him to work in Copenhagen and in Ziirich. 
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7. A THEORY OF ENERGY TRANS¥FYER 
ON COLLISIONS 


A theory of “adiabatic’’, inelastic collisions is developed. The application of this 
theory to atomic collisions of the second kind leads to the result that the azimuthal 
quantum number of the entire system always changes by +1 on collision, 
forbidding a transition from two S-states to two other S-states. The corresponding 
reaction cross-section is proportional to (Z — U)%/?/H where U is the energy at the 
intersection of the two terms, at which the transition always occurs. The case of 
polyatomic molecules is discussed generally. The process of nuclear excitation 
and splitting without alpha capture is considered. 


1. Electron collisions for the theoretically most important case of fast incident 
electrons were treated by Bethe. The problem of collisions of the second kind 
has, however, till now given rise merely to false results. Kallmann and London? 
for instance, treat the excitation of electrons on collision when the motion of 
the nucleus is fixed. This is, however, contradicted by known wave-mechanical 
treatment, and leads to a strange vanishing of the energy. In a paper by Morse 
and Stiickelberg this error is avoided, but only by taking the oposite case 
and treating the interactions between the atom as a perturbation, which has 
still less bearing on reality. Only recently has attention been drawn to the 
fundamental role of the intersection of the energy curves?. However, no quant- 
itative theory has been developed. The basis of the difficulties seems to be 
that we have here a kind of “ quasi-classical’’ process; the strong periodicity 
of the wave junction makes a direct estimate of the perturbation integral 
impossible. G. Beck? has attempted to solve this for the case of a Coulomb 
field, but he has not really answered the problem as he has substituted for 
the continuous field an infinite potential barrier. This allows no evaluation 
of the correct order of magnitude of the effect. The aim of this article is to 
estimate this value. 

2. Let us consider a system which is comprised of a “‘quantised’’part as 
well as a “quasi-classical” part. This is to say a part for which the wavelength. 
is small compared to the dimensions of the system. Then to a first approxi- 
mation the eigenfunction of the system is made up of the product of the eigen- 
function of the quantised part in the fixed quasi-classical part and the eigen-. 
function of the classical part in the external field produced by the state of 
the quantised part. In this first approximation there is no energy exchange 
between the two parts of the system, and the quasi-classical part behaves 
“adiabatically”. If we wish to estimate the probability of energy transfer 
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we must go to the next order of magnitude and evaluate the perturbation 
integral. This we know is given by the expression f y* Dwdt where D is the 


Schrédinger operator for the entire system. (For an exact solution Dy = 0.) 
‘The integration for the quantised variables is carried out in the normal manner, 
but for the quasi-classical variables this is not possible. The corresponding 
parts of w are strongly periodic functions, which does not allow an evaluation 
in the normal manner. However, in order to solve the integral we can make use 
of just these classical properties by applying 2 canonical transformation. We 
introduce as a variable the action variable of the motion of the quasi-classical 
part in one of the two states. It is well known that we can perform this canonical 
transformation by subtracting from the differential of the action another total 
differential action of the kinetic potential function of the co-ordinates and of 


the action variables. dS = SP dq _ as,U,, q). Q) 


If we calculate the change of this action function with regard to the action 
variable of the first state for the motion of the second state, that is for given Z,, 
we have by mtegration: 


S = SoZ. ¢) — 8, (44, 9). (2) 


Here J, is considered as an independent variable and i, as a known quantity 
and g as functions of Z, and J,. The corresponding yw function for J, has the 
form y,(I;) = a exp (i Sj). The integral { y. 7 yi at ( is the perturbation 
energy) is equal to w,(I,) 4 (Z,) since y, is a 6-function of J,. Here J, is not a 


variable, but denotes the value of this variable in the first state. The essential 
part of this expression is of the form: 


exp] 5 (Sn 2) ~ Sith, ah. (3) 


As we should expect, we have an equation which is symmetrical in the two 
systems. The co-ordinates g can be obtained as functions of 7, and f, by elimi- 
nation of the momentum in the expressionsJ, (g, p) and I, (g, p) or, equivalently, 


from the equations: p= i (Z;: q) = he (2; g) ‘ (4) 


The physical meaning of this is that the important points for the transition 
are those at which both g and y remain unaltered. This implies more here 
than merely the derivation of the so-called Franck—Condon rule. as it is valid 
not only for the real, but also for the imaginary part. 

If the condition (4) is not applicable to the real part then the expression 
(3) defines the probability when we take the imaginary solution for which 
the expression i(S, — 8,)/k corresponds to the smallest absolute value of the 
real part which must naturally always be taken to be negative. If only the 
energies of the two states are specified, then the condition 


#, — U,(q) = #, — U2 {q) (5) 
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must be fulfilled. As we are dealing with radiationless transitions, we set 2, = E,, 
giving: 
U,(@) = U2() (6) 


The intersections of the potential energy curves or (6) (more generally, of the 
multi-dimensional surfaces) are important. 

As far as the order of magnitude of the perturbatation integral is concerned 
we can thus say that it is relatively large if the curves U, = U, cut one another 
in the real region and thus in the region of real kinetic energy. On the other 
hand it becomes exponentially small if this condition is not fulfilled. It is 
also easy to see what a “near miss” for the intersecting curves means: nothing 
more than that the curves just cut in the imaginary region. In certain cireum- 
stances it can happen that the intersection lies so close to the real axis that 
the real part of § becomes very small, and that we no longer have an exponen- 
tially vanishing expression. 

3. Now let us consider more exactly the collision of two atoms. We write 
the Hamiltonian for the whole system in the well-known form: 

2 
H=H et — ? (7) 
where H, is the Hamiltonian of the electrons, m the reduced mass (L/m = 1/m,+ 
+ 1/m,) of the nuclei, and p is the nuclear momentum. We can split the 
kinetic energy of the nuclei into its radial and transverse components. We can 


now write H in the form: m 


——; 8 
om’ (8) 
where H,, now contains the radial kinetic energy as well as H, and m 
is the nuclear angular momentum. Finally, we introduce the total angular mo- 
mentum, M, of the system, and the electronic angular momentum } instead 
of the nuclear angular momentum: 


1 
Am Beet to oY. (9) 


_ The operator 7, , contains only radial operators, and so clearly only those 
matrix elements correspond to it which give rise to terms with the same elec- 
tronic angular momentum. But by a well-known rule* such terms may only 
cross to terms with different total spin. But owing to the small transition prob- 
ability these terms are unimportant for us, and the corresponding perturba- 
tion elements can be neglected. The operator M is, of course, a diagonal 
matrix. There exist transitions for 9 where the electronic angular momentum 
quantum number changes by 0, + 1. Thus 9* is also diagonal with respect 
to k. The remaining perturbation energy is thus only 


| 


— (#- M), (10) 





am 
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and we can thus formulate the law that for atomic collisions the transitions 
with 4k = +1 (thus from 2 to 77, MZ to X ana A, and so on) are by far the most 
probable. Since, for example, from an S and a P term both a 2 and a 7 term 
can arise, this selection rule, in fact, says little. However, a transition from 
two S states to two S states is expressly forbidden since two S states always. 
give rise only to a X term. It must be emphasised here that this condition is 
indeed necessary, but by no means sufficient, since it only starts with terns, 
but not those which must cross. Thus not all 4k = +1 correspond to a tran- 
sition on collision. 

We next evaluate the matrix element for 7 with respect to all co-ordinates 
except r. We can then consider the angular momentum M as a normal vector. 
in our quasi-classical treatment. This gives: 


Mu 
nr) = - =~ Dr), (aa) 


where .f is the absolute value of the angular momentum of the system, and 
D tne matrix element of the electronic angular momentum corresponding 
to the transition 4k = + 1.-This is, of course, also a function of the co- 
ordinates 7. 

The general formula of perturbation theory gives for the probability of a 


collision transition : 
may (12) 
h 


where || is the matrix element of 7 in which the y functions are normalised 
for a fux of 4% atoms per unit time. In the quasi-classical approximation 
we have: 

i cos [8 (r)/A] 


as Jn u(r) r 
Here v is the speed expressed as function of the co-ordinates. Substitution of 
this expression gives: 
y 7 M D(r) cos (8, (r)/t} cos [S,(r)/4] 4 dr 
Jo -|3 vy, pe dartdr= — Ee WEP ETAT? 
is -{ 4M D(r) cos[S,(r)/h] cos [8 (r)/A] re 
Amr? J 0 (r) v9 (r) 


In this integral, as we have already said, we are considering the element with 
the difference of the action functions, or: 


ce - -{ 2M D(r) cos {[8\(r) — 82 (ray dr. 
han 7? / 04 (1) Ve (r) . 


We must take only that part of this integral coming from the neighbourhood 
of the intersection of the two curves. Here we take all quantities except the 


(23) 





{14) 


(15) 
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rapidly changing cosine to be constant. We also expand the action function 
in powers of the distance from the intersection. We take into account that 
dS/dr = p and we determine d?S/dv? = dp/dr from p2j2M+V = EY, of 
course also. contains the centrifugal energy). From this, we have 


t—=F, (16) 


where # = —dujdr is the force (including the centrifugai force) at the point r. 
Since at the intersection ~, = y, and V, = V,, and we have 


Sy aa 8, = A + Fra Fey - fo)", (17) 


= 


where A denotes the values of S, — S, at the intersection. The integral is now 
of the form: 


> © 


= ( 2¢@D ye ee 
j Se ee) ws pa 2 
V a Eek ee pte las. 


~-< 


where £=7— 7 is the new integration variable. All variables take their 
values at the point of intersection. We have chosen + 00 as integration limits 
since the region important for the integration lies anyway near the intersection. 


We have 
+o 


ss fn _% 
[ cor +B&)ds= VF cos (« +), (19) 
and thus = = 
loa 2D ! 2ehv CRTRY cas A " rd (20) 
— imerv iy ae R 64)? 
os Sse IM? D? A 
x M2 D? x 
da Try ey aad aa oe 


The phase 4/% changes very quickly with different Jf, corresponding to the 
quasi-classical character of the system. Thus we can replace the expression, 


cos*(A/k + z/4) by its mean value $ even over a small interval. This gives 
finally : 
4c% M? D? 


~ ho, — Fy) mr 


We now insert the value of the speed v. We have 


1 
zmerved, (22) 
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or, when we write out the centrifugal energy explicitly, 


I Df? 
—mv+ 0+ ———=8. 2. 
3m? + O+ ae E (23) 


For the force we have F = —dV/dr = ~ djdr(U + M?/2mr*), or, since the 
two states are only distinguishable by the form of VU. F, — F, = d/fdr(U, — U;). 
We thus have for w: 

4x D? YM? 


Me 
Amrt(F, — F,)./2m(E — U) -—> 


To obtain the total reaction cross-section we need only to take into account 
that 1 = mvo @ where vu is the speed at infinity, and 9 is related to the 
largest possible reaction cross-section by dA = 2%9de. We then have: 


_2aMaM  xMaM 


= —<—_——_ = 2 
a4 me v2, ° m 2) 


The total reaction cross-section is then clearly: 
4x? DM ay : 
3 = [oar SS . § 208) 
AmB A(P, F,) | 2m(B — U)~=> 
- 

The integration is to be taken from M=0 to that M for which the speed at 
the intersection is still real, ie. up to M%/r? = 2m(# — 0). If we choose 
Mjr.f2m(E — U0) as variable, we obtain: 


‘ i 
_ 4x D*[2m (EB — U)PP { wd2 4a D*[2m(E — U)P? 2 


im? B (FP, — Fs) Ji-@ km E(P,-F,) 3 
0 
2 5 D2 et 3/2 
27 = D (B — VU) (27) 


i RS a oe, 
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This final formula describes the reaction cross-section as a function of the 
collision velocity. We can estimate its order of magnitude from the fact that 
the denominator contains ./m. We should thus expect that when F is equal 
to a few volts, the reaction cross-section is about 100 times smaller than the 
so-called kinetic cross-section of the atom, in other words that an effective 
collision only occurs about once every few hundred times. If U is negative 
effective collisions can also result at smaller speed with relatively great prob- 
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ability. For small #,o is inversely proportional to Z and o can then be- 
come appreciable for small EZ. The reaction cross-section reaches a mini- 
mum at H = —2U and then increased as sf & for large #, ie. proportional 
to the speed. For positive U, a noticeable effect begins at 2 = U and increased 
steadily with increasing Z. 

To calculate the angular distribution we must know not only the value of 
U at the intersection, but also the precise nature of the function. If we know 
this, we can obtain the deflection, G, as a function of If from the classical 
equations of motion. Here we would assume that the transition always takes 
place from the surface of the “sphere of intersection”’ so that the co-ordinates 
and momentum remain unaltered. 

4, The relationships are much more complicated for polyatomic molecules. 
In any case, there is in general no crossing of the terms for ecmplicated mole- 
cules except when the transition corresponds to different spin values. This 
case can thus be significant, although the probability for it is relatively small 
(reduced by the order of the relativistic correction). In the case of complicated 
molecules an approximately intersecting may occur. The available experimental 
material is too limited to enable a thorough investigation of the various cases 
which occur. For collisions between atoms and diatomic molecules there are 
generally terms having various mirror symmetry with respect to the nuclear 
plane which can cross. Then we should have conditions analogous to those for 
atomic collisions. On the other hand, for two diatomic molecules there are no 
crossing points in the general case, and an intersection is only possible for 
certain symmetrical conditions. For this reason two diatomic molecules do not 
in general pass through an intersection during their motion. There are, however, 
certain directions of motion (in multi-dimensional co-ordinate space) which do 
possess this property. Thus, the probability of a transition here depends on the 
product of the expression considered above with the probability that the colli- 
sion occurs in a particular direction, and is thus distinctly smaller. 

5. A quite different application of the theory developed above arises in 
the case of nuclear excitations or reactions due to a passing «-particle. In this 
case we always have a Coulomb field at large distances from the nucleus, both 
for the incoming and for the outgoing «-particle. In other words, at large 
distances VU, — U,is constant and equal to the energy given up by the «-particle. 
An intersection of the energy curves is not possible at large distances. This 
must always happen somewhere in the region of the nuclear radius (whether 
the intersection is real or imaginary is here of no interest to us). The important 
part of the probability is thus determined by the value of the exponential 
function exp [2i(S, — S,)/4] in the region of the nucleus. But for small ro: 

vr 
2m { 2Ze* anZe se/mZr 
Seca 28" aaa SOUS 
2i8 ie 72 ( : z)ar is + ; (28) 
To 
so that we have for the difference 
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which is independent of r,. We obtain an expression for the effective nuclear 
radius which is entirely independent of the nature of the potential energy 


near the nucleus 
4nxZe* {1 1 
o= Aexp| - 7" (—- =) (30) 


where A is a factor which only varies slowly with the speed. We obtain an 
entirely analogous expression for the case of the emission of a proton from the 
nucleus. The only difference is that in the case where there is no resonance, the 
proton has another potential barrier to pass through, which leads to an ex- 


pression : 
4uZe® fl 1 23 -leé 
re ei eee ec) 
i UV, Py hv, 


(v, is the speed of the proton). In the case of a resonance reaction (with 
regard to the proton) the previous expression is valid. Resonance as far as the 
x-particle is concerned should be considered as a normal «-particle capture. 
The formula (30) was applied by G. Gamow at my suggestion to the experi- 
mental results of reactions. It was, however, established that in all cases 
‘known so far we are dealing with the capture of an «-particle. The same seems 
to be the case for the observed artificial gamma radiation. 
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8. ON THE THEORY OF STARS 


From the theoretical point of view the physical nature of stellar equilibrium is 
considered. 


THe astrophysical methods usually applied in attacking the problems of stellar 
structure are characterised by making physical assumptions chosen only for the 
sake of mathematical convenience. By this is characterised, for instance, Milne’s 
proof of the impossibility of a star consisting throughout of classical ideal 
gas; this proof rests on the assertion that, for arbitrary 2 and M, the funda~- 
mental equations of a star consisting of classical ideal gas admit, in general, 
no regular solution. Milne seems to have overlooked the fact, that this assertion 
results only from the assumption of the opacity being constant throughout 
the star, which assumption is made only for mathematical purposes and has 
nothing to do with reality. Only in the case of this assumption the radius & 
disappears from the relation between LZ, M and R& necessary for regularity 
of the solution. Any reasonable assumptions about the opacity would lead tio 
2 relation between L, Mf and R, which relation would be quite exempt from the 
physical criticisms put forward against Eddington’s mass—luminosity relation. 

It seems reasonable to try to attack the problem of stellar structure by 
methods of theoretical physics, ie. to investigate the physical nature of 
stellar equilibrium. For that purpose we must at first investigate the statistical 
equilibrium of a given mass without generation of energy, the condition for 
which equilibrium being the minimum of free energy F (for given temperature). 
The part of free energy due to gravitation is negative and inversely proportional 
to some average linear dimensions of the system in question, or, in other words, 
it is proportional to —o¥? {9 some average density). 

The remaining inuer part of free energy depends on the equation of state; 
for the classical ideal gas it is proportional to log e. In view of the fact that 
log 9 tends to infinity for 9 > 0 more slowly than g¥? we will always have a 
minimum of free energy at @ = 0. That means that, in the case of classical 
ideal gas, we obtain no equilibrium at all. Every part of the system would 
tend to a point. The state of affairs becomes quite different when we consider 
the quantum effects. For the non-relativistic Fermi-gas the inner free energy 
is changing with 9 as 9°, that means, more rapidly than the gravitational. 
It would lead to the existence of a stable equilibrium. The presence of sources 
would produce only an additional expansion due to the radiation pressure. 
Milne tries to escape from this conclusion by introducing a condensed inner 
part of the system, but he does not tell the reasons why such condensations 
could appear at all. The connection of the condensed state with the normal 
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state remains rather mysterious. It is easy to see that any equation of state 
leading to no discontinuous transitions (as admitted in Milne’s calculations) 
would never make such condensations possible. 

As the velocities of electrons in the Fermi-distribution rise with the density 
we have to apply, for sufficiently great densities, the relativistic theory. In 
the extreme-relativistic case the inner free energy per unit volume varies as 
o/3, ie. the same power of density as the gravitational energy. The free 
energy F' is therefore of the form F = a 9%. If a is positive the system will 
expand in order to have F minimum, until the density becomes too small 
for the extreme-relativistic relation F = a 01/8 to be valid. If a is negative 
the system will have a tendency to collapse to a point. In order to find the 
criterion separating these two cases we have to investigate the solution of the 


genera, equation 
ld d 
ae | tat |--4ee. (1) 


he chemical potential y is in the extreme-relativistic case equal toi c[32?e/m4}!* 
where m is the mass per electron, that means for most elements two protonic 
masses. The equation (1) is the » = 3 polytropic equation of Emden. With 
known substitutions it can be brought to the form 


pic | =| eae 
rdr dr 
with the boundary condition — r?(dz/dr) = M[G/h c]®? m?[4/22]!/? on the outer 
boundary. As Emden has shown, this equation has a regular solution only in the 
case — 7?(da/dr) = 2-015, in which case it admits arbitrary radii; that means, we 
will have an indifferent equilibrium corresponding to a = 0 in the former rough 
treatment. Thus we get an equilibrium state only for masses greater than a 
critical mass My = (3-1/m?) [A ¢/G]?/? = 2-8 x 10° g or about 1-50 (for m = 2 
protonic masses). For M > M, there exists in the whole quantum theory no cause 
preventing the system from collapsing to a point (the electrostatic forces are 
by great densities relatively very small). As in reality such masses exist quietly 
as stars and do not show any such ridiculous tendencies we must conclude 
that all stars heavier than 1-5 © certainly possess regions in which the laws of quan- 
tum mechanics (and therefore of gantum statistics) are violated. As we have no 
reason to believe that stars can be divided into two physically different classes 
according to the condition M > or < My, we may with great probability 
suppose that all stars possess such pathological regions. It does not contradict 
the above arguments, which prove only that the condition M > M, is sufficient 
(but not necessary) for the existence of such regions. It is very natural to 
think that just the presence of these regions makes stars stars. But if it is so, 
we have no need to suppose that the radiation of stars is due to some mysterious 
process of mutual annihilation of protons and electrons, which was never 
observed and has no special reason to occur in stars. Indeed we have always 
protons and electrons in atomic nuclei very close together, and they do not 
annihilate themselves; and it would be very strange if the high temperature 
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did help, only because it does something in chemistry (chain reactions!). Follow- 
ing a beautiful idea of Professor Niel Bohr’s we are able to believe that the stellar 
radiation is due simply to a violation of the law of energy, which law, as Bohr 
has first pointed out, is no longer valid in the relativistic quantum theory, 
when the laws of ordinary quantum mechanics break down (as it is experimen- 
tally proved by continuous-rays spectra and also made probable by theoretical 
considerations)!, We expect that this must occur when the density of matter 
becomes so great that atomic nuclei come in close contact, forming one 
gigantic nucleus. 

On these general lines we can try to develop a theory of stellar \.ructure. 
The central region of the star must consist of a core of highly condense \:matter, 
surrounded by matter in ordinary state. If the transition between t ‘ese two 
states were a continuous one, amass M < M, would never form a star, ‘\~3eause 
the normal equilibrium state (i.e. without pathological regions) wou 7? be 
quite stable. Because, as far as we know it is not the fact, we must con ‘de 
that the condensed and non-condensed states are separated by some unsta,. > 
states in the same manner as a liquid and its vapour are, a property whicl. 
could be easily explained by some kind of nuclear attraction. This would lead 
to the existence of a nearly discontinuous boundary between the two states. 

The theory of stellar structure founded on the above considerations is yet 
to be constructed, and only such a theory can show how far they are true. 
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9 A THEORY OF ENERGY TRANSFER. I 


The results of I are applied to: 1, predissociation; 2, excitation of oscillations 
during an optical transition; 3, the case of closely approaching potential curves. The 
question of the cross-section is discussed. 


Tue results obtained in I? can be applied to a number of effects. It must be 
added, however, that during the collision of similar atoms it is necessary to 
add to the selection rules developed in J the postulate of the change in parity 
which is evident from the fact that the electron-spin components which are 
normal to the line connecting the nuclei change their sign when mirrored. 

1. The most direct generalisation is the predissociation. For the dissociation 
probability during an oscillation we can use here expression (21) directly. This 
can also be written in the following form: 


4a h D* a 
» 


FA 


o= 


The proportionality to 7*/v can be found in a paper by Kronig? where, however, 
» designated the velocity at infinity instead of the actual radial velocity at 
the intersection, the reason lying in the estimates used by Kronig. 

The treatment given in I can also be applied to the case of an intersection 
made possible by the difference of the total spin. Elementary considerations 
lead to the following selection rules: variation of the total spin by + 1, in addi- 
tion to the optical selection rules for the azimuthal quantum number and pos- 
sibly the parity. Now, since the matrix element no longer depends on the 
nuclear velocity one obtains instead of (1) a result simply proportional to 
l/y as might be deduced from the time spent at the intersection. 

2. A very special case of the application of the theory is the excitation of 
oscillations during an optical transition when the temperature corresponds 
to a non-oscillating molecule. In this case, the energy of the most highly ex- 
cited state is determined by the Franck-Condon rule and the co-ordinates of 
the points of lowest energy of the normal state. When calculating the drop in 
intensity when moving away from this most highly excited state we have, 
according to the theory developed here, to determine the intersections of the 
following curves: 

#H,- U, = #,- U,. (2) 


When denoting the distance of the intersection from the normal state by & 
and considering that the parabola of the lower state can for this purpose be- 
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replaced by a constant value of U and the upper curve by a straight line, one 
obtains approximately: 
é 

é = F &, or, & = FP’ (3) 
where F is the force acting on the upper curve, and « the energy difference 
from the most highly excited state. Now, we only have to determine the action 
integrals up to the point & The integral along the parabola is obviously the 
decisive one. One hence obtains for the exponent: 


moédé MO, moe 8 
2 | mE es -"") se 


(w = 2%-frequency of normal oscillation). It is seen that the intensity 
distribution is Gaussian. The width of the intensity distribution is given by 


F. (5) 





It thus usually includes many oscillation levels. 

3. It is interesting to determine the probability when the energy curves 
approach closely to one another. This is invariably the case when two ions 
have at infinity an energy which is not very different from the energy of two 
atoms. Then the attractive Coulomb force gives an intersection in a region 
where all the other interactions. which might destroy the intersection, are still 
very small. 

When the curves intersect in the near complex plane, we must extend our 
action integral into a region where the two potential energies approach one 
another very closely. we can write accordingly 

U7. 17 UT, 


. ap op 
Pi ~ Be = Zep (Ui - Uy) =~ (UV, - Va) =-—*——*, 8) 


where » is the velocity in the given region. The value of the probability is 
consequently represented by the quantity 


. 
exp| | (0. - 7, a2]. (7) 


According to a well-known formula we have, however: 
U,-U,= V (Tro — Uso) + 40°, 


where U,,) and U,, are the eigenvalues in zeroth approximation and a the 
“exchange energy”’ of the two terms. The width of the smallest distance is 
obviously equal to 2a. 
In the vicinity of the intersection we can write, except for an unimportant 
constant, 
Oyo = Fix, Ugg = Fax. (8) 
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In the next approximation, the position of the intersection is given by 
(Ff, — F,) 2? + 4a® = 0 whence follows 


21a 
P, — FP, 


The exponent of (7) is consequently equal to 


x 


(9) 
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0 
{10) 
The probability is therefore proportional to 
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To estimate the exponent in the above Coulomb case, we put 
e. =A4 


Te e 


P= 





(12) 


where 4 is the energy difference at infinity. In the case of an ion collision » 
is simply determined by 4. If 4 = le¥, the condition: 


an a L 1 
hv F,-F, 
leads to 2a = 0-06 eV. 

4. When the exponent in (11) is small, we can neglect to a first approxima- 
tion the splitting up of the curves. 

The probability of the electron transition is therefore given by the prob- 
ability of the transition in the case of two intersecting curves. This case can be 
treated by the method used in part I with the sole difference that the place 
of the matrix elements of 6 M/m 7? is taken by a which hence gives for the 
probability 


4n a : 
hv(#, — F) ») 
In the intermediate case the probability will be of the order of magnitude 1. 
To express this probability in terms of the effective cross section, we introduce 
the following relations. The effective cross section in the case w = 1 is 27 9 do, 
where ¢ is the minimum distance without interaction. Because of the conser- 
vation of angular momentum ¢ v% = 7 ve (r being the co-ordinate of the inter- 
section, and vs the angular velocity at the intersection) we have in consequence: 


Qar 
do = ——% dt, (14) 
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or, since v2 + 7% = v4? equals a fixed value for a given energy, 


22 r* 


do= %A0,. (15) 





v% 
Now, when multiplying by @ and integrating (v in (13) means of course v,} 
with respect to all values of v, from zero to vy, we obtain 


S22 a? 7? v4 
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‘5. The statements made in I require, on the other hand, considerable modi- 
fication when the two energy states are situated close together at infinity 
(resonance case). This may be brought about either by transitions of fine 
structure levels into one another or by an accidental approach of the levels 
of the two atoms. To determine the range of validity of the previous statement, 
we calculate the action difference for the two curves which do not intersect 
in the real region. When denoting the order of magnitude of the complex value 
of r at the intersection by & we can write: 

RA 


8, - 8 = > (18) 
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where A is the energy difference of the two terms at infinity (R corresponds 
to the order of magnitude of r at which the interaction energy is of the order 
of the energy difference). 
For the exponent we have: 
RA 
hv 
Here, too, we can therefore differentiate between two cases depending on 
whether the exponent is small or large compared with 1. In the first case the 
energy difference between the two states can be neglected. In this case we may 
apply for the caiculation the method of Kallmann and London’. When esti- 
mating the exponent it will be convenient to put & = 10°’ cm, since the inter- 
action decreases Tapidly for larger distances. When esting for v the thermal 
velocity of about 3 x 104 cm/sec, one obtains 4 of the order of 0-1 meY. On 
the other hand, if the exponent is large, the intersection of the curves again 
plays an important part and we must use (I-27). 
The author would like to thank L. Rosenkevich for valuable discussions. 
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10. ELECTRON MOTION IN CRYSTAL LATTICES 


Iris well known that in a periodic field an electron can move without resistance. 
When the lattice is slightly distorted at a point, this only leads to scattering 
of the electrons at this point. This, however, does not mean the electron is 
trapped at this point. According to a familiar theorem in wave mechanics 
this will only be possible if, in addition possible if, in addition to continuous 
eigenvalues, the distorted lattice would also have discrete eigenvalues. But 
this is not the case for slight distortions. 

Let us consider a free electron, subjected in a certain region to a weak field. 
we can then demonstrate in accordance with Peierls! that the solution of the 
Schriédinger equation at H = 0 has no nodes at weak fields, that is it corre- 
sponds to the lowest possible eigenvalue. For, when determining the solution 
of the Schrédinger equation 


2mU0 
Vy =— (1} 
i 
for small U im the form 
p=lt+y, (2) 
where y is also small, one obtains: 
20 


Vix = {3} 


#2 
Lf U decreases at infinity more rapidly than 1/:*, then this equation has a 
solution finite throughout, and whose values are proportional to those of U. 
For a sufficiently small U one therefore has |z| <1 hence 1 + y vanishes. 
nowhere. (When denoting the dimension of the region where U is different. 
from zero by a, we find that a discrete eigenvalue can only exist when mUa*/i* 
is of the order of unity.) 

An analogous proof is possible for a periodic lattice by taking as starting 
point the solution corresponding to the lowest eigenvalue which is consequently 
nodeless for a strictly periodic field, and by writing the “distorted” yw in the. 
form y = W% + % 

Hence a small distortion does not yet lead to the possible trapping of the 
electron. This possibility only exists for large distortions. We can now diffe- 
rentiate between two essentially different cases. For, the energetically most. 
favourable state of the total system may correspond, firstly, to the undistorted 
lattice and the electron moving about “freely” and, secondly, the electron 
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trapped at a strongly distorted region. In the first case, the electron cannot 
be trapped at all by the lattice. This situation seems to be realised in the case 
of diamond. In the second case, the electron can only be trapped when passing 
over an energy barrier. For, as already stated, in the case of 2 small distortion, 
_the eigenvalues of the electron are not changed. Hence the energy variation 
of the total system consists solely in the distortion energy and thus is essen- 
tially positive. We must therefore expect that the trapping of the electron is 
associated with activation effects. This corresponds to the situation in the case 
of NaCl which cannot be discoloured by X-rays at low temperatures. It would 
be interesting to verify in this effect the exn({— A/k7) law and to determine 
the value of the activation energy 4. 
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11.0N THE SECOND LAW OF THERMODYNAMICS 
AND THE UNIVERSE 


The irreversibility of thermodynamic phenomena is discussed. It is seen that this 
irreversibility, as also in general the difference between the two time directions 
{past and future) can only be explained by the fact that there exist regions in the 
universe which are not covered by the theories (classical and ware mechanical) 


leading to thermodynamics. 


Ir seems to have been accepted since Boltzmann that the irreversibility of the 
second law does not contradict inany way the symmetry of classical mechanics as 
regards the interchangeability of the sign of the time. The justification for this 
argument canbe seen from fact that the behaviour of a macrosystem isolated 


Entropy ——~=- 





for a period large in comparison to the relaxation time is completely symmetzi- 
cal in both time directions. If, however, we have a system in thermodynamic 
equilibrium with its surroundings, and we isolate this system for a period which 
ts not so large that the important fluctuations can be ignored, then the entropy 
curve behaves as shown in Fig. 1 (the beginning 1 and end 2 of the isolation 
are denoted by the dotted lines). When the system is isolated (point 1) the en- 
tropy begins to rise, reaches a maximum, and remains at this level until point 2, 
after which the thermodynamic equilibrium starts to reassert itself. Ifwe change 
the direction of the time axis, the picture is completely different. In fact 
the reversed process means that at point 3 the entropy begins to imcrease, 
as though the system knew in advance that after a certain time it would be 
isolated. We are inclined to dismiss this behaviour as impossible, “since the 
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future can have no influence on the behaviour of physical bodies.”’ It is, how- 
ever, a philological point, for it is far from clear how we can conclude from 
classical mechanics that one time direction possesses different properties from 
the other. The problem is namely to determine the origin of this asymmetry. 

To do this we must consider the exact meaning of the second law somewhat 
more carefully. Let us consider a body which is isolated for a very long time 
{compared to the relaxation time). If we think of the volume of this body as 
partitioned into a number of relatively small parts 1, 2, 3, ... (each, however, 
containing many atoms), then every part can be in statistical equilibrium, 
even though the body as a whole is far from being in equilibrium. The macro- 
scopic description of this state is given apportioning a statistical distribution 
function, 9;, to the ith part of the total system. These g; are functions of the 
number of atoms and of the point in phase space of the system comprised 


of this number of atoms. Thus we have fede = 1, where we understand 


the integral to include not only all physically different points of the phase 
space, but also the subsequent summation over all possible numbers of atoms. 
The parts, 1, 2, 3, ... are quasi-independent of one another; that is to say 
a change of the initial state of such a relatively small part of the total body 
has virtually no effect on the state of the entire body. The quasi-independence 
of the parts is expressed mathematically in that when we evaluate the func- 
tion 9 = JZ 9; at t and transform it according to the laws of mechanics to refer 
to #’, so that 9 changes to 9’, then we obtain the statistical partition function 
of the ith part at t’ through the integration: 


= | sae fe At, dt, ... dt; At;4, -.- 
The change of the macrostate between ¢ and ¢’ is thereby specified. For the 


entropy we obtain 


and 





With the help of the inequality 
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This gives i 
i> 
c= In—, 
@ 
but from Liouville’s theorem we have 
1 1 
In — = ln—, 
Q Q 
whence 
o Zo. 


This inequality has a two-fold meaning: (1) we consider a body isolated for 
an interval large in comparison with the relaxation time. If we seek out all 
the microstates whick have been attained in the interval and which describe 
one and the same macroscopic state, then in the next instant from the vast 
majority, of these microstates will arise states of greater or at least equal en- 
tropy; (2) the great majority of these microstates come from the immediately 
preceding states of greater entropy. 

The necessity of these two assertions is seen from the fact that in the proof 
introduced above, no use was made of the inequality t < t’. Naturally this is 
connected with the symmetry of mechanics regarding the changeability of | 
the sign of the time. The two statements are independent of each other; that. 
is, if we know nothing about a microstate except that it does not fulfil the 
conditions connected with the first statement, then there is a high probability 
that it will fulfil those of the second statement and vice versa. (Naturally, in 
the majority of cases considered which specify one and the same macroscopic 
state, both sets of conditions are satisfied. This leads to a characteristic, 
completely symmetrical appearance of the fluctuation curve, which has been 
much discussed in the literature.) Of interest to us is the following sequence: 
let us take on the fluctation curve (ie. on the curve of the entropy change 
over a period of time large in comparison with the relaxation time) an interval 
comparable with the relaxation time, about which nothing is known except 
that the end ¢) (which end is unimportant) corresponds to the entropy ao, 
which is less than or equal to o. Then we will obtain a.series of inequalities 
Gq S 6; S o,--- corresponding to the monotonic series of sequential moments, 
tg, ty, tg --- belonging to the time interval under consideration. This law, which 
we can call the law of monotonic entropy change, can also be expressed as 
follows: when a body is isolated over a period which.is not so big that the 
fluctuations may be ignored, and when, moreover, nothing else is known of 
this time interval than possibly the macrostate at one of its two ends, then we 
may postulate that the entropy changes monotonically during this time interval. 

These “thermodynamic” inferences of the classical statistics are more 
general than the classical statistics itself: as is known they may also be deduced 
from the quantum statistics based on wave mechanics. Only in relativistic 
conditions are the thermodynamic considerations no longer valid; for example 
the diverging integral density of the radiation energy in the Rayleigh—Jeans 
law means simply that statistical equilibrium in this region does not exist. 
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Nor do we expect thermodynamics to be upheld in the case of relativistic 
quantum theory. In the following we will, for brevity, denote the systems 
which obey the classical and wave mechanics as “statistical bodies’. If a 
statistical body is isolated from its surroundings for a period which is not too 
jarge compared with the relaxation time, its entropy changes monotonically. 
If two such bodies are isolated, then the monotonic changes cannot occur in 
mutually opposed directions. This is immediately clear, since these two systems 
can be connected by an arbitrarily weak coupling into one single system, at 
any rate when their periods of isolation are simultaneous or partly so. If we 
apply the proof introduced above of the monotonic entropy change in this 
case of two weakly linked parts of one system, then we can see immediately 
that the directions of the entropy changes of the parts cannot be opposed to 
each. other. If different systems are not simultaneously isolated from their 
surroundings, then we can introduce to the argument any necessary inter- 
mediary steps. We can now see that either the entropy of every statistical 
body which is not isolated from the surrounding universe for too long is 
constant, or there is a particular universal time direction for entropy increase. 

Which of these two possibilities occurs in nature? Ii we consider the world 
as an individual isolated macro-system, obeying classical or wave mechanics, 
then we are led to the conclusion, as was Boltzmann, that the world as a 
whole is in statistical equilibrium. Boltzmann attempted to reconcile this 
conclusion with the apparent lack of statistical equilibrium in the observable 
parts of the world through his well-known fluctuations hypothesis. The fact 
that we are able to observe such a terrific fluctuation, he attempted to explain 
by saying that precisely the occurrence of such a variation is a necessary 
condition for the existence of the observer (the favourable conditions for the 
biological evolution of organism and so on): The argument is, however, entirely 
false. For in such a world of fluctuations, the existence of an individual observer 
without the heavens containing myriads of stars corresponds to a far greater 
entropy, and therefore to a much higher probability. We conciude from this 
that the world obeying statistics would display no important fluctuations; in. 
such a world ali inequalities in the law of monotonic entropy change would be 
replaced by equations, and both directions of the time axis would be entirely 
equivalent. 

Everyday experience shows, however, that this is not the case. This alone is 
quite sufficient (even without Bohr’s hypothesis that the inner layers of the 
stars may only be described in terms of relativistic quantum theory) to conclude 
that there are at least regions in the world which do not obey the statistics. 
This makes the two directions of the time axis non-equivalent; the direction 
which is associated with the increase of the entropy of a system isolated over 
not too long a period from its surroundings can be defined as the future. For 
classical mechanics the conceptions of past and future are entirely without 
meaning. Only then do we obtain the second law of thermodynamics as the 
law of inerease of entropy. This law, as well as the existence of past and future 
observed in everyday experience, is only possible because the world as a whole 
does not obey the laws of thermodynamics. 


12. A POSSIBLE EXPLANATION OF THE FIELD 
DEPENDENCE OF THE SUSCEPTIBILITY 
AT LOW TEMPERATURES 


Tue chlorides of chromium, bivalent iron, cobalt and nickel have the property 
that at low temperatures their magnetic susceptibility increases more rapidly 
as the temperature decreases than predicted by Curie’s law, which according 
to the usual concepts ought to indicate the presence of ferromagnetism. 

At low temperatures, however, these materials do not show ferromagnetism 
but only a field dependence of the susceptibility. 

I should like to draw attention to an explanation of this anomaly which 
follows directly from the theoretical analysis and is in agreement with the 
known facts. Since the above elements may form both ferro-alums and para- 
magnetic compounds, we may draw the conclusion that the mutual orient- 
ational forces of the spins may be either positive or negative, probably depend- 
ing chiefly on the interatomic spacing. 

All these materials form crystal lattices in which the paramagnetic atoms 
are arranged in layers, the spacing between the atomic layers being considerably 
larger than the interatomic spacings in the layer. Now, if we assume that the 
orientational forces within a layer are positive, but those between different 
layers are negative, and also much smaller, we obtain the folowing picture. 
At low temperatures we have spontaneously magnetised layers whose magnetic 
moments are, however, oriented in opposite directions so that we have no 
spontaneous magnetisation of microscopic regions and hence no ferromagnetism. 
Since the mutual interaction between different layers is relatively small, a 
relatively small field is sufficient to modify the mutual orientation of the 
moments considerably. One thus obtains deviations from the linear law of 
the dependence of the total moment on the field, and finally one obtains even 
saturation effects, because the magnetic field orientates the magnetic moments 
of all layers parallel to its direction. 

To arrive at a quantitative theory of this phenomenon we must consider 
three different effects: 1. The saturation magnetisation for each separate layer 
the temperature dependence of which is given approximately by a Weiss 
curve. 2. The exchange effect between different layers which as a first approxi- 
mation may be assumed proportional to the scalar product of the magnetic 
moments of these layers. 3. The (relativistic) interaction of the magnetic 
moments of each separate layer with the lattice which through symmetry, is 


L. Landau, Eine mogliche Erklarung der Feldabhingigkeit der Suezeptibilitat bei niedrigen 
Temperaturen, Phys. Z. Soujet. 4, 675 (1933). 


Cen 8s 73 


74 COLLECTED PAPERS OF L. D. LANDAT 


to a first approximation proportional to the square of the component of the 
magnetic moment parallel to the symmetry axis. 

Thus, in the light of the above hypotheses the materials should therefore, 
as with ferromagnetics, have a Curie point where the saturation magnetisation 
of the layers equals zero. By the same analogy, one can expect at this Curie 
point a discontinuity of the specific heat whose value can be calculated just 
as in the case of ferromagnetics. 

To investigate the susceptibility in the region of the Curie point, we consider 
the free energy which may be made up of the three above components. In the 
field-free case, we may assume that the magnetic moments of the layers are 
situated in pairs in opposite directions so that the layers can be divided into 
two different kinds. This division is then also retained in the presence of 2 
magnetic field. One thus arrives at the following free energies: 

1. The free energy per atom for the exchange effect within a layer which 
we expand in powers of the mean moment per atom of the layer, retaining 
only the first terms: 


I > i 
Fra yamy+ bmi, {1} 
{odd powers naturally do not occur on symmetry grounds), and the analogous 
expression 
Ein, ck eee 
Bye -y ome t ome (2) 


for the layers of the second kind. 
2. The exchange energy of the two kinds layers of per pair of atoms: 


F,= A(m,:m,). (3) 
3. The free energy for the interaction of the moment with the lattice 


atk : 7 1 F 
f,= > x(myz, + My), Pyo= ry a (M5, = 03 4) » (4} 


and, finally, the energy in the external field 
Po= —-(H-m,), PF, = —(H-m,). (5) 
The total free energy per atom is thus equal to 


] 
Po s(F, +P, + Ppt Pet Pst+ Pe t+ Py) (6} 
we now put 
i] ] 
=z (my + My) =m; > (my - Mz) =f, (7) 


Then, as is readily calculated, we have: 


1 1 1 ~] > > 1 7A 
= = —A)P+ ra + re + h)+—a(@+ 4) m? + yo (ts + mz) 


vo] 


L 1 
aia POS ae Oe (fm). 
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When the external field.equals zero, the total moment per atom is also 
equal to zero. The value of 7 can then be calculated from the minimum postulate 
for the first three terms. We assume a@ to be positive, i.e., the Z-axis is assumed. 
to be the most favourable direction of magnétisation. We then have a mini- 
mum or maximum of the free energy depending on whether a — A is positive or 
negative. 

At the Curie point we thus have a — A = 0, and we can write: 


a=A+$(-O+T), 
where © is the Curie temperature, and f is positive. The other quantities are 
assumed to be approximately independent of temperature. Above the Curie 


point J = 0, and the fraction of the free energy dependent on m, thus assumes 
the following form: 


[24 + B(T — O)] m2 + [2A +o + B(P — O)] (m2 + m2) 
~ Him, -— H,m, — H,m,, 


where, in addition, the term with m4 has been neglected. From the minimum. 
condition it follows that: 


H, H 


Ny = ———_________—, Ny = , 
BF — O@)+a4+ 24 BF -O)+%+2A4 
H, 


"=e O)+24- 


We thus have for the susceptibility per atom: 
apa eI a, git 
PEWS T= O+ (a4 2Aye “PO + @Alp) 
Below the Curie point the minimum condition for 1 gives: 
B(@ — 7) 
=——_——. 8 


Now, when substituting this expression into the term dependent on m, one 
obtains: 


B(P — 0) +bP=0, P 


Ll I ] 5 5 
[4 + 3 bt -—O+ aa + 5 ems + mi) + BP m; 
or, by substituting in equation (8): 
2 1 2 2 
[A + B(O ~ Ti) m+ (4 + =a )lot + m,) - H,m,-— H,m, —- H,m,. 


From this we now obtain in analogous fashion: 


1/B _ Lip 


a6" eapy =" Tene” 
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Thus, at high temperatures, one really has a Weiss law with a negative O. 
But the Curie temperature is higher than O so that at the Curie point 7 attains 
a finite value. The expressions derived here show that when the temperature 
is lowered further ~ must continue to decrease further (which, it is true, is 
only the case for some of the above-mentioned substances. The question of 
the reason for this discrepancy is left open). At low temperatures one observes, 
in accordance with the expressions (9), a specially marked anisotropy in that 
%, and y, become large compared with y,. 4/8 @ gives the ratio between the 
exchange effect of two layers and the exchange within a layer, and must 
therefore always be small. The same also holds for a/8 @, which represents the 
ratio of the relativistic effects to the exchange effect. 

This statement is, of course, related to the assumption « > 0. A comparison 
with experiment is not possible at present since no measurements on single 
crystals are available. 


13. INTERNAL TEMPERATURE OF STARS 


Ix may be of interest to notice that the investigation of the process of thermal 
transformation of light elements in starst enables us to check the upper limit 
for the temperature of internal regions. In fact, so far as lithium is present, 
for example, on the star surface, it is natural to accept that it is in equilibrium 
with the lithium content in the.internal regions of the star near the stellar 
nucleus, where the production of different elements takes place. On its way 
from the stellar nucleus through the hot regions of the star, lithium atoms 
will be partly destroyed by thermal collisions with hydrogen atoms ("Li 
+ 3H — 24He) and will not reach the surface at all if the temperature of the 
internal regions is too high. 
For the rate of the reaction in question we have: 


i ‘ -2nkejhy r 2 me ae —mefeRT 
Ow wi——— !}-e77 ¢ (oN -a4a¢ “s tod dz, (1} 
me} 22kT 


where Z is the atomic number of the element, v and VV the velocity and density 
of protons, and 7 the absolute temperature. 
Calculating the integral we obtain: 
(42 Ze?)u8 
mBl® (ie Py2s 





ts Bes en 22 Cnfk Tye (222 a ede (1 a} 


On the other hand, in the time 1/w a lithium atom will travel through the 
distance 


where the diffusion coefficient D is given by the expression: 


kpyue 
D~ \ oe o MUS mu2, (2a) 





Here N} is the total number of atoms in a cubic centimetre, o the cross 
section of collision, and Mf the atomic weight of the atoms in question. 
Using (la) and (22), we obtain from (2): 


qnat2 ( k pyre 


a edit (mk TY (22 Z erfhye 
af NND gt? A5'6 MUA (hy Z e2)r6 


I (3) 


G. Gamow and L. Landau, Internal temperature of stars, Nature, 182, 567 (1933). 
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Accepting V ~ N1~ 10% em™ ando~ 10-8 em?, we obtain for lithium (Z = 3} 
the following numbers: 
T (CO?) | 1 5x08 10? 5x10 108 
tiem) | 10% 10° 20 10 1 
From this table the conclusion is reached that either lithium is present on 


the star surface only occasionally or that no regions with temperatures of 
more than several millions of degrees can exist in the interior of a star. 
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14. STRUCTURE OF THE UNDISPLACED 
SCATTERING LINE 


Tue fine structure of the undisplaced line produced by light scattering has 
been Investigated a number of times! in recent years, yet the problem does 
not seem to us to have been completely solved either from the experimental 
or theoretical] point of view. We propose to here give a few results from a 
theoretical study in this connection, the complete publication of which is 
delayed for reasons beyond our control. 

If we start by confining ourselves to the scattered radiation connected with 
density oscillations, we find from the theory of fluctuations that the undisplaced 
line splits up into a triplet in the case of liquids and gases above a certain 
degree of dilution (see below for limits of validity). The two outer components 
represent the familiar Brillouin-Mandelstam doublet with angle-dependent 
separation Ay = + »{vic) 2sin}@ (v is the velocity of sound); but there is 
also an undisplaced component, and the contribution of the two outer com- 
ponents to the intensity of the triplet is in fact given to a good approximation 
by the ratio c,/c, of the specific heats. For a monatomic ideal gas, for instance, 
the relative intensities of the three components are 3: 4: 3; and the intensity 
of the central component is also for most liquids (c,/c, ~ 1-4) of the same 
order as that of the two outer ones. On approaching the critical point, the 
intensity of the two outer components remains constant, whilst that of tne 
central component increases sharply. 

The width of the three components can be found quantitatively; it is 
determined by the viscosity and the thermal conductivity. 

These results only hold for gases as long as 1 < A/2sin}@ (lis the mean free 
path). The three components gradually merge together for longer mean 
free path, and when / > j/2sin}@ the line structure reaches the Gaussian 
form with an angle-dependent width such as is produced by the Doppler 
effect. 

The situation is more complicated for that part of the Rayleigh line that 
has no connection with density fluctuations. In liquids, the decisive factor for 
the structure of this part is the Debye relaxation time. A more detailed dis- 
cussion of this subject and of the situation in crystals, as also a comparison 
with experimental results, will be found in a more detailed paper.t 
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15. ON THE THEORY OF THE SLOWING DOWN 
OF FAST ELECTRONS BY RADIATION 


A simple method is pointed out for calculating the radiation trom electrons 
which are slowing down. This calculation establishes the limits of the validity of 
the Heitler formula. 


Ix the work of Heitler! the effective cross-section for the bremstrahlung 
effect for fast electrons was calculated. It was established that this cross- 
section does not depend on energy, so that the range of fast electrons seems 
to approach a limit at high energies, which appears to be improbable. I would 
like to point out here a simple method for calculating the radiation, which 
establishes the limits of validity of the Heitler formula, and at the same time 
gives more general results. 

Instead of considering a system of co-ordinates in which the nucleus is at 
rest and the electron moving nearly with the velocity of light, we consider a 
co-ordinate system in which the electron is approximately at rest, so that 
the uncertainty in its velocity is smail compared with c. Denote the minimum 
distance between the electron and nucleus by r (it follows from the Lorentz 
transformation that this distance is the same in both co-ordinate systems). 
This quantity is also not exactly known in our case, its uncertainty being 
connected with the uncertainty in the velocity by the well known relation 


Ar Av yee 
m 


. Since 42 <'c and Ar is small in comparison with c, 





h 
r : 1 
e Me () 
It is possible to show, since Ze?/ic is always less than I, that in this case the 
motion of the electron may also be considered to be approximately free. 
The time of the collision + in the rest co-ordinate system is of the order of 
magnitude 


w=. 


c 


"IL. Lendau, Zur Theorie der Bremsung von schnellen Elektronen durch Ausstrahlung, Phys. 
Z. Sowjet. 5, 761 (1934). , ci 
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In the moving co-ordinate system this decreases because: of the Lorentz 
contraction. If one introduces the notation 








EB 1 - 
e= = ; 2 
mC i ve (2) 
5 
re) 
then the time of the collision 7’ is: 
_— (3) 
TT =—, 
cé 


There corresponds to this the frequency 


ce 
o=—. (4) 
r : 
It is well known that the force in the moving co-ordinate system is essentially 
parallel to the direction of r and is multiplied by « in comparison with the 
rest system. Thus 


x =—s. (5) 


The electron in the moving co-ordinate system is under the influence of a 
plane wave, the frequency of which is given by equation (4), the time of . 
action by (3), and the force by (5). 

The radiation can be interpreted as a scattering of this wave. It is well 
known that the way this scattering takes place is essentially different depend- 
ing on the ratio of #w to mc*. 

Let us consider first of all the case where hw < mc’, ie. r > (A/me).c. 
In this case the scattering behaves classically. The total radiated energy is 
given in the case by the well known formula 


2 


e 
AH = eS ok (6) 
where w’ is the acceleration. 
J€ one puts 
ek’ * 
wl = (7) 





m 


and substitutes equations (5) and (3} then one obtains 
Bee 


ee, (8) 
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It is well known that the radiated momentum for the rest electron is, accord- 
ing to the classical theory, 


Ap’ = 0. (9) 
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Therefore, in the rest co-ordinate system 





AH Ay’ 2 @& ¢2 
AB =a? AB sw. (10) 
ye m ct 7 
i-— 
2 


In the moving co-ordinate system the scattering is approximately uniformly 
distributed over the different directions. Hence in the rest co-ordinate system 
we obtain forward scattering into an angular range of the order of magnitude 


1 
é 


Consider now the second limiting case where 
ho > me, (12) 





r< é. {13) 


mC 
In this case we can no longer calculate classically but must apply to the scatter- 
ing the theory of the Compton effect. The number of scattered light quanta 
is, according to the Klein-Nishina formula, determined by the effective croxs- 
section 


h 
e \2 ne 
= ee nny 14 
(<5) hw oa 
me 


The total numbers of scattered quanta is 
cE”? Z? ef he 


AN ~——o ~ —————_ in ——-. 
ko he mctsr mer 


(15) 


In the moving co-ordinate system the direction of the scattered quanta is 
arbitrary, but their energy on the other hand is of the order of magnitude of 
me*, Hence in the rest co-ordinate system the energy of the quanta is of the 
order of magnitude of mc* e, ie. of the order of magitude of the kinetic 
energy. The mean radiated energy is 


Z 6 he 


4E~ANmMCs ~ ——ln 
Rer mer 


(16) 
If one puts A wm & me®, ry & (hime) e, then the formulae (16) and (10) of course 
coincide, giving 

m Z? e& 


~—_——., 17) 
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The region of validity of formula (16) is determined, apart from by (13) and 
{1), by the limits of validity of the Kiem-—Nishina formula. We could expect 
that these latter limits are given by the condition that the wavelength should 
be large in comparison with the “electronic radius”. In our case this gives 





r e 
ae, > re {18) 
e mee’ 
= 19 
ik ar) (19) 
This limit can have a meaning only if 
he 
gE~ er. 


The effective cross-section for the bremsstrahlung effect is given by the 

formula 

S-AE-2nrdr 
7 : 

Lf the expression (10) is substituted into (20) we see that the integral is con- 


vergent for large r. If (16) is substituted into (26) we see that the same happens | 
for small r. Therefore, the intermediate case 


® = (20) 


i m Z e 
honrme, r~—se, 4#~ —— 
me Hee 


is the most important one. The effective cross-section is thus obtained in the 
from 
4Er ZB? ef 

E km? 3” 


This is nothing but the Heitler formula. 





@~ (21) 
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16. ON THE PRODUCTION OF ELECTRONS AND 
POSITRONS BY A COLLISION OF TWO PARTICLES 


Lhe production of an electron and positron by a collision of two particles, 
moving with a velocity near to the velocity of light, is investigated. The cross- 
section. of this effect is obtained; it increases with the cube of the logarithm of the 
energy of the colliding nuclei. 


1. Dirac’s theory of electrons and positrons gives us the possibility to 
investigate the effects of the production of electronic pairs by collisions of 
various kinds. The whole effect may then be described. as a transition of a 
negative-energy electron into a positive-energy state under the influence of 
colliding particles; thus, an electron and a “hole”, ie. a positron, are pro- 
duced. 

If we regard the process in first order perturbation theory (that is, the 
unperturbed wave-functions for the electron and the interaction of the two 
particles), the effect is due to the interaction of both particles, and it can be 
shown without difficulty that for velocities of colliding particles near to the 
velocity of light the probability of the production of an electronic pair is 
dependent on the relative acceleration of the colliding particles, i.e. inversely 
proportional to the square of their mass. Therefore in this case (we shall here 
regard only the case 1 — vjc ~ 0, that is, the energy is great comparing with 
the mass multiplicated with c*) the first order effect is small in comparison 
with the second-order effect. In the latter approximation we may regard the 
nuclei as non-interacting, 1. as moving rectilinearly, because for large 
velocities the interaction can be neglected. The effect is then due merely to the 
superposition of the fields of both nuclei. The first approximation of the 
perturbation theory would give zero under such conditions. 

The method adopted is as follows: the wave function of the electron in a 
negative-energy state (before the collision), perturbed by the field of the 
particles, is calculated. With the aid of this function and the wave function of 
& positive-energy electron state (after the collision) the matrix element of the 
perturbation is then constructed and the square of its modulus gives the 
probability of the transition, te. the production of an electron and a positron. 
The interaction of both nuclei is neglected. 

The method is of course symmetrical as regards the electron and positron 
and also in the twonuclei. Therefore it is just the same which of both is regarded 
as fixed and the result must be invariant against the Lorentz-transformation 
{v is the relative velocity of the nuclei, #, the energy of the positive-state 


L. Landau and E. Lifshitz, On the production of electrons and positrons by a collision of 
two particles, Phys. Z. Sowjet. 6, 244 (1934). 
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electron; #, = — |#,]| that of a negative-state, ie., positron; the x-axis is in 
the direction of »): 








s See) t Buyer, 
E _ EL - U Py E _ Ey - UPy 
LS ——— 
V1-¥v V1l-v 


(in the following we put c = 1, ie. the dimension of velocity equal to 1; the 
necessary power of c can be inserted in the fina] result so as to secure the right 
dimensions). If the energy is large and the momentum makes a small angle 
with the x-axis (as is really the case, as will be shown farther on), we have: 


m+ p>  (m? + p?)? 
ep a (1) 


(p? = »; + p2) and we get the Lorentz-transformation up to terms of higher 
order in the form: 


a? + pi m? + p3 
Ey = ele 2= Pye (2) 
i-? 1— v 


if the particles lose but a small part of their energy, which makes it possible 
to neglect their interaction, the result is independent of the nature of the 
particles and is the same for the case of two colliding nuclei (we shall in the 
following refer only to this case) or a nucleus and an electron. The latter case 
was investigated by Carlson and Furry* but we shall see that the result obtained 
here is different from that of Carlson and Furry. It may be noted that their 
result is not invariant against the transformation (2) notwithstanding that 
£, and #, are there large enough. 
2. We proceed now to the calculation of the cross section for the production 
of pairs. Before the collision the electron occupies a negative energy state. 
ts four-dimensional momentum-energy vectort is then P, with components 
Pry (Prrs 1213 = Prs, iyis = — |Pisz, ay acl) Pra =i F,, HB, = — |H,{). The 
first nucleus (with the charge Z, e) is fixed and the second (Z, e) has a velocity 
v along the z-axis; their four-dimensional velocities are 


(2) > + 
é : u v i 
yD = aw = (0, 0, 0, 4), y® = a an (=a: 0, 0, =) 
lv VYl-v V1i- 2 








respectively (in the following we always assume 1 — v/ce ~ 0). The field we: 
assume for the sake of convenience as consisting of a strong discrete plane 
wave 


(1) 7 th : 
Go ei a od= Aa Uh = 1, 2, 3,4; ty 044 %,Y,%, id) 
and a continuous spectrum pf); #1, % 8, are the components of the vector 
potential and g, =i¢ is the scalar potential, woultiplied by i. After the 


-T All four-dimensional vectors are printed bold-face in this paper. 
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collision the electron is in a positive-energy state and its momentum-energy 
vector is P,. We aiso introduce p for the two-dimensional vector »,, p,. 

The initial, Le. the negative-energy states, form a continuous range, which. 
is before the collision (the space is empty) wholly occupied. Therefore the 
probability of the transition must be referred to a differential interval of the 
momentum. 

The unperturbed wave functions of the electron before and after the collision 
vaust then be normalised on the é6-tunction in momentum-space, that is 


ip ke af in 
yer, PP =e errr, 4) 


yO) 
; (22x &)P? 


l 
(23 h)P? 
[p12 = fpf? = 1 


respectively and satisiy the Dirac equation 


[m + 7, m,] YO = 0 (5) 
where 
Vive + Ves = — 20% (6) 
and 
kh 2 
P; =o 
wi Oty 


Oy ae aEnE (4) in (5) we get a set of algebraic equations to determine yp” 
and yf? 


[om + yp Piz] Y= 0, Tre + 9, Doz] pO = 0. 


The wave function of the electron in a negative-energy state, perturbed by 
the field of the first nucleus, must then ie the equation 


[m + yelp, + € 9? el *)] B= 
(¢@ is neglected compared with go). If we seek m8 in the form 


1 Py 
ey, Pa eo) ew we Ga DF ye oF PE & 


‘ amt 
neglect ¢ y;, yo? ets j y’ and multiply with (m — yz p;,), we get 


(m+ My Be eye yo 


‘iia (m? + pi?) (7) 


p, may be called the momentum-energy vector of an “intermediate state”, 
as it is often done in the perturbation theory in the second approximation. 
The matrix element of the perturbation referring to the transition from the 

“intermediate” (¥Y') to the positive-energy state (2) (we take the perturba- 


(Dy, 
tion in the form ¢ y, 7, 9 and neglect here of e+ % because two discrete 
plane waves can give transitions only if the ae of their frequencies is equal 
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to (Po, — P14)/% and this case is negligible) is (using (7)): 


é 
ae al Vere Pe par = 


~ On i (m? + p’2) 
dv = d2v,dz, dz, dz, 





(8) 


where y is a vector with the components 7,, y2, 73, v4 and 


- Pty) Be =3 62) 
iO = [oper PL PY) Be avs - {oP e leh 2p dt, (9) 


is a Fourier component of the continuous spectrum with the frequency w??. 
We now proceed from the discrete plane wave ¢? to a Fourier Soupenanl 
4p with a frequency: 


(9a) 


for an interval dp; dp d.p3 dp, of the continuous spectrum. From the Fourier 
integral it is then easily seen that instead of gf we have to put 
Odpi dpi dp d © dz’ 
te Ap dp,dpsdpy, x , 
Se, dr = dpi daddy}. 
(Om By (on hyt da’ = dp dps dp; dp 
Integrating over the whole spectrum to obtain the whole effeet and dividing 
by &, we get the probability amplitude 


2 yor a ’ oA} 5,60) 
__@ {+ valy £>) [— 1 + BD] (vy Z™) vI da’. (10) 

(2x hy h (m? + p’?) 

We must now find the potentials 7) and ,{ of the field of the nuclei, 
moving rectlinearly without interaction. This is better done im a three-dimen- 
sionals form, and so we have for the scalar and vector potentials of the first 
or the second nucleus: 


Op=-4neZd(c—vt-), GU =—4neZvd(v—vt—%) (11) 


where + and » are the three-dimensional radius-vector and the velocity of the 
nucleus; ry is the radius-vector of either of the two nuclei when both are in a 
closest distance one from another. We assume the first nucleus to be at rest 
in the co-ordinate origin and the second moving parallel to the a-axis; 1? = 

and rt has only the “y and Z components. Taking from both sides of {11} a 
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Fourier component with the frequency a, we obtain 
(i — w?) | gett-oay dis 
=4nZe | | b(t — vt — wed T at = da Ze [ enttrette-ed ag, 


(2 — w) f [Wee dV dt = 4a Zen fe ierrvton gy (12) 
to= oo, fey2= @re3, AV =dadyds. 


With a well-known formula 
+20 
| edt = 208(x) (13) 


(12) gives us: 


(i? — w?) | J pe it-9) dV dt = 8SZexnte 8 (w — fb), 
— @?) J Ae) AV dé = SZen* vei d(w — fb). (14) 


This can be written in a four-dimensional form if we use the notations (9) 
and we get for the field produced by both nuclei 


PSL ql) 
wo? oD) = 822 Z eu ei %t 6(@oM uM) + 
+ 8x2 Zae ul eit HF § (eX a), 
oy? = 8x* Ze uy ening ag 8 (wo u®) + 
+ 8x? Z, 2 utes a PS ( wo uP). 


These expressions are to be inserted in the probability amplitude (10). 
The square of its modulus summed over the two states with the opposite 
directions of spin, gives the probability of a collision with the production of a 
positron with the energy and momentum lying in an interval d [p,,!d [p42| 
d}#,| = dz, and an electron in dp.,dp.,d#, = dx, 


% AW, zt = LIP P dx, dig 


(p, is determined by EB and p). The cross-section d%, 5, z, is obtained by 
integration over dy and dz. 

Before writing down the expression for the probability amplitude we note 
that only two nuclei can give an effect and that therefore; substituting (15) 
in (10), we must leave only the terms which contain both wu and u®, ie. 
are due to both nuclei. 
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We then get 
e* 2,2, 


Pay 0" Oy, (16a) 
Q = yaly WP) [- Lo + YD] (yw) + yey wM) [— Lh + (YEN (yw), 
iy,” Zgy 2) a w - @) ~ 
ag i pie tel sr” te = a) WP) tps — 9) oP) de (16b) 
(an + Bs) (Br — B’)” (Ba — B’)? 


-i(oz" * rox! 2) res (2) io - (1) 
x= [2 e 6L(p’ — Ps) uh") 6[(Pe — p’) wor dar’ (160) 


(m? +-p?) (py — p’)? (De — p’)? 
= 0,1, 2,3,4 po=m 


fa) is put, as was mentioned, equal to zero and instead of 6(@2 uf) and 
Jb (of uf) we write here: 


5 (cof? uy?) = A O[(p’ — py) Uf"), 
8 (a? uf) = 8 VT = oF Ofte — pws? 


Fis a vector with the components J,, J,, I,, {,] 
The integration over dp, and dy, ie. dp, and dH’ can be performed at 
once owing to the presence of 6-functions. It leads to: 


(Pp, — Pr} us = 9, (Pox, — Dy) uf? = 0, 
-ig=H =H, p= p= (By + UP2, — E,)fv, 


L, -{f py es 0k dp, dp, 
i [m? + Bi(l — v®) — 2B, (B, — 0 Po_) + (By — v Pog)? + p'%) 


1 
[(H, ~ v p2, — By + vp,,) + (p’ — 91)" (2, — Hy)2(1 — v) + (p’ — £e)?] 


(l7a). 
and analogous: 


(Pe- Prx) ug? = 0, (Pox — 2) UGZ = 


ip, = = E,, DP = 2, = (#, + UP, — os 


pr { per “ok dp dp, 
= ] [m? + H2(1 — 2%) — 28,(E, — vp,,) + G,- 0b, +P 


l 
(By ~ Po, — By + 0 Bs) + (p’ — Po)"] ((B, — #,)°(1 — &) + (p’ — 2,)"] 


(17b) 
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We must calculate now the square of the modulus of (16a) which gives us 
the probability : 


, e& Zi Zs (O)* yO 12 
AW, 2.9.2 = page OYE GPP PP dary dre. (18) 


Using Greek letters for the matrix element indices, we can write 
ZlyP* QvP P= Qap(E V2 vl") O5, (We vis") = Qap Ares Qs, doy (19) 
{~ denotes the transposed matrix) where 
Aras = > yo yy" ? heag = oF we yy" 
{5) denotes summation over the two states with opposite spins). 

The summation is extended over all indices, among them also over the first 
and the last, ie. we have a circular product and its factors can be circularly 
transposed, Therefore only such products are not equal to zero, which contain 
an even number of every 7. 

To find Q@* we note, that the +», are anti-hermitean, i.e. 


v= Ye (20) 
and therefore we can write 
(y u9)* = — yay UP) 74 (21) 
and the same for (y u®) and (y I). Hence 
Q* = 74Q' Vg; 


Q = (y UP) 0 — Jo + (YD) (y Uf?) yg + Cy WP) — Lo + EN yO?) 74. 
Now, it can be easily verified by calculation of y-functions that 





2 
A= (Ye Piz — Ma, Ag= ru Poy — ™) V4 (23) 
24 


14 
(18), (16b), (19) and (22) then give (remembering that y? = — 1): 


e enh 
aw, z, pk, = The Ch ¥4Q' 7a Ag An, dy 


= ES {Ly a) Lo — (y DI y up?) 
+ (y of?) [25 — ( PY] (y oP )1 Ly py) — m2] [Cy a8) o— (y DI (y uf?) 
+ (y wf?) (Zo — (y PY) & a )1 [y pa) — mJ}. (24) 
In the following we assume that 
m<\Ey\~E,<miJV— 0, pay, Pas Pays Pac ~ ™, (25) 


i.e. that the energy of the electron and the positron produced by the collision 
is large compared with their self-energy and small in comparison with the 
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energy of the colliding particles, and that the tracks of the electrons and posi- 
trons produced lie in a small angle around the direction of the moving nucleus. 
That this is really the most important region, i.e. that most of the pairs have 
such an energy and momentum, is verified by the final result. 

In the multiplication in (24) we neglect all the terms (in figure brackets} of 
the order E?, .(1 — v®) I? or (m*/E2 4) I?(i = 0, 2, 3) and higher. A somewhat 
lengthy calculation then gives if we use (1) 


he? 22 dn, dns ,_, 225 as 
aVW,, x, rem a [mids - m* OO = (Px Pe) (3°) 


— (Py Pe) Lo LQ + (Pr + Pad MLS + Load’) + (Post) (P18) + (P29) (019) 


ee) Fe z, = (U5 + 32) + (m? ne E, = (5 +g}, (26) 
= (I, Is); = Ui, Ty). 


For Io, 1g, ¥, 8 we get, applying (1) to (17a), (17b) and leaving in the deno- 
minator only the highest terms (it can be shown, that the neglected terms 
give an effect of an order higher than the final result): 


[(m® + p’*) H, — (m® + p5) B,)[A + (p' — p,)*)[B + (b’ — 9,)°)’ 


; BE, m ena @'y—-PayWh @-i(p’s—Pis)zir dp, dpi 
| | [(m? + p’2) B, — (m® + pi) #.) (4 + (p’ — po)"] (B+ (p’ ~ by)’ a 


= mm? + Pi = m + p> = ~ F.Y2(] — x2 74a 
4-(( 2B, ) ( 2Bs yf B= (#, ~ B,)°(1 — v). (278) 


In ¥ and 0 instead of m in the numerator stands p’. The second and third 
factors in the denominators of-I, ete. are much smaller than the first; it is 
evident therefore that they play the main role in the integral. 

If we wish to get from the probability d W, 2.»,x, the cross section d®, « »,z, 
we must integrate (26) over dy and dz. It is, however, more convenient to- 
integrate over dy and dz before performing the integration over dp, dp. 
For the sake of this we write the products of two integrals, as I) Iq etc., in the 
form of a double integral of the product of both integrated expressions, chang- 
ing in one of them p’ to another variable, say p’’. The integration is then 
extend over dp, dp,dp, dp, and the integration over dy and dz can be 
performed before the latter. The exponential factors by this integration give. 
according to (13) 6-functions of two kinds: , 


O(Pyy + Poy — By — Py) O (Piz + Pos — Pe Be) 
and b(p, — 27) 8 (py — 72/) 


in Ip Io, JS and J, 1o*, 3°, 3? respectively. The integration over dp, dp! 


or dp, dp,’ is then obvious and we obtain from (26) and (27): 
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AP yen = wee tl {mt + wep’ (py + Pe — p') 
+ (Py Ps) [p! (Py + Po — P’)] + m2 (D1 2) — m2 (py + PoP 
— [pi (Pr + Pe — ’)] (2 b’) — [Pa (Pi + Po — PP P)} 
x dpi, Aptifen? + p’2) By — (om? + p3) Ey] [(m? + p) Ey 
— (m® + (py + Pe — Pp’) HL [A4 + (p’ — $1)? PLB + (p’ — Ye)? P 
= (m? + p3) (m2 + p®) dp, dp; 
{(m? + p?) B, — (m? + 93) By? 
ee eae ee ee 
{4 + (p' — ps? PLB + (p' — 92)? 
+3{[ (m? + pilm+ (p, + P2 — p'P] dp,’ dp, 
[(m? + oe + Py— p’)) By — (m? + pi) BP 
Taso = Teeter dmydmef. eS 
We can introduce new variables 
Pitbo=2p, p'-Py= 20, p'—p,= 2b (29) 


and integrate over da, da, db, db,.. (29) then gives (the Jacobian for this 
transformation is equal to 16): 


2 8 Z? ZdlE,ldE,dp,d 
ay x, Bs = i am — = ail {fc (m* +p)? 


— 2(m? + p?)(a? + B®) — (a? — b*)? + 40°b? — 4(ab)? 

+ 4(ap)? + 40 p)?] da, dé, da, dd,/[m? + (p +a + 6) B, 
—((p + a — 5)? + m*) £,) ((m? + (p + b:— a)*) B, 

— (m? + (p —a — 5)? (4 + 40°) (B+ 4567)? 


+4f if [m? + (p + a —B )3J 
2 {| [(m? + (p ++ 5)*) By — (mn? + (p + a — 6)*) BP 
[m? + (p+ a+ b)*] da, da, db, do, 
(A + £07)? (B + 4b) 


i {ff [m?+ (p+ a— a)*) 
5  Ceerey ay eScee +b —a)?) BP ° 
Wels +(p-a-—b)ida, da, dd, dé, 


(4 + 402)? (B+ 462)? oe 
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After the reduction to a common denominator in the numerator remain 
only the terms of the fourth power in a and 6 and higher. In the denominator 
we can then put a = b = 0 everywhere except (4d + 4a°)?(B + 462)? (these 
factors play the most important role in the integral). We obtain (leaving only 
the terms with the fourth degree of a and 5): 
2U Zi 238 d|H,| dE.dp,dy, 

ho at (Hy — B,)*(m? + 9?) 


, 48, Bm? p? a*b? da, da, db, da, 
EY + ER - ; 1 
| H+ * (mm? + p?? aaa Mereros est: ou 
Now, the integral diverges logarithmically and we conclude that the region 
is of importance where 


AtB<@P<m A+B<P < m? (32a) 


dP ys.z = 


and also 
A+B < (P, -— p2)? < m*. (82b) 


Equation (32) shows that the tracks of the electron and positron are on different 
sides of the z-axis. The smallness of a and b justifies our leaving only the terms 
of the lowest power in a and 6. 

Integrating (31) in the region from zero till m (leaving only the logarithmic 
terms; the coefficient in the logarithm must not be written in our approxima- 
tion and we can also write there m? for p* according to (25)): 

8 72 7 4 ; 2 yp? 
Cee eee, Ze EI dg, Pl gee 4H, Hep Z \ 
mh? (m? + p2)2(E, —E,)4 (m? + p?)? 


m 1 


xh Ld —-— : 
(2, - By)Vi- # Pe ea 
Ey &, 


ani integrating over dp, dp,, we obtain the cross section referring to 
d|#,| d#, 


ag Se Z27Z2 (3H? + 32 — 22, E,) ™m 
BiB, ~ 35 32 m2 (Z, — E,)4 (EB, — Ey) V1 — 2 
1 
x a ——————~ dE, | AB. (34) 


1 1 


From this expression the region (25) is easily verified; it may also be noted 
that this expression is invariant in respect to the transformation (2). 


94 COLLECTED PAPERS OF L. D. LANDAU 


If we write #, for the absolute value of the energy of the positron (EZ, = —£,) 
and go over to ordinary units for the velocity, we get 


; 3H? + 8H3 + 2H) EB, 
a Dex, = Z, x)* (— =) ~ ese 
a ad Ik 
- In" azn ai ad, (35} 





(« is the fine-structure constant). 

The whole cross-section for the production of pairs is obtained by integration 
over dE, dE,. To perform the first integration we note that for the integral 
the region Ei ~ E#, is of importance, for, assuming #Z, > EH}, it has the form 


dz ae 
(== = that is the large values of #i(#; ~ E,) are of importance. 


' ee we may write in the logarithms HZ, instead of B, and integrate the 
rest. If we remember that the coefficient in the logarithm is not written, we 


obtain 











56 e \° m ¢® E, dk, 
= eens a eo es | : : vi 
aes, 9x ahaa) (=) = i a) arr E, Be 
a 


The integral over d#, is logarithmically divergent, and according to (25) 
it must be taken in the limits between mc? and mc?/,/1 — v%/c?. Introducing 
x = In(£,/me*) as a new variable, we have 


mc? 
In 











- Inserting this in (32) we obtain finally 


@ = (38) 








28 e 
Tr (Z, Z, a 


2 
5 1 
-}) h-————. 
mC ; e 
~e 
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Hence, the cross-section Increases with the cube of logarithm of the energy. of 
the colliding particles. 
Numerically (38) gives: 


@ = 1-4 x 10-30 Z? Z? In? —____-—. em’. (39) 





REFERENCE 


1. Canuson and Furry, Phys. Rev. 44, 237 (1933). 


17. ON THH THEORY OF SPECIFIC HEAT 
ANOMALIES 


A quantitative theory is outlined for the occurrence of a critical poimt due to 
order phenomena: Below the transition point a 1/ ae © — Z law follows for the specific 
heat. The order of magnitude of the coefficients is determined for a particular case. 


Srexcrric heat anomalies have been observed in many solids. These take the 
form of a rise in the specific heat followed by a sharp fall. The specific heat 
sometimes takes very high values (up to 100 keal/deg mole). These anomalies 
are often described as A-points. Attempts have been made to explain them 
through molecular rotation. However, this suggestion offers no explanation of 
. the anomalous relationships of the specific heats, whether or not the molecular 
rotation is connected with 2-points. Dehlinger has shown in a recently published | 
- work that in certain cases phenomena connected with order changes can lead 
to abnormally high values of the specific heat. The aim of this paper is to 
“develop this idea quantitatively. 
We follows Dehlinger in introducing two kinds of transition points: normal 
phase changes and Curie points (Deblinger: phase changes of the second order). 
For the first type a state of partial order arisesinstantaneously from the complete 
disorder which is thermodynamically most probable at higher temperatures. 
_ For the Curie points, on the other hand, there is no jump in the entropy at the 
_ Curie point, but the assuming of an ordered state merely begins there. If we 

consider the temperature of the phase change as a function of the pressure, 
it can happen that at some pressures we have normal transition points, and 
at others Curie points. The coincidence of the two types gives rise to a critical 
point. 

We describe the degree of order by means of a variable, £, which is zero for 
complete disorder, and can only take positive values. We develop the thermo- 
dynamic potential in powers of ¢. Then the conditions for equilibrium are 
either 0@/3& = 0 or also € = 0 since ¢ cannot be negative. At the critical point 
we must have € = @@/aé = 2?O/oe* = 0; &GH/9E4 must here be positive (otherwise 
no equilibrium state would correspond to the critical point). Thus writing © 
in the form 


1 
Ba Oy tats E+ ye, (1) 
where a, 6, and y are functions of temperature and pressure. (The higher order 
coefficients can be neglected.) At the critical pomt « = § = 0. 


L. Landau, Zur Theorie der Anomalien der spezifischen Warme. Phys. Z. Sowjet. 8, 143 (1935). 
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Lf the pressure is different from the critical value, then at the temperature 
for which « = 0, 8 is different from zero. 

In the region near this value of the temperature we have « = at where t is 
the temperature difference from the point defined above. On the other hand we 
can neglect the temperature dependence of 8 (the corresponding terms are 
multiplied by a higher power of €). The quantity a is taken to be positive, 
since at high temperatures the state ¢ = 0 certainly corresponds to a stable 
equilibrium. In the region of the critical pressure, 8 = b(p — 9,,) where 6 can 
have either sign. y can in any case be assumed to be constant. 

Thus the thermodynamic potential assumes the form: 


1 
P= Gy + ath + BE +Tyh. (2) 


In the ordered state we have: 





ad ae 
——=at+2 2 = 2 
aoe Be + vé . FB (B + yé) > 0; (3) 
and thus 
pepiak vn ee Ae (4) 
id 
The extra entropy is given by 
6@ 
S= —-—= -4é, 5 
a ag (5) 
and the extra specific heat by 
Tas Pi, a 


ve (8) 


ar 2JVpt—ayt’ 
where the temperature 7' can be replaced by its critical value over a small 
region, If we put: 


ae ee (7) 
ay 


which represents a shift of the temperature scale, then C assumes the simple 
form: 


Cc ==: (8) 
where 


pu (9) 
Y 
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Here A is roughly constant in the critical region. Using the same symbols we 
have: 


; 
E= ee ee) (10) 
7 7 
For positive 8, ® has no minimum for positive tand é > 0. When t is negative 
the equilibrium corresponds to values of ¢ starting from zero. At é = 0 we have 


a Curie point. 
The corresponding value of the specific heat is: 


Pup @ 


C, = OB 


which is inversely proportional to the difference between the pressure and the 
critical pressure. If £ is negative the curve $ (£) also has a minimum for positive #. 
Depending on ¢ this point may lie higher or lower than (0) and this will 
determine the stability of the corresponding equilibrium. At the phase change, 
@(E) = G0); hence: 


(12) 


Sat+ 3BE+yH=O0. (12) 
If we eliminate ¢ from (12) and (3), we have: 
3BF 4+ 2h = 0. 


Thus at the transition point 








3/8} 
bt, = dle (13) 
“7 
and 
3p? 
= i¢ 
ber 40 ( 4) 
and finally 
2 
Ch, = Pet ad (15) 


| BI 


(8 is the absolute value of 6). The specific heats are twice as big near the 
normal phase change as near the Curie point. The latent heat is: 





3 
o= TS, = aT, by = vali Fos (16) 
2y 
Thus 
3 7,8 3 
CQ, = — = — A? 17 
Q t¢ 2 y 2 ( } 


is approximately independent of pressure. From comparing (14) with ¢ = 0 at 
the Curie point we see that the pressure dependence of the phase change has 
no discontinuity at the critical point, but the second-order differential, a°7'/d p?, 
has. 
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The values of the constants a, 8, y can naturally not be considered in general,. 
since they. depend on specific properties of the system. Even in the case of a 
particular model we cannot make any quantitative calculations. However, we 
can at least make some qualitative limitations for « and y in considering the 
thermodynamic potential at high temperatures. Here the entropy term is 
predominant, and @ can be written in the form: 


@= -hT WZ (18) 


(Z is the number of possible combinations for the equivalent degree of order.) 
Let us consider the example of a mixture of two components in the ratio 1: 1, 
i.e. the case where the lattice points possess two possibilities for arrangement. 
It is unimportant whether there are actually two kinds of molecule, or only 
two different orientations of one molecule. The order consists of a regular 
distribution of both classes over the lattice. If we cali the number of molecules 
in an ordered state V,, and those i in the other state N,, then we have for the 
degree of order: 

Ni, - N, 


N,+ 3, 


However, we can clearly see that NV, and NV, are symmetrical and interchange- 
able, since the definitions of order and disorder can equally be interchanged. 
Accordingly all physical magnitudes are functions of (1), and we choose €:. 


jaose — 19 

oe LN, + ” 

Lf we denote the total number of molecules by V, + NV, = WN then we have: 
1 = I ~ 

N,=> [1+ V4], N,=>N(1-Vé). (20) 


The number of possibilities which give a specified value of é is clearly: 


z Beer 21) 
i= NN,! 3 { y 


whence 
= worl | 1+ Jé)in =| (1+ Ve) +5 aes Sé)in= (i = va}. (22) 
Expandizg in powers of &, we have: 
O=NET|m>+ +eitqet = |. {23}. 
The value of « in (1) is thus equal to NkT/2 at high temperatures, and 


y =NkT/10. We can qualitatively substitute the value of da/dT for wat high. 
4* 
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temperatures, and the value of y from equation (23) with T= 7,,. This gives: 
1 1 I = 
Vas Ie vas N ete. A= 7Nk 5 Tors 


-or, for one mole, 
af — 
Are GRV eT. 


This value agrees well with the measurements of Ruhemann on NH,Ci, as 
does the 1/,/z law. 


18. ON THE THEORY OF THE DISPERSION 
OF MAGNETIC PERMEABILITY 
IN FERROMAGNETIC BODIES 


The distribution of magnetic moments in a ferromagnetic crystal is investigated. 
It is found that such a crystal consists of elementary layers magnetised to satura- 
tion. The width of these layers is determined. In an external magnetic field the bound - 
aries between these layers move; the velocity of this propagation is determined. The 
magnetic permeability in a periodical field paralle) and perpendicular to the axis of 
easiest magnetisation is found. 


1. It was pointed out by Bloch! and Heisenberg? that a ferromagnetic 
erystal consists magnetically of elementary regions, which are magnetised 
nearly to saturation. They presumed that these regions are thread-like; we 
shall show here that they should more likely be considered as elementary 
jJayers. This can possibly be brought into accord with the experimental evidence 
obtained by various authors* by photographing the distribution of colloidal 
particles of Fe,0, on a surface of a ferromagnetic crystal. In unmagnetised 
crystals these elementary layers are magnetised successively in opposite direc- 
tions, so that the crystal has no magnetic moment as a whole. When the crystal 
is magnetised the boundaries between the oppositely magnetised layers move, 
so that the layers with one direction of magnetic moment grow at the cost of 
the layers with moments im the opposite direction. 

Some authors (among them also F. Bloch) tried to apply statistical considera- 
tions to determine the number and dimensions of the elementary regions in a 
ferromagnetic body. This is, however, quite impossible, because if there were 
not the demagnetising influence of the surface of the body, for instance in an 
infinite body, there would be generally no elementary regions and such a body 
would be magnetised to saturation. This is quite analogous to the impossibility 
of determining with statistica] methods the number of drops of a liquid in a 
condensing vapour, for in fact the liquid is formed as a continuous body. The 
presence of separate elementary regions, magnetised in opposite directions, is 
due only to the demagnetising effect of the surface, and the number and 
dimensions of these regions are entirely determined by the dimensions of the 
body. 

Between two such elementary layers with oppositely directed magnetic 
moments there is no discrete boundary, but there is an intermediate region 
where the direction of the magnetic moments changes gradually from one 


L. Landau and E. Lifshitz, On the theory of the dispersion of magnetic permeability in ferro- 
magnetic bodies, Phys. Z. Sowjet. 8, 153 (1935). 
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direction to the opposite. We shall determime here the distribution of the 
moments in such an intermediate region, and also the width of the elementary 
layers. 

We shall discuss the case of a ferromagnetic crystal with one distinguished 
axis, which is the axis of easiest magnetisation, as, for example, a single crystal 
of cobalt with its hexagonal axis. Every ferromagnetic body deformed in one 
direction (for instance a stretched or contracted ° wire) is also of this kind, if. 
the sign of the deformation is the same as the sign of the magnetostriction. We 
shall speak in the following of a ferromagnetic crystal, but it is to be remem- 
bered that it is not necessarily a single crystal but an arbitrary body with one 
direction of easiest magnetisation. - 

Such a crystal consists of layers, which are parallel to the distinguished 
axis, magnetised to saturation parallel or anti-parallel to this axis. The fact 
that the elementary regions in the crystal are really layers and do not have a 
thread-like form we shall prove later. 

We find the distribution of the directions of the magnetic moments inside 
the crystal in the following way. The magnetic erty of a erystal consists of 
two parts: 

(1) The energy which is due to inhomogeneity in “the distribution of the 
directions of the magnetic moments. This energy per unit volume can be 
written in the form 


> [(Vs,)® + (Vs,)® + (V8,)7] 


‘where &, Sy, §, are the components of the magnetic moment s of unit volume 
"(its absolute value s is constant through the whole crystal and is practically 
equal to the saturation moment). 

_ (2) The magnetic-anisotropy energy, due to the presence of an axis of 
easiest magnetisation. If we choose the co-ordinates with Z-axis along this 
axis, this energy per unit volume can be written in the form 


Ble + 8), 


showing that the minimum of energy is obtained when s is directed along this 
axis. 

We can then find the distribution of the directions of s if we demand that 
the energy of the crystal must have a minimum, i.e. 


[peter + (Vs,)? + (Vs,)7] + see + pta V = min. (1) 


where the integral is taken over the whole crystal. 

To find the distribution of moments between two layers with opposite 
magnetisation in the crystal we can neglect the effects due to the surface of 
the crystal. These effects are fundamental for determining the width of the 
layers, but can be neglected when we wish to find only the distribution of 
magnetic moments in the intermediate region between two layers inside the 
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crystal. This means that if we choose the X-axis of our co-ordinate system 
perpendicular to the layers, the distribution of magnetic moments will be 
independent of the co-ordinates y and z, the direction of s changing only 
with x, namely from a certain direction along the Z-axis in one layer through 
the intermediate region to the opposite direction i in the next one. {1) can now 
be written as 


et ae oe ee : 
[Soe + 3 Bis + afar = min, (2) 


where ’ denotes differentiation by x. The theory is such as though we assumed 
tae crystal to be infinite. But it is necessary to remember that really in an 
infinite crystal all the moments would have the same direction and the crystal 
would be spontaneously magnetised so that no layers would be present. 
The presence of the layers is due to the finite dimensions of the crystal; we 
now assume the crystal to be infinite only to find the distribution of the 
moments in the intermediate regions far from the surface of the crystal; the 
surface-effects will be discussed in section 2. 
in such a model ail magnetic moments are distributed in the Y Z-plane. 
We shall denote the angle between the s- and Z-axis by 6. Then the compo- 
nents of $ are 
8, = 0, 8 = sing, s, = 8cosé (3) 


and (1) takes the form (@ is a function of « only):t 


1 
[G+ s2g/e + = 8? sint6 ae = min. (4) 


= 


To find the 6 which makes this integral a minimum, we write the Euler- 
equation 


x 6" — Bsin€ cosd = 0, (5) 

whence B 
6’? — —sin?@ = const. (6). 

(44 


The width of the layers is large compared with the width of the intermediate 
region. Therefore we can take as the boundary condition to the equation which 
determines 6 the conditions 

@=0 for x=-0; 6=2 for *=+0 ] 
and (7) 
&=0 for *=+0 orfor 6=0,2, 
showing that in two adjoining layers the directions of s are opposite. We see 
then that the constant in (6) is equal to zero, and we obtain 


gt =P sintg, (8) 
a 


+ A somewhat analogous calculation was made by Bloch? but from a different point of view. 
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Integrating this equation we find the solution which satisfies (7) in the form 


cosé = — tanh Pe. (9) 
a 


This gives the distribution of the directions of s between the two layers. 

The numerical value of the constant « can be obtained approximately in 
the following way. The energy }« s’* has its maximal possible value when s 
changes its direction after every distance equal to the lattice-constant a of 
the crystal, ie. when s” & s?/a*, This maximum must be of the order &7', 
if T, is the Curie-temperature (k is Boltzmann’s constant). Thus we find approx- 
imately 


“=. (10) 


The “width” of the intermediate region can be defined according to (9) 
as \/x/B. With (10) we obtain 


foe ‘ kP, 
J g a Bs” 

For Ni the Curie-temperature is 7’, = 630°K, the saturation moment of 
the unit volume s = 480 (for 18°C) and the lattice constant @ = 3-5 x 10-8 om. 
The anisotropy-energy constant 6 we take from the experiments of R. Becker 
and M. Kersten. They measured the magnetic susceptibility of stretched 
nickel wires and found the minimal value attained for a large strain to be 
0-6. This corresponds to the constant 8 = 1/0-6 = 1-7. With this value we 
get for the ‘“‘width”’ of the intermediate region 2-5 x 10-6 cm, i.e. ca. 70 lattice- 
constants. 

2. The analysis of the preceding paragraph gives only the distribution of the 
directions of the magnetic moments in the intermediate regions, but gives 
nothing for determining the width of the layers. To find it, it is necessary to 
discuss the properties of the surface of the crystal. For this sake we employ 
here the following method. We find the distribution of magnetic moments 
near the surface of the crystal for a given value d of the width of the layer, and 
we then determine this width so that the energy of the whole crystal shall be 
a minimum. 

Near the surface there is a magnetic field; let H be the macroscopical field- 
strength. Inside the crystal the field H and the magnetic moment must 
satisfy the equation 

div (H + 42s) = 0 
and outside 
div = 0. 


. The intermediate regions between the layers and hence the energy 4a s’? are 
of no importance for the distribution of s near the surface. If the magnetic- 
anisotropy energy were equal to zero, i.e. 8 = 0, the equilibrium, i.e. the distri- 
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bution with the minimum of magnetic energy, would be such that H would be 
zero. We could write then for s inside the crystal: 


divs = 0 (13) 
with the boundary condition on the surface of the crystal 
Ss, = 0 (12). 


if s, is the component of s normal to the surface. Lf # is small, we may assume 
that these equations are not changed appreciably, and we shall assume (11) 
and (12) as the equations determining the distribution of s near the surface. 

Let us regard at first a surface of a crystal (of the same kind of symmetry 
as in sect. 1), which is perpendicular to the axis of the easiest magnetisation,. 
the crystal being a parallelepipedon. We introduce as in sect. I the co-ordinate- 
axes with the Z-axis parallel to the distinguished axis, and the Y Z-plane paral- 
lel to the magnetic layers of the crystal. The distribution of s is uniform in the 
direction of the Y-axis, changing with z and towards the surface with z. The 





Fre. l. 


intermediate regions between the layers are of no importance for the distribu- 
tion of s near the surface, as was already noted. We can therefore assume that - 
$ is everywhere situated in the ZX-plane; the angle between s and Z-axis we 
denote by ¢y, so that we now have 


S, = ssing, s,= 0, 5s, = § cosy. (13) 


At a great distance from the surface there are regular layers, say of the width 
d, with opposite directions of s, i.e. gy is equal successively to zero or x, jump- 
ing from one of these values to another periodically along the X-axis with the 
period d. The distribution of s is then given by equation (11) with the boundary 
conditions (if the surface of the crystal is the X Y-plane) y = + 2/2 for z= 0 
and for z= —©; pasa function of x must change from 0 to x after every inter- 
val d. , 

The solution of (11), which satisfies these conditions, can be constructed 
in the way shown on Fig. 1. This figure shows the distribution of the magnetic 
moments in the crystal in the X Z-plane, or some other plane, parallel to this 


OPL 4a 
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one (the arrows showing the direction of s). In regions I and ITI the moments 
are directed along the Z-axis (y = 0); in If along the same axis but in the 
opposite direction (p = 2); in IV, V, VI the moments are parallel to the sur- 
face, ie. g = + 2/2. This solution evidently satisfies the boundary conditions. 
It satisfies also equation (11), for in each of the regions J, Ii ete. s is constant, 
and on the boundaries between these regions the surface divergence is equal 
to zero, for the components of s normal to these boundaries are everywhere 
equal on both sides of the boundary. 

It is of course also possible to construct some other solution of (11), for in- 
stance if we introduce somewhere inside the crystal the same distribution as 
we have in Fig.1 near the surface. But our solution is the one which gives for 
a given d the least energy of the crystal, and is therefore the only one allowed 
by physical considerations. 

We can now calculate the energy of the crystal. The energy which is due 
to the distribution of magnetic moments near the surface of the crystal is 
per unit volume the anisotropy energy f s}/2 (for 3, = 0). In the regions such 
as IV, V, VI (Fig. 1) s, is equal to +8, ie., the energy per unit volume is 
8 82/2. Let 2,, i,, | be the dimensions of the crystal in the directions of the X, 
Y, Z-axes respectively. The volume of one of the regions, like IV, V, VI 
(Fig. 1} is then equal to d?i,/4. There are j,/d such regions on each of the two 
opposite surfaces of the crystal, their total volume is d 1, 1,/2 and therefore 
the energy due to the surface of the crystal is 


l 
B, = bd hs. (14) 


In the inner parts of the crystal the energy is due to the presence of the inter- 
mediate regions between the layers. We can calculate it with the help of the 
results obtained in section 1. To find this energy we consider one of such regions. 
Its energy is according to section 1 


ZL 1 
IG a 8? 6 + se 8? snt6) aVv 


where we must insert 6 from (9). 9 is a function only of x. Therefore the inte- 
‘gration over dy dz gives the surface J 1, of the layer, and we get the energy 
for one intermediate region: 


+a +n 
I a = 
slhs { (x 6"? + Bsin?6)dx =1l,s?B | ———— = 2s? 11, xB. 


~~ ~« cosh? j;—z 
a 


There are 1,/d such regions in the crystal and the whole internal energy of the 
crystal is 

a 
Vv ap 


(15) 
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We now find the width d of the layers from the condition that the whole 
energy H = HB, + H, of the crystal must be a minimum. Hence we find 


af, 
d= 2/21 ce 16 
V21 Is (16) 
the corresponding energy being 
B= 8h J21p VaB. (17) 


Ef the surface of the crystal is not perpendicular to the axis of easiest magne- 
tisation, the solution of (11), which satisfies the same conditions at a large 
distance from the surface and with s parallel to the surface on the surface of 
the crystal, can be constructed in the same way, and we find the distribution 
of s in a plane parallel to XZ as is shown on Fig. 2. 


z 





Let the angle between the Z-axis and the intersection of surface of the 
crystal with the plane XZ be #,, and the same angle for the opposite surface 
be 3. The angle of inclination of the surface to the plane X Z is of no importance 
for the width of the layers. In the same way as we obtained (16) we now find 


i 1 \tho 
een 
7 (sor S a) B oe 


The length { of the crystal and the angles #,, , can in genera] change along 
the crystal, with them the width of the layers changes also. 

Now it is easy to show that the crystal really consists of magnetic layers 
and not of thread-like regions. Ii the crystal consisted of elementary regions 
of spontaneous magnetisation which have the form of rectilinear prisms with 
the base d?, the distribution of the magnetic moments near the surface, satis- - 
fying (11) and (12), could be represented by Fig. 3, showing two of the elemen- 
tary regions in a slit and in a plane. The energy #; is now twice as large as 
(15}; for the surface of the boundaries between the elementary regions is now 
twice as large as we had before. The suriace energy H, is now, as is easy to 
caleulate, 


I 
B= beh hd. 
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If we determine d so that the whole energy #, + H, would be a minimum, we 
find this minimal energy 


jee te Vip ab, 


i.e. af 4/3 times larger than (17). Hence we see that this model is energetically 
Jess advantageous than a model with layers. 

Numerically we get from (16) for deformed nickel with the same numbers 

as in section 1 the width of the layers d = 5 x 10cm or ca. 10° lattice- 
constants (for 7 = 1 cm). 
_ 3. If the crystal is placed in an external magnetic field, which is directed 
paralle} to the axis of easiest magnetisation, the boundaries between the layers 
begin to move, so that the layers with magnetic moments parallel to the field 
become wider. We shall now determine the velocity of this propagation. 


BOR 


i 


Fie. 3. 


As in section 1 we consider only one intermediate region between two layers 
and neglect also the surface-effects. The distribution of s is given by (3) and (9) 
and is at rest when the field is absent. It begins to move with a velocity v 
along the X-axis when the field is introduced. 

If a magnetic moment in the crystal were free, i.e. were not under the in- 
fluence of the other moments, the variation of s with time would be determined 
by the external field. The influence of the interaction between the magnetic 
‘moments can be characterised by introducing an “effective field”’ in the follow- 
ing way. 

If the macroscopical field-strength inside the crystal is H, the energy of 
the crystal can be written as 


iE si 8 of — (H- s)|av (19) 


(it is more convenient to write here the anisotropy energy as — 4 s? instead 
of 38(s? + s2); both these expressions are evidently equivalent), We did not 
write the term (# - s) in the formulae of section 1, because the mecroscopical 
aeld-strength inside the crystal was zero when there was no external field 
find all s were distributed in a Z Y-plane. 
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In equilibrium this energy must be a minimum, ie., the variation of (19) 
with s must be equal to zero. This gives 


f(s” + 6an+ H]-6s)aV = 0 


{n is a unit vector in the direction of the Z-axis). But és is always perpendic- 
ular to s (because the absolute value of s is constant); therefore we see that 


f=as"’+Bs n+ Ht (20) 


must be parallel to s. Hence this quantity f now plays the part of the “effec- 
tive field’. 

There are two kinds of the interaction between the magnetic moments 
in the crystal: exchange-interaction and relativistic interaction. The latter 
is in general much weaker than the former. Therefore in the presence of the 
field the magnetic moment would act as a free moment, ie. would rotate 
around f and we should have for s (- denotes differentiation with respect to the 
time) the equation 


= tas] 
fo 


with uo = e/me (and not e/2mc, because the moments s in ferromagnetic 
bodies are spin-moments). The approach of s to f is due only to the relativistic 
interaction. Since this interaction is weaker than the exchange-interaction, 
we can assume that the coefficient before the term [f A s] is not altered, and 
we can simply add a term giving the approach of s to f. 


= a=tasi+a(s- 2), (21) 





0 


The second term here is a vector directed from s to f. The constant A is 
A <s in accordance with the fact that the relativistic interaction is weak. 
We disregard here altogether the variation of the absolute value of s. 

To apply this equation to the motion of the boundary between the two 
layers, we must determine first the macroscopica] field H inside the crystal. 
Since the whole distribution of s is independent of the coordinates y and z, the 
equations determining the field, i.e. 

culH=0, div(H+4xs)=0 
become 
eH, Od, 6(H, + 47 8,) 


=. 0, = 0, OM 0. 32 
ox Cx az 22) 








If there is an external field & in the direction of the Z-axis (A can of course 
be a function of time), we can put 


H,=—425,, H,=0, H,=h, (23) 
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if we remember that inside the crystal, far from the intermediate regions, 
ic. where 3, = 0, the field H must be equal to the external field A. If s, were 
everywhere equal to zero, and no external field were present, H would also 
be equal to zero, as in section 1. 

We suppose that the field 2 is small (compared with s 8). When the field is 
absent s is determined by (3) and (9). In the presence of the field s, is no longer 
equal to zero, but if 4 is small, s,, being proportional to A, is also small. Insert- 
ing now (20) and (23) in (21) and neglecting everywhere the terms of the second 
order in s, and h, we obtain for the components of s the equations: 

ag «{8, 8 — 8, 8) — B Sy 8 — syh + Alas) — 42 8,) 
0 


A 
= 5a le (s, By + & 8/)& + BS, Se]; 


8 
— = a(s, 3,’ — 8,87) + (4% + B) 8,8, + ha 8, 
- ae Oy +5, 8) 8, + B 8y 5p + hs, 5], 


. 


8 
— = «(81 8) — 3, 8) — 4% 345, + Ala sy + Bs, + h) 
Ho 


A a ae 
2 a [oe (sy 8 + 8,8) s+ 63 + he?). 
J 


_ In the absence of the field s, = &, = 3, = 0, = 0, s, = 0 and if we put (3) 
into (24) we obtain just equation (5). 3,, 8,, s, in (24) are functions of x and of 
the time t. We suppose that both variables enter only in a combination x — v#, 
v being the velocity of propagation of the whole distribution along the X-axis. 

Then 3, = —sv, and the same for 3,, 8,, if ‘now denotes differentiation by 
a—vt. To solve (24) we put 


S,= 8, S =ssin(i+y), § = scos(6+y), (25) 


where 6 is determined from (9) (and satisfies (5) or (6)) where instead of x 
must now stand (x — vt). y is small compared with 6; s, and s y are both pro- 
portional to # (and are equal to zero when h = 0) and we can neglect the terms 
of the second order in s, and y. We presume, as is verified by the result, that 
the velocity v is also proportional to h; therefore we neglect such terms as 
VS, or usy also. 


s(as yp’ — Bs ycos26 — hsin@) + Alas’ — (4x B cos26) 5,] = 0, 


9’ 
Alas yp’ — Bs wcos26 — hsin6) ~ s[x sf) — (4% + 6 cos2@) s,] = — aoe 
Ho 
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The third equation is identical with the second. Hence we find: 
asy’ — Bsycos28 — hsin@ 


svid' vis E sins, 
Ho +P) pig(s? + 22) 


— (4% + B cos28@) s, 


It 


(26) 


» 8 $7 = » 3 [Esine 
(+2) oy Hole? + 2) \ 


= 1? aug: 
& 


It we introduce @ as an independent variable instead of x — vt we get irom 


(26) 
iod dy 1 } 
sind dd aa (s00- S$ sr)+ (2 ~ ag) 
7 ] h vss g 
~ sBsin@ ole +2) Vial’ 
1 df. ds\ {. 1+ 4xi8 
aaa geeiniaee Pe 
and a6 (sino a) + sin®6 a 
vs Bo 1 
fy B(8? + 22) Vix sind” 


Both of these equations are of the type 


1 a dy me 
sind do aa (m0 3) + (2 . nag )Y= HO). 


This equation has a solution only in the cases: (1) if m=1, 2... and f(6) is 
zero (the solution is then P”(cos@)) or orthogonal to the solutions of the homo- 
geneous equation; (2) if m is not an integer and /(6) is not zero. Hence we see 
that the equations (27) can have a solution only if the right part of the first 
one is equal to zero, ie. if 


WET fay, (28) 


But A <s; therefore we can write: 


wes fey, 
aa Jen. (29) 


or according to (9): 


(27) 
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This determines the velocity of motion of the boundaries between the layers 
im an external magnetic field, directed along the axis of easiest magnetisation. 
' If the external field 4 is a periodical field which we write in the form 


h = ho ei? (30) 
the magnetisation of the crystal is on the average equal to zero. The magnetic 
susceptibility is then defined as the ratio of the magnetisation as a function 


of time to /(t). In the time ¢ the boundary between any two layers moves a 
distance (we put (30) in (29) and integrate): 


Po $ 2 h 

iAoVB ~ 

There are 1, /d layers in the crystal (notations as in section 2). Therefore the total 
magnetisation of the crystal is 





Ho s* (2. i , i, 
iwAVp ad — 
Hence the magnetic susceptibility z, for a unit volume in the longitudinal 


field is: 
MoS? fo 
iii ee ee: 1 
Told B (3h) 


The magnetic permeability is 





47 i pty $* oe 
m= ~ Seine je. (32) 


The expression for d we can take from (16) or (18). It is possible then to 
check the dependence of d on the dimensions of the crystal, if we determine 
experimentally the dependence of yu, from these dimensions. 

Hence, as a function of w, y; or 4; have no proper frequencies, but a mere 
damping. They become infinite with m = 0 in accordance with the fact that 
we did not take into consideration any hysteresis-effects. For large « the varia- 
tion of the absolute value of s (which we neglected here) can prevail, and this 
formula for yw; can become insufficient. 

4, We shall determine now the magnetic permeability in a transverse field, 
ive. when the field h is directed along the X-axis. The effect of the intermediate 
regions is now of no importance, and we can assume that in the absence of the 
field all the moments are directed parallel or anti-parallel (in the different layers) 
to the Z-axis, ie. s, = +s and s, = s,= 0. For the same reason the term 
« 8’ in (20) is now of no importance, and we must put for the effective field: 


f= H+ fs,n. (33) 


The components of H are now 
H,=h, H,=H,=0, (34) 
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and equation (21) gives for the components of §: 
5 A — 
iis — Bs 8, +Ah ~ a hen + B 82) 8% 


s A . 

— = § 8,8, — hs, —-—(hs, + 882) 8, (35). 
Mo es 

8 A 

a es a es a 


0 


sy and s, are proportional to h, and if we assume, as in section 3, that Ais small, 
we can neglect the terms of the second order in s,, &,, & Instead of s, we can 
now put +s and we obtain from (38) 


2 = Fefs,t+Ah—-AfSs,, —“=+88s,Fhs—ABs,. (36) 
Mo Mo 


The third equation becomes an identity. 
If & is determined with (30), we can solve (36) with 
B= Sy, 8, = Sygek, 
We then obtain 
_ we B(s? + 2) + iwd py 


BP i cad Mn IN 37 
7 im + BA po)? + 8% 8? 6 oe 
and : 

ie Ho BSA — oso + Mo BA) , (38) 


(iw + BA pg)? + Bs? up 


&, has opposite directions in different layers and therefore gives nothing for 
the magnetisation of the whole crystal. From (37) we get the magnetic sus- - 
ceptibility (for unit volume) for the magnetisation in the direction of the X-axis 
in a transversal field: 


_ BBC +) Fi om 
Mio + BAm) + PB 
But A <s and we can write 


Mo BS +iMA Mo 


Ze eee 39 
BS i — oP Bia Bhp’ a 
and the magnetic permeability is 
8 2 2 7 2 
pn ey ee eed (40) 


B2 88 wz — w2 + 2QimA py 
Hence, as a function of w, y, or 4, have a proper frequency 
Wo = fo BS (41) 
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and a damping with a decrement 
y= Uo BA. (42) 


Evidently y < wo, because A <s. With the same numerical values as in section 1, 
we find this proper frequency for deformed nickel to be 1-5 x 10! sec-}, 
corresponding to the wavelength 12-6 em. 

It is possible to distinguish in (40), which we can write 


2 . 
®o +i Vv 
= 1+ 42——_-___—__ 43 
i Blok — o? + Bi wy) 2 
some different cases according to the value of the frequency: 
: we : 
(a) o <— 
? 2 
4% w 
& = 1+— >, {44) 
| B (as = 0) 
(b) @ — wy~ y 
22 Wo 
ie pe ee 45 
; Bla — @ +i 7) e 
{c) wo > wo 
o+iwy 
fy = 1b ~ 4a (46) 
Bo 
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19. ON THE RELATIVISTIC CORRECTION OF THE. 
SCHRODINGER EQUATION 
FOR THE MANY-BODY PROBLEM 


Tue first derivation of the interaction terms of order v*/c? was made by Breit. 
The same formula was subsequently derived more rigorously by Bethe and 
Fermi? from quantum electrodynamics. Breit’s formula contains however, as 
he himself emphasised, a term proportional to e*/r? which contains no 4. Thus 
in the limiting classical case, this is not in agreement with classical electro- 
dynamics. It is also in contradiction to experiments. Breit? has indeed later 
shown that the superfluous term can be eliminated by a different treatment. 
In this approach, however, the use made of quantum electrodynamics cannot 
be said to be free from objection. I should like to point out that Breit’s formula 
can be obtained in a much more natural manner simply by writing all the 
equations to the order of magnitude v*/c®. The Dirac equation for an electron 
is in this case: 


e {w- A) + {A-d) 


i 
es El-u)— 
are id 1: #) mc 2 


- ml 0) 
{uw is the matrix vector of the magnetic spin). Now we can caleulate y, A, E. 


H for the second electron from the current and charge density. In the relevant 
approximation, we have: 


o= | Zar, Az=— 5 {eta v (2) 


r 


(vz is a unit vector in the direction of 7). We can now substitute for g and j 
from the expressions for the Dirac charge density and current for the second 
electron: 


: 
g= fini +3 + avr} + — + (Vy*- [eA Vy), (3): 
. eh® * * Ps * 
j= 5, V vs — Yo Vi yo) + courl (py @ yp). (4) 


L. Landau, Uber die relativistische Korrektion der Schrédingergleichung fir das Mehr- 
korperprobleza, Phys. Z. Sowjet. 8, 487 (1935). 
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After substituting from (8) and (4) im (2) and then (1) the Breit formula 
without the undesired term is obtained directly. 


REFERENCES 


1. Brurr, Phys. Rev. $4, 553 (1929). 
2. Beraw and Ferm, 2. Phys. 77, 296 (1932). 
3. Brurr, Phys. Rev. 39, 616 (1932). 


20. ON THE THEORY OF THE ACCOMMODATION 
COEFFICIENT 


It is shown that the accommodation coefficient must be treated entirely classi- 
cally in the most important case. In this situation a 7°/? proportionality is found 
for not too high temperatures. For hydrogen and helium at low enough temperatures, 
a@ quantum boundary case cam arise, which leads to a 7° law. 


Tuutheory of accommodation coefficients has been treated byseveral authors?®3, 
However, in some cases unjustified simplifications were made (e.g. considering 
a one-dimensional model) and in others the orders of magnitude of the quan- 
tities involved were not considered, so that no final formula couid be written 
down. Let us consider the collision of an atom with the surface of a condensed 
body; an important part is played by the order of magnitude of the collision 
frequency, i.e. of the reciprocal of the duration of the time of interaction be- 
tween the atom and the surface. Asa result of the collisions only those oscilla- 
tions can arise which have a frequency which is at most of the same order of 
magnitude as the collision frequency. Important is therefore the relation 
between the collision frequency and the greatest oscillation frequency of the 
condensed body. A reasonable theoretical treatment can only be undertaken 
in the case for which the collision frequency is significantly less than the “‘rest- 
strahl” value, so that only slow, ie. long wave, vibrations can be induced. 
Such vibrations can be treated as being accoustic. 

Since the interaction between the surface and the atom must anyway be 
idealised, we shall only consider the case of a liquid surface, although the results. 
can certainly be applied with the same qualitative accuracy to the case of a 
solid body, in particular that of a crystal. Let us consider a characteristic 
vibration in the form of a plane wave reflected from the surface. Since the 
pressure must be zero at the surface, it can be written in the form: 


p = A{(cos[w t ~ (hy - 7;)] ~ cos(w t — (Fey - %2)]} (1) 


where A is the amplitude, w is the frequency, and k, and k, are the wave vec-. 
tors of the incident and reflected waves. The origin of the co-ordinates is chosen 
on the surface plane. , 

The hydrodynamic equations are expressed by 


6v grad p (2) 





(vw velocity, o density). 


L. Landau, Zur Theorie des Akkommodationskoeffizienten, Phys. Z. Sowjet. 8, 489 (1935). 
U7 
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From this, 
A : : 
o= cant sin[wt — (k,: r)] — ky sin[wt — (k,- r)}}. {3) 
In order to determine the motion of the surface, consider the norma! com- 


ponent of the velocity for a point on the surface, for example, the origin. We 
have 





2A kh, sinwt 
ia eee (4) 
Qo 
where 
k, = hy, = — ke,. 
if we now put 
% ae 
{a at > 
then we have for the movement of a point on the surface: 
2A 
= a sin w t. (5) 


S 


The quantity ¢ can be considered to be the co-ordinate of the characteristic 
oscillation. To relate it to the normal co-ordinate we must calculate the total 
energy of the vibration. 

The total acoustic energy is equal to twice the mean kinetic energy of the 
liquid: ; 

J ovdT. (6) 


Since we have two plane waves, the energy can be considered as the sum of 
the two waves. Substituting (3) for v, we have 


A? ie 
fewarv-——y, (7) 
ga 
where V denotes the entire volume. (k is the absolute value of k, and k,,) 


This quantity is by definition equal to the mean square of the time deriva- 
tive of the normal co-ordinate 9?. From (5) follows 








= 24° 
ial e* ae : (8) 
or, considering (7) 
ened er 
From this it follows that we can put 
2 k, 
f= je (10) 
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where ¥Y is the total mass of the liquid. Let us now consider an atom which 
impinges onto the surface in the neighbourhood of the origin. Its distance 
from the surface is z— ¢, and the corresponding potential energy is U{z ~ ¢), 
or for small é, 


d 
Ule—t)= oo. (1) 


Here the interaction with every characteristic mode can be considered separa- 
tely. 
The perturbation energy is thus equal to 


ey du 
~ fZcose- 32% (12) 


(6 is the angle between the direction of the wave vector and the normal to 
the surface). To calculate the corresponding excitation probabilities, we should 
have to specify the matrix elements for dU/dz. This is not even possible with 
special assumptions about U. However, we can consider two cases, for which. 
the calculation is much simplified. 


First case: h times the collision frequency is small compared with k, T 
(ég: Boltzmann constant) i.e. the energy given up is small compared with the 
energy of the atoms. We will discuss later the condition necessary for this 
situation. We merely remark now that these conditions are satisfied for all 
gases except hydrogen and helium throughout the entire temperature range in 
which they exist as gases. When the energy given up is small compared with 
that of the atoms, the problem can be considered classically. In the first place 
we calculate the mean energy given up to a non-excited mode of vibration at 
a collision. This is given by 


2 
> 





Ll : 
s\f? edt (13) 
2} : 


where F = —./2/M cos6 dU/aZ is the effective force. To obtain exact formu- 

lae, we must make a specific assumption about the form of the potential 

energy, 0. We put , 
U = Ae‘, (14) 


The constant, A, here depends on the choice of the origin of the co-ordinates, 
and can be replaced by an arbitrary quantity. Since the movement in the 
z-direction can be considered separately, because of the translational symmetry 
in the a and y directions (long waves!) we have 


<5 $ 
m2 M 


~ 2a 
5 ao Aer, {15) 
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where v, is the z-component of the velocity at infinity. We now choose A = mv2/2. 





We have 
z= dzjdi= v,VJ1 — es, 
t ae 2a h e/22 
> = are cosh e” 
w% V1 _ e724 Uz 
whence 





The force is 





dv ue . 
F = —,_/—-cos@-—— = cos@ = eae 
M dz M 
or 5 f 
mv 
F=.j/— ba ; cosé 
2a cosh? — 


The Fourier component of the force is then equal to 


+o sis 
mu et” di 
re cos@ - f: 


vt" 
cosh? =— 
ay) 2a 


-2 





Tf t 
we pu 3 
tanh —— = wu, 
2a 


‘then (19) becomes 
1 


2 1 -iwofe. 
| ip 0088 “MY, [ax(3 **) 


: -1 
But it can be shown that 
1 


(Sy Qn x 
du =— ; 
1-4 sina n 


-1 


: 2 
[? e 1? dt = f= cong ee : 
M _. Oa 
sinh 


vz 











and we have 





The energy given to a mode of vibration is thus 
1 47? m? a? a 

—— cos?g -—__—__—_ 

sinh? 


uO 





z 


(16) 


(16a) 


(19) 


{20) 


(24) 


(22) 


(23) 
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If we take the average of this expression over all directions of the modes, 
then for a mode of frequency, w, we have 
4x? m? w? a? 


(24) 
waa 





3M sinh? 
: Uz 

To calculate the total energy « given up to all modes, we must integrate this 
expression for all the modes. The number of modes for a@ liquid is given by 





4 2 
yo ee (25) 
C 
(c is the sound velocity), and « is then given by 
1673 m2 a? ot dt 
gs x8 m? a ot da (26) 
3e co 4 HOG 
sinh? 


z 


Since we have assumed throughout that the frequencies of the modes which 
_are excited are small compared with kg T/k, we can take the integral from 0 
to o. The integral oo 
wtda 
sinh? 
0 
after being partially integrated, becomes 


o o x” 


8a d i hast 
| 4( cose ~ tde= | ea | eee 
0 0 





roe 
9 
The last integral is known from the theory of heat radiation, and is equal to 
w4/15. Thus we obtain finally 
8x? m2 v? 
Pyne (27) 
450 cas 
Now the number of atoms with velocity v, falling per unit time on unit area 
is U, e7 me2ke? dy. 


The mean energy given up by one atom of gas to an unexcited Jattice is 
thus 


“ ao 

- ° r 2 g 

é= | é%, en melieee? dy, || vy, e~ mrsekal Jy, (29) 
fy 0 


which comes simply to 
(22 kp T)*? 
“Beda me” 
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If the lattice has a finite temperature 7’, it loses energy to the gas. In this 
case, the energy given by a mode is proportional to the energy of this mode, 
or since it is assumed that kw <kg TZ’, proportional to 7’. The total energy 
given up by the lattice is thus proportional to 7’. The coefficient of propor- 
tionality can be calculated from the condition that at thermal equilibrium 
the two energies must be equal. 

The energy given up by the lattice is thus <7" /7' and the difference, 


“ T’ Qa key (2 hy TY? 
fa a Sr ae): 30 
a( ) 30 c2 a> m2 { ) ( ) 
We normally denote by the accommodation coefficient, «, the ratio of this 
energy to the greatest possible amount which can be transferred. Since the 
mean energy of the incident atom is equal to 2k, 7, then this greatest possible 
amount is 2k,(7 — 7’). The accommodation coefficient is equal to 


35 3/2 
dd (==) j (31) 


e=——— 
30 anhe Ce 


. Thus a 79? law is found. In place of the velocity of sound we can introduce the 
Debye temperature, ©, which is related to the sound velocity by: 


4x _ 8 OF 
<r - 


(NV is the number of atoms in the latiice and A Planck’s constant = 22’). 
« is then given in the form 


N 22h? T\3P 
= | ees 33 
a area (See) o) 
> 1 / iBT \? 
ae 4yumv2\ ak, @? } * ee 


where »« is the mass of an atom in the lattice. 

It is necessary for the validity of this formula, as was mentioned above, that 
the collision frequency is small. To establish the limits of its application, let 
us consider the opposite case of a large collision frequency. Hf the mass of the 
gas atom is not small compared to that of a lattice atom, then there is no reason 
in this case for the accommodation coefficient to be reduced, and it will in 
fact be of the order unity. The temperature limit for the validity of (33) is 


thus 
1 Qo h2 T\8? 
Se 1. 34 
au me (5 kp =) . = 


li m < yp, then at high temperatures the accommodation coefficient will still 
be smali compared to unity. It is easy to see that then « ~ m/u. We have 
1 (= WT 


lz 
res ree) are a 
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Tf we put as usual, a ~ 3 x 10-°em, we obtain from equation (35) 
T < m O7/30,000 (36) 


(m is here the atomic weight of the gas). In the case of (34) 2 must be replaced 
by 2/m w*. Comparison shows that these conditions have not been satisfied’ 
in cases so far observed, so that a comparison with theory cannot be made. 
These cases in fact apply to conditions in which the accommodation coefficient 
depends on the “form” of the atoms. 


Second case: & times the collision frequency is large compared with kT. 
The energy given up is then of the order of the energy of the incident atom. We 
ean consider the surface of the body here as a fixed wall as far as the inter- 
action with the gas atoms is concerned. From perturbation theory in the con- 
tinuous spectrum, the probability of a change of state during the collision is 


2 
= lnk? (37) 


where 7 is the matrix element of the exchange energy, for which the wave 
functions of the initial states are normalised to a particle flux of one, and those 
of the end states are normalised with respect to the energy. The matrix ele- 
ments for — dU/dz, ie. for the effective force on the gas atoms, can best be 
obtained as the derivative of the matrix elements of the momentum. In accor- 
dance with our assumptions and the boundary conditions, y = 0 for z = 0, 
we have for the wave function, y, of the initial state: 


2 . mv 
y=——sin 


z. (38) 
e hk 





v is here naturally the z-component of the velocity. For the wave function of 
the end state, we have analagously 


, 


, 2 gute 
ye 1-7 
Janke’ h 


Now the matrix element of the momentum is given by 


z. (39) 











dy 4i mv mv mv’ 

—ikj w’* adz= — —=——- | cos z:sin z°dz- 
iG dz Vahvy’ h h 

21m 


m m 
= ee | SI — (v’ — v} 2 + sin —(v + v’) :|ae 
Vahoev’ : h h 
2imv | i 
Vakhov' mv" = v) 


we , 
cos—— (v’ — v)z 
a 


A 
+ —— cos (v + veh ; (40) 


m(v + v’} 
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In these integrals, as is normal, the value of the cosine is averaged out at the 
upper limit. Substitution of z= 0 gives 


4i 0 Vhvv’ 
Van (wa v%) - 


The matrix element of the force is obtained from this by multiplication with 


(41) 


EE’ -# 
i—- iss (x2 — v?) (42) 
and is thus equal to 
2m-J/ov' jah. (43) 


The matrix element of the normal co-ordinate, g, of the mode, we know 
to be equal to afi n k/2e when the number of excited quanta changes from 2 
to ~~ 1 or vice versa. 

The matrix element of the perturbation energy is given by 





n= V/2iM cos6 vn hf2@ 2m Jv v' fork. (44) 
For the transition probability, we obtain now from (7) and (30) 
8 cos’ 6 nm vv /Mi a. {45) 


Integrating for all directions of the sound quanta, we obtain for the transition 
probability when v’ > v: 


neve Vanw? da 


SE EOE Oe, 46 
328 Mh wo &ere® — 1) a 
Substituting hw = m(v’2 —.v?)/2, 
we obtain 1 V mi vv! (v'? — vo") vo’ dv’ 
(47) 


hao 32? M(B 7)" 
We multiply this by the expression for the velocity distribution of the imping- 
ing atoms, 
m M072 ke F, 
—e™ ody 
kT 
and by % w and obtain for the energy transferred from the lattice to the gas, 
m8 (v2 — y2)2 em MPERP 92 dy v2 dv’ 
‘If we consider the reverse transition from velocity v’ to v, 1 is to be replaced 
by 2 + 1. The energy given up by the gas to the lattice is thus equal to 
m8 (y2 — y!2)2 e~MOUKBT 92 dy y’2 da’ 
3x2 Q 23 oe kp Ti = ipl made cia bd 


de = (48) 


d & = (48a) 
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For the total energy transfer, we have 


Seay, Se ot 
2ks \F OP 2ke \z" z 
mS (v2 — v2)? dv v'tae’[e —e 


de=de,-—de, = 7 ery? 
2 1 8x2 @ 43 ¢3 kp T(e”? 3Qket __ em “Pha? 


(49) 


if = 7", then de = 0, as we should expect, and when 7 — 7" is small, we 
have 
mi(v'? — vB erdv v2 dv (T — 7) 
J8 = Fe POR Te RT _ weir (49a) 


To get the accommodation coefficients, we divide by 24,(7' — 7’) and inte- 


grate: 
m7 (y'2 — y)8 ody vi dv’ 
ao = “ja o . 32 2973 MAT MY UOLAD  °-melaunga ° (50) 
122° 9 hc 3 T3 [eme2est _ emviizks?) 
Let us write 
m v2{2 kp T =e, mv j{2kh,T = y; 
then 
arr ore oo oe ht e - er 
This definite integral can be evaluated approximately. We have 
, mk, LT) 
“21-7 oe 4 (SI a) 
Thus at sufficiently low temperatures, « varies as 7%. 
Comparing (51) and (31) shows that the condition for (51) is 
4P < ky h? {ma (52) 
or, substituting numerical values, 
T < 2000/m. (53) 


This requirement shows that, except in the cases of helium and hydrogen, 
we are always dealing with the “classical” accommodation coefficient. 
If we use the Debye temperature from (32), (51) assumes the simple form 


re 50m (TS (54) 
caer (5): 
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21. ON THE THEORY 
OF THE PHOTOELECTROMOTIVE 
FORCE IN SEMICONDUCTORS 


The electromotive force that appears in a circuit contaming a seraiconductor 
iNuminated from one side is calculated. Two cases are regarded: a semiconductor 
with conducting electrons and a semiconductor with conducting electrons and 
“holes”. 


l. IntRoDuUCTION 


If we have a circuit which contains a semiconductor in contact with a 
metal on both sides and one of the contacts is iduminated, an electromotive 
.force (e.m.f.) appears in the circuit. This effect is known as the Dember- 
effect. 

The light which falls on the semiconductor is absorbed inside it. By the 
‘absorption of a quantum of light the non-conducting electrons are thrown up 
into the conducting zone of energy levels, and so new conducting electrons 
appear in the semiconductor. 

The light in general penetrates into the semiconductor to a distance of the 
order of some wavelengths, which is much greater than the mean free path 
of the electrons. Therefore we can assume that in every volume element of 
the semiconductor there is 2 uniform intensity of light, and the number of the 
conducting electrons created by the light im unit time in this element is propor- 
tional to this intensity (it is equal to the number of absorbed quanta). The 
number of conductivity electrons created in unit time in unit volume, we shall 
denote as J. Along the semiconductor there is, consequently, a gradient VJ 
(practically J becomes zero at a distance of some wavelengths). 

Under the influence of illumination the density of the (conducting) electrons 
varies along the semiconductor. If the velocity distribution function of the 
electrons remained a Boltzmann-function as in the case of no illumination, 
this change of the electron-density along the semiconductor could not give 
any e.m.f. in the circuit. Indeed, if the distribution of the charges along 2 
closed circuit is not uniform, the potential differences which then appear in 
the circuit must cancel out along the whole circuit. In the opposite case a 
current would flow in the circuit, ie. it would be equivalent to a perpetuum 
mobile, for there are no exterior sources of energy. In particular, in our case 
the potential difference, which appears in the semiconductor owing to the 


L. Landau and EB. Lifshitz, On the theory of the photoelectromotive force in sersiconductors, 
Phys. Z. Sorjet. 9, 477 (1936). 
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non-uniformity of the distribution of electrons along it, is compensated with 
the contact potential differences in both contacts of the semiconductor with 
the metal. The e.m.f. in the circuit appears only as a consequence of the 
deviation of the distribution function from Boltzmann’s law. 

Ail this refers only to the case when only the electrons take part in conduc- 
tion. In some cases the non-conducting electrons, falling into the conduction 
zone levels, leave in the places of their former states “holes”, which also can 
take part in the conduction as “positive” electrons. In such a case the e.m.f. 
appears as a result of the non-uniformity in the distribution of the electrons 
and “holes” along the semiconductor. This is quite analogous to Nernst’s 
concentration cell. We shall first regard the e.m-f. in a semiconductor with 
ecrduction electrons only, and in section 5 a semiconductor with electrons and 
“holes’’. 

Under the influence of the gradient in the intensity of ilumination, which 
causes the non-uniformity in the distribution of electrons along the semi- 
conductor, there appears in the latter an electrical field. To determine the 
total e.mf. appearing in the circuit, we must calculate the potential difference . 
between the ends of the open circuit, ic. when there is no current. Therefore 
the above-mentioned electric field must be determined from the condition that 
the current is equal to zero. To do this we must find the velocity-distribution 
function cf the electrons in the presence of the electric field and a gradient 
VJ, calculate with its aid the current and set it equal to zero. Integrating the 
field along the whole length of the semiconductor we find the potential difference, 
between both ends of the latter and, adding the contact potential differences, 
we find the total e.m.f. 

If the semiconductor is placed in a magnetic field, an emf. also 
appears in a direction perpendicular to the gradient of the intensity of the 
light (the Kikoin—Noskov effect). This effect will be considered in another paper. 

The theories of the photo-e.m.f. published up to date cannot be regarded as 
satisfactory. Frohlich! calculated the distribution function but made some 
erroneous assumptions. He assumes for instance, that the probability of an 
electron transition by a collision with the lattice does not depend on the - 
energy of the electron and of the phonon. As to Frenkel’s article?, it was 
obviously not intended to be serious. For example, we can hardly explain’ 
otherwise the sentence: ‘‘leaving aside a more detailed consideration of this 
question we shall assume in the following (3a) to hold not only in the case of 
smali additional concentrations, but also in the case of large ones” (loc. cit. 
p. 188). This means nothing less, than the assumption that (% + ¢)? = 77 + 2ng 
holds for large g¢! , 


2. Tat DistRisgution Funetion 


In the absence of an electric deid and illumination the conductivity elec- 
rons have a Boltzmann-distribution. To find the distribution function in the 
presence of the electric field E and of a gradient VJ (both having the same 
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direction), we write the kinetical equation in the form: 


cEV, f(0, 6) += 1 ¥(0, ‘) 
-- [mJ 70,004 + 0 -10,2- hy mag’ 


-| a [SB (16,0), — 1004 Bag, + HPAL 


— A(F(8, ) — fole))- (1) 


The distribution function is now a function not only of the energy ¢, but also 
of the angle @ between the momentum p of the electron and the direction of 
VJ (or EZ). As J changes along the semiconductor, f is also an implicit function 
(by means of J) of the co-ordinate z along this direction. 

The right-hand side of (1) represents the balance of the transitions of elec- 
trons by collisions with the lattice. The first integral contains two terms: the 
first is due to transitions from a given state with the energy « and the angle 6 
between p and £ to another with the energy «— h»,, an elastical vibration 
quantum (phonon) 2», being simultaneously absorbed by the lattice. The 
second term of the first integral i is due to the opposite transitions, the quantum 
h v, being absorbed by the electron. The integration is over ail possible direc- 
tions of the electron with the energy ¢ — h », (d.2’ is the space angle element 
in this direction). The second integral takes account of the transitions from 
the state with an energy « and the angle 6 to states with energy ¢ + h v,, the 
quantum f », being absorbed by the electron, and vice versa. 

N is the distribution function of the phonons; WN, and J’, are then the 
numbers of phonons with the energy Av, and h»,. W,{N, + 1) and W,N, 
are the probabilities of the transitions of an electron with tke emission or 
absorption of a phonon / »,; correspondingly W,(N, + 1) and W,.N, are the 
probabilities of the same transitions with a phonon A 7,. NV is the Bose distribu- 
tion function, i.e. 1 

2 


erik? oy” (2) 


N= 


In the absence of the field and of ilumination the left side of (1) is equal to 
zero and the equation is satisfied with a Boltzmann-function 


fo(e) = ay en. (3) 


The constant a) is determined by the number x of the electrons in unit volume 
without illumination according to a) = n(2a mk T)-*2, 

The probabilities W, and W, are, as is known, proportional to the square root 
of the energy of the electron and also to v, and v, respectively. As to the energy 
of the electron, it is in both cases (W, and W,) either the least energy of the 
transition {i.c. ¢— Av, and ein W, and W, respectively), or in both cases 
the greater (ec ande+A»,in W, and W,). It is convenient in both cases to 
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take the arithmetic mean of both these energies: « — hv,/2in W, and ¢ + Ay,/2 
in W,. We then obtain the probabilities W, and W, in the form 


f 
Wy = Ave - em 








hy 
7 Wa AndJe+ = (4) 
where A is a constant. 

The third term 4(j — fy) from the right-hand side determines the diminution 
of the number of electrons due to their capture, i.e. for instance to their 
recombination with the free levels in the lower nearly completed zone of energy 
levels. It may be noted that the conductivity electrons can be captured not 
only in this way, but also directly by the lattice or by impurities in the lattice. 
The number of electrons of given energy in unit volume, captured in unit 
time, is proportional to their number in this volume, i.e. to the distribution 
function f, and is equal to Af, where A is the probability of capture. A is in 
general a function of the energy of the electron. But the conductivity electrons 
are at the same time created by the thermal moticn and so the diminution of 
the number of electrons is A /— const. To find the constant we note that without 
illumination the number of those captured and of those created by thermal 
motion are equal. Without illumination / = /, and so const = Af,, and we 
come to the term A(f — f,). 

‘The first term from the left-hand side of {1} gives the variation of the number 
of electrons in the state s, @ under the influence of the field Z. (V, is a gradient 
in the p-space). The second term determines the variation of this number 
owing to the variation of f along the semiconductor, i.e. under the influence 
of VU. 

The mean velocity of the electron divided by 2 is evidently the “Schub- 
lange” of the electron, i.e. the mean distance traversed up to its capture. 

We assume in the following that the temperature is high enough so that the 
energy hy of the phonons which can exchange momenta with the electrons 
and so come into consideration is much smaller than kz 7: 


hvikpT <1. 
By a transition of an electron with the emission or absorption of a phonon 
the momentum must be preserved. Before the transition the momentum was 
equal to p; after the phonon h », (or 4.) was absorbed by the electron or 


given up to the lattice Jet the momentum be p, (or p,). The momentum of 
the phonon ish ¥,/w (or h ve/w) if w is the velocity of sound. The law of conserva- 


tion then gives (y, _ sp.) = (hev,/w)®, (Py — Pp)? = (Br2/20)?. 
Using h mje <1, hv/e <1 we find 
——_- hy. 
Po=V2me, py =V Ime —hy)= Vame( = =), 





Von ie Racy tay h vq 
Py =V2m(ethr)=JS2mel(b + 


2s 
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and the law of conservation gives 


2 
hy, 


h 
2me+ 2m(e — hy,) — ame(1 _ =) eo 6, = (=) : 
Qe w 
h hv, \? 
2me+ 2ml(et hy,) - ame(1 + =) eo By = (=) 
2e w 


(8, and #@, are the angles between p and p, or p, respectively). 
Introducing », + », = 2» and », — », = Ay we find approximately: 


1 
(hv)? = 8m ew? sin? > 8, | 
(5) 


1 
hAv= ainsi» 





@ being the angle between p and the momentum after the transition (just 
the same p, or p,). From (5) it is evident that A»/y ~ hv/e < 1. 
As hy, <e and hv, < « we can write (2) approximately in the form 
kT 61 kpT 1 


—, N= = 6 
hv, 2 (6) 








and (4) in the form: 


S h 2 
W,= 4 nVe(1- =), W=Anve(14 =). (7) 


dé 








We now insert (6) and (7) in the right-hand side of (1) and expand {(6’, e — h ,) 
and /{(@’, « + 4.) in powers of y, and », up to terms of the order (h v)?/kgT 
or h A », which are of the same order. The right-hand side of (1) then becomes: 


ag 2k, T 3k, T 1 hy kT % 
ave{ [1160 - ; + d>/ 7. -5)+ : (s-“2* Jee 
| 2kp T SkpT 1\ he kp T 

+ [rte on[ 2" + dr(- 7s -3)+ ae (2+ : ja 


T 
+ [re ay - kp TAv+ an(=* + 1) Jao 
E 


+ ff" (e, 6) [kp T h v*] dQ — Alf (ec, 6) — fole)]. (8) 




















We write the function f(e, 6), as is always done, in the form 
f(9, €) = f(e) + cos6-g(e) (9) 
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where g(e) is small compared with /(<). Inserting (5) and (8) in (7) and integrat- 
ing over d 2’ we find: 





= 16x m wk, T Zo +re (2+ alee] 
- ANS 82 ky T g(e) cosé — A(f — fo) — Ag cosé (10) 


g(e) is a small correction to f(e), which is proportional to VJ. The gradient 
VJ is, of course, to be considered as small, for at a distance of the order of a 
mean free path of the electron the light is almost not absorbed. Therefore in 
the first two terms on the left-hand side of (1) we must only put f(«) for f(0, e) 
(the electric field E caused by VJ is also proportional to VJ). In the first 
term we have: 

Ze 0 OF 


“m Oe” 


a 
eEV, f(e) = Py RL re eg ey 
p op op 


In the second we can write 


oj of 
= J—= 6 J’ — 
pVf=pV ag p cos ay 
(here ’ denotes differentiation by the co-ordinate z along the direction of VJ). 
We’ finally obtain for the left-hand side of. (1): 


Qe of 
ae at li 
cost [2 enol ar” cos@. (11) 


Equalising (10) and (11) we find from the terms without cos@ an equation 
to determine f(e): 


ae 
ai 162 m why | + rio(2 + art 10] =A(f — fo)- 





This equation can be written in the form: 


2d 
Vimeo de &% = A(t — fo) (12) 


g7l2 4 ze m3!2 yw? & 
{Se eg TT) (13) 


with 


Equation (12) is then the continuity equation 
div, s = V, 8 = A(f — fo) 
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and s is the flow of the electrons in p-space. In the following we shall use 
(42) with (13) in the form 


Ps * (2*(f +7) = wf — fa) (14) 


with « = e/k,T and 
h = 
= i 
léxmwASkyP 
and ’ denotes differentiation by x. 
The terms of (10) and (11) containing cos@ give an eaoy for g(z): 
Sth E ef | af | 


SV makyTA LkeT bx os 


{15) 


g(z) = — {16} 


We dropped the term 4g in comparison with(A Jefh) 8kp 0 xg, for their 


ratio is, as will be shown, of the order of the ratio of the mean free path of 
the electron to the “Schublénge”’, which is much smaller than unity. 
The current density 7 can now be calculated according to 


83 i, 7? 

ix e[ Boos 96)ax, = a [oe eae 

m 3 

or, if we insert (16): 
oO 

JimehkpT f(eB af — af 
j= ~ (vlad 17) 
: 3A IGS x OF )e e 


If we determine E so that the current é is zero, we get from (17) 


a 
= ral #192 
—=-VJ— (18) 
kp? Pat 
[eae 
Ox 


_. In the absence of illumination the distribution function is fy = a) e-* (2) 
with ay = n(2x m kz Ty. Taking the first term in (17) we find the conduc- 
tivity « of the semiconductor in the absence of illumination: 
enh 
6 kT)? m A” 
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According to a well-known formula the same o is also equal to: 


4e2 ln 


BV 2xmkyT 


(Lis the mean free path of the electron). Comparing both expressions for o, 
we find 
ee re 


(19) 
aa 224 ‘4/225! mky TU 


With the aid of this expression it is easy to convince ourselves that the ratio . 
of 2g to As 8x9 ky T/h is of the order of the ratio of 1 to /ejm 1/2 = 1,, 
i.e. of 2 to the “Schublange”’. 

We now proceed to the solution of equation (14). The “Schublange” of 
the electron is in general much greater than its mean free path. We shall 
assume that their ratio, which is of the order of \/k, T/m x 1/Al, isso great that 


joes 1 > Jet 
m Al” mw 





In this case we have 4 < 1 and therefore we can solve (14) by means of succes- 
sive approximations. 

To find the zero-approximation we solve (14) without the right-hand side. 
As a first integral we then find 


const 
wa 


ftf= 





This is a simple linear equation of the first order; its general solution is 
e® 
f=ae*+ be | as 
where a and 6 are two constants. This is to be put into the right-hand side 


of (14} and the equation solved again. This is easily done and we obtain the 
distribution function in the first approximation in the form: 


f(z) = ae* 4+ be | Sas + (& — Gp) o{(Se e-* dx)ae 


> o * o@ 
+be*| E | ( 7 < 22) azae. (20) 
J . a 


As we shall immediately show, the constant (a@ — a9) is of the first order 
in uw. As we intend to restrict ourselves to the first approximation, we must 
leave in the expression for f(x) only the terms of zero and first order in y, 
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i.e. we voust drop the fourth term on the right side. It is to be noted that the 
choice of the constant limits in the integrals in (20) is arbitrary, until the 
constants a and 6 are determined from the conditions which we shall now 
discuss. 

It is to be mentioned that all the conductivity electrons created by the 
monochromatic illumination have (immediately after their creation) nearly the 
same energy. We shall assume that they all have the same energy and call 
it £9. é9 is practically equal to the energy of the absorbed light quantum. As the 
energy of a light quantum from the visible region of the spectrum is ca. 100 kz 7, 
the quantity x = a,/k, 7 is a very large number. 

The distribution function is different for x >a) and x <a,. We shall 
attempt to determine it in the form 


z ay 


y ev ~? 
f(x) = ae-* + d, e-* |Sav + (8, — Gp) o*{{ , w(zjdzdy (21) 
i 00 





for « < 2, and 


e€ 





ulejdzdy {22} 


r e ard yrs 
7 00 


for x > a). After we have chosen the limits of integration, we must determine 
the constants @,, d,, @,, b, from the following conditions. 

The flow s of the electrons in p-space is given by (13). The flow of the 
electrons through a sphere (in p-space), corresponding to a given energy se, 
is obviously equal to the product of s and 4a 92 = 8mne= SmakgT x: 


D2 A 72 m5!2 w® (key T)? a? 


i oe 4S a 3 
7 f+ Needs fe (28) 


82mkgTas= 
with 
A Z 


=. ee ee aL ere 24 
AIA a? m2 uP? (ky TP do mw ky T ae 


B 


(4 is to be taken from (19)). 

This flow is directed towards the diminution of energy. For 2 = 0 it must 
obviously be equal to zero. This is equivalent to the condition that f(x) must 
have no singular point for x = 0. If we insert (21) in (23), we find the flow in 
the form 

1 B 
ak + (a, — &p) fe e-* er. 
: 0) 


Equating it to zero for x = 0 we get: 6, = 0. 
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Now, for « = x, the values of both functions (21) and (22) must be equal.. 
This gives 


Oy + (dy ~ %) Ay = Oy + Bye z dea A; (25) 
with 
to Y 
et 
a,={ |= u(z)dzdy 
0 0 y 


e” 
and we have written for | —> dy its asymptotical value e*/25. The asymptotical 
value of A, is ¥ 








% Y 
ev-* ee 
A, = dzdy =— 
5 {| e H(z) dzdy a 
‘ 00 
with o 
A= fue dz. (26) 
c¢] 


For very large energies the distribution function must be a Boltzmann 
function. To make use of this condition, we write the asymptotical expression 
for large x for f{x) (22). ue 


{See5 = > fs 
- 
t 


and therefore 





zay = 4 [Sars AS 


3 Gy — My) A 
f(x). = a,e7% dares a 


Hence we find that it must be 
by a (Go = Gg) A. 


Then f(x) is a Boltzmann-function for large x. If we insert this expression 
for b, in (25) and note that A, = A e*/x?, we find 
yg = M, + (ay — ) Ay. 
The distribution function for x > % is hence asymptotically equal to 
f(z) = age" = [a, + (a, — a) Ajen*. (27) 
In unit time J electrons with energy «, appear in a unit volume under the 
influence of illumination. Correspondingly, in the p-space for x = z, the sum 


of the flows downwards (towards diminution of energy) and upwards (towards 
increase of energy) must be. equal to J. If we put (21). into (28) we find the 
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flow downwards for « = Xp: 
Xe 
1 
Fz (a, — a) [- e*dz 
0 


(for db, = 0). But 


%o 2 
[uetda a fue *da=A 
} 0 


and the flow is equal to (a, ~ a) 4/B. The flow upwards is zero, for the 
distribution function for > x) (27) is a Boltzmann-function and f + }’ is, 
consequently, zero. Of course, this is only approximately valid, for (27) is 
only an asymptotical expression. But the next terms in the asymptotical 
series give expressions which are quite negligible. 
Hence we get from the above condition 
BI 


a — by = — 


A 


and the distribution function (21) for « < a becomes 


x 


y 
BJ BJ a 
f(z) = ¢ ~ ares a e|{ E — u{z)dzdy. {28) 
A y 
00 





A 


For x > m% the distribution function (27) becomes 


BI Bs 
f(x) = (4 + ae + ee e7*, 


From this expression we see that f(x) for x > x, is quite unessential. Indeed, 
it is valid only from x = a, and therefore the first term contains in any case e-* 
and is therefore very small. The second term is (B J e/x5) e~? (for A, & (e**/22) A). 
When # = 2 it does not contain e~”, but it contains a superfluous factor 
Ajzj in comparison with the corresponding term (B J/A) e~ in (28) and is there- 
fore also of no importance. 

In the following we shali need an asymptotical expression for (28) for large 
zw. This is 


BJ\ _,. BI 
F(z) z= (a + = )e vy = (29) 


3. THE Contract PotEnTIAL DIFFERENCE 


We now proceed to calculate the potential differences in the contacts of the 
semiconductor with the metal. It is to be found from the condition that in 
‘the absence of a current through the contact the number of electrons passing 
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in unit time from the semiconductor into the metal and backwards must be 
equal. 

In the metal the electrons have a Fermi-distribution. The conduction zone 
begins irom the bound-energy of this distribution; below this energy all the 
states are occupied and above it the distribution becomes a Boltzmann- 
function (Fig.1). In the semiconductor the conduction zone begins so high 
that the distribution is of course a Boltzmann-function. 

‘The number of electrons passing in unit time from the semiconductor to 
the metal is equal to an integral of the product of the distribution function 
with the velocity and transparency coefficient for a transition from the semi-: 
conductor to the metal, over all velocities, directed from the semiconductor. 


Semicond. metal 





Fre. 2 


to the meta}. The transparency coefficient determines the ratio of the number: 
of electrons passing to the metal to the whole number of electrons approaching 
the boundary of the semiconductor. This coefficient is in general a function 
of the energy ¢ of the electron, and also of the direction of its velocity. After 
integration over the directions, we obtain an “averaged” transparency: coeffi- 
cient D(e}, which is a function of the energy only. The number of electrons 
passing to the metal is then proportional to 


fer@ D(x) dx 
0 


(f(z) is the distribution function in the semiconductor). 
In the absence of illumination f = f, and the number of electrons passing 
to the metal is (apart from a constant factor) equal to 


fefD@)de. 
0 


The same is also true of the number of electrons passing from the metal to 
the semiconductor. 

Now we wish to compute the sum of the contact potential differences from 
both sides (Hluminated and not illuminated) of the semiconductor. In the 
absence of illumination both these differences would be equal with opposite 
signs, and their sum would be zero. It is therefore enough to determine the 
change of the potential difference produced in the illuminated contact by 
diumination. 7 
CPL 5a 
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Under the influence of illumination A changes (Fig. 1). 4 is {apart from an 
additive constant) the contact potential difference, and its change is equal to 
the change of this difference produced by Hlumination, ie. to the sum V; of 
contact potential differences from both sides of the semiconductor (multiplied 
by ¢). 

The electrons in the metal, which can pass to the semiconductor (ie. have 
energies larger than 4) have a Boltzmann-distribution. Therefore the number 
of electrons passing to the semiconductor changes by illumination e-¢*?#/ts? 
times (we neglect the change of the transparency coefficient and of the veloci- 
ties of the electrons in the metal under the influence of the displacement of 
the limits of the conducting zones by Hlumination). In the absence of ilumina- 
tion this number was proportional to 


Poo} 
| fox Dae; 
0 
now it is proportional to 
eo 
eUHkt | fe Daz. 
9 


The number of electrons passing from the semiconductor to the metal is 
now proportional to 


| faDds 
: 


where f is the distribution function in the illuminated semiconductor. So we 
obtain the condition 


[feDaz = erate? | fo dae 
a 0 





and hence - 
xDdzx 

ou In / 

i a 
| fox Dax 


It ig convenient to introduce conditionally a “field” E,, differentiating 
V;, by the co-ordinate along the direction of VJ. V;, will then be equal to the 
integral of B, along the semiconductor from the illuminated side to the un- 


Muminated : - 
da 
ar]? afdz 
e B, 0 
ht = — VJ —————- (30) 
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Now we shall determine D as a function of the energy « of the electron in- 
the semiconductor, assuming that the contact is good, i.e. that. there is no 
potential barrier between the semiconductor and the metal. We are interested 
only in a qualitative result and therefore discuss a one-dimensional case. The 
problem is then equivalent to the following. A flux of electrons, moving in 
some direction, comes from a region with a larger to a region with a smaller 
potential energy (the kinetic energy hence becomes larger; Fig. 2). It is neces- 
sary to determine the transparency coefficient, i.c. the ratio of the density 


of the electrons which passed to-the second region to the whole density of 
electrons approaching the boundary between the two regions. We shall assume 
that the kinetic energy ¢ of the electron in the first region is small. The function 
U(z) in the intermediate region between I and II is unknown. One cannot 
assume it to be a rectangular barrier, for this might give even qualitatively 
wrong results. 

In the first region the wave function y of the electron is 


yp = ce + o,e71? (31) 


c, e!*? is the wave approaching the boundary between both regions; c, e~?*? is 
the reflected wave propagated in the opposite direction. 

We shall now investigate the properties of this wave function in the vicinity 
of the transition of the second region, ie. for small z; namely for z small. 
_compared with the wavelength, but so large that the energy of the electron is 
still small. This function must be determined so that it would be transferred 
to the second region in a wave propagated along the z-axis in the positive 
direction. As the energy of the electron is small, we can use for-the investigation. 
of the properties of the wave function in the first region (for small z) the 
Schrédinger-equation for « = 0. This equation is d*p/dz? = 0 and hence 


p=d, tide 


(d, and d, are in general complex). The ratio d,/d, = d is determined by the 
form of the function U(z) in the intermediate region. 
For small ¢ (i.e. small %), (31) can be written as follows: 


17 = (¢, + €5) + ikz(e, = €5). 


In order that it may pass in the second region into a propagating wave, we 
can require that the ratio (c, + ¢,)/ik{c, — cp) be equal to d,/id, which is already 


Sa* 


140 ‘COLLECTED PAPERS OF L. D. LANDAU 


determined in a correct way: 


Cy + Ce dy k d brad i 
V—_—_—_— SS = a, r =o 
esl ami d+} 
je, |? = c, ef determines the density of the electrons approaching the boundary 
between both regions, and c, cy = |¢,|? the density of the electrons reflected 
back to the first region. Hence the transparency coefficient is proportional to 


ie 1 AL 
InP  (l+hd)(i + kd*) 


As k is assumed to be small, we get 
[ey |? — les? 
fe? 


The wave-vector % is proportional to the velocity of the electron (in the first 
region), i.e. to the square root of its kinetic energy ¢. Hence 


D(e) = const./e. (32) 


x 2k(d + d*). 


4, THe PHOTOELECTROMOTIVE FORCE 


To find the total electromotive force we must integrate the sum of (18) and 
{30) along the whole length of the semiconductor. Adding (30) to (18) we 
find 


x“ o ao eo 
ij fg 
[Petes gy fefdes [eae | Da fax 
e(E + Bs) _ _y78 6 9 
ky 7 mo = 
| Datde sy de 


(33) 


We must here insert for f(x) the function (28) and integrate in all integrals 
aot up to oo but to x, for this expression for f(x) is valid for x S x. Of course, 
by integrating the first term in (28) we can take the upper limit to be oo for, 
e.g. 

ae A 
| we? da x | we*dx=i. 
6 ny 


- We also introduce the notation: 


Xo rey 
[eD@e“*des [eDe*dz=Dy. (34) 
0 0 
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We shall see that by integrating the second term in (28) large x will turn out 
to be of importance. Therefore we can use instead of (28) the asymptotical 
expression (29). 

A(x), and therefore also 4, we assume to be independent of the illumination, 
ie. independent of J. 

We now insert (29) in the numerator of (33). The terms which originate 
only from the Boltzmann-term (2° + BJjA) e~* in (29) then give zero (this. 
shows that 2 Boltzmann-distribution could not give an e.m.f., as was pointed 
out already in section 1). The terms which originate only from the term BJ/x* 
in (29) are small compared with those which originate from both terms of (29) 
(for A is small). Therefore we leave only the latter. 

It is also to be noted that we mus% insert in 


a 
| as x au 
6x 
0 

only the first term of (28). The second would give 2BJ/x3 in 6/02, i.e. the 
next power of « in the denominator. As we always use only the greatest term 
in the asymptotical series, such a term, being the next in these series, must 
be neglected. , 

Finally, when we insert the term B/J/x? in the integrals of (33) they become 
divergent for large x; this verifies our assumption that large x are of importance. 
The integrals become divergent also for small x; but this depends only on the 
fact that the asymptotical expression for f(x) which we use is valid only for 
large z. Therefore we must take the value of the integral only for the upper 
limit. Instead of the lower we write conditionally 1; the value of the integral 
for the lower limit must be neglected all the same. 

Having all this in mind, we obtain for the numerator of (33):. 





Zo 
D— Dy Bes 
—a B}|———d Dy ln x. 
ao | a B- A 9 Nh Xo 
i 
When we put (28) into the denominator of (33), we can leave only the largest 


terms (i.e. the first term of (28)), for they do not give zero as in the numerator. 
Henee we find: 





Zo 
D-D BI 
= B { 2—Pe a+ Dy nx, 
ex 
1 


A 

a cl eg vs 
kp T Pe 
or a 0 


According to (32) D{z) = const we x. This is strictly valid for small x only, 
but in our approximation we can always use this expression. 
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Therefore: 


~» 


n 

3 = 

Dy = [Dre az = const | aie~* ds = const 7 Vn, 
8 0 


6 


Xo Xo 
D — D 307 
[se = const 24) %9, [=tex = const — x Ina. 
x x 4 
Hence: 


_ BI 3 - 


Et E, 2 
aN eg. (35) 


kp T ay (0+ sy 


A 


Integrating this over the whole length of the semiconductor, i.e. over dJ 
from J = J, (on the illuminated side) wp to zero on the opposite side, we find 
the electromotive force V: 


SB»/ x kp T kp BJ, 
nea een eno C oe —. 2% in{ 1 + ———}. 6 
Zz Bas) Jot : A \n.2y af + =) (36) 
ov we aaa” ia 


.For weak illumination, ie. small Jy, we can neglect the second term in V 
compared with the first, and in the first BJ)/A compared with a). We then 
get an electromotive force 


Ves 





SB a, k Be ae 
V= _ 8BV aks Ty a | ka Basler OO an (37) 
3./ me dy 3 Vom nw? 


increasing linearly with Jy. 

For strong illumination, i.e. for large J), we can, on the Sonne? neglect 
. the first term and a) as compared with BJ/A in the second. A a /B can be 
interpreted as the value J; of J, after which V is no more a linear function 
of J,. Then we obtain the e.m.f. in the form 





= at AlnayIn—, (38) 


ie. V is proportional to In(Jy/J;). We note also that for a definite value of 
J, the emf. changes its sign, i.e. its direction. As to A, we find from (15) 
and (26) that it is of the order kz T/m w? (i/I,) if 1, is the “Schublange” of the 
electrons. 

All the cases observed experimentally up to the present are apparently not 
of the kind just discussed, but are such that the “holes” take part in the 
conductivity of the semiconductor as well as the electrons. This case is dis- 
cussed in the next section. 
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5. THE PHOTOEBLECTROMOTIVE FORCE IN A SEMICONDUCTOR WITH 
ConwpuctinG “Hoes” 


We now discuss a semiconductor in which the “holes” take part in the 
conductivity as well as the electrons. The dependence of V on Jy is in this 
case different from the preceding case. It is also neccessary to note that if 
only the “holes” take part in the conductivity the results of the former 
section are valid with a change in the sign of e. 

The limit of the filled zone of states in the metal lies between the upper 
limit of the filled zone and the lower limit of the conduction-zone of the semi- 
conductor (Fig. 3). The separate free levels in the filled zones are the “‘holes’’, 
which can take part in the conductivity as electrons with a positive charge. 





The energy of the conducting-electrons in the metal is counted from the upper 
limit of the filled zone; in the semiconductor (e,) from the beginning of the 
conduction zone. The energy «, of the “hole” in the semiconductor is defined 
as that of the corresponding free level, counted downwards from the upper 
limit of the filled zone. Analogously the energy of a ‘“‘hole” in the meial is 
defined. 

The distribution function for the “holes” in the semiconductor is of the 
same form as for the electrons, but the constant coefficients in these functions 
have different values. In particular differences occur in the constants a), which 
are proportional to the density of the electrons or ‘“‘holes” in the absence of 
lumination. The constants B are also different, for the mean free path is 
different for electrons and “‘holes’’. Finally the A are different, for the “Schub- 
langen”’ are different. , 

In (33) the Boltzmann-part of the distribution function gave zero, showing 
that such a function can give no effect alone. We shall see that this is not the 
tact in the present case. Therefore we can now take only the greatest terms 
in the distribution function, ie., only the Boltzmann-function. Hence the 
distribution functions for the electrons (1) and the “holes” (2) are: 

h(t) = (401 a =") Oa ayer, 
; (39) 





BJ 
fo (2o} = (os + ai je = a e-™ 
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with 
_ *4 sty Ed 
kypPo O° keg f 








and 





BT BJ 

A, = Gy, + 8d, Byatt hla (40) 
The whole current ¢ is equal to the sum of the electron-current i, and the 

“hole”-current i,. Li we remember that the “charge” of the “hole” is opposite 

to that of the electron, we find from (17) and (39): 


a = Oy, + 


cE eo 
y= -4(-Z5a+ avs), am a(iaa tiv), 
B ‘B 


, aay , day 
=—_, &=-——— 
ee aE) 
¢, and ¢, denote the positive values of the coefficients in (17) for the electrons 
‘and the “holes” respectively. 
Now £ must be determined so that the total current i, + i, = 0. This 


BIISe: CH Ca — Cy My 





kypP = Gy A, + Cy My 


The potential difference V, between the illuminated and the opposite side of 
the semiconductor, arising under the influence of VJ, is equal to the integral 
of E taken from J = J, (on the illuminated side) up to J = 0 (on the opposie 
side): Using (40) we find: 
eV, ae By — Be in yg + Cy Aq + (0, By + Co Be) Fo (41) 
kgeT = By + C2 82 Cy Gyq + C2 Gog 
The numbers of electrons and “holes” in the absence of illumination are, 
‘in general, of quite a different order of magnitude. Therefore it is always 
-possible to neglect one of the a, and a). compared with the other. If for 
instance @,) > Gyo, i.e. in the absence of illumination, the number of electrons 
is much greater than that of the “holes” (the “holes” appear under the 
influence of the illumination), we can write instead of (41): 


eV; Cy By — Ce Be x Cy By + C2 By | 
= In} 1 + ————_ J, |. 
kpT Cn Ba + Cy Bo : ° 


We must calculate now the contact potential difference. The current from 
the semiconductor to the metal consists of the electron-current and the “‘hole’’- 
current. As the “‘charge” of the “hole” is opposite to that of the electron, 
we find {as in section 1) that the total current is proportional to 





(42) 
Cy Soy 


|, fey) Dy(a,) day — | 22 fo (a2) Dy (xp) dete 
0 0 
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(D, and D, are the transparency coefficients for the electrons and the “‘holes”’ 
respectively). If we insert (39), we find 


ty, Do, — & Dog (43) 
with 
. * 
Dy = { Dye ede, Dor = | D,e-*dx. 
0 0 


It was already pointed out that in the absence of illumination it is always 
possible to assume that the number of electrons, for instance, is much greater 
than that of the “holes”: a), > a@o,. The distance 4, (Fig. 3) from the upper 
limit of the filled zone in the metal to the upper limit of the filled zone in the 
semiconductor is much larger than the distance 4, to the lower limit of the 
conduction zone in the semiconductor. 4, is of the order of the activation energy 
of the electron in the semiconductor, which must be small compared with the 
whole distance 4, + 4,; in the opposite case we should have an insulator. 
instead of a semiconductor. Therefore from the metal to the semiconductor 
can pass practically only electrons and not “holes”. 

As was pointed out in section 3 it is enough to calculate only the change of 
the contact potential difference under the infiuence of ilumination. This change 
is equal to the sum V; of the contact potential differences in both contacts. 
In the absence of illumination the current from the semiconductor to the 
metal is proportional to ay, Dp, (for G1 > apo). The same is true of the current 
from the metal to the semiconductor. As in section 3 we conclude that with 
ilumination the current from the metal to the semiconductor becomes pro- 
portional to 

et THOT ay, Dog (44) 


(according to our assumption the “holes” do not pass from the metal to the 
semiconductor). 

Comparing (43) and (44) we find the condition for no carreat through the 
coutact in the form: 


@ Dy — Mg Doo = M1 Dy en??? 


Hence we find (with (40)): 
eV, es —a|1 es B, Dox — Ba Dos a], 


Adding V; to V, (41) we finally find the electromotive force: 


x kn T oF in| + Cy By + Ce By 1 
€ Cy By + Ce Bo Cy Gy 


7 — 
= “af : inf pies eee a], (45) 


tg, Dox 
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For a very strong illumination, i.e. for very large Jy, the difference 
@, Doy — %, Dor = %1 Dox + (8 Dor — Bz Dor) Jo 


can. become negative (if 8, Dy, — Bs Dog < 0) and (45) will be no longer valid. 
In this case the limits of the zones (Fig. 3) are so displaced that 4, becomes 
of the order of magnitude of the whole distance 4, + 4,. Then the transition 
of the “holes” from the metal to the semiconductor becomes of importance. 
The contact potential difference V; {and hence also the electromotive force) 
becomes very large, namely of the order (4, + 4,)/e. However, we shall not 
discuss this case in detail, for it is apparently not observed experimentally. 

All the constants c,, ¢2, 8, 8, which enter in (45) can be expressed by means 
of universal constants, the mean free path of the electrons (or “‘holes”’) etc.; 
this is however of no special iterest. It is important only to note the following. 
If we write 





Cz By € Gy &3 Dox 
2g, ari, mies. (46) 
C; By Cy By + Ce Bo as By Dox — B: Dog . 


we can write (45) in the form: 


ky, T 1l1-—~x Jo Jo 
= + —}—] 1 | 7 
ele mea 


We see that the coefficient before the first logarithm can have a value 
between +1. Both the constants C, and C, are proportional to the number of 
electrons in unit volume without illumination, for they are proportional to 
@o,. The electron density depends on the temperature mainly by a factor of 
the form e-“7, Therefore C, and C, are also ~eM?, 

All the results are quite analogous if in the absence of illumination the 
‘number of “holes” is much greater than the number of electrons, ie. if 
Goo > Aq,- Instead oi (45) we should then have: 


os ka T SoH ial + Cy By + Ce By 5) + 
@ 6; By + C2 Be Ce Age 


ky 27 i 
- in| + Be Doo Bi Dox 3,| (48) 


G2 Dos 











and the constants c, and c, in (47) would be proportional to the density of 
the “holes” in the absence of ilumination. 
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22. ON THE THEORY OF SOUND DISPERSION 


It is shown that sound dispersion at temperatures which are sufficiont for the 
excitation of several quanta of vibration is given by the same formula as at tem- 
peratures for which at the most one quantum is excited. The transfor of this energy 
and its dependence on molecular velocity is also considered. It is established in 
this case that only high velocities play any part, and the phenomenon behaves 
classicaliy. The dependence of the effect on temperature is determined. 


1. A number of investigations undertaken in recent years have shown that 
the velocity of sound in many gases depends on the frequency. This effect 
only occurred when molecular vibrations were excited. It could be explained 
by assuming that the probability of energy exchange is very small between 
the translational and rotational energies on the one hand, and the vibration 
energy on the other. With the propagation of sound are associated adiabatic 
density changes, which also implies temperature changes. Now when this 
occurs at very high frequencies, the molecular vibrations will no longer be 
affected. This is to say that the specific heat and also the speed of sound will 
depend on the frequency. 

The dispersion of sound, and the related absorption, have been treated by 
several authors, and particularly thoroughly by Rutgers.! Rutgers limits 
himself to the derivation of the dispersion formula for low temperatures, at 
which a vibration quantum is only excited in a few molecules. The number of 
molecules with more than one quantum excited he sets equal to zero. Further- 
more he assumes that only the excitation of a particular normal vibration 
comes in question. If we put the number of molecules per cm® with 0 and 1 
excited quantum equal to , and n,, respectively, and the total number 
equal to N’, then the rate of change of n, is given by the equation 


dn, 
dt 





= K (ko % N — ky mW). (1) 


Here K gives the number of collisions per unit time which a molecule would 
make if the gas density were one molecule per cm?, ky, and ky, are respectively 
the probabilities that an unexcited molecule becomes excited, and vice versa, 
on collision. We have 


kos hy 
ol Se 2 
hig exp al ° 


L. Landau and E. Teller, Zur Theorie der Schalldispersion Phys. Z. Sowjet. 10, 34 (1936). 
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where y is the frequency of the particular molecular vibration. In the case 
treated by Rutgers, h» > kg T. and. 


Mo > Ny, Mg > Moi- 
If we now use V = vm) + 2;,, we can replace (1) approximately by 


dn, . = 5 
ae EK (ko, N? — Iggy NY). (la) 


If we now assume that the temperature, 7, is a periodic function of the time, 
then the quantities occurring in (1a), in particular n,, will also vary periodi- 
eally in time. Ii we multiply the change in , by the energy of a vibration 
quantum, ic. by hv» and divide it by the temperature change, the specific 
heat can be obtained, and finally the velocity of sound. 

We should like to find out what form the dispersion takes when the Rutgers 
condition, hr » kz T, no longer holds. For the time being, however, we will 
retain the condition, so that only one normal vibration contributes to the 
sound dispersion. There are molecules with several, say 1, quanta available, 
the number of which molecules we shall denote by »;. We shall have a com- 
plicated system of equations to solve, describing the simultaneous changes in 
the numbers, ,. We should expect that certain quantum transitions occur in 
a shorter time, and thus at higher frequencies, whilst others will correspond 
to slower vibrations, so that the absorption curve should spread over a wider 
frequency range. 

It will subsequently be shown, however, that with certain plausible assump- 
tions, a simple solution of the problem is reached, which contradicts the two 
conjectures just laid down. In calculating the dispersion it suffices to solve 
only one differential equation, and the dispersion formula remains essentially 
the same as at low temperatures. 

In order to find the simplest route to this result, we make the following 
assumptions: — ; 

(1) There is only one molecular vibration which contributes to the sound 
dispersion. We assume that this vibration is not degenerate. 

(2) The excitation of molecular vibrations on collision can be calculated 
with the help of first order perturbation theory. This assumption is justified 
in those cases in which dispersion occurs, since the probability of excitation 
of vibration is then small. This is so since we can propose a model for the 
motion in zeroth approximation, for which no excitation of vibration results; 
but which differs only little from the real motion. 

(3) The interaction energy responsible for the excitation depends linearly 
on the normal co-ordinate of the vibration in question. This assumption is 
justified if the amplitude of the vibration is small compared with the distances 
at which the interaction energy changes appreciably. 


+ This assumption is only made to simplify the derivation. The results can easily be generalised 
later. : 
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‘ 


(4) The molecular vibrations are harmonic. To find the probability of exci-' 
tation of the vibration quanta, we must first of ail consider the matrix ele- 
ments of the perturbation energy. Since by assumption (3) the perturbation 
energy depends linearly on the normai co-ordinate of the vibration, and by (4) 
the vibration is harmonic, the matrix elements of the perturbation energy 
will be proportional to the matrix elements of a harmonic oscillator. Hence 
all matrix elements vanish for which the initial and final states do not differ 
by one vibration quantum. The matrix element which corresponds to the tran- 
sition from the Ith to the ( + 1)st, or from the (J + 1)st to the Ith quantum 
state is, on the other hand, proportional to \/Z + i. The transition probability 
between two quantum states, J and 7 of a molecule, is given apart from a 
factor given by the square of the matrix elements. We have accordingly: 


legs: keyg: Bagi. = hyp thiggi higgi = 113232... (3) 
k,=90 when 1-t+21. 





Equation (2) is again valid for the relation ky,/ky,o- 

Now in order to get one single equation instead of a system of differential 
equations the quantities, n;, it is helpful to introduce the number, Z, of vibrat- 
jon quanta contained in one cm. This quantity will also be of immediate signi- 
ficance in the calculation of the specific heat. We have 


Yin=Z, Yuma. (4) 
t 
The time derivative of Z is given by 
aZ : 
=, =KN [> Fn tar — Yh iea m4] : (5) 
di iT t 


Transforming (5) and using (3) and (4), we have 


dZ 
“aE = KN toad, (Z + 1) Ny = NX kyo bad 
Qi: z t 


= Kiko, N? (yo ae 01) ZN}. (6) 


As we can see, (6) has the same form as (1 a}. It is not a fundamental difference 
that instead of the quantity n, in (1 a) Z appears in (6). Thus we must multiply 
the change in the quantity Z by fv, and divide by the temperature change, 
in order to obtain the specific heat; in a similar manner as in the case at lower 
temperature, we took the change in the quantity, ,. Following the same 
steps as Rutgers, we obtain from (6) @ dispersion formula which differs from 
the Rutgers. result only as follows: we must replace the quantity, k,), which 
occurs in the Rutgers dispersion formula (it went into the derivation as the 
factor before 2, NV in (1 a) by (ki) — 3) {i-e. by the factor hefore ZN in (6))f. 


+ Compare also equation (7) below, in which &,) only occurs in the combination ky) — ky,. 
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Iihy > kg? and thus k,9 > ko,, we can ignore ky, compared with k,), and 
have the Rutgers formule again.} 

In order to be able more easily to undertake the generalisation to the case 
in which several normal vibrations contribute to the sound dispersion, we must 
follow the argument of the Rutgers calculation in some detail. We put 


Z = By + Ze. 


Here c/2x is the sound frequency. The periodic changes of the other quantities 
we need not express explicitly. With the assumptions 7, < Ty, we have from 
(6), ignoring quantities of the second order, 


Zy fie + EN (ky cas ko3)] = PT, 


Here Pis dependent on the quantities occurring in (6), and on their temperature 
derivatives, but contains neither w nor Z. The contribution of the vibration 
to the specific heat is then 
Phy (7) 
O36 22 Oooo d 
See i @ + KEN (kz —_—? ox) 
A direct calculation of P can be avoided by letting w tend to 0. In this case 
Cose QUSt take on the value following from the Einstein function for 7%. 
We denote this by Cog. We have this 


eer EN (kyo — gy) aif 1 
‘ose ~~ Yose = N rns x “—™~ ose 3 > 
fo + KN (ky) — %o3) ac 
@g 
‘where we have set 
EN (Iey9 — hoy) = O- (8) 


The fact that we have found that this contribution to the specific heat has 
a complex value means that the change in the energy of the vibration does 
not take piace with the same phase as the temperature change. From (7) we 
can calculate c, and ¢, and finally the velocity of sound, ./« . cy/¢,, which is 
also complex. (a is the derivative of the pressure with respect to the density 
for isothermal compression.) The real part gives the phase velocity of the sound 
wave, whilst from the imaginary part the absorption coefficient can be cal~ 
culated. 

Lf now several harmonic normal vibrations contribute to the sound disper- 
sion, and we assume that the interaction energy is a linear function of all the 
normal co-ordinates, then these vibrations give rise to additive terms of the 
type (7) in the specific heat, since with a linear perturbation energy the excita- 





+ 3t is to be remarked, on the other hand, that the observations of Kneser (Ann. Phys. 16, 
360, 1933) do not lead to @ consistent approximation. He ignores 4, compared with ky, but he 
replaces ky not by (9 — % 3), but by (4,9 + % 1). The mistake in his derivation is that he ignores 
the transitions between one and two quanta states, which is not consistent, if we wish to draw 
a Qistinction between these two possibilities, whose percentage difference is of the order e**7/* 2”, 
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tion probabilities of the normal vibrations are independent of one another. The 
formula for the sound dispersion is thus calculated from the sum of the specific. 
heats, ¢, and c,. 

ft should be noted here that the Rutgers formula is also valid for the limit- 
ing classical case, since it remains valid for arbitrarily high temperatures. It 
can. also be derived by means of classical perturbation theory. Naturally the 
basic assumptions made here are important, expecially the harmonicity of the 
vibration, and the linearity of the perturbation. 

2. In this section we shall calculate the characteristic frequency of the Rut- 
gers formula w) = KN (ko, — kyo), and in particular determine its temperature 
dependence. 

Here KN is the number of collisions made by a molecule per unit time, and 
can best be determined from the thermal conductivity. The actual expression 
from the well-known formulae of kinetic theory of gases gives, as an order of 
magnitude, 


KD ar. (9) 


where » is the pressure, c the specific heat, and # the thermal conductivity 
of the gas. 

There remains still &,) — %o,, or essentially the excitation probability of the 
vibration, to be determined. In accordance with assumption (2), we presume 
that the excitation of the vibration occurs significantly slower than the ex- 
change of the translational energy. Otherwise we should not be able to distin- 
guish the absorption of the sound waves due to the vibrations from that which 
depends on internal friction and thermal conductivity, and the sound waves 
would not behave anomalously. 

This improbability of excitation of the vibration energy can only be due to 
the fact that the duration of the vibration is small compared with that of the 
collision, so that the collision behaves adiabatically with respect to the vibra- 
tion. The condition for this is that the amplitude of the vibration is small com- 
pared with the distance over which the forces of interaction change significantly. 
This has already been specified in assumption (3). In the adiabatic case we 
obtain exponentially small expressions for the transition probability. 

We wish to limit ourselves to the calculation of the exponential. We consider 
only those collisions for which the energy of the colliding particles is large 
compared with the vibration quantum, since we shall see subsequently that 
for all temperatures in question, it is only such collisions that play an impor- 
tant part. For this type of collision the excitation of vibrations can be considered 
purely classically, ie. we can set the excitation probability proportional to 
the square of the Fourier components of the force. Let us consider the integral 


+O 


J P(t) e2i"* az (10) 


in the complex plane, and displace the path of integration as far into the posi- 
tive imaginary region as the singular points of the function F (i) permit. We 
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can then easily see that the order of magnitude of the integral (10) 1s determined 
by the exponential e~**”? where ¢’ denotes the imaginary part of the singular 
point nearest to the real axis. Since the interaction of the molecules cannot 
be quantitatively defined, we limit ourselves to a one dimensional movement 
in order to discover the qualitative behaviour. The formula 


dz j 2 
dt VM(E-U)’ 


then shows that the singular points of x(t) coincide with those of U(x), and 
hence also with those of F(x). (It can easily be shown that the value U(x) = # 
is indeed a singular point for the function ¢(x), but not for the function x(#}.) 
t' is thus the imaginary part of the time necessary to get to the singular point 
of the function x(t). Furthermore we ascribe to U the form Ae~*, which cer- 
tainly has no quantitative meaning, but which expresses well the qualitative 
character of the atomic interaction. The singular point of this function occurs 
at x = 00. Since only the imaginary part of the time is of interest to us, we 
need only integrate the expression 


da 
t= cee 
lies 


in the region U > H. The constant 4 depends on the choice of origin, and can 
thus be selected arbitrarily. For convenience we put 4 = ZH, and after substitut- 
ing v for the speed at infinity, we have for ?’ the expression 


or 


and the probability &, is proportional tot 
_ sa 
e e 


This expression diminishes very rapidly as the speed becomes less. Thus for. 
the excitation of a vibration only collisions of particles whose velocity lies in 
the “tail” of the Maxvwellian distribution play a part, and not the ordinary 
cojlisions. We have for the total exponential factor, 


Sar Mee 
e e 2ksf . 


f This formula has been derived several times from different starting points, e.g. C. ZENER, 
Phys. Rev. 38, 277 (1931). 
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The most favourable velocity makes the exponential a maximum. We have 
thus 
4av Mv? 


oS ee 








or 
4n* a vkp vid 
> Mf 


oy 
This quantity satisfies the condition 


M 


$ 





>ho, (31) 


which we took as the basis of the classical behaviour in the calculation for all 

temperatures at. which the degrees of freedom of the vibration gave rise to 

any specific heat. The exponential factor is obtained finally in the form 
3/Si eo 


kyj,~e © FP (12) 
1 


By M we understand the effective collision mass, thus for a homogeneous 
gas about half the molecular mass. From (11) we have 
he 
keyg =e"? keg, ~ kegy 


ky, and k,, and also their difference, are thus of the same order of magnitude, 
and we obtain from (8), (9), and (12), 
8 (eave at 1 
~s 3 2 
Wy ~ pe e Vv kp Lp. (13) 


8 
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23. ON THE THEORY OF UNI-MOLECULAR 
REACTIONS 


An investigation is made of the decomposition velocity of large moiecules. 
Such reactions follow a uni-molecular course at high pressures, but a bimolecular 
course at low pressures. It is shown that there is a large intermediate zone between 
these limiting cases, in which the order of reaction moves gradually from the first 
condition into the second. Formulae are derived which connect the reaction velocity 
wonder various conditions with the thermodynamic functions of the gas. 


In uni-molecular reactions spontaneous decomposition of molecules occurs. 
In the course of this, those molecules decompose which have sufficient energy 
for the purpose, the so-called activated molecules. The reaction only proceeds 
in a truly uni-molecular way, however, if the number of activated molecules 
diminishes slowly in the course of their decomposition. Under the influence of 
the mutual collisions of the molecules, a thermal equilibrium is set up. The 
number of activated molecules, that is, those which possess a sufficiently 
‘large energy, is determined by these collisions. If the activated molecules 
decorapose so rapidly that the thermal equilibrium cannot be established, the 
number of such molecules diminishes rapidly. Further decomposition can then 
only occur spontaneously when activated molecules are created by collision. Thus 
the decomposition of the molecules comes to be connected with the impact 
of two molecules with each other: that is, the reaction proceeds in a bimolecular 
fashion. 

In order that the reaction shall proceed in a uni-molecular manner, it is 
absolutely necessary that the decomposition shall take place slowly, so that 
the time during which the activated molecules decompose shali be long compared 
with the time between two collisions, so that the establishment of thermal equi- 
librium shall be possible. These conditions are only fulfilled for small mole- 
cules if the decomposition would violate a selection rule, and involves a tran- 
sition not conserving the total spin. if there is no forbidden transition, such a 
molecule would decompose within the time required for one oscillation, which 
is much shorter than the time between two collisions. 

The condition necessary for uni-molecularity can be met, however, in the 
case of larger molecules, apart from the case where spin is not conserved 
ag it is then necessary for this decomposition that the activation energy should 
be concentrated in a single place in the molecule. In view of the comparatively 
small probability of such a process, the decomposition time of a large molecule 
increases greatly, and can become greater than the time between two colli- 


L. Landau, Zur Theorie monomolekularer Reaktionen, Phys. Z. Sowjet. 10, 67 (1936). 
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sions. The object of the present work is to consider the decomposition of such 
jJarge molecules. 

The decomposition of large molecules follows a uni-molecular course only 
at sufficiently high pressures. For very low pressures the time between two 
collisions is large. It is usual to suppose that the transition from a uni-molecular 
reaction to a bimolecular reaction takes place within a small pressure range. 
We designate as the reaction rate the ratio between the number of molecules 
decomposing in a unit of time, to the total number of molecules present at the 
given instant. In uni-moiecular reactions this rate does not depend on the 
pressure, while in bimolecular reactions it is proportional to the pressure. The 
relationship between the rate and the pressure is usually written in the form 
a pi/(b + p), so that it is constant for large values of p, and proportional to 
the pressure for small values of y. In this paper it is shown that, in reality, the 
transition from the uni-molecular to the bimolecular reaction occurs in a 
different fashion. 

We assume that the molecule possesses an energy #, sufficiently large 
for the molecule to be regarded as activated. That is, # is greater than the 
activation energy 6. We shall in what follows consider only activated molecules. 
In order that this molecule shall decompose, it is absolutely necessary that an 
energy, at least ¢, is concentrated at one place. In view of the size of the mole- 
eules under consideration, they may be regarded as macroscopic systems, so 
that statistical concepts may be employed. Normally, the total energy H of 
the molecule is distributed equally amongst all its degrees of ireedom. The 
concentration of the energy # at one spot (that is, the distribution of the energy 
£ over a small number of the degrees of freedom) is a fluctuation possessing. 
only smail probability. The entropy of the molecule may be designated S(Z) 
for uniformly distributed energy. When the energy ¢ is concentrated in a 
few degrees of freedom, the entropy of the remaining parts of the molecule 
S(# — 6) may be regarded as practically equal to the entropy of the entire 
molecule, since the entropy of the part where the energy is concentrated may, 
because of the small size of this part, be neglected. The molecule is a closed 
systerx. Hence the probability of the fluctuation considered, or (what is the 
same thing) the probability of the decomposition of the molecule, is given by: 


W(E) = Aexp[S(H — s) — S(E)/k (2) 


where & is the Boltzmann constant. The coefficient A has dimensions sec. 
It has the order of magnitude of an oscillation period of the molecule, that 
is, around 1012 to 101° sec-?. The value of 4 is in reality dependent on that of 
#, but this relationship can be neglected in relation to the exponential factor, 
and A may be regarded as constant. 

We shall designate by »(#) the fraction of the total number of molecules 
whose energy lies within a very small range around the value #. We now inves- 
tigate the variation of »(#) with time: that is, we determine the derivative 
dnjdt. We must remember that we consider only those values of # for which 
the molecule can be considered as activated. The value of n(#) changes, in 
the first place, under the influence of the mutual collisions of the molecules 
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and, secondly, under the influence of the decomposition. We consider first 
principally the first of these two factors. Through collisions with non-activated 
molecules, the molecules with energy FZ lose a portion of this energy, and cease 
to be activated. The reduction of the number of molecules with energy # under 
the influence of these collisions is clearly proportional to »{#). On the other 
hand, non-activated molecules may become activated through collisions. In 
a single unit of time there will arise from this cause a certain number of acti- 
vated molecules, which is clearly independent of the pre-existing total of such 
molecules. This number, divided by the total number of molecules, will be 
denoted by 7. In this way we obtain, for the effect of collisions, the relation: 


dn 
—|) = —-aoxnlF£) +l, 
(5 a 


where c is the number of collisions in the time unit. This is clearly proportional 
to the pressure. 

When thermal equilibrium exists, (dn/dt),.» = 0, and the equilibrium 
value is given by 2(#) = 29(#), for which evidently 7 = wn (#), and also: 


d 
(=) = w[n9(B) — n (BY). 


In addition to this effect, the number »(Z) of activated molecules is reduced 
by their decomposition. Let W(H) be the probability of decomposition per 
unit of time for the molecule with energy #. We then obtain finally: 


dz 
Ge = olto(B) — n{B)] — 2 (HZ). WCB). (2) 
The quantity dnjdé can never be precisely equal to zero, since the total number 
of molecules must necessarily diminish in the course of decomposition. Never- 
theless, for slow decomposition a practically stationary state is attained, for 
which dnjdt is approximately zero. 

From equation (2) we thus obtain: 


Ny 
a+ Wo 
The number of molecules decomposing in the unit of time, possessed of energy 


{in relation to the total number of molecules) is »(#).W(E). We designate 
this number 2(#), given by: 


n(£) = 


Piesg Se Sr (3) 


The distribution n (HZ) is given by the Gibbs distribution: 


F,-E£ 
nq(B) = exp| =25= [ar 
i) 
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Here #, and 1, designate the free energy and temperature in the equilibrium 
state, while 6 is the region of the phase-space of the moiecule corresponding: 
to a state with an energy close to #. The logarithm of dL is the entropy of 


the molecule in the same state, given by: 
S#)=k. msl. 
Thus we obtain: 


9 (#) = exp eae + | ; (4) 
Inserting (1) and (4) into (3), we obtain: 
exp 5S aac ay 
Tt ee a ee (6) 
2 aeaey 
o A k 


This expression has, generally speaking . a rather sharp maximum, attributable 
to the exponential functions of which it consists. Because of this, the principal 
role in decomposition is plaved by those molecules which have an energy 
corresponding to the maximum 2. The maximum of 4 also determines the rate 
of the decomposition. In what follows we shall use A to designate this maximum 
value, and consider the energy as that for which A has a maximum value. - 

Three possible cases must be considered. If A is a maximum, the first term 
in the denominator of (5) can be considerably smaller than the second, or the 
second considerably smaller than the first, or they can both be of the same order 
of magnitude. We proceed to consider these possibilities in turn. 


1 1 = a 
1. Let: — <-—~exp ote) Sh?) , (6) 
o A k 
Ié follows then from (5) that: 
es Fo-E S(#-e) 
A= A exp| 2 iT, + | (7) 


This is by definition to correspond to a maximum, so that the derivative 
dsjd# must be zero. As we have already indicated, 4 may be regarded as a 
constant. The derivative dS/d# is, however, the reciprocal of the temper- 
ature. If we then differentiate equation (7) in this manner, and set dA/d# 
equal to zero, we obtain: 

1 1 


En, 7 ea) 


T(# — s) is the temperature of the molecule with energy # — «. From this 
equation it follows that T(# — s«) = 7, and, further, that: 


H-cs=H#, (8) 
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in which #, represents the mean thermal energy of the molecule. In this way 
it is found that the principal role in the decomposition is not played by those 
molecules which have energy equal to the activation energy «, but by those 
whose energy is greater than <« by an amount Zp. 

If we now insert (8) into (7), taking into account the fact that Fy = By 
— TS, where H, = H(T,) and S, = S(Zq), being the energy and entropy 
corresponding to the equilibrium at temperature 2); while according to 
equation (8) H = #, +e and so S(# — z) = S,, we find that: 


A= Ae~ wh, (9) 


which is the familiar formula for the dependence of reaction rate on tempera- 
ture. The reaction rate 7 is in this case independent of the pressure, and so 
the reaction proceeds in a uni-molecular manner. Condition (6) now takes the 
form: 
8, - S(# 
o> A.exp ae (10) 


Since @ is proportional to the pressure, it follows that the case under consider- 
ation corresponds to high values of the pressure. 
2. Here we assume that, for maximum value of 4, 


ee | S(#) — S(E — 2) 
<> exp | AE ah 03) 
Equation (5) then takes the following form: 
Fo- EF  S(£) 
- A ee 12 
A= oexp| t= + =| (12) 


Since A is still regarded as being maximum, dA/d# is zero, that is: 
-—l I 


Soe Mee 
kD, * &P(B) 

{taking the alteration of w with the energy to be negligible in comparison 
with the exponential factor). It follows further from this that, 


T(E) = Ty, 


or the energy related to this temperature, 


Eis, however, greater than «, since we are dealing only with activated molecules. 
Hence (13) may be valid if #, is greater than e, that is, if the mean thermal 
energy is greater than the activation energy. This case will be discussed later, 
and for the present we confine ourselves to the case in which Z, is less than «. 
In such circumstances d2fd# is never equal to zero, but always negative 
(since # is always greater than #, and 7 (#) than 7,). Hence / has the greatest 
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possible. value for the smallest possible value of #, that is, for 
E=e (14) . 


(We set the smallest energy of the molecule arbitrarily as equal to zero. If 
this is not the ease, we should replace (14) by H = ¢ + EByin). In this way molecules 
will decompose when they possess the smallest possible energy for which de- 
composition is in principle possible, that is, when their energy is equal to the 
activation energy. 

When we insert (14) in (12), we obtain: 


eerie Fy-ée S{e) 
= w exp iT, aaa 


In this case 2 is proportional to the pressure, and so the reaction is bimolecular. 
The dependence of A on the temperature 7, is therefore different from that 
in the uni-molecular decomposition (equation (9)). 

The heat of activation is usually given by the magnitude: 


dina 


ee a 
ar) 


Li A is determined by equation (9), the heat of activation is identical with the 
activation energy «. In the case at present considered, we have used equation 
(15), neglecting the temperature dependence of Inw, to obtain the folowing 
relation : 





(15) 


ope OO 
d(1/f) °° 
However, 
A (FofTo) _ dF 
aay) 7°" *ar, ~ % 
and thus we obtain finally: 
g=e- Hy. (16) 


Thus the activation heat is in this case smaller than the activation energy. 
Equation (15) can here be written in the following form: 
S{e) — So g 
A = w exp| ————_ - —— }. 
»| k kT, 


Thus the factor by which exp {—¢/k7Z')) is multiplied is appreciably greater 
than w, since S(s) is greater than S, (when ¢ is greater than #,). The determin- 
ing equation (21), when expression (14) is inserted into it, then takes the 


following form: 
i . es S(s) — S(0) 
—_—-_ > — ——— 
wo A 2 k ja 





(17) 
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From the Nernst theorem, however, we know that S(0) = 0, and hence, 


o<A exp| - “I. (18) 





This case therefore implies that the pressures are low. 

_ A large region lies between the first and second cases considered. It is easy 
to see that the upper boundary of (18) is appreciably smaller than the lower 
boundary of (10): 


4exp| - alte | < deny] =e Ae) 


In fact, the derivative of the expression S(#) — S{e + #) with respect to 
the energy is equal to [U/T(#£)) - [1 iT (E + s)], which is clearly always posi- 
tive, since 7 always increases with increase in energy; and so the value of this 
expressionfor# = 0 isequal to — S(e), whichis smaller than its value for = Ep. 
The region between cases 1 and 2 will be discussed now in section 3. 

8. We consider finally the intermediate case, for which the denominator of (5), 
for maximum 4, satisfies 





1 er (19) 


A ke 


@ 


We can then retain one of the two terms in the denominator, the second, 
for example: 


F,-kE S(#- 
i= dexp[ 25" a =e"). (20) 


This expression has a form identical with (12). H is here, however, a complex 
function of w, which is determined by (19). 
The reaction is bimolecular if 2 depends on y, and uni-molecular when 2 is 
independent of ». The order of reaction can in general be defined in terms of » 
“an exponent a of p, if we write: 2 = const p%. It is clear that 


dina 
= ‘aie 
or, since » is the only quantity dependent on p and directly proportional 
to it, it follows that: 
_ dina 
~ dinw’ 





If we now insert (20), remembering that the magnitude # in (20) is not a con- 
stant, but is connected with w by equation (19), we obtain: 


1 1 dE 
Fe een ee ee aS | 21 
- [ ot TRESs | te (23) 
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since the derivative of the entropy with respect to the energy is equal to the 
reciprocal of the temperature. If we insert the = sign in (19) instead of ~ and 
differentiate, we find: 
‘ 1 i az 
“LeET(E—«) &T(B)|dinw 
Tf we now determine d#/d low from this and insert it in (21), we obtain: 


a ] 
TH—«) TT, 
he 22) 
a : : {22) 


T(B—«) T(E) 


In accordance with the alteration of # from EH, + « (case 1) to e (case 2) the 
value of a varies gradually from 0 to 1, passing through all intermediate values. 

The heat of activation, g, takes in this case the following form: 

dlna 
pe Sh By, (23) 
a= 
kZ5 
if the dependence of # on J, which is expressed in (19) is neglected, which is 
permissible since it is expressed by Inw. If EF varies from Ey + ¢ to «, the value 
of g then changes from ¢ to e+ Ep. 

Ii #y > «then, as we have already shown, the treatment of case 2 given above 
is not applicable. In this case, for small pressures, # = ZF, that is, the essential 
role in the decomposition is played by the molecules which are preponderantly 
present in the gas. In accordance with this, we must insert in the expression 
A = n{#) W (EH), instead of ~(#) the number unity, so obtaining: 


A= W (£)) 


L=A exp| Se. 


In this expression w does not appear. Hence the reaction remains uni-molecular 
even when &, is greater than «, and even for small pressures. However, the 
significance of the decomposition rate is now altered. For the activation 
energy at small pressures, we obtain from (24) the expression: 


dina 1 1 ]d£, 1 1 
a FE | —— = 2 ee 95 
9 1 ‘laa —s) 7 | aT, boul ea, ~ 6) 7 = 
0 
where ¢y is the specific heat of the molecule. 
The boundary between cases 2 and 3 is not given by condition (18) alone, 
but by the fact that in (19) the energy is changed to #,. Hence 


o = dey] SEB 9 S80 


or, according to (1): 


(24) 


(26) 


cpr 6 
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Thus, in the case where F, is greater than « the quantity a, which determines 
the order of reaction in (22), increases with reduction in pressure slowly from 
0 to 1 (when the values of H are close to that of £), and then falls with w, 
which is determined from (26), comparatively rapidly to zero. 

The practical application of the formulae obtained is made difficult by the 
fact that the function S(Z) is unknown, especially for large values of E. 
Nevertheless, the formulae may be used in reverse order, by using the known 
course of uni-molecular reactions to determine the thermodynamic function 


of the gas. 


24. THE TRANSPORT EQUATION IN THE CASE 
OF COULOMB INTERACTIONS 


A transport equation is derived for a system consisting of charged particles 
taking their interactions into account. The order of magnitude of the mean free path 
of the particles in such a system is determined. The rate at which the tempera- 
tures of the ions and electrons in the plasma become equal is evaluated. 


In the case of Coulomb interactions there appear, in the formulae for the 
kinetic theory of gases, integrals which are divergent when the distances be- 
tween the particles are large. This means that an important role is played by 
those collisions in which the distances between the colliding particles are large. 
But at large distances the particles are only scattered through small angles 
with small changes in velocity. Thus collisions in which the velocity vector 
is only slightly changed are important. 

Let ” (p,) be the distribution function in momentum space. It is a function 
of the three components of the momentum of the particle (1 = x, y, 2). The 
change in the momentum during a collision we shall denote by A; where 4; < 9; 
in all the collisions. Further, let dW be the probability (per unit time) of a 
collision between particles with momentum ; and a particle with momen- 
tum p;, such that p; is changed to p; + 4; and p; to p; + 4;. Because of 
momentum conservation 4; = — 4;. We shall not, however, use this fact for 
the moment, in order that we may obtain formulae which are valid in the 
general case. The number of such collisions will then be 


AW n(p) n'(p') 


(for simplicity we shall omit the indices on p,; and 4; in »(p,) and so on). 
_ The number of collisions changing particle momenta p; + 4; and p; + Jj. 
back to p, and y; will equal 

AW n(p + A)n(p’ + A’), 


since according to the Liouville theorem the probabilities of forward and reverse 
transitions are equal. 

Let us express the probability dW as a function of the half-sum and half- 
difference cf the momenta in the initial and final states. Then the probability 
of a forward transition will be 


A A’ 
aw(p+e. p ar A, a’, 


Il. . Tangay, Kauerriecnoe ypannenne B cayyae KyaonoBcKorO BeauMogelicrBua, Wypnas 
Suenepumenmanonot u Teovemuuecnot Dusuxu, 7, 203 (1937). 

L. Landau, Die kinetische Gleichung fiir den Fall Coulombscher Wechselwirkung, Phys. Z- 
Sowjet. 10, 154 (1936). 


6* 163 


164 COLLECTED PAPERS OF L. D. LANDAU 
and for the reverse transition 
Aa A’ 
aw( + 5 p + aE: —A, -4'). 


Since these probabilities are equal, dW (», p', 4, 4+) is an even function of 
A; and Jj. 

Hence the number of particles with momentum p;, is changed, due to colli- 
sions, in unit time by 


4 A’ 
fe W(p ai ge a ae a) {n(p) 2 (p') — n(p + 4)n’(p' + A’. 
The probability dW we write in the form 
: A 
aW = w(p +S. p el say a')av' ars 


where dt’ = dg, dp, dy, and dt, is the ae of the differentials of the 
parameters which define the collision. 
Thus the change in the number of particles with momentum 7; is: 


A a’ 
fax at, w(e +>, p+. 4, a’) (ute) n'{p') — n{p + A) n'(p' + AD}. 
(1) 


Let us expand the expression under the integral in a series in powers of 
4, and Aj (w should of course be expanded only with respect to A;, appearing 
in p; + A,/2 and p; + 4;/2). The zero order terms cancel each other and the 
terms of the first order are 

an on’ 
- {ae dt, (wa aki + wWnN—— al ai), 

Op CD; 
where w= w(p, p’, 4, 4’) (summation is everywhere implied over indices 
which are repeated twice). But w is an even function of 4; and 4;. Therefore 


‘the integral written above is equal to zero. 
The second order terms are the following 


A; 4 2 an' 2 Ai At en’ 
- fav’ ax, wf ty 4 A, A; a “ +O st 
2 6p; OD, om, OD, 2 an; Op, 


Aa an an! (2) 
a: Vale oc st Ge ete Anwoes \ 
far az,w 3 (45 op far) (fam Ge + na SE) 


Let us integrate two of these terms by parts over dt’, namely: 
én' an 
Op, Op, 








ow on 
ap) Op, 





1] 
- 5 er dt, A; Ay n’ — -5 [er dt, 4; 4, w— 


Ow OR an’ 
dr’ da i dz’ dz, A} A, w—-—— 
-3| Tt Tt, 4 eo 3 G rae -3| t ty EW ap apy n 
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Since the integration is performed over the whole of p’ space, the surface 
integral is equal to zero, because »’ = 0 at infinity. 
As a result the second-order terms give 


, 4:4, , @n A;4, an dn’ 
- [a axew| 2” Opom 2 dp, Op 


A,4, @w an 4,4, Gw én’ 
~ [av acy} fae San St 
2 Op, OM 2 Op; OP, 
This can be re-written in the form 


4,4 é 4; é 
-~——J{dt'drw a pace rns ae, “1. 
2 OP, 2 ” op 











Thus the integral (1), defining the change due to collisions in the number of | 
particles with given momentum is expressed, as it should be, as the divergence 
2 4,/6 »; in momentum space, of the flow vector 7, in momentum space. The 
components of this flow equal 


k= - fav ax, wf en U én re marae 








a 


OP, 2 oD; 


As was already noted at the beginning, 4; = — 4}. Therefore in our case the 


flow is 
ane 4 e 
ii = [ax at, (sso -» w on) ‘Ay w ar. 
OD, Op, J} 2 


If the system consists of different types of particles, then the flow j, for a 
given type of particle is equal to 


AE aay 


where the summation is performed over all the kinds of particles in the system, 
unprimed variables being related to the given type of particle and primed 
variables to each type of particle in turn {in this number, of course, is included 
the given type). 

_ Let us apply the formulae thus obtained to the case of a system of particles 
with Coulomb interactions, which we are considering. For this system let 
us determine the change in the momenta of two particles with charges, ¢ and 
e’ and momenta p; and p; moving at some distance from one another. Let 9 
be the impact parameter, i.e. the distance at which the two particles would 
pass each other if there were no interaction between them, and x, their relative 
velocity. Let us consider this collision in the co-ordinate system in which the 
particle e’ is at rest, with the x-axis along the direction of motion of the particle 
é, which has velocity u. We consider the scattering angle to be small. Because 
of this the momentum along the z-axis does not change to this approximation, 
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and only the momentum in a direction perpendicular to the z-axis (along the 
y-axis) changes. This change equals 


where U = ce’/r is the energy of interaction between the particles. 
Since the scattering is considered to be small it is possible to consider, in 
the integral, that the motion is unperturbed, i.e. directed along the x-axis. 


Then 
ee’ odit Zee’ 
J + (ee + wey? _ ou : 


Going back to an arbitrary co-ordinate system, and noticing that the vector 
of the change in momentum is directed along the direction of 9; we find 














2ee’ oO 
A; = = . (4) 
u go 
Let us now calculate the integrals 
4; Ay (=> = 7 7 
Kip = - = ; warty, 





appearing in (3). n' dW = wn’ dt’ dt, is the number of collisions per unit 
time with particles e’, undergone by the particle e¢ with momentum 4;, in 
which its momentum changes by the given value 4,. In other words this is 
the number of collisions in which particles e¢ and e’ pass a definite distance 9; 
apart, the particles ¢’ having definite momentum 7; (4; is completely determined 
for given p, and g,). Denote by v; and % the velocities of the particles « 
and e’. Their relative velocity u; = v; — v; has absolute value u. The number... 
of collisions of the particle e which take place at a given distance 0; with the 
given relative velocity u, is obviously 


“wodedgw dr, 


where ¢ is the angle determining the direction of @; (at the given velocity u, all 
the possible 0; lie in one plane which is perpendicular to u,; p is the angle in 
that plane). 

Hence we can change wdr, to wedodp in the integrals «,;; 


Zee? 0 oO; oy 
Ose = [= dody 
u e° 


In order to perform the integration, introduce, temporarily, co-ordinate 
axes with the z-axis directed along u;. Then g, = 0 since 9; 1 w;. Because of 
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this o,_ = Xgy = %, = 0. Also a,, = 0 since the integral of 9, e, = o*sng 
cos g over all angles » vanishes. 
Thus for a,, and «,,, which are not equal to zero, we find (substituting 
02 =e 8IN /Y, dy = g cosg and integrating with respect to d 9) , 
es 


2x ee’? F de (5) 
4 = = | —, 3} 
vy = X22 7 0 


a 


The integral appearing here diverges logarithmically. The divergence at 
small 9 is due to the fact that for small @ the scattering angle of the particles 
in the collision is large, and hence all the previous formulae are no longer valid. 
If the exact formulae are used then there would, of course, be no divergence 
{at small g). 

Since a logarithm is insensitive to small changes in its argument, we can 
take in (5), as the lower limit @,, that value e at which the scattering angle be- 
comes of the order of unity, ic. the interaction energy ¢ e’/e becomes of the 
order of the mean kinetic energy @ of the particles: 

_ ¢e 
a1 = 2 € 


As far as the upper limit 9, in (5) is concerned, two cases must be distin- 
guished. If the total charge on the particles in the system is not equal to zero, 
then as the upper limit one must take the linear dimension 2 of the region in 
which these particles lie. In the most interesting case, when the total charge 
of the system is zero, the charges are screened and as eg, one should take the 
Debye-Hiickel screening radius. This radius is 1/x where x is the coefficient. 
in the screened Coulomb law e°**/r and is determined by the well-known equation. 

eat N,@ . 
kT 





-Here the summation is taken over all types of particles in the system and N,; 
is the number of particles of the ith kind in ! cm’. To an order of magnitude 


xz /N e/kT where WN is the number of particles in 1 cm?. But k7 = 2 so. 
that x = VN e/e. Thus we can take for the upper limit in (8), 


€ 
G2 = Ve 


Substituting @, and @, in (5) we find 











where 1/3 \8° 
L= n= (=) : (8) 
N 
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Returning now to an arbitrary co-ordinate system we can write, in tensor 

form, w23 a4 
ik ~~ “ji Uy 

Oty, == oe oF 2 P——— 


1,+=k, 
tense aE 


ae 
where 


Substituting this expression into (3) we find the flow of particles e in momen- 
tum space in the form 


é : é 2 bin — é 
j= ceLye® a SS (7) 
Op, OP: us 


The transport equation in the presence of a temperature gradient and an 
external electric field #, has the form 
en on oT én 64; 
— teri tee +—=0. 8 
ot ot i 0%, Cp = Gu; (8) 





The Maxwellian distribution makes j; zero, as it should do. 

It would, in principle, be possible to determine from this equation the elec- 
trical and thermal conductivity of the gas consisting of the charged particles. 
This, however, meets considerable mathematical difficulties. We restrict 
ourselves to a qualitative determination of the conductivities, namely, we 
determine, to within an order of magnitude, the mean free path 7 of the 
particles, from which it is possible to find the electrical and thermal conduc- 
tivities by the use of well-known formulae. 

Let WV be (to an order of magnitude) the number of particles in 1 em%, 
e the charge of the particles and 7 the temperature of the gas. As is seen from 
(7), when it is substituted into (8), ’ and e appear in the formulae only in the 
combination NV L ¢*. Therefore, the mean free path of the particles should be 
determined only in terms of the quantities et LN, kT and the mass of the par- 
ticles. From these one can construct only one combination having the dimen- 
sions of a length, namely (k7')?/(et LN). To within an order of magnitude the 
mean free path will be equal to just this ratio 


eT? 
eLN- ®) 


This result disagrees with Gabor’s formulae’, which points to the incorrect- 
ness of his assumptions. 

Let us consider a gas consisting of electrons and ions. Because of the large 
difference in masses between the electrons and ions, the exchange of energy 
by the electrons amongst themselves and the ions amongst themselves will 
take place much more rapidly than the exchange of energy between the elec- 

‘trons and ions (in a collision between a very heavy particle and a very light one, 
the energy of each of them is almost unchanged). Because of this the equilib- 





I 


? 
t 
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rium in the energies of the electrons amongst themselves sae the ions amongst 
themselves will be established much sooner than the equilibrium between the 
unlike groups. Let us consider that such an equilibrium is already established, 
i.e. the electrons and the ions both have a Maxwellian distribution, but the 
temperatures of these distributions, 7’ and T, are different. Let us find the 
rate at which the equilibrium between the electrons and ions is established, 
ie. the rate of equalisation of the temperatures 7” and T. 

Let us work out the energy transmitted by the electrons to the ions in unit 
time (in 1 cm’) by collisions between them. Let e, m and e’, m’ be the charges 
and masses of the ions and electrons and n and n’ their distributions: 


n= N(2xmkT)-Ve-FT, ni = Ni Quam kT)-s%e-"*2; (10) 


NV and N’ are the numbers of ions and electrons in 1 cm? and ¢ and s’ are their 
energies. The flow of ions in momentum space is, according to (7): 


{ 6n' On \ wb, — wu 
i = 7 ¢7 etn | (nse - n' Se et (11) 
OP; ope us 


(all primed variables correspond to the electrons, unprimed variables to the 
ions). In the sum in (7) only one term remains, since the term which corresponds 
to the collisions of ions one with another vanishes, because the distribution 
of the ions is Maxwellian. 

The change per unit time in the number of ions with given momenta due 
to collisions with electrons is — 6 7,/@ »,. Thus the change in their energy is 


(0 2/6 p = v;). Since the integration is taken over all momentum space, the 
surface integral disappears. 
Substitute the distributions (10) into (11). We have 
om n Of = nY% on’ n’ vy, 
ap, kT bp, kf’ ay kT 








2 2/9 , 1 1 ie ue Oxy ~ Ug Uy 
= e- - fe 
il fons (gr- 7)? | ae 


But. 
we by, — Uy Uy 


ue 
Crh ®s 
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and therefore 


I Jj 2 = . .)2 
= ne e1L(Se- pr) [aw AS acay. 


The change in energy, which we are seeking, is then equal to 


y 4 19 i 1 ' U5 Ue ~~ (%; us)? 4 
finer = xe @ ‘L(pp- ae) {|e =o ag ade 


‘Since the mass of the electrons is much less than the mass of the nuclei, 
their velocity v is much larger than the velocity of the ions 7%. Because of 
this one may consider that u,% v;. Then 


4 v2 v, v4)? : 
finar=ae else ar) || nt EOE ara 


Averaging over the angles between v; and 2; we find 


2 1 i 
OS a LD A ee 2 ia 
fiemas guee Use or)|" ar{ dz’. 


Substituting (10) we have: 


eo 
BkT fn mi N82 6 mt 
eg ces (RW eae sc (ns EE 
[ne dz = \- dt aa (=) [e v' dv’ 
0 
mn 
= 2N' {/——_—_. 
NV Oak? 
As a result we find: 
: 2NN Pe Qam PPL 
[ide ee 2. 


If there are ions of different types in the gas, the total energy transmitted 
by the electrons to the ions per unit time is 


Qn" ere mE ag Ne 
eee 


(5; is over all types of ions). 

The energy of the electrons in 1 cm is equal to 3N’ k7"/2. Dividing the 
energy (12), lost by the electrons in unit time, by 3.N’ &/2, we obtain the rate 
‘of change of the electron temperature 7’: 





(12) 


aT’ 4 ef? (Qo m')¥2 (7 — T) Ne 

a a SN 13 

dt 3 (& TS? py m (23) 
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25. ON THE PROPERTIES OF METALS 
AT VERY LOW TEMPERATURES 


In the first part of the paper the influence of the interaction of electrons regarded 
as a small perturbation on the resistance of metals is analysed. The resistance 
produced by the interaction of electrons is proportional to 7°. 

In the second part an expression is derived for the thermo-e.m.f. which is in 
agreement with the Onsager-Thomson relationship. 


1, The existing theory of metals does not take into account the interaction 
of the electrons of the meta] with one another, although the latter must be 
very large and cannot be ignored to any extent whatever. However, since a 

“strict examination of the problem is impossible with the existing state of the 
theory, the interaction of electrons must at least be examined as a small 
perturbation. Such an examination at least provides the possibility of elucidat- 
ing the limits of applicability of the existing theory. At the same time it appears 
that at low temperatures of the order of a few degrees absolute the electrical 
resistance produced by the interaction of electrons cannot be considered as 
small since the effects caused by it are comparable in magnitude to or greater 
than the effects produced by the interaction of electrons with the thermal 
vibrations of the lattice. The increase in resistance produced by the interaction 
of electrons is proportional to 7? and at low temperatures is greater than the 
normal resistance which is proportional to 7°. The relationships existing here 
are analogous to the relationships existing in the field of thermal capacity of 
metals where the thermal capacity of the electrons plays an important role 
(since it is proportional to 7, while the Debye specific heat is proportional 
to TS) at low temperatures (a few degrees absolute), in spite of the fact that 
‘at-normal temperatures the electronic thermal capacity may be neglected in 
comparison with the thermal capacity of the lattice. 

As is well known, the state of an electron in a periodic lattice is described 
by the wave function y=” oh, 1), 

where the components of the vector k are determined only to the accuracy of 
the periods of the reciprocal lattice and the function g(k, 7) is a periodic 

function with periods equal to the periods of the lattice: 


p(k, «% + d,, y; 2) = o{k, &, ¥y + de, 2) = e(k, x, y, 2 + ds) ad 9 (k, x, ¥, z) 
d,, d, and d, are the periods of the lattice. 

WI. dlangay o i. Tomepanuyk, O cpoticrsax MeTaaa0B mpu o%eHb HNSKHX Temmepatypax, 
Rypnas Pnenepumenmanonot. u Teopemurecnot Pusuxu 7, 379 (1937). 


L. Landau und I. Pomerantschuk, Uber die Eigenschaften der Metalle bei sehr niedrigen Tem- 
peraturen, Phys. Z. Sowjet. 10, 649 (1936). 
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The vector 2 & (the quasi-momentum) plays the role of the momentum of 
the free particle; » = 1/h- 2 ¢/6k is the velocity of the electron, ¢ is its energy, 
i k = F, where F is the force acting on the electron. Owing to the ambiguity 
in determining the vector k the magnitude of the sum of the vectors k for 
interacting electrons is conserved only to the accuracy of the periods of the 
reciprocal lattice since only those transitions are possible for which 


: 2a 4x 
k,-S\SR=0, —, ~——,....; 
x % >, a a . ? 


k, are the vectors in the initial state, &’ are the vectors in the final state. 

Thus, the increase in momentum produced by an electric field can also be 
nullified as a consequence of the interaction of electrons with one another, 
and not only with thermal] vibrations of the lattice. 

Now let us write the conditions for the stationary state for the distribution 
function of the electrons in the presence of an electric field, for the time being 
considering only their interaction with one another, We obtain 

bn, - 
ae eF= | Waray eter (My M11 — 2} (L — 2") 


(1) 
~—n'n'(L—1y)(1 — %,)]) dtd". 


Here F is the electric field, n, and n,, are the densities of electrons in the 
initial state and ”’ and x’ are the densities in the final state. 

Owing to the laws of conservation (of energy and quasi-momentum) we 
integrate with respect to the quasi-momenta of the electrons in the states 
M, and n” since the state x’ is fixed if the states n,, %,, and ” are known: 


2am 


erate, - 2, Rk’ =k, + kh, - kh" - a 2 e. 





The transition probability Wi... is determined in the usual way 
through the matrix element of the perturbing energy Vi...44". Assuming 
the interaction to be the Coulomb interaction, it may be expected that the 
region of small angles of “deviation”’ (i.e. of transitions for which an electron 
goes from a state with a certain vector k to a state characterised by the vector 
k’ which is only slightly different from k) will play a special role (as is well 
known, for the Coulomb interaction the probability of scattering is inversely 
proportional to sin*d/2, where @ is the angle of scattering) in a metal; however, 
this region is in no way remarkable since small angles of deviation mean that 
the interacting electrons are on average at large distances from one another, 
as a consequence of which there is always screening by extraneous charges and 
the interaction will no longer be the Coulomb interaction. Let us now substitute 
‘in (1) ~ + dn in place of », where n is the Fermi equilibrium distribution 
function, equal to 1/fe“-“*" + 1], én is the deviation of the distribution 
‘function from its equilibrium value, assumed small. Let us put dn equal to 
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(dn/ée) p{k), where ¢ is a function to be determined. Since the Fermi function 
turns the right-hand side of equation. {1} into zero, we take on the right-hand 
side first-order terms, i.e. terms linear in g. We ignore the derivatives of én 
on the left-hand side. Equation (1) then becomes 


On Yr ny ap “ on. ve 
= ay ate = Wry wake ke jase ~((L—n')(l—n ) My, + vin" (1 — m3)] 





+ re ite v\(L— n\n, +n’ n’'(1 — ,)] — terms where the lower in- 


dices are replaced by the upper and vice versa} dt,, dv”. (2) 


Since n and én/ée are functions only of (¢ — u)/ke T, 6n may be assumed to 
be a function of y = (e — z)/kp T and the angles in momentum space. From 
the variables k,, ky, k. we change to the variables (e -— Hike T and the angles 
ix momentum space. Then in place of (2) we have 


— ve P= | Waa e { ana” dy dz" da, dw” (kg TL), (2a) 


where 4 = 6(k,k,k,)jé(edp) is the Jacobian of the change to the variables 
&,0,9,and dw is an element of solid angle. {} indicates the expression 
contained between the figured brackets in (2). The expression behind the 
integral sign in (2a) is a function of 7,, 711, 7’ and wy, O11, 0", the whole 
integral is a function of x, and @,. If now we substitute in (2a) 


1 
€, ~ 
os hg T | 
and-correspondingly in place of n,, and »" their Fermi expressions, we obtain 


_ am Py + Piz 
VeKF=akTl W. (e-™ 4 1) le" + lle’ + Die +1) 
a re | By ky he BO te + 4) (e7*2 + 1) (e* +1) (e* +1) 


Ny = 





aad ar 
- Se ep” Cm ea Ory AOS. « A8) 


In the terms containing ¢g, one can carry out both integration with respect 
to y,, and to ¢’’, but in the terms containing ¢,,, o’, y’’—only the one integra- 
tion (in the term containing 9’ integration with respect to x’’ is replaced by 
integration with respect to 7‘). At the same time the Jacobian A and the 
probability Wi,.,,.% in our approximation may be regarded as independent 
of energy, i.e. of v (since the yare in fact functions varying slowly in comparison 
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to y, which changes its order of magnitude for a change in efrom nto wu + kp T). 
As a result of the simple but lengthy integration we obtain 





Fa) aT F 
hy He EaenresclR a 
de + fh, F 
i-) ho] 








W xdy gay Pr 

= k 5 et Yl? 2 + 2 : 

oT | Pee {| | ex +1 (2 =i e|@sne*+y 
0 (9) 


= Pita — XK") A411 2 Py — Kaz’ | 
(e~* 4 1)(e7™ 4 1)(e8 — 24) (e~4 + 1)(e7*% + 1)(e* — e*) 
Pr — x") ay" 
= eo 41 4" day dv”. 
le + ij(en*" + 1)(e% — e& sf 11 AU doy, do (4). 


From this equation it follows in the first place that (yz) = »{— x), since 
y(— x) satisfies the same equation as ¢(z) but with y,, a function of ~ y,,, 
gy’ of —z’ and ” of — x’; in the second place, if equation (4) is re-written in 
the form 


é , 
=. VeP=Agy+ [zu x) (x) Az, 
then the operator Z has a symmetrical kernel: 


Xi — % a ; 
L(x 7) “Caries bere” LAY 1); 


in the third place, it follows from equation (4) that » = F g9(z, w)/T*, where 
g(z, w) is a certain even function of yx. 
We find that the current is 








: on 2ek,f on ak 
= -—2 —_—_ = — 4 = 
z e[V ae gdv 7 {Z VAg(xo)dazdw oe 
e* 9(z @) 6 (ky ky kz) 
= 2e] —_*~—_ 4 Vdydo, 4=— 2 * 
om “ONT Se ep aoe B(e 39) 


Since at low temperatures énjoe has the form of a é-function of ¢ — x, Le. 
is different from zero only for values of ¢ close to yu, it is possible in integrating 
with respect to e(y} to regard the’ values of VA as equal to their value at 


& = ph. 
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In this way the resistance produced by the interaction of electrons with one 
another is proportional to 7?. 

At temperatures below the Debye temperature but greater than those at 
which the interaction of electrons is important the resistance is proportional 
to T> (it is determined by thermal vibrations in the lattice). At very low 
temperatures of the order of a few degrees absolute the resistance is propor- 
tional to 7%. In the intermediate temperature range qualitative agreement 
should be obtained with experiment if these two laws are combined in a 
formula of the type 


R=aT? + pT. 


The data on the resistance of platinum up to temperatures of the order of 
20° K fit well into this formula with coefficients « and 8 equal to 16 x 10-? 
and 3 x 10-7. 


2. The existing theories of thermo-electric phenomena at low temperatures 
‘are not satisfactory. Thus, Bethe! derives an expression for the thermo-e.m-f. 
without taking into account the establishment of equilibrium with respect to 
directions (which proceeds more slowly at low temperatures than that with 
respect to energies) and therefore obtains a result in direct contradiction to 
the Thomson-Onsager relations? between the Peltier heat JZ, the Thomson 
heat Jf and the temperature derivative of the thermo-e.m.f. #: 

at 


I 
— —_ = = eae 5 
£ iz, M TR {5} 


That these relations are obeyed is guaranteed by the symmetry of the 
collision operators, which leads to the result that if one writes the electrical (4) 
and thermal current (s) in the form: 


d(gy — u/ $ a(p — pf Tt 
; (y ule) | %2 AP piss (y Hie) , d 


dz T dz’ : dz a2 dz 


4 = Oy 
where z is the co-ordinate, y is the potential, then 
O12 = %3- 
This identity also gives the relations (5); in Bethe’s case this equality is 


not observed. Bethe makes use of a distribution function at low temperatures 
{more precisely, its deviation from the equilibrium Fermi value) of the follow- 


ing form: 
pe SO) Se ale) 6 ee | Une), 9Ge) | ae 
\ Gee a dz ée| 8 7? | dz 


« is a function only of the angles in momentum space, U and g are functions 
of the angles and energies, U(z, w) is an odd function of % = (¢ — p)/ks T, 
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g{z, @) is an even function of z. Let us find «,, and x21; (1/7) «,,is the current 
from the terms in én which are proportional to d7/dz, i.e. 


l C(y,@)  g9(z, ) 6(k, k, ke) 
aa ~2 oo eee OO A ee 
Fr 2 = {r- aa =( te) 73 + 7 |4acae: A aeoo) 


In view of the fact that dn/ée has the form of a 6-function of ¢ — yw, at low 
temperatures, i.e., is different from zero for « close to uw, one can consider that 
V.4 = [V,4],=, = const in the integral containing g. In the integral contain- 
ing U(z, w) such an approximation gives zero as the function U(x, w) is odd 
and therefore in that case we expand V, 4 in a series: 


é 
V.4= (Adapt |UV-A)] ~ w= Wi dhen + 2h 72.41] 
Je . je=y 


Owing to this «,,/f = «/T?, where 


e* y 
an 2e| — ole @) dz dw [Ve ales. 


a e* 
2e|-—[V_4 kp |} —————7 0 d; 
+ foi z i 2| (ise? * (xo) dzde, 


where a., is the heat flow from the term in én which is proportional to the 
electric field 





—— én P et  Aa(w) 
ate Bias oy ae es ia eons ; 
:72[7, (e — p) me dedw = 2 | Vex aay 7 ——dzdw 


% 
= “smsfegtg tt se) a. A)an t+ (bg P Exe jarde 


2ke ff, @ ) i 
or aed i 


Thus «,, ~ 7%, while a,, ~ 7-1. 

In examining the terms of the transport equation corresponding to the 
establishing of equilibrium with respect to direction, Kroll? neglects quantities 
of the same order as he retains. Due to this the transfer of heat in a metal 
in which no electric current is flowing turns out to be impossible. This follows 
from the fact that for an electric field equal to zero (a condition from which, 
as is well known, the thermo-e.m-.f. is determined) the deviation of the distribu- 
tion function from its equilibrium Fermi value disappears in Kroll’s case, i.e. 
the distribution function in the presence of a temperature gradient remains 
a Fermi one, which is incapable, as is well known, of producing heat flow. 

To elucidate the problem we shall examine first in a general form the equation 
for the stationary state in the presence of a temperature gradient. As is well 
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known, the change in the number of electrons in unit phase space under the 
influence of interaction with lattice vibrations is equal to 


f Anu (2(h — 0)(N + 1) — nL - 2) NY df, af, df, é 
+ | By {n(l — 0") N — nl = a) + 1} die dt, af, 


A;,» and B;,, are the transition probabilities, which differ only in the signs 
of the d-functions, viz. d(e — e' — 2 w) enters into A,, and d(e’ —  — ia) 
into Byy. NW is the distribution function for phonons, f is the phonon wave 
vector. The integral containing 4;,, takes account of transitions from the 
state ¢ to the state «’ lying energetically lower than ¢, and the integral contain- 
ing By takes account of transitions to the state «’’ lying energetically higher 
than 2. Phonons taking part in transitions of an electron with a given & must 
satisfy the condition 


(k + f) = e(k) + hoff), 
ie. must lie on the surface in the momentum space of phonons 
e(k + f) — 8(k) $ Aao(f)= 
Therefore the number of phonons taking part in the given transition is 
proportional to an element of this surface, ie., to the quantity [f|d|f{, for 
low temperatures which excite vibrations of low frequencies for which 
a ky Thy’ -— 
fl~o = atl een 
Finally 
df, a7, df, ~ |fPdlf[do ~ (ky TP lx ~ xP az’ do. 


The transition probabilities A, and B,, at low phonon frequencies are as 
is well known, proportional to the frequency, i.e. 





ky P 
A, v= o Ab y: = = iz’ — xl AR 


In place of V in equation (6) we substitute the Planck distribution function 
l 1 


ho = lz’ — x| 
1 x 1 
exp (5) + exp] 2H kg wae ea 


in place of 2 we put n+ én, where » is the Fermi distribution function 
(exp[(e — p)/ke T] + 1)-1, dn being a small function which we shall suppose 
equal to dn/de - ply, w), where ¢ is a certain function. In view of the smallness 
of én we shall keep only terms linear in én. Taking account of this, we 
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re-write equation (6) in the form: 
(ks T)? a| Ad A P (x1 @) — P(x’ ’) 


+ News Nery A Ah az de 


; wlan ey) — eG" oO) * ee Pe ade ye 

+ (kg a q[ Bhan d (thers per-l— po dw”, (7) 
_ ety hs) 
B(e, 3, 9) 


q is a numerical factor (into which enters the coefficient of proportionality 
between frequency and wave vector and so on). In the first integral s’ = « + ho, 
in the second « = e’ + kw. Since at low temperatures the wave vectors of 
phonons are considerably less than the quasi-momenta of electrons, i.e. 
lf| < |&], the angles w’ (w’”) and w differ from one another only by a very 
small amount. Therefore y(y', w’) can be expanded in a power series in w’ — @: 


d(x’ w') 1 oy’ w’) 
———_ (w' ~ w) + —- —>—_ 
GI) 2 60% 


pty! o') = g(x’ o) + (@’ — w)?. 


As is well known, however, it is not possible to expand in a series with 
respect to the energies of phonons, since, although & w < ¢, p{y, w) is a rapidly 
varying function. w’ — w is proportional to the wave vector of the phonon: 


jo’ ~~ w|~ |[fl~ on kyT |g — x|fh. 


On integrating with respect to angles (azimuth) the term containing w’ — » 
(Le. f} vanishes (assuming spherical symmetry) and there remains the term 
containing the square of the wave vector. Equation (7) now becomes 


[elm ey) — ely’ od ix’ — ok 
2 2 AO BE Mah NA ae AN ? a 
(ke Z) {4 Ay, x (oe + 1)(e74 + 1)(el*-4l — 1) dy’ dp 


[v(x @) — px” @) Ix” — xP ax” a 
e+ N+ YEP AT= 1 


if Bly’ @ 
if a Ix Ng a 
4 , 4o : Vast 
} dalke TY) A Ax, x (e+ Le + lee — 1) i ly(e- + H(ele-al = 1) dy dw 


wedhs me| a” By. 


2 Le 
[ A” Be 5 SEE ye -aldz’ do 
a ua 
eh, (e-* + Ile + (ele 41-1) 8) 


This equation may be written as follows: 
{kg TY? Ly (y) + (kg T)* Lo(¢) (9) 
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J, is the collision-operator contained in the first figured brackets in (8), Z, 
is that in the second. Equation (8) must now be equated to the change in the 
distribution function under the influence of the temperature gradient, i.e.*. 


bn ad? 
ae ig fe 
Ge 22 SB dz 


For the function y» we obtain the equation 


on dv 
- 2 V4 hg — = (hep PY Ly(9) + (hy PT) Lal). (10) 


In Z, only those transitions are taken into account for which the direction of 
the quasi-momentum does not change (ie. transitions inside a cone in the 
phase space of electrons). Into L, enter those transitions for which the quasi- 
momentum changes direction. There are insufficient transitions of the first 
kind to establish equilibrium in the presence of a temperature gradient. To 
demonstrate this let us integrate both parts of equation {10) with respect to 
energy (i.e. over a cone in the phase space of electrons). Remembering that 


on e* 
SESE ete lige = 1 ace 
we have 
pee pel k L dy + (kp 1) | AL» (9) a 
BTS Tey tt 1dy = (kg T)® | L,(y) Adz + (kg T) ‘a(p) dy. 


But fz, (py) dy = 0, since the number of electrons in the cone cannot change 


as a result of transitions for which the electron remains in the same conef. 
But the term containing d7/dz is not equal to zero: 


eX e* é . 
[eva qe apean [aq {ret [Zo] xt thax 


é e* 
Sup eee . 2 : 
| é (7,4)] bP |x aaa in +0 


In this way the temperature gradient changes the number of electrons with a 
given direction of quasi-momentum, while collisions with phonons, which 
enter into £,, do not change it. It is therefore also necessary to consider 


tT Indeed, 


iz (90) — 9(x'")} Bay ay Pgs 
I= fa Li@ax= [44 Wher sa perry |e" eh ax” 


{9(7) ~ 9} Ady 
, oo }, 2 ay [2 0 
[44 (ext hlrs her-aay% ~xP ax’, 
On interchanging yx and x’ (y and 7") J changes sign, remaining equal to itself, i.e. it is equal 
to zero (under such a transformation BP, becomes AP ,). 
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transitions with change in direction of quasi-momentum, although they occur 
rmouch more slowly than changes for which the direction is conserved, 

To solve equation (10) we look for the function p(y, w) in the form of the 
sum of a function only of the angles in momentum space and a function of the 
angles and the energy (i.e. of x): 


¢ = Blo) + ¥(Zo). 


We assume here that y < £, so that we shail neglect y at the same time as f. 
f does not enter mto L, since it contains the difference 


P(x ©) ~ (x @) = y(yw) — ¥G’ @). 
y + Benters into L,, but since we suppose » < 8, we only retain 2, Equation 
(10) is re-written thus: 


en at 
a Viz ka = (kgf)? Ly{y) + (kg T)* Lo (8) (11) 


To solve the equation let us integrate it with respect to < (ie. over the cone 
in momentum space). The integral containing LZ, disappears in this integration, 
as we have seen, and there remains 


8 dt e 
aan — je er = 5 ope 
| a (v.4)| es ae | 1 page a = (es) [4zatAaz 


c= 


From this equation it follows that 8(w} is inversely proportional to the 
fourth power of the temperature, i.e. 





By(o) dt 
BO) = eae 
To determine y(z, w) we have now the equation 
on ,, av : aT 
— ay Vebet ay = bet Lay) + ki L,(6)-s7: (12) 
or 
evVikgy ar ee é aT . 
te kgT dz (yD)? Ly{y) + ky Ly(Bs)—5—- (12a) 


_ From this it may be concluded that +({y w) consists of two functions, one of 
which is proportional to 7-3, the other to T-®; since 8 = T-4, then at low 
temperatures § is in fact greater than y. 

In what follows we shall require only the expression for the electric current. 
It is obtained from £, in contrast to the heat flow, already in first approxima- 
tion (i.e. replacing (V,4) by {V,4},-,). Therefore we shall not need y. 

Consequently, in the presence of a temperature gradient we obtain dn in 
the form = 

3 én B,(m) at 
Ge TA dz 
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The total deviation of the distribution function from its equilibrium value 
in the presence of a temperature gradient and an electric field will bey 


a(o-4 
Be én Bi(w) AT dn a(w) e 
"ge Fy dz ; Ge T5 dz 


« is a function of the angles which is different from £,. We find for the current 


: By(w) AT | x(a) fa 
= —2 y, etteies | -_— 2 
t .( al TA an + Te aly : Adedo 
u 
a(o-4) 


2 Ze e% 
= Se [ge wneerr te eres yd — 
a5 salares Gao ~ B,{w) Adydw +— 75 | Pq = apn oady Das 





ie 
; al ¢-— 
a A), = [x + emp ak a ra as Wess ane dydao 


d pa 
_&y oP Os é 
~ T* az T dz 


C, and C, are constants. From this it follows that «,, = Z-8. We find the heat 
flow from the term d(y — p/e)/dz. It is equal to 


bn x(w) 
[e- B) V,— ae 7 Ady do = ~ ky? | 


a 2 








~(¥,4) dy dw 


AT 


e & (w) é 
V1 et pS —- 4k,T : 
“+e 7 | (FA = [= (V, a)| 7 * 
1 


of , ale) 3 
etched Lake aecn aca bat 


Xq, = T-, as is «,,. In the presence of an electric field the distribution function 
consists of two terms:5 


— kT 





0-8 
i> «(w) ie an “| e} 


@e FS as” 8 dz 


where g(z @) is a function of the energy and the angles, g is an even function 
of x = (e — p)/k T. In calculating the heat flow a second approximation must 


on x fo 


t The term z— de TS da\ -£) was found by Bloch. 
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be taken in both terms, in view of which the heat flows from « and g will be 
in the ratio of Z-? to one another. Therefore at low temperatures the term 
g(z @) need not be considered (just as is done in calculating electrical con- 
ductivity). 

Putting the current i equal to zero let us now find the derivative of the 
thermo e.m.f. with respect to temperature: 





Thus, at low temperatures the derivative of the thermo-e.m{. with respect 
to temperature is proportional to 7, as at high temperatures. By virtue of the 
relationships (5) the Thomson coefficient M = 7, while the Peltier heat must 
be proportional to T*. If d(pm — u/e)/dT is denoted by #, then at low tempera- 
tures the ratio #/7 must be constant. The existing experimental data on the 
thermo-e.m.f. of pure metals (the presence of impurities introduces considerable 
complications) at low temperatures‘ confirms this conclusion at temperatures 
above 5° K (for Sn, Ag, Pt). 

Up to the present time only the influence of thermal vibrations in the 
Jattice has been taken into account. However, both electrical resistance and 
thermo-electric effects are also due to impurities (residual resistance) and the 
interaction of electrons. The action of these two factors cannot be ignored at 
low temperatures since at very low temperatures the magnitude of the residual 
resistance or the resistance due to the interaction of electrons is greater than 
the resistance due to lattice vibration. In considering the influence of impuri- 
ties (residual resistance) on the thermo e.m.f. it turns out that the coefficient 

‘of proportionality in the relationship H = T twice undergoes an alteration, 
viz. first when the electrical resistances (from impurities and lattice vibration) 
become equal and secondly at very low temperatures when the thermal 
resistances due to impurities and lattice vibration become equal. (While the 
tatio of the electrical resistances is proportional to 7, the ratio of the thermal 
resistances is proportional to 7%, from which it is evident that the thermal 
resistances become equal at lower temperatures than the electrical resistances). 

The same results are obtained on considering the interaction of electrons, 
Le. the relation # ~ 7 is valid only in those regions of temperature where 
one of the resistances (the electronic or the norma! one) is greater than the 
other. If the residual resistance is comparable with the magnitude of the 
electronic resistance the relation # = J ceases to be obeyed. 

_ In measuring the thermo e.m.f. use is made of a circuit consisting of two 
metals with differing temperatures at which a change in the coefficient of 
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proportionality in the relationship # ~ T takes place. Due to this the observed 
picture of thermo-e.m.f. is noted for great complexity at temperatures where. 


the influence of impurities and the interaction of electrons make their appea- 
Trance, 
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26. SCATTERING OF LIGHT BY LIGHT 


In a recent paper Euler and Kockel’ have calculated the effective cross- 
section for the scattering of light by light. The calculation was carried out tor 
the case of small frequencies (4 w < mc*), the frequencies being taken in a 
frame of reference, where the total momentum of the colliding quanta vanishes. 

We have calculated the cross-section for the opposite case of large frequencies 
(2 » > me?). For the integral cross section we get an expression of the form: 


c\2 
6 = aat{—}., 
@ 


where « = e/4 c with a constant «, which is difficul to compute. According 
to Euler and Kockel, for small frequencies o is proportional to w®. Consequently 
¢ has a maximum value in a region Aw ~ mc. 
It is also difficult to compute the dependence of the differential cross-section 
.on the angle of scattering. We find that for the smal angles the polarisation 
of the light quanta is not altered. The differential cross-section for smail 
angles is 
4 & 
do = =(<) Int @ a6, 
3° \ @ /- 
© being the angle of scattering and dé@ the solid angle. This formula is valid 
for smal angles, but not essentially smail compared with m c?/A w. In the latter 
case it is necessary to insert into the logarithm m c?/A w in place of 0. 
The formula has a relative accuracy of I/ln@. The cross section increases 
with decreasing angles, but not very rapidly, and it is impossible to affirm 
that this region plays the main role in the integral cross-section. 
The detailed calculations will appear elsewhere’. 
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27. ON THE ORIGIN OF STELLAR ENERGY 


Ir is well known that matter consists of nuclei and electrons. Nevertheless it 
ean be shown that in bodies of very Jarge mass this usual “‘electronic’’ state 
of matter can become unstable. The reason for this lies in the fact that the 
“electronic” state of matter does not lead to extremely great densities, because 
at such densities electrons form a Fermi gas having an immense pressure. On 
the other hand, it is easy to see that matter can go into another state which 
is much more compressible—the state where aj] the nuclei and electrons have 
combined to form neutrons.’ Even if we assume that neutrons repel each other, 
this repulsion can become appreciable only at densities of the order of magni- 
tude of nuclear densities, ic. 1014 g/cm’, and the pressure of a Fermi gas 
consisting of neutrons is much less than an electronic gas of the same density, 
because of the greater mass of the neutrons. 

Therefore in spite of the fact that the “neutronic” state of matter is, in 
usuai conditions, energetically less favourable, since the reaction of neutron 
formation is strongly endothermic, this state must nevertheless become stable 
when the mass of the body is large enough. In this case the gravitational 
energy gained in going over to the neutronic state with its greater density, 
compensates the losses of internal energy. 

It is easy to compute the critical mass of the body for which the ‘‘neutronic’’ 
state begins to be more stable than the “‘electronic”’ state. First of all we must 
calculate the energy necessary to form one neutron. For instance in the reac- 
tion 80 + 8e7 = 169n we find from the mass defects that to form one neutron 
the energy required is 0-008 mass units or 1-2 x 10-5 erg (7-5 MeV). To trans- 
form one gram of matter into neutrons we thus need 7 x 108 erg/g. 

Now we must calculate the gain in gravitational energy. The gravitational 
energy of the much less dense “electronic” state can, of course, be neglected. 
Let us assume first of all that the neutronic state has a constant density 
104 g/em’. The gravitational energy of a homogeneous sphere of mass J is 
then. 

3 x 10-3 M58 erg. 


For the stability of the neutronic phase we must then have 
3x 103 53> 7 x 108 M, 
M > 10” ¢ = 0-050 


or 
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On the other hand, if we assume that the neutrons behave like a Fermi gas 
we find for the energy 


4x 10-22 478 erg 
and, hence, 
M>15 x 10%¢g = 10°36 


which critical value is even less than on the first assumption. 

When the mass of the body is greater than the critical mass, then in the 
formation of the “‘neutronic” phase an enormous amount of energy is liberated, 
and we see that the conception of a “neutronic” state of matter gives an 
immediate answer to the question of the sources of stellar energy. The sun 
during its probable time of radiation (about 2 x 10° years according to general 
relativity theory) must have emitted something of the order of magnitude of 
3 x 10° erg. The liberation of this amount of energy requires the transition 
of only about 2 per cent of the mass of the sun (with the assumption of constant 
density) or even only 3 x 10-°© (with the Fermi gas mode) into the “neu- 
tronic” phase. ven for such a bright star as 8-Orionis we find for the mass 
of the neutronic core only about 0-10 (with the Fermi gas model). 

Thus we can regard a star as a body which has a neutronic core whose 
steady growth liberates the energy which maintains the star at its high tem- 
perature; the condition at the boundary between the two phases is as usual 
the equality of chemical potentials. The detailed investigation of such a model 
should make possible the construction of a consistent theory of stars. 

As regards the question of how the initial core is formed, the author has 
shown in a previous article* that the formation of a core must certainly take 
place in a body with a mass greater than 1:50 In stars with smaller mass 
the conditions which could make possible the formation of the initial core have 
yet to be made clear. 
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28. ON THE ABSORPTION OF SOUND IN SOLIDS 


The absorption of short wavelength sound is investigated. The phenomenon is 
interpreted as a result of sound quanta and heat quanta colliding. This results 
in a linear frequency dependence for the absorption coefficients. 


THe occurrence of sound absorption in solid bodies we interpret as due to 
collisions between the sound quanta and the Debye heat quanta. This proce- 
dure is indeed only justified when the energy and momentum of the Debye 
quanta can be sufficiently sharply defined that their change by the amount 
absorbed of the energy and momentum of the sound quantum falls in the 
region of the quantum mechanical uncertainty. In other words, the free path 
of the Debye quanta must be large in comparison with the wavelength of the 
sound waves, i.e. the theory is only justified so long as we do not consider too 
long sound waves. 

At room temperature the boundary in fact lies very high, at a wavelength 
of 10-* cm, thus far above the experimental possibilities for sound waves. At 
low temperatures the relative values can be more reasonable. The opposite 
case, wavelength large compared to the dimensions, will be treated in a future 
papert. 

The direction of the calculation will here be outlined. A plane sound wave 
with wave vector k and frequency «, collides with a Debye heat wave (wave 
vector k,, and frequency ,). So long as we work to the approximation of 
classical elasticity theory, the principle of superposition is valid, and no inter- 
change of energy or momentum occurs. If, however, in the expression for the 
energy density, the next degree of approximation is taken, and the cubic 
terms are allowed for and introduced as perturbations, then transitions will 
come about in which energy and momentum are transferred from the sound 
wave to the Debye wave, i.e. there is a finite absorption. 

In order that, to this approximation (ie. the inclusion of processes in which 
only three waves are involved), the energy and momentum of the sound 
wave may be absorbed by the heat wave, the following conditions must be 
fulfilled : 


k,+k=k,, wo, + @ = @, (1) 


where the indices distinguish between the phonon which absorbs and that 
which results from absorption. It is easily seen that these conditions cannot 


+ This paper does not seem to have been published (Editor’s note). 
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be satisfied by the sound waves and phonons having the same speed of propa- 
gation. For from 
KZ lk] - (kl, © = a2 — a 


we have, since w/k = C (velocity of sound). 


@ Wo Oy, 
Oro? Cc’ 


Thus necessarily C’ = C. Since the transverse velocity, C,, is smaller in 
solid bodies than the longitudinal velocity, C,, we see that in the first approx- 
imation for our model, only transverse sound waves can be absorbed by longi- 
tudinal phonons. For a complete absorption of the longitudinal waves also to 
come about, more than three waves have to take part in the process, i.e. we 
have to include the quartic terms in the energy, and make the perturbation 
calculation to the second order of approximation. Here, however, we are not 
interested in this, and limit ourselves to the first order perturbation calcula- 
tion. 


1, Toe PERTURBATION ENERGY 


HE we denote the components of the. deformation tensor by w,, then the 
density of the elastic energy can be expressed exactly up to the third order 
components: 


- 2 2 a 
W = dui, + Bui, + Pui, + Ow, wes + Bowes, 
a 5 2 Ty 3 oe Tr as ay: 
Wey = TL Uy, Wry = Tr vy, Uy ,. Wig = TY wy, Us Wep- 


Tf we neglect the cubic terms, we obtain the familiar expression for the elastic 
energy, from which one can easily see the meaning of the coefficients A and B. 
For the speed of the sound we have (¢: density) 


The coefficients P’, Q', #’, characterise the degree to which the elasticity 
deviates from Hooke’s law. Since we allow for the cubic terms in the calcula- 
tion, the deformation tensor must be more exactly considered than in familiar 
elasticity theory normally happens. 

Through a displacement, uw, the point P goes over to P,. We have thus: 


Ou; 
dxi = dx, + —dx,. 
CL, 


The square of the line element becomes correspondingly: 


ds’? = ds? + 2m, dx* dz’, 
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where w,, is the deformation tensor by definition. We get now in a straight- 


forward manner: 
1 (du. Cu, GU, 24, 
Weg => ~4+—+6,,———). 
2 (Gut, ax, 6%, Ox; 





This tensor is distinguished from the classical] deformation tensor by the third 
term in the curved brackets. If we allow for this, and in the expression for the 
elastic energy consider only terms of the third order in the derivations of the 
displacements, then we obtain the following expression for the energy density: 


W= {Auz, + Buz} + {Pw + Qu,.uzs + Rugs + Au, 0h, + Bryg sy Yah, 
where 1 E al 





The terms in the second curved bracket we consider as a perturbation, 
which results in an exchange of energy and momentum between the waves 
- which are propagating through the medium. 


2. TRANSITION PROBABILITY 
We express the heat energy in the Debye harmonic waves by: 
u(r) = Lu(h,. r); u (hy, r) = e, (4, ellis) 4 a* ew a) | 


where the vector e, represents the direction of polarisation, a, the amplitude, 
and k, the propagation vector of the corresponding wave. If we denote the 
number of different oscillations by NV’, and consider an initial state, A, in 
which phonons are present in numbers V,, N,, and where there are V sound 
waves then a final state, F, corresponding to the absorption of a sound wave 
has numbers V, — 1, N, + 1,.N — 1. The problem is to estimate the probability 
for such & transition. With this in mind, we sett 
Ugg = U3 + Ut tag, eg = VU} + 0B + v5, 
where the two indices refer to the phonons. We obtain for the perturbation 
energy, the expression 
W = 6P ul wun, + 2Q (ue) WY teas + tea WL) a 2) uP} tig) 

+ 6B ul) u® uw, + 2A (ub? ow) v5 + uz, AY 0 + ul fv, 9) 

+ 2B(u,s VW) + uO} oP vw, + oe ope.) 
‘In order to obtain the probability of the transition which interests us, we 
quantise the entire wave system, and calculate the corresponding matrix 
element of the perturbation energy. 

t+ We should actually have to write 
U,3 = U8} + wu + uf}; 


however, we shall reserve the index (3) for the sound wave. 
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The matrix elements of the displacement amplitudes are known to us from 
the theory of the harmonic oscillator. Only the following are different from 
zero: 








AN. RN ; 
V}4*|N ~ l= est, (N-1/A.|N) = | Sed 
: | a] ) 2M @,, ( | al¥) \ 2m wo, 


where m denotes the mass of the volume V. 
For the matrix elements of the deformation and rotation components, we 
obtain correspondingly through differentiation : 


(M — 1 Ju,, |) = <(e WP + &e)(M — Lal), 


(W - Lle,,10) => - 2 I) - 1a), 


where the components of the vectors e and k corresponding to the x, y, or 
z-axes are denoted by e*, k*. 

For longitudinal waves e||kand (N fv,g| W — 1) = 0. For transverse waves, 
the matrix element (NV |w,,{  — 1) vanishes since (e - k) = 0. Thus to caleu- 
Jate the matrix elements which are of interest to us, only the following terms 
of the perturbation energy are relevant: 


‘2 
W = 2Q{u® uP ung + uP uP) uo} + 6 Ru uP u, 


We calculate the expressions 





= sk P+ Eee +eky(eh+eh), e; i] B,, 
=~ =(6 AE + 6S 5) (e8 kf + ef WR) (e* b+ ck’), where 3 @, |] Ko, 
reZGh + AM e+ ee + ek, jot 
and obtain 
ey | | eI 
— Tg Ot 
(Ky * Re) 


= ——__— S(k ) (Ry +e) + (Ry ° hk) (Ry > @ 
Since we are area a the wave number, |k|, of the sound wave to be very 
small in comparison with the wave numbers of the phonons, we can put 
approximately 
Kz ky, @, = ee, 
and obtain , 
% SG =r = (hy: k)(h,- e). 
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The perturbation energy becomes 
W =i [2Q(q + &) + 6 Br] uM (ky - 2) uw (ky - 4) u(k- 7), 
and the required matrix element is obtained as: 
(N,N,N | Wk, k, k)| Ny -—1, N,+1, M—-—1)= —i(4Q + 62#)(R, - k)(k, - €) 


aN, aN, + 1) RN el(la + — By-1) 
“V3 2meo, V Imo, V 2m ; 


The matrix element for the energy, H, is obtained through integration over 
co-ordinate space, and is only different from zero when 


R+k- k, = 0, 


ie. momentum is conserved, and we have through integration 


TEN, [RO +1) [aw 
= —i(4Q + 6R)(k, - k)(h,- )/soe mo, J a ima 
2 = 


Lf we denote by a(N, — 1, N, + 1, N ~ 1) the probability amplitude for the 
final state, then the perturbation calculation gives us the general formula: 


|a(¥,—-1, N,+1, N- 1)? 
23 
= Sel, ¥, WHIM, ~ 1, Ny +1, - YP 6(@, + o ~ a) 


Writing 9, for the number of states for which k, lies in the element of solid 
angle dQ and has a magnitude between |k,| and |k,| + d|k,{ then we have 


Pe ce cee] 
Oy dk, dQ = oe ae 
The total required probability is thus 
(ax aay] ee ~1,¥,4+1 ¥-DpPo, Ve dk, dQ. 
For the reverse process, we have correspondingly: 
@: aap | 19% +1, N,-1, N+1)Pe, VR ak, dQ. 
As far as absorption of sound is concerned, the difference between these two 
js important. This is proportional to: 
en, 
& 


NANG 1) WN ee, Se 
6a, 
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The total absorption probability thus comes to: 


2% V8 2h (ky - k)2(k,-e)? ON, 
4 GRY = 
ery (22° Snr Q+ ? oF 30 Fo, ole t @ — Wo) i dk, dR. 


Denoting the integral which occurs by J, we may evaluate it as follows: we 
introduce polar co-ordinates with the k-direction along the z-axis. Thus 


(ie, - k)? = kh? k® cos?@, (hk, - e)? = Ke sin®@ cos*g, 
6a, 
ok, 





ot = a= —(0y~ a) = 0 =( 8) = @ ~ BC, 0080 


and we have 
* sin? 29 K2 if dn, 
J =| fsa a 7) e086) 


1 


2 wo? \ 1 tl ie 
= 1- mae 
ce ae ( $e) TE kG, rae Go, 8 


Substituting the Planck value for 1, 


Y 
Nie OSE, 


(3) 
exp re -l1 


we obtain for the absorption per unit time, the expression 


mz (20+ 6RF(O\,  (O,\] 4k 
80 o C, CO) | a 


This expression shows that in the case considered here, the absorption is 
proportional to the first power of the frequency, in contrast to long waves, 
for which we know that an w® law must hold. 

We have assumed throughout in our calculations that the temperature is 
below the Debye temperature, i.e. that dispersion effects are unimportant. At 
higher temperatures, this may not be assumed, and a quantitative calculation 
becomes impossible. However, it is easy to see that in this case the absorption 
is proportional to the first power of the temperature. 





~ dk, d(cosé) 


29. ON THE THEORY OF PHASE TRANSITIONS 


Parr [ 


The question of continuous phase transitions (without latent heat) have been 
investigated from the general thermodynamical point of view. In doing this it 
becomes clear that such transitions can take place when the symmetry of the lattice 
changes. There are two possible types of transition, namely: (1) Curie points 
with a discontinuity in the specific heat, which lie on a curve in the p-T diagram, 
(2) isolated points in the pf diagram which lie in a certain way on intersections 
of curves of normal phase transitions. 


Up to the present time, among all phase transitions, Curie points, and so 
on, only the transition between a liquid and a gas has been fully investigated. 
It is known that the liquid~gas equilibrium curve in the »-7 diagram has an 
end point, and that a continuous transition between liquid and gas can be 
realised by going round it. As for transitions between a liquid and a crystal, 
or between different crystal modifications, the question about them has not 
been fully clarified. In a number of cases people talk about transitions connected, 
with rotations of molecules; however it is not at all clear how rotations can 
lead to phase transitions, and in particular to discontinuities in the specific 
heat. 

One even finds strange statements that there is no essential difference at 
all between liquids and crystals, and that continuous transitions between them 
are possible. However, liquids differ essentially from crystals in that they are 
isotropic in contrast to anisotropic crystals. Every transition from a crystal 
to a liquid or to a erystal of a different symmetry is associated with the dis- 
appearance or appearance of some elements of symmetry. But elements of 
symmetry are either present or absent; no intermediate. case is possible. And 
so continuous transitions (in the sense that transitions between liquid and 
gas are continuous) connected with changes of the symmetry of the body are 
absolutely impossible. 

Until recently the exact formulation of the very idea of the crystal lattice was 
lacking. Only quite recently Bethe and Peierls! have stressed the role of 
correlations at infinity in the crystal lattice. , , 

Note that normal phase transitions between liquid and crystal or between 
different modifications where the state of the body, particularly the energy, 


a. langay, K reopna pazosnx nepexoxos I, Hypnas Onenepumenmatenot u Teopemurecnot 
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Dusunu, 7, 627 (1937). 

L. Landau, Zur Theorie der Phasenumwandlungen II, Phys. Z. Sowjet. 14, 545 (1937). 


CPL 7 193 


194 COLLECTED PAPERS OF L. D. LANDAU 


changes discontinuously are not the main interest of the present investigation. 
Our main interest is in such transitions where the state of the body (particu- 
larly the energy) changes continuously even although the symmetry changes 
discontinuously. (See below for details.) We shall call these transitions the 
continuous ones. Let us emphasise once again that they are not continuous in. 
the sense that transitions between liquid and gas are. At every moment we 
can tell that we have a body of this or that symmetry. 

Usually the approach to this question is made difficult by the use of an 
idealised model of the lattice in which all atoms are placed in their positions 
and thermal motion is ignored. 

These difficulties can be avoided if a distribution probability e(x yz) is 
used, where e{x, y,z)dadydz determines the probability for finding an 
atom in the given volume element of the body. If the body consists of different 
kinds of atoms then it would be possible to introduce several functions 9, 
@2,-.-, which would determine the probabilities for each kind of atom. Even 
‘in that case it would instead be possible to use only one distribution function. 
For instance we can determine that function as one which gives the mean 


MULULULEL 


Fre. 1. 


charge density at every point of the body (multiplied hy dx dy dz it would 

‘give the charge in that volume). In the following, we shall talk simply about 
the “density” e{x, y, z), meaning by that some function which determines the 
distribution of atoms in the body under consideration. Note that such a 
method based on the function g also has the advantage that it is possible in 
quantum mechanics as well. 

The important feature of the function g is its symmetry, i.e. that group. 
of co-ordinate transformations with respect to which 9 is invariant. The same 
group also determines the symmetry of the body. It is known that there are 
in all 230 possibie different groups of transformations, i.e. types of symmetry. 
In isotropic bodies (liquids) obviously @ = const. 

As already mentioned we shall consider here those transitions where, 
regardiess of a discontinuity in the symmetry, the state of the body changes 
continuously. In other words the density ¢ changes continuously. It is easy to 
see that such transitions are possible because even a very small change in 
the distribution of the atoms in the lattice is enough to change its symmetry. 
If for instance 9 is represented by the curve Fig. la (schematically drawn in 
one dimension) and some of the maxima decrease (Figs. 1b and 1c), then the 
symmetry changes as soon as the decreasing starts (the translational period 
‘of the lattice increases). 
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Let us consider a crystal with some density 9) which has a certain symmetry 
{we shall talk about the totality of symmetry transformations of g) as the 
group g,). At the transition point the density starts to change and becomes 
© = 09 + 50, where &¢ is small compared with 9. dg also has some symmetry 
(group 6¢) which is lower than that of gg (ie. not all elements, that is symmetry 
transformations of @9, are elements of symmetry of ég; the group do is a 
subgroup of the group @,). Then o = oy + 6¢ has the same symmetry, because 
the sum of two functions has the same symmetry as the less symmetric term. 
We can therefore neglect the case where 59 has a higher symmetry than gy, 
since then gy + d@ would have the same symmetry as gy, so that no change 
in the symmetry of the body would take place. 

Symmetry transformations from the group gy which do not belong to the 
group d6e¢ change ée¢ into some other function. It is known from group theory 
that the function dg can be broken into a sum of functions the number of 
which is equal to the number of elements of the group gy, in such a way that 
under every transformation of that group all these functions transiorm among 
themselves, i.e. become linear combinations of themselves. 

Matrices of these linear transformations form the so-called “‘representation”’ 
of the group go. Further, all these functions into which dg is broken, can be 
reparated into groups or “races”, where all functions composing them again 
transformation among themselves. So we can write: 


60 = Ty fe, (1) 
ne 


where x is the number of the race and i is the number of the function in the 
race. 

Each of these races of functions can be used as a basis for the representation 
of the group. That representation is realised by the transformation matrices of. 
the functions of that race. It is known that there exists an expansion of do, 
into gy where every race consists of the smallest possible number of func- 
tions (i.e. an irreducible partition, thus realising the “irreducible representa- 
tion’’). 

In (1) we shall suppose just such a partition. We could after all simply write 
it as 6g = a2 5; gf”, because the functions the functions gy!” are not deter- 


mined beforehand; in the future it will be convenient to consider the functions 
gy somehow normalised. : 

Among all g” there is always one function (which forms a “race” by 
itself) which is invariant with respect to all transformations of the group @. 
In the sum 9, + 6¢ we shall consider this function to belong to gg so that é¢ 
has no such function. 

The thermodynamic potential ©, of the body, is determined by the density g, 
i.e. depends on the form of the function g. In other words @ is a functional 
of o: S = G {9}. depends also on the temperature 7 and the pressure p of 
the body as parameters. When p and 7 are given the form of the function @ 
is determined from the condition that ® should have a minimum. 


7% 
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Let us expand the thermodynamic potential S{g, + 69} in the state with 
density e = @9 + de in powers of 50 (of course this expansion is not a normal 
power series; individual terms in the expansion are integral operators of 6g). 
Saying this in another way, we have an expansion in powers of ¢” and c™. 

It can be seen that first order terms in the expansion are zero. The potential 
® ag the quantity which characterises the physical properties of the body 
obviously should not change under any movements of the body, i.e. should 
be invariant under all possible co-ordinate transformations. If such a trans- 
formation changes gy into 99 and do into 60’, then 


Blog t+ do} = B(oh + 50}. 


From this it can be seen that if ® is considered as a function only of do, then 
@ isinvariant only with respect to those transformations which do not change 
Qo, ie. the transformation group 99. Since the functions » under transforma- 
tions of this group transform among themselves we can consider only the 
coefficients ¢” to change under these transformations, because the expression 
for @ should be invariant with respect to transformations of these coefficients. 
In particular the coefficients of the powers of the c™ in the expression of ® 
will be invariants of the relevant degree. It is known that it is impossible to 
construct linear invariants from quantities transforming as an irreducible 
representation. 
. As to the terms of second order, they are known to separate into a sum 
of groups of terms consisting only of the quantities c” (consequently of the 
functions 6) belonging to one race. 
. The transition point is thus characterised by the fact that for a smal] change 
in 7 and 7, an extra term 6 g appears in the density 9). On one side of the tran- 
sition point (which we shall call the “upper ” side) terms of second order in the 
expansion are obviously essentially positive for all 7 and p. Thus the minimum 
is at 6e@ = 0 i.e. the state of the body corresponds to @ = og, that is, the body 
has a higher symmetry. On the other (“lower”) side of the transition point 
terms of the second order are not essentially positive and thus to the minimum 
of ® corresponds some de different from zero, which really determines the 
symmetry of the body. Consequently at the transition point itself the sum of 
ms of the second order should be zero for any fixed do. 
_ For that it is obviously sufficient that any group of terms of second order 
belonging to one race becomes zero at the transition point. On the other hand 
the é9 which make the sum zero are just those 69 which can appear atthe 
transition point. x 
_ After the functions y™ belonging to one of the races have been chosen such 
that the corresponding second order terms are equal to zero, then the rest 
of the y™ can be taken to be equal to-zero. Then dg = 5; c 9 (summation 





v “ 
only over functions of one race) is just that change of the density which 
‘makes the term of the second order vanish at the transition point, and is 
consequently physically realised. Therefore in future we shall only be concerned 
with that one race and shall drop the superscript (x), specifying the race. 
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Because the functions gy, are determined by the condition that they should 
make the terms of the second order vanish at the transition point, ® can 
now be considered as a function only of the ¢;, and the expansion in de as 
an expansion in ¢, where there are no terms of first order. As has been already 
said, the terms of the second order should form an invariant (with respect to 
ali transitions of the group 99). In accordance with group theory such an inva- 
riant (in an irreducible representation) is a positive definite quadratic form, 
which, by suitable choice of the normalisation of the ¢;,can always be written 
as the sum of squares. In this way terms of the second order (of the given 
race) have the form: 


AY ¢. (2) 


At the transition point this expression need not be zero ie. at that point 
A = 0 (A is of course a function of » and 7). 

In an analogous way terms of the third, fourth, ---, order are formed corre- 
spondingly from invariants of the third, fourth, ---, order. Terms of the third 

‘order can in some cases be absent. If, for instance, in a given race only one 
function ¢ enters, then by acting with transformations of the group g, the 
coefficient ¢ can change sign. Therefore, in that case, all invariants and con- 
sequently all terms of odd orders are equal to zero. 

If at a certain point (i.e. at specified » and 7) A(p, 7) should vanish, then, 
in order that this point really be a point of a continuous transition, it is neces-. 
sary that the terms of third order are zero. Otherwise @ cannot have a minimum 
(as a function of ¢,) at that point, because that point would not correspond 
to a stable state of the body. 

Two cases are possible: 

1. Terms of the third order are identically zero (there are no invariants of 
third order). Transition points are determined from one condition: 


A(p, T) = 0; (3) 


besides this terms of the fourth order should be positive definite. In that case 
transition. points lie thus on a certain curve, which is determined by (3). This 
is the case of Curie points. 

A physical state is realised and is determined by the coefficients ¢; which 
correspond to the minimum of @ (at given p and 7). Define 


VG = 7 (4) 
and . 
a = V5. 


Then the expansion of © is written in the form 
P= G+ Ayr + By) wt+...,; 


where all coefficients are also functions of p and 7. 
Because the term of the second order does not depend on »; the values of y; 
can be obtained by finding the minimum of B(y,;). Having found these values 
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and substituting them into B(y,;) we get 
G=G,+ An? + Byit+..., {5) 
where B= B(p, 7) is the minimum value of B(y;). 
According to the above 
B(p,T) > 0. (6) 
Above the Curie point 4A > 0; to the minimum of © corresponds 7 = 0, i.e. 


the body has the symmetry g,. At the Curie point 4A = 0, and below it A < 0. 
From the minimisation of 9, ie. from 86/87 = 0, we find 


7 A+2B7?=0 
or : 


A 
pena poate 
Then 2 
a ae 
The specific heat of thé body is 
(sr) 
Gauge Soros (8) 





Terms which vanish at the Curie point are omitted. C, is the specific heat of 
the body with the symmetry 0), ie. above the Curie point. Because of (8) we 
see that at the Curie point C > Cp). In this way at the Curie point the heat 
capacity has a discontinuity and it increases in going from a more to a less 
symmetric body (note, that one body is less symmetric than the other if its 
symmetry transformation group is a sub-group of the symmetry group of the 
other). 

: As was pointed out at the beginning of this case the coefficients y; are 
determined from B{y,), ie. they depend on the form of the terms of fourth 
order. * 

But all these terms depend also on y and 7; because of that the y; depend 
on p and 7 too. But the quantities »; determine the symmetry of 60, ie. the 
symmetry of the crystal. Because of that it may happen that at different paris 
of the Curie point curve a transition takes place from a more symmetric crystal 
(where d@ = 0) to less symmetric crystals of different symmetries (i.e. where 
60 has a different symmetry). 

In that case in the phase diagram there is a point of intersection of the Curie 
curve (curve 1) with the phase transition curve (curve 2, Fig.2); I is the most 
symmetric phase (6e = 0); along curves AB and BC at Curie points it goes 
over into less symmetric phases Ii and III, where don + 0, den: + 0. 

Symmetry eroups doy and dor are sub-groups of the symmetry group of the 
first phase. However they are not generally sub-groups of each other. Because 
of this the difference den — dey, cannot become zero; consequently between 
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phases II and III there should not be a Curie line, but a phase transition line. 
At the point B all three phases are identical; along the line AB the phases I 
and II are identical (dey = 0); along BC: dom = 0. 

It can further be shown, that the intersection of one Curie line with another 
can happen only at a point of the type shown in Fig. 3. If I is the most sym-. 
metric phase then the phases IT and IIT have lower symmetries; their symmetry 
groups are sub-groups of the symmetry group of the phase I. Phase IV has 
even. lower symmetry than II or III. Its symmetry group is simultaneousely 
a subgroup of the symmetry groups of the phases II and ITI. 








Finally, let us consider those cases where terms of fourth order in the expan- 
sion of @ also become zero at the transition point. For this it is necessary that 
the terms of the fourth order have only one coefficient which depends on p 
and 7’, together with which they would become zero. Otherwise the vanishing 
of fourth-order terms together with the condition A{p, 7’) = 0 would give 
more than two equations with two unknowns (p and 7), which would generally 
ha:ve no solutions. For this it is required that only one invariant of the fourth 

- order (formed from the ¢,) exists, ie. the terms of the fourth order are identically 
equal to B(p, 7) n* for arbitrary c;. 

if terms of the fourth order are equal to zero, then for the stability of the 
state (i.e. for ® to be a minimum) it is necessary for the term of the fifth order 
to be identically zero and the term of the sixth order to be positive. Two con- 
ditions, 4 = B = 0 then determine an isolated point. That point is a A-point 
whose properties have already been investigated by the authory. There it 
has been pointed out that A-points are the points where the Curie curve goes 
over into the phase transition curve. Here I shall only consider an additional 
intersection of the Curie curve with the phase transition curve in bodies which 
are xoixtures of two substances. In that case it appears that the specific heat 
does not become infinite but, as in pure substances, experiences only a finite. 
jump. 

The fact that the body is a mixture does not introduce anything essentially 
new into our considerations. The symmetry of the crystalis, as before, determined 
by the density e, and the expansion of @ in the vicinity of a point of a continuous 
transition is 

G@=60,4+ An? + Bri+...: 


t I this earlier paper? the quantity ¢ corresponds to 4%. 
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but now @,, A, B depend not only on » and 7 but on the concentration x of 
the mixture. 

Let us prove that at the transition point of the Curie line into the phase 
transition line for mixtures (we shall in this case also call such a point a /-point) 
the coefficient B in the expansion of © should be zero. And indeed from this 
it will follow that the specific heat does not become infinite at that point 
(see equation (8)). 

Let us investigate the neighbourhood of the A-point. First we shall write 
conditions for the equilibrium of two phases on the transition curve (either 
a phase or a continuous transition). It is known that the thermodynamic poten- 
tial @ is an additive quantity and because of that in mixtures it should be a 
homogeneous function of the first order of the number of particles of each 
kind. In particular for the mixture of two materials @ = Nf (n/N), where n 
and WV are the numbers of both kinds of particles. The chemical potentials of 
each kind of particles are 


6G a af aff 
on éz°’ én bax 
(where z = niN). The equilibrium conditions are equality of the chemical 
potentials of both phases. In our case on one side of the transition point (where 
4 = 0, ie. in the more symmetric phase) = Dy; on the other side D= GH, 
+ An? + Bn*. If x anda are the concentrations of both phases then the equilib- 








rium conditions are ao, a@ 
OX ba 
and 3, 90 
Po (Xo) — X Bee nee ae: 


Substituting @ = } + Ay? + Bn*, we find from the first condition 
0, GG, @A 





= + 

EX ex Cx 
(éAfaz, is not generally zero at the transition point and because of that it is 
possible to limit ourselves to the term in x?) or, expanding é@ ®,/d@x in a 
series : 











2D, 80, aD, 
ja Ga gee 
aD, eA, 
ee ye 9 


In the second condition to the same accuracy we put 
ou ExXq 
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aD, 
@ = D —— (|B — X%). 
0 (%o) + am ( 0) 
Substituting here the expression for ®) we find 


aD, 
OX 





An? + By* = Do(xy) — Bo(x) + (x — 2) 


and expanding ©)(X,) ~ @)(X) in a series: 
(% — %)? Dy 
2 buy 
Further substituting (« — x») from equation (9), then 
(a = Xo) é A 
2 Ox 
(%— 2) GA 
2 bx - 


An + Byt= ie 
or 
A+ Brn= (10) 
Also remember that one of the conditions for the stability of the state of. 
the body, ie. the condition that @ is a minimum, is 2 G/ 7% = 0 (in that 
phase where 7 + 0). From this we get from (7): 


A 


= - 


2B 
Substituting this into (10), we find 


GA 
ofp es 0), 
A — (4 — 2p) ae 


Substituting from here (x — 2%») = A/(@A/é@x) and 7? = — A/2 Bin equation (9), 
we find 


a, 

du = «6A A 

@4 ax 2B 

Ox 

or (44 y 
‘62 
Pa. 11 

: FO, (11) 





3 


axe 


From this it is obvious that at a 2-point B never becomes zero and that 
always B > 0. The last statement follows from (11) because @?,/2 2% > 0 


CPL 7a 
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according to the known thermodynamical inequalities for solutions. Further 
the equation 


aA 
A(x) + (% — *) = =0 


can be written in the form A(x.) = 0 to the accepted approximation, i.e. 
the phase transition points for the more symmetric phase satisfy the same 
equation as the Curie curve. 

In this way the neighbourhood of a 4-point has thus for mixtures the form 
shown in Fig. 4 (plotted along the co-ordinate axes are concentration and tem- 
perature). The dotted line is the continuous transition curve, ie. the Curie 
curve. I is the more, and II the less symmetric phase. The line 10 goes conti- 
nuously into the line 03; the line 02 branches away from it. The line 302 is the 





phase transition line; the shaded region 302 is the region of separation into two 
phases I and II, the concentrations of which are determined by the lines 03 
and 032. 
' 2, Let the term of third order in the expansion of © now not be identically 
zero. The continuous transition in this case is only possible where terms of the 
second and third order are equal to zero. The first of these conditions gives 
again A(p, 7) = 0. For the second condition to hold it is necessary for only one 
invariant of the third order to exist, ie. the terms of third order should only 
possess one coefficient depending on p and 7. Otherwise we would have too 
many equations which would not be possible to satisfy simultaneously. 

Let us again introduce the quantities y; = ¢;/7. 

The term of third order should have the form 


B(p, T) b{y,) 0? 


{it is assumed that there is only one invariant of the third order) and the ex- 
pansion is 


P=, + Alp, T) 4? + Bip, T) b(y,) nF + Clp, Ty) m+ ..-. (2) 
At’a continuous transition ‘point 
A=B=0. 


Consequently the continuous transition points are in this case isolated, i.e. 
there is no Curie line. Therefore, such points should in some way lie on the 
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phase transition lines. Accordingly it is necessary to investigate the character 
of the phase transition line in the vicinity of such points. 

In the neighbourhood of a continuous transition point of the type under 
consideration A and B are close to zero (but C > 0). On the equilibrium curves 
of the more and less symmetric phase their thermodynamic potentials are 
equal, ic. = Dy, or 

Ay’ + Bboy +C yt = 0. (38) 


Besides that ¢@/27 should be zero, as it should be for all possible equilibrium 
states, i.e. 


4(2A + 3Bby + 407?) = 0. (14) 


These two equations should have a common solution different from zero 
(different from zero because the solution 7 = 0 would mean that at the tran- 
sition points 6g = 0, i.e. a Curie line would exist and that as has already 
been mentioned is impossible). 

It is easy to see that for this it is necessary that 


Bb? = 440 (15) 
and 
Bo 
ee Se (28) 





ie. 5. 


- It could be thought that the continuous transition points considered simply 
lie on a phase transition curve like the point 0 in Fig. 5. However that is not 
so, but instead we shall now show that the point 0 should lie on the intersec-- 
tion of several phase transition curves. 

Let us investigate points in the neighbourhood of 0 but not lying on phase - 
transition curves. For them (as in every stable state) 20/87 = 0. This equation 
has solutions 7 = 0 and also solutions of the quadratic equation (14). 

The solution 7 = 0 corresponds to points which represent the state of the 
more symmetric phase (69 = 0}. In the second phase 7 isdetermined by equation 
(14). But quadratic equations have in general two solutions. At the point 
0: A{p, T} = Bly, T) = 0; in the neighbourhood of the point 0 the equation 
B(p, 7) = 0 determines a Ime. On that line (14) has two solutions with opposite 
signs 





sis) ee, 7) 
n= tI -F 
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‘That means that in the neighbourhood of the point 0 near to the line B = 0 
(14) has solutions with different signs, almost equal to each other in absolute 
value (because close to the line B = 0, Bis small). On one side of the line B = 0, 
Bis positive ; there the negative solution of (14) corresponds to the stable state, 
otherwise by changing the sign of 7 it would be possible to decrease D, i.e. B 
would not have a minimum. By the same reason on the other side of the line 
B = 0 (where B < 0) the other solution of (14) becomes valid. Consequently 
the line B(p, 7) = 0 is also a phase transition line, where 7 changes sign dis- 
continuously. 

In this way the neighbourhood of the point 0 has the appearance shown in 
Fig.6, i.e. at the point 0 the other phase transition line ends. The phase I is 
the more symmetric phase {in it 7 = 0, A > 0). On the phase transition line 
AB, A = 0. The less symmetric phases IIT and III (where A < 0) have the 





Fra. 6. 


same symmetry {in them » differs only in sign, but this does not influence 
-the symmetry of g). On the phase line CO, B(p, T) = 0. At the point 0 all three 
phases become identical. 

Let us determine the latent heat on the curves CO and AB. For the entropy 
we have , 


Sa a@ es a®@ heh dy 
7 oF e OP }o,n er /9,f az” 


But in all stable states 96/07 = 0. Therefore 


s~-(35) 
at}, , 


Substituting (12), we find in the neighbourhood of the point 0 (i.e. for small 4): 


OA 
S=8,-—-7 18 

f 0 oR of] (18) 
S, = —6 Gp /@P is the entropy of the phase I. Terms of higher orders can 
be neglected because unlike A, 64/07 does not become zero. 

Let us find the latent heat on the curve 4B. On it 7 = — Bb/2c¢ (see equa- 
tion (16)) and the latent heat of transition from the less symmetric to the more 
symmetric phase is 

6A 6A TH 
Ca T8e— 8) = lt = ar aoe P (19) 
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Near the point 0 the quantity B is a linear function of the distance along the 
curve from the point 0 (because at the point 0, B = 0). In this way on the curve 
AB, near the point 0, the latent heat is proportional] to the square of thedistance 
from 0. 

In order to find @ on the curve OC close to 0, write down the next term 
in the entropy S: 


ap 
e (sr). So Gat — oper. (20) 


Since on the curve CO the quantity 7 is equal in absolute vaiue in both phases, 
then the difference in entropy between phases II and IIT is 2673 @ B/aT, 
where 7 is determined from (17). The latent heat is 


B 
Oe a0 <br. (21) 


From (21) and (17) it can be seen that Q is proportional to (— A)*?, ie. pro- 
portional to the distance from 0 to the power 3/2. 

Finally, it can be shown that when terms of fourth order have a complex 
structure new phase transition lines can appear. The neighbourhood of the 
point 0 then does not look as shown in Fig. 6, but as in Fig. 7. 





Fic. 7. 


Phase I has the highest symmetry. Phases II and JII have the same symme- 
try; the same applies to phases IV and V. At the point 0 all phases become 
identical, that is indeed the point of continuous transition. At the point 0 
two of the phase transition curves have a common tangent and the third 
ends. Here we have assumed that two curves of phase‘transitions touch at 
the point 0. In the general case there may be several of them. 

In part II of this paper it will be shown that in the case of transitions between 
liquids {i.e. isotropic bodies) and crystals terms of the third order are not 
identically zero. Therefore continuous transitions between liquids and crystals 
are only possible at isolated points of the type shown in Figs. 6 and 7. In parti- 
cular Curie lines are impossible. 

In the whole of the preceding part of the paper we have assumed that the 
symmetry properties of crystals are determined by the symmetry of the mean 
density function g. But the moving charges (electrons) in the body can create 
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in the crystal a mean current density j as well. Then the properties of the crystal 
will depend not only on the symmetry of the density 9 but also on the symmetry 
of j. Note that [jd V over the whole volume of the crystal should be equal to 
zero, Otherwise that current would create a magnetic field and the crystal 
would possess some magnetic energy. That energy would very rapidly increase 
with an increase in the dimensions of the crystal and this would be energeti- 
cally disadvantageous. 

In the majority of bodies 7 = 0. In particular j + 0 in ferromagnetic bodies. 

In the latter, in addition to this, the magnetic moment is not equal to zero in 
every part, ie. f [r A #] a¥ += 0 over an elementary cell. However not every 
body with j + 0 is ferromagnetic, because although j + 0, f [r Aj] dV can be 
zero. 
_ ij = 0, then the symmetry properties of the crystal are determined by the 
density @. It is known that there exists a limit to the number (230) of possible 
types of symmetry, i.e. space groups. Hf besides that j + 0 then the classifica- 
tion of the types of symmetry-follows from the properties of g and j; then it 
is possible for there to be more than 230 space groups. 

The presence of j + 0 (crystals with j + 0 we can call magnetic) does not 
introduce anything essentially new into the preceding discussion about tran- 
tition points. At transition points the change in symmetry is then determined 
by 69 and 67. As before only the transition points discussed above are possible. 

Let us concentrate for 2 while on transitions connected with the appearance 
(or disappearance) of j, i.e. on transitions between magnetic and non-magnetic 
crystals. Since on one side of these points j = 0, then 67 = 7. As before we 
shall consider only the continuous transition points of this type, i.e. points 
where 6j = j = 0, in the neighbourhood of which (on one side) j is small. 
Instead of expanding the thermodynamic potential D in powers of 6g we shall 
now have an analogous expansion in powers of j. In view of the symmetry 
of all the properties of the body in relation to the exchange of the future with 
the past the potential ®. in particular, cannot change when the sign of time is 
reversed. When such a change is made the density 9 does not change, but the 
current j has its sign reversed. From this it follows that in the expansion of 
© in powers of j ail terms with odd powers of j should be identically zero. It 
means that transitions connected with the appearance of j always belong to 
the case 1, i.e. Curie points are possible which form Curie lines, and under 
suitable conditions 4-points also. Such are the Curie points in ferromagnetic 
bodies. The discontinuities in the specific heats in chlorides of Fe, Cr, Ni at 

-low temperatures are apparently of the same nature, there is also a J-point 
in MnO. All these materials have j + 0 below the transition point, and at 
the transition point j becomes zero (above that point j remains equal to zero). 

Until now we have been talking about transitions with a change in the 
symmetry of the crystal, but we have not discussed the physica] nature of 
such changes which take place. Atoms in a crystal usually perform small oscil- 
lations about their equilibrium positions, ic. the lattice points. In view of 
their smallness these oscillations cannot cause changes in the lattice symmetry. 
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This does not apply, of course, to the jump-like transitions when the atoms start 
oscillating around new equilibrium positions. 

The continuous transitions with a change in the symmetry are always con- 
nected with a change in the ordering of the crystals, which follows when the 
number of places in the lattice where atoms of a given kind can reside is larger 
that the number of such atoms. There exists one particular distribution of the 
atoms in the lattice which is energetically most favourable. This is realised 
at sufficiently low temperatures. At higher temperatures the distribution of 
atoms deviates from this. As an example, let us consider a crystal formed from 
two kinds of atoms (binary mixture). The ideal configuration is that in which. 
the atoms of different kinds are placed at lattice points in a definite order one 
relative to another (this is schematically shown in Fig. $). 


ro eee 


xX O X O xX 
oO X O9 xX Oo 
x 0 X O Xx (3) j\ nA j\ A j\ 
o xX 0 x oOo 
oJSIIA 
Fie. 8. Fia. 9. 


Such a crystal is said to be completely ordered. But every atom can in prin- 
ciple be found at any lattice point, i.¢. there are more possible places for atoms 
of a given kind than there are atoms of that kind. Therefore, the crystal can 
also be incompletely ordered if some atoms are in “foreign” places, i.e. places 
at which, in the completely ordered crystal, should be atoms of the other 
kind. The probability, ie. the density function ¢ of finding atoms of one kind. 
at lattice points in the completely ordered crystal can be represented schemat- 
ically (in one dimension) by the curve in Fig. 9a, where the probability 
has a sharp maxima at every second lattice point. In the incompletely ordered 
crystal there appears some probability of finding atoms of a given kind at 
other (foreign) lattice points (Fig. 9b). 

Finally the number of atoms of a given kind in the lattice residing at 
“foreign”? points can be equal to the number of these atoms residing at their 
“own” places. This means that the probability of finding atoms of a given 
kind becomes equal at all lattice points (Fig. 9c). The crystal is then called 
disordered. It is easy to see that at the moment when this disorder appears 
the symmetry of the crystal changes (namely: the symmetry increases). 
That can be seen, for instance, in Fig. 9c; the curve c has, in comparison with 
curves a and b, an extra translational period equal to the distance between 
two neighbouring lattice points (the curves a and b have only a period equal 
to twice the distance between lattice points). 

A second example is the crystal of NH,Cl. This crystal has a lattice of the 
type NaCl, where at the lattice points are Cl and NH,. The NH, groups have 
the form of tetrahedra and in the NH,Cl crystai they can be orientated in 
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two directions. If all NH, groups are pointing in the same direction the crystal 
is completely ordered; if some of the groups NH, are pointing in the opposite 
direction the crystal is incompletely ordered. Finally if the numbers of NH, 
groups pointing in each direction are equal the crystal is disordered. Tis sym- 
metry has then changed, namely: the ordered crystal has the symmetry of a 
tetrahedron and the disordered the symmetry of a cube. 

We can introduce the quantity “degree of order’’, which would characterise 
the deviation of the crystal from its ordered state; it is equal to 1 in the com- 
pletely ordered crystal, decreases as a function of the deviation from the ordered 
state, and becomes zero in the disordered crystal. In our preceding discussions 
the transition from the function 9 to e + ée corresponded to the continuous 
transition from the more to the less symmetric body, i.e. from the disordered 
erystal to the appearance of the beginning of orderliness. In this way de 


é 


(a) 


Fra. 20. 


just determines how close the crystal is to complete disorder; 59 = 0 in the 
disordered crystal. But we have seen that 6¢ is determined by the quantities 
c; which are moreover proportional to 7. Obviously 7 can be chosen as the 
degree of order. In the above mentioned paper? we used as the degree of order 
always the positive quantity £ = 7°. 

At a continuous transition (for instance at a Curie point) & as a function of 
T has the form as shown in Fig. 10a. At the phase transition it becomes zero 

.abruptly (Fig. 105). 

In the case of a binary mixture discussed above, the degree of order can be 
chosen in the following way. Let VV, be the number of atoms of a given kind 
residing at their places, and NV, at foreign places. In a disordered crystal 

v, = N,. The probability of finding an atom in its place is proportional to 
N,j(¥, + ,), and in a foreign place N./(N, + N,). In a disordered crystal 
each of those fractions is equal to 1/2. Therefore the deviations of the probabi- 
lities from their values in the disordered crystal are proportional to 

N, 1 N,- §, Ne I N,— Ny 
N+, 2 20,4 N° Nt NM, 2 2, + N,)° 

In this way 80 is proportional to the quotient (NV, — N.)/(N, + Ne), which 
can indeed be chosen to be 7. 

In the case of transitions between magnetic and non-magnetic crystals atoms 
with differently orientated magnetic moments play the role of atoms of different 
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kinds. To a disordered crystal corresponds the case where the probabilities for 
an atom to have differently orientated moments are equal for every atom. In 
the case of the ferromagnetic state these probabilities cease to be equal, since 
the crystal as a whole has a magnetic moment. Finally in the case of magnetic, 
but not ferromagnetic, bodies the probabilities for different orientations of 
the moment for a single atom are also not equal, but in different atoms of 
the lattice the opposite orientation of the moments are more probable. In that 
way in this case the mean magnetic moments of different atoms have the oppo- 
site directions and the crystal] as a whole does not have a magnetic moment. 


CONCLUSIONS 


1. The transitions between bodies of different symmetry (in ‘particular 
between a liquid and a crystal) cannot happen continuously, in the same sense 
as the transition between a liquid and a gas above the critical point; at evety 
moment the body has this or that symmetry. 

2. Besides phase transitions the only other possible transitions are iboss 
continuous in the sense that at the transition point no abrupt change in the 
state of the body occurs (in particular there is no latent heat), but the sym- 
metry changes suddenly. Such transitions are inevitably followed by a jumpin 
the specific | heat. These transitions are connected with a crystal becoming 
disordered. 

3. The following types of continuous transitions with a change of symmetry 
are possible: (a) Curie pots lying on a curve in the (p, 7) diagram. These 
curves can intersect each other or the phase transition line in points of the kind 
shown in Figs. 2 and 3. The Curie line can go continuously into a the phase’ 
transition line. The point where this happens is a A-point. At the A-point of 
a pure substance the specific heat becomes infinite; if the body is a mixture 
the specific heat only experiences a finite jump. (b) Isolated continuous tran- 
sition points. These points lie on the intersections of several phase transition 
lines (Figs. 6 and 7). 

4. Continuous transitions are possible which are connected with the appea- 
rance or disappearance of the mean magnetic moments of every atom in the 
crystal (in particular such is the Curie point of ferromagnetic bodies). For such. 
transitions case a) is appropriate. 


Part ii 


The impossibility of the existence of crystals with a density function which 
depends only on one or two co-ordinates is proved. The question of transitions 
between a liquid and a crystal is discussed and it is shown that between them 

’ there cannot exist Curie points lying on 2 curve in the p-7' diagram. The question 
of the nature of liquid crystals is investigated. 


In part If the question of transitions connected with a change in the sym- 
metry of the body has been discussed from a general point of view. In this part 


we shall investigate the question of the relation between different states of 
matter from the same point of view. 


T Referred to as I in the following. 
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1, Tus IMPOSSIBILITY OF THE EXISTENCE OF CRYSTALS WITH 
DENSITY e, WHICH DEPENDS oN ONE OR Two Co-oRDINATES 


The density function 9 of a crystal (see I) is a function of all three co-ordinates 
x, y, 2. The question arises, is the case possible where g is a function of only 
two, or even one, variable. A crystal with e = @{x) could be considered as con- 
sisting of atoms arranged in the form of parallel straight rows, where these 
tows are all equally orientated along the z-axis, but completely randomly 
placed with respect to each other. A crystal 9 = @(x, y) should some how consist 
of parallel planes. In each of these planes atoms are distributed in @ certain 
order; however the positions of these planes are undetermined. 

Let us show that states of matter with density @ depending only on one 
or two co-ordinates are impossible. We shall use a method applied by Peierls! 
to two-dimensional bodies. In particular let us determine the fluctuations in 
such a body. 

Consider some deformation. Such a deformation is characterised by a dis- 
placement vector u(z, y, z) with the components u; (x,y,z) at every point 
x, y, 2 of the body. The energy (more specifically the free energy) of the de- 
formed body is determined, as it is known, by the deformation tensor 1,; 


The change A in the free energy per unit volume element of the body is 
known to be generally a quadratic function of all components of the tensor 
‘Uez- The change in free energy of the whole body is V 4 F, where V is the volume 
of the body. 

The displacement vector w can be expanded in plane waves 


a= Yup, uP =aPelen, (3) 
S 


obviously the fluctuation is 


uw zw”. (2) 


The tensor w;; which corresponds to a certain plane wave u® is obviously 
proportional to the product of components uw with components of the wave 
vector f[uf) = i (f, uy, + % #,)/2]. The quadratic function 1F breaks into a 
sum of terms each of them depending only on u!) of one f. 

Let us consider a body with density 9 = (x). “Then it is easy to see that 
‘the free energy of the deformation in such a body does not depend on u,, and 
Uz, As a matter of fact these deformations exhibit themselves as nothing 
more than 2 displacement along the y and z directions. But in these directions 
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9 = const, and therefore such a displacement is not connected with a change 
in g, consequently neither with a change in #. Let us determine the mean value 
of uf? For this determine the part of the free energy which depends on u!). 
Since uf and uf do not into enter JF then the part of AF we are looking. 
for depends only on uff, ie. on 


ays (f). 
us, we, ifguls 


consequently 4 has the form _ 
AF = Auf fr. 


Since the probability of Hactoatous) to exp (-AFP. VikT), it is easy to see 
that 
= kT 
OS aj gee 
uw AVE: {3) 


In order to find the fluctuation of the displacement 2 it is necessary to 
sum (3) over ail characteristic frequencies. Jt is known that this summation 
can be replaced by an integration. For this (3) should be multiplied by the 
Debye distribution of characteristic oscillations, ie. by V df, d}, df, and inte- 
grated over the range zero to the value of /, corresponding to the limiting Debye 


frequency. In this way 
= %kT (df,df, af 
2 ap ed ee Ue 4 
eg |e 


But this integral diverges like 1//, when /, = 0. So in this case me fluctuation 
is infinite. 

But the infinite fluctuation results in the fact that the point to which a 
given value of the function @{x) corresponds can be placed within an arbitrary 
large distance; in other words the density 9 (x) “spreads” over the whole body. 
Saying this differently: no e(x) except g = const is possible. 

If in a crystal 9 = ox, y), then in analogy to the above it can be shown that 


= af, dj, af ; 
un ~kT z y =, ‘ x 
- (as “) 


where %y is a quadratic function of j, and f,, and similarly for u?. 

This integral diverges logarithmically when f, = 0, f, = 0. So in this case 
also the fluctuation is infinite and therefore such crystals cannot exist. 

In the case of 9 = o(x, y,2) it is easy to see that 


df, fy af, 


EASES HE 6 
Prt (fas tg f) 


~ kT 


Fol 


and similarly for u? and u2. This integral is obviously finite. 
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2. THe TRANSITION BETWEEN A LIQUID AND A CRYSTAL 


Let us consider the possibility of transition from a liquid, i.e. an isotropic 
body, into a crystal, the continuous transition which was discussed in I (without 
latent heat). 

Let ge) be the density function of the liquid. Since the liquid is isotropic 
09 = const. At the point of continuous transition 9 becomes @ = oy + 6¢@, 
where do {and thus also ¢) have the symmetry of the crystal. Expand de in 
plane waves 


be = Layell. (7) 
t 


Here f are the reciprocal lattice vectors of the crystal. Since ¢ is real we should 
have : 

Gy = OL ;, (8) 
where the symbol * signifies complex conjugate. 
_ The thermodynamic potential g of the crystal is 2 functional of 9 or, what 
is the same, a functional of é¢ (see I). If for 6e we substitute expression (7), 
then g will be a function of the coefficients a. Near the transition point » 
can be expanded in powers of a,. Different terms of this expansion have the 
form 


i a Ae! Pe 


It is easy to see that in the expansion of ¢ the only terms which can exist 
are those for which f, + f, + --- = 0. Actually » should not change under 2 
translation of the origin of co-ordinates, i.e. under the change of r into r+ RB, 
where R is an arbitrary constant vector. But under such an exchange a, is 
multiplied by e''*), and the expression ay, a, --- by el(A*h*~-*), This factor is 
equal to 1 for all values of R only if f, +f, ++ = 0. 

From » f; = 0, we have for terms of the first order f = 0, i.e. in the expan- 
sion of g there areno terms of first order at all (see also I). Terms of second order 
should contain only products a_, a or according to (8) |@|?. The expansion of ¢ 
consequently has the form 


9=%+ %, AylayP 


(¢o is the thermodynamic potentiai of the liquid , the A, are constants which ge- 
nerally depend on pressure » and temperature 7’ as well as f). Because of the 
isotropy of the liquid we can conclude that the quantities A; depend only on 
the magnitude, but not on the direction, of vector f. 

Above the transition point y has a minimum for all A,, i.e. all A, are posi- 
tive. At a (continuous) transition point the second-order term should become 
zero for 6g different from zero (see I). From this it follows that at the transition 
point one of the A, should become zero, i.e. the curve A(f} touches the axis 
of the abscissae at the transition point (Fig. 11). 

Touching at two points at the same time is highly improbable therefore at 
the transition point only one of the coefficients A, becomes zero. From this 
it follows that, at the transition a point 69 arises which corresponds to plane 
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waves with one definite wavelength, that wavelength which is determined by 
those values of f which correspond to the vanishing coefficient 4,;. All a, corre- 
sponding to other f are equal to zero. Designating that particular coefficient 
A, simply by A, we have 


P=%7M+tALIgl, (9) 


where the summation is over f which differ only in their direction. 
The terms of the third order have the form 
Ds Be, guts Gy, Oy, &,> 
hifads 

where in every term jf, + f, + f,; = 0. But as has just been shown, at the tran- 
sition point there arise periods which all have the same absolute magnitude. 
Therefore in the third-order terms also only those f,, f,. f,, which differ only 
in direction take part. The condition f, + f, + f, = 0 means therefore that the 
vectors f,, fo, f, should form an equilateral triangle. In all third-order terms 
these triangles have equal size (because the quantity f is determined by the 
second order term) and differ only in their orientation in space. Because of 
the isotropy of the liquid the coefficients B,, , ;, can depend only on the size, 
but not on the orientations, of these triangles. Therefore all By, in the 
third-order terms are equal; their common value we shall denote by B. In this 
way the term of the third order has the form 


BY a, a;, Gy,» 


where the summation is over f,, f,, {,, which form equal but differently oriented 
equilateral triangles. Adding this to (9) we have 


P= Gt Aly. T)¥ lal? + Bly, TIS a, a, a +... (10). 





Frye. 11. Fie. 12. Fre. 13. 


We see that the third-order term has only one coefficient B(p, 7’). In other 
words we are dealing with the case analysed in I under case IT. It means that 
between liquids and solid crystals there cannot be Curie points forming a 
line in the p-7 diagram, but continuous transitions are possible in isolated 
points which lie on intersections of ordinary phase transition lines, such as 
shown in Fig. 12 or in a more complicated case in Fig. 13. In those diagrams 
the point 0 is the point of continuous transition ; Liq. indicates the liquid phase; 
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Soi., Sol’, Sol.,, Sol‘, are different solid phases. Sol., Sol: (in Fig. 12 the phases 
Sol., Sol’, on the one hand and Sol’, , Sol.,, on the other hand) have, in the vicinity 
of the point 0, equal symmetry and differ only in the sign of dg, ie. they have 
e equal ¢ = g, + Se (see I). In other words their lattices are such that in those 
places where in Sol. the probability of finding an atom has a maximum in the 
lattice Sol! i¢ has a minimum, and vice versa. At the present time it is difficult 
to say to what extent such continuous transitions exist in nature. 


3. Lievip CrysTaLs 


One often finds the opinion that liquid crystals represent bodies in which the 
molecules are arranged in “‘chains”, orientated in one direction, ie. bodies 
‘in which o is a function of one variable. However, it has been shown in 
section 1, that such bodies cannot exist. 

Instead, we can imagine liquid crysta}s as bodies in which the molecules, 
or more precisely their centres of mass, are distributed completely randomly, 
as in ordinary liquids. Anisotropy of the liquid crystal is caused by the equal - 
orientation of its molecules; for instance, if the molecules have an elongated 
shape, then all of them can be arranged with their axes in one direction. 

These ideas about the nature of liquid crystals can be formulated more 
precisely with the help of the density function. 

If the body is isotropic, then @ = const; however, from 9 = const it does 
not follow that the body should necessarily be isotropic. If 9 = const, then 
this means that all positions of an atom, more precisely its centre of mass, 
in the body are equally probable. Nevertheless in this case different orienta- 
tions in the body can be non-equivalent. Namely, when the position of any parti- 
cular atom No. 1 is given, then the probability of different positions of a neigh- 
bouring atom No. 2 is a function of their relative positions (i.e. of the vector 
?,. connecting atom No.1 and 2). This probability @,, can depend on the 
direction of 7,,. Then the body will be anisotropic regardless of the fact that 
for every atom 9 = const. On the other hand, when this is so, the body will be a 
liquid since in it no displacement deformation is possible. If 9 = const then 
under any deformation, without a change of volume, g@ does not change, i.e. 
strictly speaking there is no deformation. 

Such bodies (g@ = const, 0,2. depends on the orientation) we can consider 
_as liquid crystals. Thus we can talk about the symmetry of liquid crystals as 
the symmetry of the function 9,,. But g,, is a function of the vector r,.; when 
the length of 7,, is changed without changing its direction, then @,. does 
not exhibit any periodicity (when r,. + ©, 9,, obviously tends to ¢*). In other 
words 9,, has no translational symmetry. Therefore the possible symmetry 
groups of @,2, ie. of liquid crystals, are not the 230 space groups, but point 
groups. Of course the number of these groups is not limited to 32 as in solid 
erystais; the symmetry of liquid crystals should be classified in the same way 
as the symmetry of molecules. In particular, symmetry axes of any (and not 
only of the second, third, fourth and sixth) order are possible. In particular, 
liquid crystals are possible with total axial symmetry. It is experimentally 
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known that certain liquid crystals are uniaxial. It would be very interesting 
toestablish whether they possess total axial symmetry or simply have axes of 
higher than second order. 

In principle, liquid crystals with cubic symmetry are possible. Such crystals 
are impossible to distinguish from ordinary crystals in their optical properties, 
It is possible that liquid He II is such a crystal. (He II does not exhibit double 
refraction)*. 

If ail particles considered are the same then 9,, obviously has a centre of 
symmetry. Actually, if on the left of atom No. 1 we have atom No. 2, then stand- 
ing at the position of atom No. 2 we will have atom No. 1 on the right; in view 
of the equality of these atoms we conclude that the values of e,, should be 
equal for two anti-parallel] but equai r,,. If the erystal consists of different 
atoms then it is possible that 9,, does not have a centre of symmetry. 

Let us consider the possibility of continuous transitions between liquid 
crystals and liquids (continuous in the sense that there is no discontinuity 
in the state). 

In the case of a continuous transition of becomes 0 + 6 Q,. in a similar 
way to that in which 9, became o, + dg before. of? relates to the liquid and is 
therefore isotropic; 69,2. has the symmetry of the liquid crystal. 

It was shown in I at a continuous transition point there appear functions da, 
in the present case 6¢,., having certain symmetry properties which character- 
ised irreducible representations of the symmetry group 0{9, i.e. in the present 
case symmetry groups of rotations about the origin of co-ordinates. It is known 
that functions which characterise irreducible representations of the rotation 
group either change their sign under inversion (reflection in the origin of co- 
ordinates) or do not. In the second case the erystal which is being formed has 
a centre of symmetry, in the first case it has not. The thermodynamic potentiat 
@ of the body should be invariant with respect to every possible transforma- 
tion, in particular with respect to inversions. Therefore if the crystal, i.e. de, 
has no centre of symmetry then all terms of odd powers in the expansion of @ 
in powers of 69,2, in particular the terms of third order, are identically equal . 
to zero. In other words we have the case analysed as the case I, namely; 
continuous transitions are possible as Curie points lying on a curve in the dia- 
gran. : 

Tf 50,, has a centre of symmetry then terms of the third order are not 
generally speaking identically equal to zero. In this case we have the case IT 
of part I ie. only isolated points of continuous transition are possible, simi- 
lar to continuous transitions between a liquid and a solid crystal (section 2). 

It is experimentally known that He II becomes an ordinary liquid not at 
Curie points, i.e. we have the case I. This means, according to what has been 
said above, that if He II is a liquid crystal it need not have a centre of sym- 
metry. Since, on the other hand, He II consists of identical atoms it should be 
assumed that the absence of a centre of inversion is caused by the fact that 
the atoms of He II themselves have asymmetric electron shells. In view of a 
certain strangeness of such an assumption, the assumption itself about He IZ 
being a liquid crystal becomes somehcw doubifull. 
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4. SURFACE PHASES 


The surface of separation of two isotropic, i.e. liquid, phases can generally 
speaking be anisotropic. Apparently in some cases this has been observed. 
But ‘as it has been shown in section 1, that crystals in which ¢ is afunction of 
only two coordinates are impossible. In particular the existence of two dimen- 
sional “solid” crystals, i.e. crystals with anisotropic 9, are impossible. Therefore 
anisotropic surface should be two dimensional “liquid” crystals, ie. in them 
the molecules, more precisely their centres of mass, are randomly distributed, 
but not all of them are equally orientated (e = const, 9,, is anisotropic). 
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30. ON THE THEORY OF SUPERCONDUCTIVITY 


In this paper it is shown that at average values of the magnetic field different 
from zero a superconductor must break up not into two regions, viz. a super- ” 
conducting and a non-superconducting one, but into a large number of alternating 
superconducting and non-superconducting layers. This circumstance provides 
an explanation for the existence of Peierls’ intermediate state. 


1. THe INTERMEDIATE STAavTz 


Rutgers and Gorter! have shown that a number of the properties of super- 
conductors may be explained by supposing that the superconducting and 
non-superconducting states are two phases, the superconducting phase being 
characterised by the fact that a magnetic field does not penetrate it, i.e. its 
magnetic permeability « = 0. If a superconductor is placed in a magnetic 


5 





field, then on increasing this field the relation between the induction B and 
the magnetic field 4 is illustrated by the curve in Fig.1. While the metal is 
superconducting B= 0; when the magnetic field reaches a critical value, 
which we shall denote by h, the body goes over to the non-superconducting 
phase. B then increases with H according to the formula B = H (wy is practi- 
cally equal to 1). Experiment shows that the section a8 of the curve shown 
also corresponds to a certain actually realisable state of the body. Thus, a 
superconducting sphere placed in a magnetic field does not divide into two 
parts—a superconducting and a non-superconducting one—but a uniform 
magnetic field, which is not, however, equal to the external field, appears 
within it. With increase in the latter the field within the sphere also increases, 
approaching the external one. The state corresponding to the indicated section 
of the B-H curve was analysed by Peierls? and called “intermediate” by him. 
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The task of the present paper consists in establishing the nature of the inter- 
mediate state, viz. it can be shown that it follows from thermodynamic 
considerations that at an average value of the magnetic induction not equal 
to zero (over the whole body) it is not separation into two parts (superconduct- 
ing and non-superconducting) which is thermodynamically stable, but separa- 
tion into a large number of layers, alternately superconducting and non-super- 
conducting. In other words, the intermediate state is not a certain special 
state; a body in this state consists of a large number of superconducting and 
non-superconducting layers. As the body approaches the usual non-super- 
conducting state, the non-superconducting layers become thicker at the expense 
of the superconducting ones until the latter completely disappear. 





_In a certain sense this is analogous to ferromagnetic bodies, which, when 
not magnetised, consist of a series of layers magnetised to saturation, but 
alternately in opposite directions*. We shall now perform the analogous caleula- 
tion for the intermediate state under consideration. 

_ Let us consider a plane-parallel superconducting plate placed in a magnetic 
field H, perpendicular to its surface. The field H, is less than the critical 
_ field 2. From the boundary conditions it follows that the average value (over 
“the whole body) of the induction B in the plate is equal to the external field Hy. 

"Thus, inside the plate there exists induction while the external field is less 
than the critical one; in other words, we are precisely in the intermediate 
region of states. We shall start from the assumption that such a plate consists 
of successive layers which are superconducting (I, ITI, V in Fig. 2) and non- 
superconducting (Ii. IV in Fig. 2). The ratio of the quantity of material which 
has gone over to the non-superconducting state to the total quantity is easily 
determined from the magnetic induction flow theorem. At large distances 
from the plate B = H = H,; in the superconducting layers B = 0; in the non- 
superconducting layers at large distance from the edges B= H=h. From 
this it is immediately evident that the non-superconducting layers have a 
total area of Hy/h. Figure 2 shows a section of the plate. From the requirement 
that the thermodynamic potential of the plate should be a minimum, we shall 
determine the distance a between nearest similar layers (Fig. 2), ie. we shall 
determine the number of such layers. We shall see that the stable state actually 
corresponds to 2 separation into a large number of such layers. 
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2. THE SHAPE OF THE SUPERCONDUCTING LAYERS 


We shail start with a determination of the shape of the layers, i.e. of the 
shape of the cross-section. It is evident that at large distances from the 
edges of the plate the layers will be plane-parallel, while near the surface 
their cross-section will be somewhat more complicated. In a surprising way an 
exact determination of the shape of the layers proves to be possible. 

Let us set up the co-ordinate axes as shown in Fig. 2. In our consideration 
‘we shall examine only one surface of the plate, regarding the other as infinitely 
distant. It is possible to do this, of course, since the thickness of the plate is 
very large in comparison to the thickness of the region in which the shape of 
the layers deviates from plane-parallel. One such layer is shown in Fig. 3. 





Frye. 3. 


At a large distance from the plate the field is equal to Hy, ie. atx = © 
He= Ay; H, = 0. (1) 


Since the normal component of magnetic induction musé be continuous and 
in a superconductor B= 0, then at the boundary 6c it must be the case 
that 

H,=0. (2) 


The magnetic field freely penetrates into the region between the super- 
conducting layers; at the boundary cd (or ab) between the superconducting 
and non-superconducting regions the magnetic field must be parallel to the 
boundary and equal in magnitude to the critical magnetic field A, i.e. 


on cd 2= H+ Hi= ht. (3) 
From the equations div = 0 and cwlH = 0 it follows that H = curl A 
or H = — gradg, where A and gare the vector and sealar magnetic potentials. 


The vector potential A can always be chosen so that it is directed along the 
z-axis everywhere. Then 


é oA é 0A 
peo ata, a= -=- =. (4) 
6x oy ey ox 


Since on the entire boundary acd of the superconductor the normal com- 
ponent of the magnetic field must be equal to zero, this boundary must conse- 
quently be a force line of the field. From symmetry considerations it is evident 
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that one of the force lines of the field branches into two lines at the point 0, 
running along the boundary of the jayer; all the remaining lines enter the 
non-superconducting regions between the superconducting layers (in Fig. 3 
the lines of force are represented by dotted lines). The determination of the 
shape of the layer thus amounts to determining the shape of the force line 
of the field indicated. 

On a force line 





Substituting (4) in this, we find that d4 = 0, ie. on a force line, in particular 
at the boundary of the layer, A = const. Let us suppose that at the boundary 
“of one of the layers A = 0. It is easy to prove that at the boundaries of all the 
other layers A will be an integral multiple of H,a (a is the distance between 
the layers). In fact, at infinite distance it follows from 


A 
ee ag: and A, eG 
oy ou 


that A = H,y + const, and along a line of force A = const. Consequently, 
the difference between the values of A on two lines of force bordering on two 
adjacent superconducting layers is equal to Hye. 

Let us introduce the variable 


eZtiy=4 (5) 

and the quantities 
p=o-iAd, (6) 
n= H, —i8,. (7) 


Equation (4) may then be regarded as the Cauchy—-Riemann conditions for 
yp and 7 and we see that y and 7 are functions of the complex variable u. From 
equation (4) it is further evident that 


dy = —ndu. (8) 
The boundary condition (3) may be written in the form 
‘oned inl = 4, (9) 


and, noting that H, is the real part of », the condition (2) may be written in 
the form 





on be Re(y) = 0. (10) 
Let us further introduce the quantity 
_ 2H 

t=e He _y (11) 


and let us regard 7 as a function of ¢. With the aid of this quantity it is pos- 
sible to write down boundary conditions which are the same for all the layers. 
Since, as has been pointed out, A is an integral multiple of H,a at the 
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boundary of the layers, then at all these boundaries 


2nay 


E=e Hr _y, (12) 





ie. € is real. 

Since ¢ is determined apart from a constant, we may arbitrarily choose 
a value of ¢ at one point. Let p = 0 at the point 0 in Fig. 3. Then at the point 
0, € = 0. At an infinite distance from the plate on the line of force under 
consideration (7 = — 0) ¢ = —1 (since at infinity y = oo for our choice of ¢). 
Let us denote by ¢, the value of ¢ at the point ¢ (or 6) where the line of force 
enters the interior of the plate. The limiting conditions (1), (2), (3) or (1), 
(8), (10) now have the form: 


for € = -1: 4 = Hy, (13) 
for 0<2 <j: Re(y) = 0, (14) 
for 0 <€: In| =A. (15) 


In addition 7 must be finite for all values of é. 
The last two conditions may be satisfied by the function 


Vath) - VEE = oo). 


> 


n=h (16) 


This solution is finite (equal to zero) for = 0; for ¢ < 2, both terms are 
imaginary and therefore Re(y) = 0; for ¢ > 2, 7 is complex and its modulus 
equal to 4. This expression, being correct on a single line, gives a solution 
everywhere by virtue of the properties of functions of complex variables (i.e. 
even where ¢ is not real). Here the signs of the roots are taken for the region 
¢<0. For0 <<, both roots are imaginary, since it follows from the 
theory of functions that their signs are opposite as before. For ¢ > ¢, the second 
root changes its sign. 
As regards Cy, it is determined from the condition (13). For ¢ = —1 


- «A 
V+ fo~ Vea, 


and hence 
2 - a 2 : 
= | ———_]}. 17 
$0 ( iE) no 


Substituting (16) and (11) in du = —dyjy (8) and integrating for real 
values of ¢, we can find the shape of the layer. This gives 





en Ces ~ ~ Hua (Atl eto t VEE FO ay 
7 Ng Cae Neely Gano Ce) 


I shall not reproduce the result of this integration here. 
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3. Tae NuMBER oF LaY3ERsS 


The thermodynamic potential @ of a body in the conditions under considera- 
tion (more accurately, that part of it which originates from the presence of 
the layers) consists of two parts. One part, ®,, is due to the surface tension 
at the boundary between the superconducting and non-superconducting 
regions. Let « be the coefficient of surface tension. If 2, and /, are the lengths 
of the plate along the y and z axes, then there are in total J,/a superconduct- 
ing layers in the plate. Their total surface of contact with the non-super- 
conducting layers is equal to 21, 1, l/a (deviations of the shape of the layers 
from planes near the surface of the plate are not important here). There is 
consequently 2i/a layer surface per unit area of the plate surface. The thermo- 
dynamic potential ©, per unit area of the plate surface is consequently equal 
a 21 
@, = eae 


The other part D, of the thermodynamic potential is due to phenomena 
occurring near the surface of the plate*. To find it we must find the energy 
of the superconducting layer and calculate from it the energy the same layer 

‘would have if its section was rectilinear right up to the surface (ie. if this 
section was rectangular). 

The energy of unit volume of the superconductor differs from the energy 
per unit volume of the same material in the non-superconducting state by 
the quantity — h?/8z. At each of the four corners of the section of the layer 
(as in the neighbourhood of the points ¢ and 8 in Fig. 3) with respect to a 
rectangular section (dotted line in Fig. 3) the area 


fw- y) dz, (19) 
0 


is missing, where « and y are the co-ordinates of the boundary line of the 
section of the layer and Y is the co-ordinate y of this line at a large distance 
from the surface, ie. where the section is bounded by straight lines. We can 
integrate to © since at a large distance from the surface y — Y is in any case 
= 0. The “missing” volume of the layers per unit plate surface is conse- 
quently equal to 


=| (¥—y) de, (20) 
6 


and the excess energy of the corners to 


oo) 


; Je — y)da. (21) 


22a 
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However, this is not the total energy. At the boundary of the superconduct-: 
ing layer the tangential component of the field undergoes a jump. In other 
words, at this boundary there are surface currents and, consequently, a 
magnetic moment. It is easy to show that per unit length of the z axis there 
jis a magnetic moment for every boundary surface of 


where ds =./dz? + dy? and the integration is carried out along the line 
bounding the section of the layer. If it were not for the perturbing influence 
of the surface, the layer would be plane-parallel and |y| would be equal to 
h everywhere. The excess moment for each corner is equal to 


In total there is an additional moment 


plage ae 


per unit surface of the plate. The corresponding energy is obviously equal to 
-5{{s-vae— Gi yash. Hy. (22) 


Let us remember that the point 0 (Fig. 3) corresponds to ¢ = 0, the point 
c to £ = £, and at infinity ¢ = 0. Therefore the energy (21) can be written in 
the form 0 
am Y a 
= ; 21 
= { (Y—-y) dz (21a) 
C=o. 


and the energy (22) in the form 


be 
Ey 
23 a { H,ydy 


¢=06 $=% 





¥ dx) (22a) 





[remembering that for 0 < ¢<%), H, = 0 and for ¢ > ¢y, In| = & (see equa- 
tions (14) and (15))]. 

@, is equal to the sum of these two energies. Regrouping and replacing 
H, dy by —dg in the integral in (22a): 


h(h — Hp) 


@, = 
2 224 





wo io) 
h Hy 
[(royae+ = aaa [ree (23) 
red te ies be 
Here we must substitute the equation of the curve dating the section of 
the layer according to (18). In the general case this leads to quite complicated 
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expressions. However, one can easily reveal important properties of , without 
carrying out the substitution. All three terms in ®, are obviously positive (it 
is always the case that Y > y, ds > da and d@ is less than zero along the 
positive direction of the line of force) so that ®, > 0. It is further evident 
from (18) that x and y, expressed in terms of ¢, are always proportional to a, 
so that all the integrals in ®, are proportional to a? and ®, is proportional to a, 
This result is quite evident in itself since the depth at which the surface of 
the plate exhibits a distorting influence must be of the order of the thickness 
of the layer. Since according to (19) ®, is inversely proportional to a, the sum 
of ®, and ©, has a minimum at a certain value of a. Since ®, is proportional] 
to the thickness of the plate ] and ®, does not depend on J, it can easily be 
seen that the distance between the layers is inversely proportional to Pe Tt. 
Let us determine a for the case when the external field H) is small (Hy < h). 
Investigation shows that only the third term in expression (23) is then impor- 
tant for ®, and at the same time only the region near the point 6 in Fig. 3, 
ie. the region near ¢ = Z), is important in this integral. At small fields the 
body is almost entirely superconducting, i.e. the gaps between the super- 
conducting layers are very small. Therefore y is approximately equal to a/2. 
From (23) we then have 


where gp is the value of » at ¢ = Cy. From (12) we have 


Hoa 
S"In(1 + £), 





— Po = 
I 


while from (17) we have for h > Hy 


Since ¢, > 1, then 








aH, \ h 
as = n 
ms It 2H, 
and therefore 
Ha h 
©, | 
7 4x ss 2H, 


From the condition that the sum ®, + ®, should be a minimum we find 


that 
2a 2a 1 
a re h (24) 
2H, 


T An analogous situation occurs for the thickness of the layers in ferromagnetics, see L. Landau 
and E. Lifshitz3. 
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‘The thickness 6 of the non-superconducting layer will be determined from 
the magnetic field flow theorem: 


bh=aHy, 


from which in the present case 
27 2a 1 
te 7 | ae a (25) 
] 


Jt is evident from (25) that the thickness of the non-superconducting layers 
gradually becomes zero as Hy > 0. 

It can be shown that when A, increases the distance a at first falls, reaches 
a minimum, after which it begins to increase. For Hy near to h, i.e. when the 
body is almost completely non-superconducting, it turns out that 


po (26) 


"yma 





and that the thickness of the superconducting layers is 


val 2 — 
a—b=a(1-58) == Jal, 
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31. ON THE STATISTICAL THEORY OF NUCLHI 


it is shown that the formulae for the distribution of nuclear energy levels which 
Bethe has obteined by considering the nucleus as an ideal gas, can also result 
from quite general considerations. A formula is derived for determining the width 
of the nuclear energy levels which are associated with scattering. Both inelastic 
scattering of neutrons, and emission of y-rays are considered. 


1. DisTRIBUTION OF NUCLEAR LEVELS 


Niels Bohr has shown in his fundamental work that the nuclei of elements of 
sufficiently large atomic weight can be treated by statistical methods. 

‘Developing these ideas, Bethe! has investigated the distribution of nuclear 
energy levels as function of the energy. In his treatment he has made assump- 
tions which are equivalent to considering the nucleus as an ideal gas. In 
reality the interaction of the particles within the nucleus is definitely very 
strong, so that the nucleus should not be treated as a gas. It turns out, however, 
that Bethe’s results do not depend on his assumptions. 

If we allow for the interaction of the particles in the nucleus, there is natu- 
tally very little reason to consider the nucleus as a “‘solid body”. That is to 
say we should imagine it as a “liquid drop” of protons and neutrons, and not 
as @ ‘crystal’. In contrast to normal liquids quantum effects are extremely 
important in this liquid. The uncertainty of the co-ordinates of the particles 
is distinctly larger than their mutual separation. Notwithstanding that we 
have no methods available for the theoretical treatment of “quantum liquids”’, 
we can still derive a few properties of the nuclei. 

We set the energy of the nucleus in the ground state equal to zero. In this 
state the “temperature” of the nucleus is zero (7' will be measured in units 
of energy). Since the excitation energy of the nucleus in the case which are of 
interest to us is small by comparison with the total nuclear binding energy, 
we can also assume the temperature of the excited nucleus to be smali. Thus 
the free energy of the excited nucleus can be expressed in powers of 7. Taking 
only the first term, we have: 


where « is a constant. The linear term is equal to zero in accordance with the 
Nernst theorem. That the expansion for liquids begins with the quadratic 
term can be seen either from the analogous conditions for gases, or directly 


dL. Tasqay, HK craracmmueckoi reopau azep, Kypuan Bxcnepumenmatonot wu Leopemurecnot 
Dusuxe 7, 819 (1937). 
L. Landau, Zur statistischen Theorie der Kerne, Phys. Z. Sowjet. 11, 556 (1937). 
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from the measurements of Keesom, which show that the specific heat of an 
“electron liquid” t in metals is proportiona] to 7. 
From (1) we find for the energy E of wee nucleus, and the entropy S: 


F T? 
S=- mal. Ee —nires (2) 


Expressing S as a function of #, we have 
S=/2x8. (3) 


It is well known that we can write the number, 4X, of states, i.e. of energy 
levels, with an energy less than F as: 


N = ef) x etek, (4) 
The number of levels per unit energy interval is: 
s ds 1 s§ i V2xE 


av oo ; 
ag 6 dee (5) 


Equation (5) gives the distribution of the energy levels, where all states, i.e. 
all possible angular momenta are included. 

We now consider states with a specific total angular momentum 7. Since the 
nucleus may be considered as a spherical drop, the energy of the nucleus, 
“rotating” with angular momentum j, is given by 


2 


2 


gy 0+ YD; 





where J is the moment of inertia of the nucleus. The corresponding number of 
states for this energy we know from the theory of the spherical top to be 
(29 + 1)? (a(27 + 1)-fold degeneracy is due to the (27 + 1) different orienta- 
tions of the vector j in space, and a further (27 + 1) due to the different 
possible orientations of the same vector with respect to the top.) 

We can now write down the number of states for given j: 


y 


ay; h? 
2 rw 
iz = A(2j7 +1) exp|- 5 Bie + »|, 


where A is a quantity which does not depend on j. A is defined by the relation: 


sa i dv 
= AY (2) + 1) mie agg 1 ea, 

Lae 2 (25 + yrexp| arp iit } dE 
The care expression decreases rapidly from j = 7 to 8 onwards. Thus 
we may consider j as large compared with unity, and replace the summation 


} The term “electron gas” is purely conventional, the interactions between electrons being 
very large. 


SF 
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by integration: 


av 7 fia fy 27T 8/2 ents 
0 


Comparison with (5) gives the value of A, from which: 





ay 1 (BY (27 + 1Pex YG aay le 6) 
4B Jx\2J) TH au Pl ~ opp + ( 


or, for the number of energy levels with angular momentum 7: 


1 dN, 1 f BV 1 i? 
grr ae elas) peeitven|s-saiet ny} 


When a nucleus with angular momentum j), comes into collision with a_ 
neutron, the resonance levels correspond to the states of the compound nucleus, 
Le. the system, nucleus + neutron, with an angular momentum 7, + 3. If we 
sum the expression (7) for 7 = 7) + 4, we find for the number, (27) + 1)? x 


vf . 
aN (dE: 1 aN 1 é 


$/2 1 3 
— |) ser (2) { 
7) poi (24 ate 1) e (8) 


—_—_—_—— = Oo 


Qj+1 ab J/2n 


(since the value of jo is small, we can neglect the second term in the exponential. ) 
As this expression is in any case not very accurate, we may put 7, = 0 in what 
follows. The reciprocal of dN/d# is the spacing D between the levels. From 
{8) we obtain for the spacing of the resonance levels: 





D=J/2n (=z) "Pg 6, (9) 
‘From (2) and (3) we have T = 2H/S. Putting this in (9) gives: 
fie J 2x = oa 
85? & = (+) (2 EY”. (10) 


Using the experimentally known values of # and D, we can calculate § from 
.this formula. For heavy nuclei, # ~ 8 MeV. For the spacing of the energy 
levels, we put D ~ 5eV. The moment of inertia, J, of a sphere of mass, m 

and radius 7, is J =2mr2/5. For a nuclear radius r= 7 x 10-4 cm and an 
atomic weight of 100, we find J= 3x 10-4’? gem? Finally we obtain from (10): 


S = 18, 
and thus for the temperature. T' (= 2 E'S): 
[ ~1MeY. 
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Let us now determine the order of magnitude of the energies’ of the lowest 
nuclear energy levels. We are thus specifying that the number, V (equation 4),. 
of states belonging to the corresponding energy is of the order one. From (4): 
followsfor N ~ 1that § is also ~ 1. Since from (3) the energy is proportional 
to the square of the entropy, we can write: 


ae 
(say 


We put S ~ 20 and obtain for Hy, a value of the order 2 x 10teV. 

We should note that whereas the formula (5) is valid for an energy of a 
few ten thousand eV onwards, formula (9) is only applicable for a range with 
a lower limit of about 2 MeV. For smaller energies the condition # > D is 
not satisfied. 

Since # is roughly equal for the various elements, we can deduce from the 
relation S = <i: 2a# that S is proportional to Je. Since the free energies are 
additive, we can say further that « increases with the number of nuclear 
particles, that is it is proportional to ./A (A is the atomic weight). Since the 
number of particles in the nucleus is usually not very large, we do not expect 
this formula to be particularly useful. 


Erin ~ (11) 


2. Tae WiptH oF RESONANCE PEAKS FOR NEUTRONS 


The neutron can be captured on collision by the nucleus, forming the so- 
called compound nucleus of neutron + atomic nucleus. The neutron may 
snbsequently be expelled from the nucleus, with or without loss of energy 
(inelastic or elastic scattering, respectively). Alternatively, it may be absorbed 
finally by the nucleus, and the compound nucleus will change to its ground 
state with the emission of light quanta (capture of neutrons). 

Let us consider the elastic scattering. Let 2P°,/h be the probability per unit 
time that the neutron, having been captured into a level, Z,, of the compound 
nucleus, is then re-emitted I, (for brevity the index 7 is omitted) is the width 
of the energy peak for this process. 

In order to determine the approximate magnitude of I’, we treat the problem 
as follows: we consider the nucleus in thermodynamic equilibrium with the 
neutron gas. The probability that the nucleus will be in the compound state 
with energy Z,,, is exp [(u — £,)/T](u is the chemical potential). The nucleus 
can only capture neutrons with angular momentum, } = 0, (neutrons with 
l= 1,2... pass by at greater distances), The number of such neutrons 
whose momentum lies in the range dp and whose distance from the nucleus 
lies in the range dr, is:T 

dpdr 


ee - BYE 
22k . 


f Both the spin of the neutron and the angular momentum of the nucleus have been ignored, 
since the results are anyway only approximate. 
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where F is the energy of the neutron. Instead of dp we can put d#/v where v 
is the speed of the neutron. Then the number of neutrons which strike the 
nucleus per sec is: aE 

vi 


—_— 


(t= EMT 
e . 
27k 


Now let us consider a small energy interval which is nonetheless large enough 
to contain many energy levels of the compound nucleus. We use w for the 
mean probability that a compound nucleus is formed on the collision of the 
neutron with the nucleus. Then per sec there are: 


AEuw 


(2 - BYP 
e 
: Qah 


(12) 


compound nuclei formed in some state or other in the energy interval 4 Z. 
This number must be equal to the number of neutrons which leave the com- 
pound nucleus on its decay. Since the number of compound nuclei with energy 
E is exp [(u — H/T), the mean probability of decay, 2/°,/k, and the number 
of levels in the energy interval 4# is JH/D, where D is the mean spacing 
between levels, then the number of nuclei which decay per second is: 


ar. 
etn EYP AE - , (13) 
From (12) and (13) we have: rs 
= Dw 
Pgs = “aaee (14) 


Since the normalised wave function of the neutron in the region of the 


nucleus is proportional to the square root of the speed, then J, and w are 
proportional to the speed itself, i.e. to the square root of the energy, and in 


particular : ~ 
wa aVJE. 


When we consider the nuclens as a liquid drop, on the other hand, we can 
afford to disregard the spacing of the energy levels, just as for a reali liquid. 
We can now argue that if the energy of the neutron were of the same order as 
the binding energy Z, of the nucleus, then the probability of neutron capture 
would be of the order one. We can thus write: 


— 


_ {E ; 


Comparing {14) and (15) gives: 


=—— /—. (16) 
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Putting, for example, # ~ leV, H, ~ 8MeV, D ~ 5eV we find: 
PF, % 2x 10-+eV 
which is apparently in agreement with experimental data. 

Formula (14) remains obviously valid when a proton or an «-particle is 
exnitted on decay of the nucleus instead of a neutron. In place of (15) we now 
have: 

w =e”, 
where y is the Gamow penetrability of the potential barrier for a proton or an 
«x-particle. We then have for the decay constant of a radioactive nucleus: | 


im) eee, 
“A Qxb 





ere, {17) 


For D we must here substitute the difference between the first excited nuclear 
_states. According to the above calculations, D is ~ 2 x 104eV. In place of 
this Bethe? has taken 1 eV-e-¥ for I,. Thus he has obtained the value of 
13 x 10-43 cm for the radii of the heavy nuclei, which is too large. By means 
of (17) we obtain the value of 10-5 x 10-28 cm for the radius of the ThA nucleus. 


3. InELastic ScaTTERING 


In the case of inelastic scattering the neutron leaves the compound nucleus 
with a reduced energy, and the nucleus remains in an excited state. We denote 
the probability of such a decay of the compound nucleus by 2/;/4 : I, is the 
corresponding part of the level width. Since there is no fundamental difference 
between the ground state and the excited states, it is apparent that a formula 
for ©; is valid, analogous to formula (16) for elastic scattering: 


=D fe ; 
f,=—_ /—. 1 
ta VE (78) 


Here ¢ is the energy of the emitted neutron. Since < is smaller than the energy 
& of the incoming neutron, we can see by comparing (16) and (18): - 
pee be 

At the same time the number of energy levels increases very sharply with 
increasing energy, and the nucleus can remain in any one of the lower excited 
states for inelastic scattering. For this reason the width of the highly excited 
nuclear levels is defined principally by the inelastic scattering. It should not 
be concluded from this that the scattering will be principally inelastic since, 


as Bethe and Placzek?+ have shown, the cross section for elastic scattering 
has an extra term, 4x 7? (r is the nuclear radius), which corresponds to elastic 


T The autor would like to express his thanks to G. Placzek for communicating the results 
of this work prior to publication. 
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“scattering without the formation of a compound nucleus. In fact the resonance 
at highly excited levels will be almost entirely due to inelastic scattering. 

Owing to the rapid broadening of the levels for inelastic scattering, the 
tendency for resonance must decrease sharply at sufficiently high energy. We 
should expect that at an energy of the order of 1 MeV it should vanish. 

When the energy. of the incident neutron is sufficiently large to enable us 
to speak of the temperature of the nucleus left in an excited state, then the 
mean energy of the emitted neutron will clearly be of the order: 


en, (19) 


. where 7 is the ternpérature of the excited nucleus. A more exact calculation 
shows that the mean value of ¢ is about 27. From (19) and (2) it can be seen 
that the energy of the neutron on leaving the nucleus varies with the square 
root of its incident energy. Thus when the incident energy is large, the neutron 
leaves with appreciably less energy. We can estimate, for example, that when 
a neutron of energy 10 MeV is captured by the nucleus, the latter retains 
about $ MeV in its excited state. 


4. NUCLEAR RADIATION 


Taking a statistical standpoint, we can consider the emission from the 
highly excited nucleus as thermal radiation. In particular, we can apply 
Kirchhoff’s law. Unfortunately, the calculation of the absorption coefficient 
‘is very difficult. It can be assumed, however, that whatever form the absorption 
coefficient may take, its dependence on frequency will be basically defined 
from Planck’s formula; ie. principally quanta of energy, 


how Tf 


‘will be emitted, where 7 is the temperature of the nucleus. We should thus 
_expect that the nucleus will radiate its energy not in one, but in several stages. 
In the particular case of neutron capture, y-quanta with energy 1-3 MeV 
wil) be emitted, rather than quanta of 8 MeV. 

Finally, I should like to thank G. Placzek for the very interesting discus- 
sions of this problem. 
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32, X-RAY SCATTERING BY CRYSTALS 
‘IN THE NEIGHBOURHOOD OF THE CURIE POINT 


Formulae are derived for coherent and incoherent scattering of X-rays from 
erystals in the region of the Curie point. The temperature dependence of the inten- 
sity of the scattering was determined. With the help of these formulae the intensity 
distribution in the spots of the Laue diagram and the rings of the Debye-Scherrer 
diagram was determined. 


Luvzs are observed in the scattering of X-rays from ordered crystals, which 
occur in addition to those lines seen from the disordered crystal, and which 
are specified precisely by the existence of order; these are the superstructure 
lines. These lines vanish as the crystal changes into the disordered state. In 
this paper the properties are discussed of the scattering in the region of that 
point where the crystal changes from the ordered to the disordered state (the 
Curie point). 

We shall describe the state of the crystal by the “‘degree of order” 7, as 
in I). At the Curie point 7 becomes zero. In the region of the Curie point the. 
thermodynamic potential, S, per unit volume of the body, takes the form (see 
I, instead of 4 and B, we put here A/2 and 8/4): 


1 ee | 
on paces 24 Bayt, 
@ P+ TAnr+ Br (1) 


Here @,, A, and B are functions of the pressure, y, and the temperature 7. 
®, is the thermodynamic potential of the disordered crystal. In the ordered 
crystal we obtain from the equilibrium condition, 6/8 = 0, in the region 
of the Curie point (see I — 

PORE Steel Age 2) 


The coefficient B is positive. The coefficient A is negative below the Curie 
point (in the ordered state), and positive above it (in the disordered state). 
At the Curie point itself, A=0 (3) 

c — . 


In the region of the Curie point we can expand A in powers @ -- 7, where 6 
is the Curie temperature: 


J. A. Taagqay, Pacceauue pearrexosnx 1yyek EpycraiiamA BOnNsU TOUKM Kopa, dtypxas 
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lf we substitute this in (2) and write @A/@T = 8, we obtain: 


i 8(@ — T) 
1= [4 (4) 


Consider first the coherent scattering. The amplitudes of coherent scattering 
from atoms which are in normal and abnormal conditions are clearly equal and 
opposite. (By normal, we mean the position which an atom would take in 
the fully ordered crystal; a “strange” position is then abnormal). In the 
disordered crystal (7 = 0) the number of atoms in normal and abnormal 
positions is the same, and thus the amplitude of the scattering is zero. 
Clearly in the region of the Curie point the amplitude of the coherent scatter- 
ing is proportional to 7, and the intensity, J,, to 7°. From (4) we see that 


J,~O6-T, (5) 


ie. the intensity of the coherent scattering is proportional to the distance 
from the Curie point. 

In the region of the Curie point the incoherent scattering, which is due to 
the fluctuation of order, becomes very large, similar to the scattering of light 
near the critical point. This is connected with the fact, which we will show 
presently, that at the Curie point the fluctuation of order becomes infinite. 

We calculate the mean square variation (47)? We emphasise that a fluctua- 
tion, and hence also incoherent scattering, naturally occurs on both sides of the 
Curie point: in the ordered as well as the disordered state. The probability 
of a variation for const p end 7, we know to be oc e~ "497, where 1@ is the 
change per unit volume of the thermodynamic potential with the variation, 
FV is the volume of the body, and x is Boltzmann’s constant. Above the Curie 
point 7 = 0 at equilibrium, so that the deviation 47 = 7. From (1) we obtain 
in second order: 


i 1 
AP=PD-DP=TAw=—Alany. 


The probability of the fuctuation is thus proportional to 


etn Vie7 


From this, we have for the mean value (4%): 


—— «f 
(An? =. (6) 


_ 


At the Curie point, however, 4 = 0 (3), thus here (47)? = oo. 

This expression naturally deals with fluctuations in every small region of the 
body. The variation from order is not in general homogeneous over the whole 
body. This leads to the appearance of the hazy superstructure in the scatter- 
ing. 
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Let the wave vectors of the light before and after scattering be k, and k,;° 
k, and k, are different only in direction. The amplitude of the scattering, as. 
is known, is proportional to the integral 


| e ei t— Ka: 7) dV, 


where o is the charge density in the crystal, and the integral is taken over the 
entire volume of the crystal. In the region of the Curie point, ¢ has the form 


O= One, . 


where gy is the density function in the disordered crystal. It has the sym- 
metry of the disordered crystal, as against 9, which has the lower symmetry of 
the disordered crystal. To follow this further see I (in I we wrote 9 = gy + ée 
where de becomes zero at the Curie point). The superstructure lines are due. 
to the factor, so that the required amplitude, a, of the corresponding scatter- 


ing is proportional to : 
an~ fnqem™ay, (7) 


Q, can be represented in the form 
@ = ¥ a3 el (Rien) 


where the HK; are the periods of that reciprocal lattice which possesses the sym- 
metry of 9;. Amongst the K; are also periods which do not occur in the expres- 
sion for go. It is precisely these periods which are of interest to us. 

Let us consider the scattering from a plane of the superstructure lattice, i.e. 
from one K;, which we shall denote simply by K. From (7) we obtain for the 
amplitude of the scattering 


ads fa eiGa—ketK-r) Gy fancier dV, (8) 


where q = k, — k, + K. The intensity of the scattered ray is given by Ja|?. 
The degree of order, 7, can be written in the form 7 = 7 + 4, where 7 is the 
constant mean value of 7 and 47 is the fluctuation. The intensity, J, becomes 
proportional to: 


Nee { [welen avy. 

If we substitute 7 = 7 + 4y here, allowing that 47 = 0, we find that 
J~|fre@rarls [Paneer arf. (9) 

We note that in the mean amplitude, 

a~fqe@rdy 


there is no term with 4. Thus the first term in (9) (we denote it by J,) describes 
the coherent scattering. The second term (J,), which does not appear in the 
amplitude, specifies the incoherent scattering. 47 can change along the crystal. 
The scattering for given q is determined according to (8) by the part of 47 


8a* 
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which has the form const x e-!(@7), Since Ay is naturally a real quantity, 
the part which is of interest to us may be written: 
a y= = cen: +7) + ct e oi (a- 7) (10) 


The asterisk denotes the complex conjugate. 

Since the term, A7*/., in the expansion (1) is small near the Curie point, 
and as we are considering the fluctuation as a function of the co-ordinates, we 
must bear in mind the dependence of © not only on 7, but also on the gradient, 
Vn. We must therefore also expand in powers of V7. Since @ is a scalar, the 
first term in the expansion will contain (V7)}*. Hence we obtain for ® the ex- 
pression l 1 1 
B= P+ TAwi+ But + SalVny. (11) 


We shall limit ourselves to considering cubic crystals. All results can easily 
be generalised to other classes of crystal: one must merely substitute the ex- 
pression 3 

i 7 he am on 
4k=1 *% x; é xy, 





instead of 4. (V7)?, where a,, is a tensor. 
Let us consider first the scattering above the Curie point (in the disordered 
state). Since 7 = 0, then 44 = y. The thermodynamic potential of the whole 


crystal is i @GdaV. We substitute (11), ignoring higher order terms, and obtain 
i 1 
[e ~@)dV= (54 n+ = (9 9)) a. 


We substitute (10) and, noting that { e (7) dV = 0 if f + 0, and equals V 
when f = 0. we obtain [ (@ — GB) AV = (A + ag*)oc*V. 


As we have already remarked above, the probability of the fluctzation 
is proportional to 1 
exp|- | @ ~ oy a7 
xt 


where f {@ — S,) dV is the change in the thermodynamic potential with the 
fluctuation. In the given case this probability is proportional to 


exp(-=5 V(A+aq*)(2 + e). 


(The complex constant, c, is written in the form ¢ = ¢, + it.) 
From this we get 


asco 
1 2V(A + a) 
or 
= 27 
oY a €12) 


V(A + aq?) 
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Above the Curie point the first term in (9) is zero, smce 7 = 0. Thus there 
is no coherent scattering. With the use of (10) and (12), the second term gives 
for the intensity of the incoherent scattering, 

— VxnT 
I~ ce&V? =—————. 1 
A+ag tt) 

Let us now consider the scattering below the Curie point. Here y = 7 + An, 

where from (2) and (4) we have 





- i A iB 
aa ine ai oa 


If we substitute this in (11), then ignoring terms higher than the second order 
in 4, we have 


{e — B@)) av = {ee — Pane + 2 al aC lay 
@{n) denotes the value of ® when 47 = 0. We substitute (10) and find 
[@ —~ @)) AV = (28(6 — T) + 0 g)Vec*. 


Analogous to (12), we have 
— ut 


Fa ——________— . 
(= GiO_-T)+agV 
The first term in (9), the coherent scattering, now becomes 
~ tl dana! _ = f oienay? 
J, ~@| feerar| = 7)| fe av/. (15) 


We now transform this expression by writing the square of the modulus of the 
integral as a double integral: 


[felerar = f fete ay, ary. 
Jf we change to the variables r’ = (r, + 7,)/2 and r=r, — r, this becomes 
f feerarar’. 


The integra] over dV’ simply gives the volume of the crystal. From the well 
known formula for the 6-function, 
+o 


f el? da = 2x 5(x) 


follows 
J eb ay = 82° 6(q), 


where 5(q) stands for the product $(g,) 6(g,) 6(g.)- 
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Lf we substitute this in (15), we find 


Jy~ sat (0 — Tf) d(@)P. (16) 
From (14) we obtain for J, 
er ee 
Jorn cov OT aae: (17) 
Thus for the scattering intensity J = J, + J, we obtain for T < 6 
6-7 I 
J ~ 5(9) + (18) 





léx3aC, 0-f 
paces 2 
8 + ag 


Here we have divided the sum of (16) and (17) by the constant 823 (8/B) 6@V, 
since (18) in any case only gives the intensity without a constant factor. Also 
the notations @ = (a/8)@ and ACp = (28/B*)@ have been introduced. The 
latter quantity is the jump in the specific heat, C,, at the Curie point (see 
formula (8) in I). Since we are considering the scattering near the Curie point, 
6 — f is small, and we have written 6 for 7 wherever possible throughout. 

We can write the formula (13) for the scattering above the Curie point in a 
form analogous to (18): for T > 6 


rd 1 
J +  ——_,, 19 
168 AC, T-86 : ut?) 
gcd fans 


For 7 < @ the superstructure lines are comprised of two parts: (1) a sharp 
line due to coherent scattering (the first term in (18)) with q = 0, i.e. corre- 
sponding to the Bragg scattering condition. (2) a hazy line from the incoherent 
scattering (the second term in (18)); the intensity maximum occurs, of course 
at g = 0. The first line vanishes at the Curie point. The second, by contrast, 
has a maximum at this point; above the Curie point it is determined by (19). 

Suppose we specify the form of the superstructure lines (i.e. the spots) in 
@ Laue pattern. In order to obtain a Laue pattern the primary radiation must 
be parallel but not monochromatic. In other words the wave vector, k,, of the 
incident radiation has the same direction for ali rays, but takes all possible 
absolute magnitudes. The crystal also has a fixed orientation, ie. the vector K 
of the lattice period is constant. Thus to obtain the distribution of the Laue 
spots, we must integrate (18) and (19) over all frequencies of the incident 
radiation. 

The centre of the spot corresponds to scattering at the Bragg angle. i.e. the 
condition q = 0 is fulfilled, or: 


k, + K=&,. 
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Here K is a known vector, k, has a particular direction, and k, and k, have 

the same absolute value, k, = k, = k; the condition, k, + K = k,, can there- 

fore only be satisfied for certain frequencies of the incident light. We denote 

the value of & for which this condition is satisfied, by k), and the corresponding 

vectors, k, and k,, by k,) and Ky. The vectors, HK, k,) and ky clearly form 

an isosceles triangle. We also introduce the unit vector 2, in the direction of 

scattering, i.e., in the direction k,; for k, = ky, it shall be written 25. We- 
write k and 7, in the form: 


k=kj(l +e), = Mag HP. {20) 
Since the spot is in general small, « and » are also small. 


_We substitute (20) in q = k, — k, + K, and ignoring powers of « and » 
higher than the first order, we find 


q=—kyv—Ke. (21) 
On the other hand, if we square ky.) — K = ky, we have 
R2 
ky = ————_-. 
2(K- M9) 


We choose the z-axis of the co-ordinate system along n.), and the z-axis in 
the plane of the vectors 19, kyo, K (Fig. 1). We can then write k, in the form 
ky = K?/2 K, and (21) becomes 

2 





q=-——»- Ke. (22) 


2K, 





It is easily seen that g? can be written as 

(K.v)\* K[K avP 
2K.) ° 4k 
Since K lies in the x 2-plane, and » is a small change in the vector 22, and. 


perpendicular to it, ic. it has no component in the z-direction, we obtain for. 
the vector product: 





= K (< + (23) 


{Kav}? = K2 2 4 Kee 


», and v, are clearly the sines of the scattering angles measured from the scat- 
tering direction to the centre of the spots; because of their smail size, these 
angles may be equated to their sines. 
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We now consider the integration of (18) for all frequencies of the incident 
rays, Le. over all &. This integration can be transformed into an integration 
over ¢. From (22) we can write 








[ staae = | 5(- 0) a(-ex, se )a(-28, = Eee 
From 
6(v) = 6(—2) 
and 1 
8(a 2) = 7 5(@). 
follows 


8(— eK,) = 





). 


Because of the presence of 4(s) in the integrand, we must put ¢ = 0 in the two 
other 6-functions for the integration in «, ice. 


1 ./ kK», Ey, 4K, 
peer aaa 24 
[eae x cE \3(Sz)- E80), (24) 


where 6(r) = (yz) 6(x,). 
For the integral in the second term of (18), we obtain after substituting (23), 


de ie dé 
Spe 0-7 Gin) Kane 
[ go et Sarg +aR(e+ 2K, ) +o 


Since the integral converges rapidly, the limits may be extended to + 00, and 


we have 
dé cid 
San (25) 
a2 [ f 6-7 re 
2 2 5 ead 2 
‘i pn oe K Ja(2 5 ary i 97) 


With the help of (24) and (25), we find the distribution of intensities in the 
Lane spot from (18), and for 7 < @ in the form 
vi x K? 

8 (p)  ————_ (26) 

3227 AC, a [Re + K? oz + — oe: ares 
4 aK 6 

We have again divided by a constant in order to have simply (@ — 7)/T as the 
coefficient of d(x). 

Similarly we obtain above the Curie point, for T > @: 

2 
af a a a eed, (27) 


P oo the T-6 
sent 40,4, x2e2 + Kg APO 8 


























pes 
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Thus in the region of the Curie point, in order toobtain avery sharp maximum 
at the centre of the spot (the first term in (26); for 7’ > ¢ this does not occur) 
we have also a blurred spot (second term) due to the incoherent scattering. 
This blurred spot also has an intensity maximum at the centre (when y = 0), | 
but nevertheless has a somewhat diffuse character. This can be seen since the 
integral of the second term in (26) or of {27) diverges for all », and »,. 

To estimate the order of magnitude of the incoherent scattering. we note 
that a = «/B 6 is of the order a x K?. That this is so can be seen as follows: 
when 7 changes over the length of one lattice constant, then for temperatures 
which are not too near the Curie point, the second and fourth terms are of the - 
same order of magnitude (ie. we have dn = K and £67? = «(4y)’). 
Furthermore, the jump in the specific heat per elementary cell is of the order 
x, thus 4C, per unit volume is 


The coefficient cancels out roughly, and we find that the second term in (26) 
is of the order 





(“6 ; 
VO-T eh 


By comparison, we can point out that the total intensity corresponding to 
the first term in (26) is equal to 
6-T 
9 





(29) 


Comparing finally the two terms under the square root in (26) or (27), we 
find that the mean “width”’, », of the blurred spot is of the order ; 


—_ 


p= fo. (30) 





We now specify the distribution of the intensities of the superstructure lines 
(i.e. of the ring) in a Debye-Scherrer pattern. The incident rays now have 
a particular direction and frequency; i.e. k, has now a given alsolute magni- 
tude. The crystals take all possible orientations in the powder, so that the 
vector K has a specified magnitude and all possible directions. Thus to obtain 
the intensity distribution in the Debye—Scherrer ring, (18) and (19) must be 
averaged for all directions of the vector K. 

Let us start with the first term in (18), averaging it over all directions of 
K, for a given absolute value, K. To do this we multiply by 


8(|K| — K) dK, aK, dk, 
4a K? 
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and integrate over dK, dK, dK,. This gives 
Joc, + K-—k,)6(|K| — K)dK,dK,dK, = 8(|k, — k,| — K). 


We introduce the absolute value k = k, = ky of the vectors, #, and k,, and 
also the angle, gy, between them (i.e., the scattering angle) and obtain 


5(|ky — k,| — K) = o(2tsin 2 = r). 


The reflection at the Bragg angle corresponds to the scattering angle, » = gp, 
given by 





K = 2ksin =. 
2 
Since the angle y — g in the 4-function is always small, we can write 
sin + KE 
o(2hsinZ — x)= 0 K ae = 3(= cot 2 (w ~ o)) 
2 - Po 2 2 
saan Te 


1 
= 6 [K(x — x0) = ox — xo): 
“where 


y,= Insint. (31) 


With the aid of these formulae we obtain as the result of the averaging of the 
. first term of (18), 
1 6-7 


ae y «Tama 


0(x% — Xo)- (32) 
To average the second term of (18), we denote the angle between the vectors 


‘Kandk, — k, =f by, multiply the expression to beaveraged by 2xsin dd H4z, 
and integrate over d# from 0 to a. Thus we obtain for J, 


J Pa 1 : sin? dd 
‘Toa, = | 0-7 





+af?+akK? — 2af K cos? 








2 +a(f—k? 

" x in 6 
a an ape aS : 
64n? AC, af K goa F a+ mF 
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However, 





j=|k,—%,|= 2k sin = K 


therefore since g — gy» is small, 
Kg 
f—- K = cot-F (9 - po) =Kiy-x), f+ K=2K. 


Because of the smallness of the difference, @ — 7, the term (@ ~ 7')/@ in the 
denominator of the expression for J, under the logarithm can be ignored. We 
then obtain 


% GF! GS? 
~~ aaaeR | 4 Qak0| es) 


We add (32) and (33), divide the sum by the constant 1/42 K? and we have 
finally for T < 6: 


6-7 x (%- xm)  o-7 
e Wipe Sere fe A eT A AOE 4 4) 
I~ G0 — te) ~ TET aK >|: 4 ‘2exee| “4 
Similarly above the Curie point, for T > 6: 
t (% — Xo)” L-6 
~~ = In| Se + ——_]. 35 
1 ~~ T5210, aK raf 4 da K°6 7) 
We see then that the intensity of the coherent scattering increases slowly 
with decreasing 9 ~ 7’. The second term in (34) is then of the order of magnitude 
0 


no. (36) 








» 
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33. THE SCATTERING OF X-RAYS BY CRYSTALS 
WITH VARIABLE LAMELLAR STRUCTURE 


¢ A formula is derived for the distribution of intensities in X-ray lines on scatter- 
ing from crystals with variable lamellar structure. The shape of the spots in a 
Laue-diagram and of the lines in a rotational pattern are examined. 


A NUMBER of crystals are known to possess “variable structure’’, i.e. to con- 
sist of separate regions of regular structure with lattices shifted relatively one 
to another’. In some cases these regions seem to be plane-parallel layers?, so 
that the crystal can be regarded as consisting of a series of layers with regular 
structure shifted with respect to one another. This is the case we shall deal 
with in this paper. 

The scattering intensity I of a ray with a wave vector k,, the corresponding 
wave vector of the scattered ray being k,, is proportional to the expression 


I~|f oem ar), (1) 


the integration being extended over the whole volume of the crystal, and 9 
being’ the density of charge in the crystal. As is known, @ can be represented 
in the form 

e= DS as ether) 


where K; are periods of the inverse lattice. The scattering from one of the faces 
of the lattice is determined by a corresponding term of this expansion. 

Let us consider the scattering from one of the faces of the lattice, ie. the 
scattering near one of the Bragg lines. Let K be the corresponding period of 
the inverse lattice; then we must corisider in @ only the term proportional 
to e'-"). If the crystal is a single crystal, then inserting 9 = const -e!(*” in 
equation {1} and introducing the denotation 


q=k,-— k, + K, (2) 
I ~ 8x3 8(q)V, (3) 


where V is the volume of the crystal and 5(g) is the product of three é-functions: 


5(@) = 8(G) 6(g,) (a). 
Now let us assume that the crystal has a variable structure and is divided 
by parallel planes (parallel to the X Y plane) into a series of layers, each pos- 


we find that 


ol. Tangay, Pacceanue pentreaoeux ayyeii Kpycraamann ¢ mepemenHOk crpyKIypok, WW yp- 
nar Sxenepumenmatonot u Teopemurecnot Dusunu, 7, 1227 (1987). 

L. Landau, The scattering of K-rays by crystals with variable lamellar structure, Phys. Z. 
Sowyjet. 12, 579 (1937). 
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sessing 2 regular lattice, identical for al the layers. The lattice of each layer 
is shifted with respect to that of the preceding layer by a constant vector p. 

We shail assume that p is the same for all the pairs of layers (an analogous 
derivation is possible also when p can have several different values). If the 
considered part of the density @ is equal to Ce'*-*) in one layer, then in the 
next layer it will evidently be equal to C e@-"* 7). 

The integral in (1) breaks into several integrals over each layer, 


= , N-1, ; ; 
| 0 ellarken AY = ¥ | Cn ei(ia -its+7) aV,. 
n=0* 


the layers being numbered from 0 to N. Substituting ¢, ~ e-P) eH") for 
the nth layer and introducing the notation 


(K-p) = x, 
we obtain ; < eae ‘ 
I~|fodm~rarl~)y elm jelerar, 

i n=0 


Lhe integration with respect to « and y is extended over the entire area S of 
the cross-section of the crystal and yields, analogously to (3), 42?Sd8(gz) 3(gy). 
The integration with respect to z in the nth layer is carried out within the 
limits z, and 2,41, Z, being the coordinate of the nth boundary plane between 
the layers. We finally obtain 


4° 8 5(ge) 3 (Qu) | ee 


2 


°4 


2 
eihx (eltstaes = eit: 4m) 


in 








n=O 
XV being very large, this may be written in the form 
4n? $3 (Ge) 5{4y) jet 


2 


2 


Nel ap 
2 I ay = 1? > eitx elds Fa (4) 
n=O 








The square of the modulus of the sum can be represented as a double sum: 


N-1 j N-1 N-1-n ( 7 
> @?% eifein = ba BS etx eit Zn Zn ~ (5) 
n=0 n=0 l=—=n 





As NV is large, this may be bees by 


ta ity TGC 
N e x eig= Gn~Sn~d 
2) : 
where the bar indicates the mean value, the averaging being taken over the 
different 7. 
Let us introduce the thicknesses d,, of the layers 
dy = 2n41 — Zn: (6) 
Then, with 1 > 0, 
tp — Foy = Ugg + Oyirey to + Ay 
and with 1 <0: 
tym 2-1 = — a, dyyy mon Gy 121+ 
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Let us assume that no correlation exists between the thicknesses of different 
layers, i.e. the probability of one layer having some thickness or other does 
not depend on the probabilities for the other leyers: Let us denote by & the 
mean value 

&= ene ? (7) 


where @ is the thickness of one of the leayers. There being no correlation be- 
weet the thicknesses of the layers we can evidently write, if 7 > 0, 


eit=Gn~ Za-D (et=4! = é 


and, #l< 0 SS eee 
z aie eife@n—tn-D) (e~ia=¢y = Fe 


&* being the complex conjugate of é. 
We then obtain approximately 


~ w(t + * # ex + > Ext ent) 

1 1 
7 f & el% & e7ik oo 1—é& 
-w(a+5 — Ee% + Eee)" T —ée et) (1 — &% @~) 


(obviously, |£{ <1 and therefore the progressions converge). Substituting 
this in equation (4), we find 


N-1_ 2 
»y @12% ei@etn 
0 








x 
16x? SN og =e) ; 
marr tas 8 (Gz) 6 oe (8) 


Since the absence of correlation has been already assurced it is natural to 
proceed to determine the probabilities w{d) of the thicknesses of the layers, 
assuming that the probability for a layer to increase in thickness on its for- 
mation by a given value is independent of the thickness it already possesses. 
This leads in a well known manner to a distribution of probabilities of the 
form w(d) ~ e~ ©": 4, The normalisation gives 

~did 


e 
@) =—=—, 9 
w(d) 7 (9) 





where d is the mean thickness. Using (9) we find that 
1 
1-ig, d 
and (8) is transformed to 
2 9 ate zz 
ve q, @ sin 3 


2 
= 


In 





es (G2) 6(9y) ¥ (10) 


[ «sine +2siny-¢d+¢ | 
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Let us choose the coefficient in this expression so that with the same 
normalisation the intensity J for single crystals with regular structure shall 
have the simple form 

I ~ 6(q). 


As appears from (3) this will be attained by dividing (10) by 82° V = 8n*NdS. 
We finally obtain 


=. x 
2d sin? — 
% (q, 4 + sing)? + (1 — cosy)?’ 


This expression has with respect to g, the so-called dispersion form with its 
maximum shifted relatively to the Bragg line g, = 0 by 





sin 
Aq, ea Z - (12) 
The width dg, of the line is 
1 — cos 
3g, = —— (13) 


g has a component along the z axis only, as appears from (11) containing 
6(gz) 6{(g,). We can therefore write 


k,—k,+ K=q,2, (14) 


where 2 isa unit vector along the z axis. k, and k, have the same absolute magni- 
tude (the frequency being unaltered on scattering) |%,| = |k,| = &. We shall 
denote the unit vectors along the directions k, and k, by n,and n, respectively. 

Let us use (11) for determining the shape of the spot in the Laue pattern. 
The crystal is here immobile, i.e. K = const. The incident beam has a constant 
direction (nv, = const) but all possible frequencies, ic. &. Let Ky) and Keg 
= kg Mg, be wave vectors of the incident and the scattered ray satisfying the 
Bragg condition ; 
Beoq — yy = ko(ttgq — %) = K (15) 


and 6k, and dk, the deviations of k, and k, from these values. Inserting k, = ky, 
+ 6k,, k, = ky. + dk, in (14) we obtain 

6k, — 0k, = — Ok (wo — m,) — kbn, = G,2 
or, Inserting (15), 


inet + ky én, = —@,2 (16) 
ky 
dn, being a small variation of the unit vector n,, it must be perpendicular 
tO Ng; Moreover, as appears from (16), it lies in the plane of the vectors 2, K. 
We can therefore write 

Om, = «[%gq A [e A K]], 
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where « is a certain constant. Inserting this in (16) and multiplying both sides 
vectorially by K we find 
G, = —% kg (K- M0). 


9. [{z A Ky A Reo| ; 
kg (K + N39) 


Thus the spot widens in the direction determined by the vector [[@ A K] A mzo}- 
The absolute magnitude of én, is evidently represented by the angle ¢ between 
the direction m, of the scattered ray and its direction m,, when fulfilling the 
Bragg condition. 

From (12), (13) and (17) we find that the line has the dispersion form, the 
displacement Ay of the centre of the spot with regard to its Bragg position is 


Thus 


bn = 


(17) 


sing I[[e A BK] A noo]I 


Ag=-— 
‘i a keg (EX + 12) 


and the width of the spot is 


7 1— cosy j[[z a KJ] A %e0]| 


é = 
se a ky (KX « M29) 


(18) 


_ Let us now use (12) and (13) to determine the form of the line in the rotational 

diagram. There the incident beam has a definite direction and frequency 
k, = const, ie. m, = const, k = const and the crystal rotates, ie. K has a 
variable direction. With the Bragg condition satisfied let again K = K). 
key = Keo, 


Koo — k, = Ky. 
The substitution k, = k,, + dk,, K = K, + 6K now gives 
6K — ék, = 6H — kb bm = 9,2 (19) 


(for 2 also we must now write # = 2) + 6%; g, being smali in itself, the term 
g, 6% may be neglected). Keeping in mind that 6H, being a small variation 
of the vector EX without altering its absolute magnitude , is perpendicular to Kp, 
we find analogously to the foregoing: 


6M, = &[Ney A [% A OKI], 


Gg, = ~ ok(ny.° dK), 
whence 
9. [ [#0 A 6 K) A Nzol : (20) 


og E(t, 3B) 


‘We must here substitute for 6K the well known expressions for the variation 
of the vector on turning. 
6K = (62 0 Kj, 
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where 6 Q is a vector equal in magnitude to the angle of rotation and directed 
along the axis about which the rotation takes place. Of course the absolute 
magnitude of 6 @ will cancel in (20). Analogously to formulae (18) we now have: 


sin x [Leo A OKA Reo] 


ae ees d K(ttg.- 6K) | 
(21) 
pee 1 — cosy |[[z) A 6K] A woof} 


d &(Wy9°5 K) 


Usually v is near either to zero or «x. Of course, a noticeable expansion occurs 
only in the second case. 
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34. PRODUCTION OF SHOWERS BY HEAVY PARTICLES 


CaRLson and Oppenheimer! and Bhabha and Heitler? have proposed a very 
ingenious explanation of showers by a multiplicative production of photons, 
electrons and positrons . The greater part of the showers observed can in this 
way be regarded as originated by electrons, positrons or photons penetrating 
from the atmosphere. Such showers are absorbed if the layer of lead is suffi- 
cientiy thick. It is known, however, that at sea-level and especially under 
earth, the frequency of showers with increasing thickness of lead layer does 
not diminish but tends to a limit. We wish to point out that this phenomenon 
does not require a new concept of showers, but can be explained by irradiation 
with heavy particles, which easily penetrate through such layers of lead. 

A more rigorous treatment of showers® shows that a shower has a certain 
range given by the formula 


2\2 
L = ont? pleihci ms eee 
e e ZN & 


where i, c, ¢ have the usual meaning; m is the electronic mass; N is the number 
of electrons per em®; Z= YN, Z(Z+ 1)/Z N.Z (N, is number of atoms with 
‘charge Ze); # is the energy of the incident particle and « a critical energy of 
the order of magnitude 750/Z MeV. 

Lf we combine this formula with the well-known formula for radiation prob- 
ability for a heavy particle, we get for the probability that a shower produced 
by a photon emitted by a heavy particle gets out of the layer of sufficient 


thickness: ana EY? E 


w= 00(Sr) (5) rarer 


where Jf is the mass of the heavy particle and # its energy, which is assumed 
> Mc*. If we take for M the value of some tens of electronic mass proposed 
by Anderson and Neddermeyer*, we get a fair agreement with the observed 
order of magnitude. 

" Details of the calculations will be published elsewhere. 
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35. STABILITY OF NEON AND CARBON WITH 
RESPECT TO «-PARTICLE DISINTEGRATION 


Ka.cxar, Oppenheimer and Serber in a recent article! have proposed as an 
explanation for the experimentally observed stability of compound nuclei 
20Ne, °C against x-decay a small i-s coupling. The smailness of coupling 
would mean that the energy of coupling is small compared with the separation 
of energy levels, but it is well known that the distance between energy levels 
in heavy nuclei is very small and in the above elements is surely much less 
than the energy of /-s coupling. Therefore such an explanation of the anomalous 
stability seems untenable. 

I should like to point out that there is no need to look for special explanations, 
because the observed phenomenon can be explained by the fundamental con- 
servation laws which, as is well known in wave mechanics, include also the 
conservation of parity. As already pointed out by Fermi for atoms it can 
sometimes occur that a decay which is energetically possible cannot take place 
because of this conservation law. Let us assume for instance that the state 
in question is an odd state with angular momentum zero and the states of the 
disintegration particles are even states with momenta also zero. Then it is 
easy to see that no states of relative motion can satisfy both the laws of conser- 
vation of angular momentum and of parity. 
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Ree. 52, 1251 (1937). 
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36. THE CASCADE THEORY OF 
ELECTRONIC SHOWERS 


1. Starting from the physical idea proposed by Bhabha and Heitler, and Cari- 
son and Oppenbeimer, on the cascade production of showers, a more rigorous 
treatment of the problem is given (§§ 1-5). 

2. A numerical table permits the calculation of the number of shower particles 
as a, function of depth of penetration for any given initial energy of the creating 
particle, and also the energy distribution for shower particles at a given depth 

§). 

e : The showers possess a definite range (§ 7). 

4. The behaviour of a shower passing from air to a medium with a different 
atomic number is studied (§ 9). 

5. The consequences arising from the hypothesis of the new “semi-heary” 
particles are discussed. 

‘1. Bhabha and Heitlert and also Carlson and Oppenheimer? have recently 
proposed a very ingenious theory of showers which explains nearly all the ob- 
served phenomena; both these treatments, however, contain approximations 
the validity of which cannot always be justified. The calculations of the authors 
make use of the method of successive approximations whose exactness is 
difficult to estimate, while the second authors replace one of the funda- 
mental equations by a different one, and it is impossible to see how this repla- 
cement may distort the final result. Consequently, we have thought it useful 
to make the calculation in a more rigourous way; the fundamental physical 
ideas, however, are exactly the same,as those of the authors mentioned above. 

2. Consider a fast electron penetrating into a layer of matter; as long as 
its energy is below a certain order of magnitude, the loss of energy of the 
electron will be determined mainly by ionization ; for higher energies, however, 
loss of energy by radiation (Bremsstrahlung) becomes more important. This 
critical energy lies in the region of about « = 750/Z MeV, where Z denotes 
& certain average nuclear charge (there may be several nuclei of different 
kinds present). Since the collision radiation, which is determined by the 
interaction between the electron and the nuclear field, increases as Z*, while 
the ionization is approximately proportional to the number of electrons in the 


material, the most suitable definition of Z is 

Z=Z, um Z(Z,+ VN, (1) 
where 2; is the number per cm? of nuclei having the charge Z;, and NW is the 
total number of electrons per cm’ In the numerator we have put Z;(Z; + 1) 


_ .L. Landau and G. Rumer, The cascade theory of electronic showers, Proc. Roy. Soc. A 166, 
233 (1938). 
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instead of Z%, since in the case of collision radiation we have to consider not 
only interactions with the nuclei but also with the electrons; it is important 
to remember this in the case of hydrogen. This same critical energy «¢ is also 
that for which the absorption of photons by pair production rather than by 
the Compton effect begins to become important. 


3. Consider a particle (electron, positron) or photon moving normally to the 
boundary of a sufficiently thick layer of matter. If the energy of the particle 
inside this layer is high enough, both photons (produced by collision radiation) 
and new “material particles” (produced by pair production) will appear—in 
other words a shower will be generated. Let us consider how the number of 
particles 7 (#) d# and the number of photons P(#) d#, with energies in the 
range d# and at distance x from the surface of the layer, will change in conse- 
quence of pair production and collision radiation {we assume the energy E to 
be so high that the Compton effect and ionization can be neglected). 

Let »(#, #’) dH’ be the probability per unit path length of the production 
of an electron of energy between #’ and #’ + dH’ by a photon of energy ZH, 
and let x(#, £’) dH’ be the probability of the radiation of a photon of energy 
between H’ and #’ + d#’ by an electron of energy #. The rate of change of 
iT (Z) caused by pair production will consequently be 


(==) <2 | Pe) rt B) du. (2) 
P 
Zz 





da 


The factor 2 occurs because there are always two particles (electron and posi- 
tron) created with equal probabilities. Similarly the rate of change of 7 (2) 
caused by radiation will be 





: oe BE 
(4°) = [ m0) 200, — Bau — | 2) a8, Bw) aw (3) 
R 
” 0 


The first term gives the number of particles of energy greater than #, whichhave. 
lost energy by radiating a photon, thus bringing them into the energy range 
between # and # + dH; the second term gives the number of particles which 
leaves this interval by radiating a photon. For the rate of change of the number 
of photons I'(#) we have in a similar way 


z 
(AS) - -f L(B) vy (&, u) da, (4) 
P 
0 
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IT(u) a(u, H) du. (5) 
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Thus for the total value of the change of the numbers of material particles 
and photons, we shall have: 


ae = 2{ re y(u, B) de 


E 


co -B 
+ [ 200 xt, 0 - Byau— | (8) WE, G-—uj)du, (6) 
EB 0 


alr(z) _ 
dz 





~ Ez 
[2 a(u, £) du — | LZ) y (Bu) du. (7) 
E 


This is the basis of the cascade theory of showers. 

4, The expressions for y(#, E’) and x(#, E’) have been given by Bethe and 
Heitler?. For the region of energies which concern us here, the screening can 
be considered as complete and we have 


EB? +4 (B-EY +H (E- EB’) 





y(H, B') = A Ee (8) 
apn _ g w+ BY - EE - EB) 
x(E, BE’) = as eae (9) 
where 4 e \F = = 4 
=o N -13 “1. 1 
A 37 (=) NV Z1n 183 Z7-*" em (10) 
Putting in numerical values we find 
A=1-19 x 10°N Z(L — 0-067nZ). (10a) 


It is convenient to follow Carlson and Oppenheimer® and measure lengths x 
in terms of the dimensionless unit, so that the length is defined by 
t 
topes 11 
aaa (11) 
We obtain the lengths in em which correspond to unit value of t for various 
materials, shown in Table 1, together with the values of Z and «. 









TaBLe 1 
= Equivalent thickness in cm 
| Z ate¥) corresponding to t= ] 
Al 50 x 106 9-2 
Pb 9 x 108 0-52 
4,0 100 x 108 38-0 
Air 90 x 106 39-0 (height of water 


barometer) 
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The height of the atmosphere is ¢ = 26. When this is done, all the material. 
constants depreer tiem thefundamental equations, which then assume theform 
& 





= w+ BF — E?e+w-— tuk 
it soe ee TB ————— 
-| Cao ee ee 
o 
n 2 aa 3 8 i 
+ fe pie ea (6a) 
ws 
- = = 2 
—_ =| bea depo genset Pas -[rH2* set F aw. (7a) 
rc) 


For the anaeie of these equations we introduce a new independent vari- 
able s in the place of #, in the following way: if {(#) is any function of Z, 
and /, is defined by a 


f={fDEAE (s8<«), (12) 
0 


then jf, is defined uniquely in terms of {(#) and the converse may also be 
proved. Thus to any equation valid in a complete range of # there corresponds 
an equation in s, and vice versa. We now transform each term of equations 
(6a) and (7a) to the new variables s, and also write & = B/u 

cs} ro) co) Ez 
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The definite integrals with respect to é occurring in these expressions, we 
shail denote by A({s), B(s), C{s) and D, ie. 








1 
2 4 (58 + 7) 
= -_- & _ a ~—F + £2 =o — 
A(s) foo &)(1 a. ei +H )ae g W) + Sea a 
o 
(13) 
1 
Pewee oy Cay et $ = . 
«= [e(2-ge+ 5 ) Tee S45 Oe oe 
0 
; 4 4 a. = 1 
/ = 8— 1 24 —£ —-— SST se 5 
C (8) I: (« eee =)as $ ht aaa) 15) 
1 
p= |(-#- e+ijac=5 (16) 
IG rare 
0 


where y(s) is defined by p(s) = (a/a s)Ins!, and y is Huler’s constant. 
Thus in terms of the new variable s, the system of fundamental equations 
assumes the simple form 
dz, ; ad 


, ar 
Fr = AM + BOL, >i= CO) M,- Dr, 7) 


5. As is well known, the solutions of (17) are given by 


ZT, (t) = a, exp (— A, t) + b, exp({—- st), | as) 
F(t) = ¢,exp(—A,t) + d, exp(— 4, 4), 
where A, and u, are the roots of the secular equations 
-A{s)+x Bis 
sak me 0, (19) 
| C{s) —-D+« 





so that 


A(s) = 4, => (40) + D} SV {4 (s) ~ D}? + 4B(s) C(s) 
B(S) = My = — {A(6) + D}+ ~ J{A(s) — D}? + 4B(s) C(s), 


and a,, b,. ¢,, d, are constants determined by the initial conditions (¢ = 0). 
The case which interests us is when the rate of change of the number of particles 
is large, i.e. when the exponents are large, and consequently we consider all 
quantities which do not vary exponentially as being of order of magnitude 
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unity.t With this approximation we can neglect the solutions corresponding 
to #,, and approximately satisfy the initial conditions by using only the 4,- 
solutions. 

An examination os the secular equation (19) shows that for change of s 
in the interval 0 S s S 0, the function A(s) increases ae — © to the limit- 
ing value 7/9. 

‘6. If only a single photon passes through the layer with energy Hp, the initial 
conditions are 

IE) = 0, I(B) = 5(E — B); 


thus to our approximation we have 
J 2) + PD) aE = Bi exp(-2, 0). (20) 
0 

Following Bhabha and Heitler1 we measure the energy by means of the 


dimensionless quantity y, so that 


=e 


Ez 
yin and 4 =In— (21) 


and » will then be the quantity corresponding to the critical energy. Let 
P(y,t) = expoly, t) be the distribution function with respect to y so that? 


{[(E) + II(H)} AE = - P dy. (22) 


The expression (20) then becomes 
oo 
fexp{oly, #) — sy} dy = exp(—4,0). (23) 
—-® 


The integrand has a sharp maximum for a certain value of y, say y; then 7 
will be the root of the equation 


,t 
bey. 4) = 8. (24) 
by 
Neglecting the non-exponential terms, we obtain from (23) 
¢@,t) — 8% = —A(s)t. (25) 


From equations (24) and (25) knowing the function p(y, t), we could deter- 
mine the function 4(s); since, however, it is 2(s) which is given, and we wish 


+ The assumption that the exponentials are respectively large or small implies that the 
total number of secondary particles is large. This assumption, absolutely necessary, if radiation 
and creation of pairs are treated separately from ionization and Compton effect, is of course 
made {together with other assumptions which we have avoided) by Bhabha and Heitler and by 
Carlson and Oppenheimer. 

+ When in the following we refer to the number of particles we mean both charged particles 
and light quanta. 


cPpL § 
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to find the function (y, t) = In Ply, #), we differentiate equation (25) with 
respect to s, which gives 


6g ay dy : 
ee eg ee ee t. 
oy de de ee) 


On account of (24) this simplifies to 
y = A (s)t. (26) 


We substitute this value ¥ in equation (25), and write simply y instead of y 
in what follows. 
The equations 


y=tals), p= t{sd'(s) — Als)}, (27) 


give a parametric representation of g as a function of y and ?, and in Fig. 1 


Oo 
0-01 


lexerer) 





Fie. 1 


we show the dependence of p on y for the particular values i = 10 and Z,/e. 
= 100 (for other values the scale of Fig. 1 must be correspondingly altered), 
Since it follows from (24) that 


we see then that the function increases monotonically, or in other words, 
the number of created particles observed in a given thickness ¢ of the layer 
increases with y, ie. with diminishing energy of these created particles. 

The expression for y ceases to be valid as soon as the energy of the created 
particles falls to the order of magnitude of the critical energy, since the ioniza- 
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tion and Compton effect which we could neglect for higher energies, then 
become increasingly important. As can be seen from equations (8) and (9) 
photons of small energy are formed in much larger quantities, by collision 
radiation, than are material particles of small energy by pair production. The 
number of created photons with energies in the range HZ’, #' + dH’ is propor- 
tional to 1/#’. If #’ < « then the absorption of these photons is determined 
mainly by the Compton effect and not by pair production: consequently in 
this energy region the absorption coefficient is nearly proportional to 1/2’ 
(as follows from the theory of the Compton effect), i.e. the numbers of photons 
I(#) for # < ¢ is independent of the energy. 


.) 
& 
° 
& 
G 


fea) 





7 


Fra. 2 


As can be shown by a more detailed analysis, the same is true of the number 
of particles 7 (#) for H < ¢’. If we go over from £ to the logarithmic measure 
y we find in consequence of (21) that the distribution function P{y, t) for 
y > has the form 


Py, t) = exp {const — y}. 


We see then that the number of particles for given penetration depth ¢ increases 
with diminution of energy until the critical region is reached, when further 
diminution of the energy diminishes the number of particles. This means that 
for given penetration depth the majority of particles in a shower will have the 
energy é. 

The distribution of particles along the path of penetration into the layer 
of matter is given by the function which is shown graphically in Fig. 2 for 
4 = In 100. For other values of 7 the scale has to be correspondingly changed. 
We give in Table 2 the corresponding values of s, t/y, p/y and 4. The curve 
9F 
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has a maximum at the point ¢ = ¢,,, for which the derivative 4 p/@¢ vanishes. 
From (25) we have — 
69 —-9ds—sdy= —Adt—tdis. 


Since dy = 0 and, on account of (26), yds =tdd, we obtain 


ee 91s); (28) 


hence A{1) = 0; this can of course also be proved by a direct calculation. 
7. Equation (26) gives for the position of the maximum 


TaBLs 2 

tly | ely | A | $ 
0-04 0-25 — 3-76 0-1 
0-12 0-44 — 2.26 0-2 
0-19 0-59 — 1-56 0-3 
9.28 0-71 -1-12 G-4 
0.37 0-86 —1-80 0-5 
0-48 0-88 0357 0-6 
0-60 0-93 — 0-38 0.7 
0.72 0-97 — 0-23 0-8 
0-86 0-99 —-0-11 0-9 
I-01 1-00 $ 0-00 10 
1-18 0-99 9-09 1-1 
1:37 0-97 O17 1-2 
1.58 0-92 0-24 13 
1-81 0-86 0-30 14 
2-07 0-78 0-35 1-3 
2-36 0-67 0-39 1-6 
2-69 0-53 0-44 4-7 
3-07 0-36 0-47 18 
3-49 0-16 0-50 1-9 
3-98 ~- 0-08 0-53 2.0 
4.49 —0-37 0:55 21 
5-08 ~0-70 0-57 2:2 
5-73 — 1.08 0-59 23 
6-46 ~152 0-61 2.4 
7-29 — 2:03 0-62 2-5 
8.17 — 2-67 0-63 2-6 

rr) oo 0-78 -) 
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ie. the maximum number of particles will be observed at a depth 
E 
a= 1l0lIn—, 
é€ 


and will be equal to #,/e particles. The length of the shower track will be, 

expressed in ?-units, E 

to = 3-8 In— > 
é 


which gives for air 1-48]n#)/100 m of water barometer. 

Let us calculate the fraction of the number of particles which, having 
penetrated the atmosphere with an initial energy of 10!° eV, can be observed. 
at sea-level; we have 7 = 1n100 = 4-6 and t/n = 26/4-6 = 5-65, and from 
Table 2 we find the corresponding value of y/y = — 1-03 so that mp = — 4-74. 
Consequently the required fraction is exp (— 4:74), or slightly less than 1 per 
cent. As regards the particles penetrating the atmosphere with energies of 
3 x 10°eV, only 1 in 1000 can reach sea level. 

In the third column of Table 2 we have written down the values of 4. Now 
equation (28) shows that A is the coefficient of absorption and we see that 
the limiting value of 2 (for large t) is 7/9, which gives 2 per metre of water 
barometer in the case of air. If we estimate the energy of the particles entering 
the atmosphere as of order of magnitude 3 x 10° — 10! eV, we obtain 0-6 as 
the order of magnitude of 2, and consequently an absorption coefficient 1-5 per 
metre of water barometer. This then is the size of absorption coefficient we 
should expect to find for light particles at sea-level. 

The total energy of the shower is given by 

(9) 
E(t) = j {I'(H) + 11(B)} BAH = By fexp{oly,t)-y}dy. (29) 


-O 


The integrand has a sharp maximum at the point y = 9, where the derivative 
of the exponent vanishes, i.e. | 


0g t 
oy ct (=) s 


As can be seen from Table 2 y=; tf ¥< 7, p{¥, t) = ¥ and the integral 
becomes of order unity, and we find that the total energy of the shower is 
of order Hy. For 7 > 7 the maximum of the integrand corresponds to the point 
y = 4 and we have 


E(t) = Ey, t<7 


E@ = Ey exp{p(n. t) — a}. t> 7. 


The graph of this function is shown in Fig. 3. 

8. In principle it is possible to deduce the spectral distribution of the par- 
ticles entering the atmosphere and producing showers along their path from 
the experimentally observable number of particles W(t) per unit length of 
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path. Let exp &(y) be the number of particles entering the atmosphere with 
energy #,; each of these will produce a shower, so that the total number of 
particles V(t) per unit length observed at depth ¢ is 


N(t) = | exp{E(n) + oy, O} dn. (21) 


The integrand has a maximum at the point 7 = 7, where the derivative 
£'{n) + Op(y, t)/an vanishes, and 7 of course depends on ¢. The majority of 
particles observed at different heights are formed by particles of different 
energies. In our approximation we can write 


NW = exp {E(y) + oG, O}, 
and we have 


De i es aL 
Wa a +f + oa aan eee (=). ed 





Fre. 3 


The left-hand side of this equation can be obtained from experiment, and 
thus knowing A(¢'7) we can determine for given depth ¢ the corresponding 
value of the energy of the shower producing particles. In the same column 
of Table 2 we find the corresponding value of ¢(t/7), and finally obtain the 


required functions as exp £(n) = N(t) exp (— »%, ®)) (38) 
t = t(y). 

9. We shall now consider the behaviour of cosmic particles in passing from 
air to a medium with a different atomic number, and first of all determine the 
distribution of particles with respect to energy at given height t. Let 7 =In(Z/s), 
where F is the energy of a particle at height t, and let ) = In{(H)/s), where Ey 


is the energy of a particle at the boundary ‘of the atmosphere. 
The number of particles with a given value of 7 will then be given by 


N(t,n) = f exp {E(to) + elt — 7 O} dno, (34) 
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or to our approximation 
N (tn) = exp (Go) + Go — 9}, (34a) 
where 4 is the root of the equation 
ee (35) 
oN 
Tf we are not concerned with particles with very high energies, we can 


assume that 4 is smali compared with 7, and retain only the linear term in 
the expansion of the expression in the exponent in powers of 7; we then 


have 
Bjjo Solin 9} 
en a7No 


&'(qo) + 


é % he 
ja mne My =o = {E' (io) + Po — 2: 8} 


or, 
; t 

In V(t, 7) = const — (=n. (36) 

No 

where the constant of course depends on ¢ but not on 7. The quantity s in 

this formula is connected directly with the absorption coefficient 4 at the 

given height, and can be calculated from it by means of the table. We obtain 

finally 





N(t, 9) = No exp(— sy}, (37) 
and going over to the ordinary scale of energy, we have evidently 
dz 
dN = const Ee (38) 


{this formula applies of course only for # >). For example, for t = 10, 
Ey = 10% eV, we obtain from the table s ~ 1-5, for t= 20, Ey = 10“eV 
we find s ~ 2-0. 

We now determine the number of showers produced by a particle passing 
‘from air through a not too thin layer of some material; Jet 


“(s)-*G)-s 
€ Z 


where « and Z refer to air and e’ and Z’ to the layer, then we can write 7’ = 7 
+ ¢. As was shown in section 7, the showers will emerge from the layer only 
if 7’ > t/3-8 or 4 > t/3-8 — €. 

Since the number of particles diminishes with energy, for negative values 
of Z (i.e. Z < Z) we can simply write 


t 5 * t 4 
toe ts! and W = Noexp}- (ge + ci)} (39) 


We see from this that with increase of the layer thickness the number of 
showers falls off with an absorption coefficient s/3-8. For positive ¢ we have to 
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distinguish between two cases: (1) ¢ < 3-8f and (2) ¢ > 3-8¢; in the first case 
the lower limit given by the formula for 7 is negative, and we have simply 
to put 7 = 0, from which N = Nj; in the second case we obtain as before 


t 
i¥ = Ny, exp \- 8 (+ - sh (40) 


To caleulate the number of particles emerging from the given layer, we have 
N = Ny | exp(—s9 + p(y + 4,2) dy. (41) 


For negative ¢ the integrand always has a maximum for a value of 7 different 
from zero, and in our approximation we can write 


No = Ny exp {— 8H + g(n + g; ty}, (42) 
where 7 is the root of the equation 
é + ¢,t t 
_ Sen + % 8) =+( ) (43) 
én ie a 


Now we have (see equation (25)) 
em + oH) - m+ i)s = —tals), 
hence N = Ny, exp{s€ — ta{s)}. (44) 


In other words the number of particles continues to diminish in the material 
with the same absorption coefficient A as in air. For ¢ = 0, 


N = Nyexp(et}, (45) 


ie. since ¢ is negative for a transition from air to a medium of smaller atomic 
number, the number of particles falls discontinuously (actually in a thin 
layer t <1) by a factor exps|¢]. For a transition from air to lithium we 
have Z' = 4, ¢ ~ — 0-76, which for s ~ 1-5 gives a diminution of the number 
of particles by a factor 3. 

_ Passing to a medium with larger Z, we have two cases according as to 
whether equation (43) has or has not a positive solution for 7. In the former 
case we evidently obtain the same result as for negative ¢, but in the latter 
‘which occurs when s(i/f) < s we must write 


N = Ny, expe, t). (46) 
This expression has a maximum for t = ¢, as was shown, this maximum being 
N = Noexpé = Ny ra (47) 


We see therefore that for passage through a medium with Z larger than in 
air the number of particles at first increases, 10 times for lead, for instance, 
and then falls, reaching after a certain point the absorption coefficient for 
eir, , 
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10. The showers observed at great heights should evidently be ascribed 
to the so-called soft component of the penetrating radiation, i.e. particles 
produced by penetration of photons or electrons. Correspondingly the number 
of showers leaving a lead plate has, as we know, a maximum for a certain | 
thickness of lead, falling off with further increase of the thickness correspond- - 
ing to the finite length of path of the showers. The number of showers at 
and below the Harth’s surface tends to a certain limit with increase of the 
thickness of the lead plate. As had already been pointed out, such showers 
can be related to secondary particles created during the passage of the hard 
component through matter and such particles may evidently be either electrons 
or photons. From the relativistic scattering formula, we can obtain for the 
number of fast electrons produced per unit path of the “semi-heavy”’ particle 
the following expression (we assume the velocity of the particle to be close 
to that of light) 

2 4 

2m ao 
m ce Be 
Since the number of particles increases rapidly with decrease of their energies, 
the number of observed showers should be very sensitive to the minimum 
energy of the shower which the apparatus can detect. In order to obtain a 
very rough estimate of the order of magnitude, we assume arbitrarily that 
this lower limit is He and the length of path of the shower is ¢ = 1. It is 
seen from the calculation that the atomic number of the medium drops out 
of the final expression, so that the number of showers is independent of the 
nature of the medium, and we obtain 3 or 4 as the order of magnitude of 
the number of showers per 100 semi-heavy particles. Thus if the particle 
producing the shower is an electron we should expect that the number of 
showers should be independent of the mass and energy of the penetrating 
particle, and independent of the properties of the medium in which the shower 
is created, but that it should be strongly dependent on the particular experi- . 
mental arrangement used for detecting the showers. 

On the other hand, if it is a proton which produces the shower, calculation 
shows that the number of showers should depend chiefly on the mass of 
the penetrating particle, and also to some extent on its energy and the atomic 
number of the medium, but much less on the particular experimental arrange- 
ment. 

The relative importance of these two possibilities depends very much 
on what we assume about the mass of the initial particle. Since experimentally 
it is found that the number of showers is independent cf the medium, we 
may conclude that it is the first possibility which is correct. 


(48) 
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37. THE INTERMEDIATE STATE OF 
SUPRACONDUCTORS 


Ix a previous paper!, I have shown that a body in the so-called “intermediate” 
state consists of alternating layers of the supraconducting and normal phases. 
It can be shown, however, that the plane—parallel form of these layers discussed 
in this paper does not correspond to a minimum of the free energy}. A detailed 
investigation leads to the result that the thickness of the layers does not 
remain constant throughout the body, but is greatest in the inner part, and 
becomes very small near the surface of the body. The accompanying figure 
shows a section of a plate in a transverse magnetic field. The normal layers 
{shaded in the figure} branch in both directions towards the surface of the 
plate. A similar branching along the lines of force occurs in the intermediate 
state of a body of any other shape. 
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Calculation shows that the thickness of the layers in the middie of the 
body is of the order of magnitude (J, 22)/8, 2 being the total length of the line 
of force inside the body and J, the depth of penetration of the magnetic field 
in a supraconductor (probably of the order 10-* em). 

The branching of the layers towards the surface continues until the thickness 
of the layers becomes of the order of magnitude of J), when it is no longer 
really possible to speak of the normal and supraconducting states as distinct 
phases. Hence, a region of the width J, near the surface of the body is not 
in the intermediate state, that is, does not consist cf layers; but is im some 
different state which may be called the “mixed” state. 


L. Landau, The intermediate state of supraconductors, Nature, 142, 688 (1938). 
+ I am indebted to Professor R. Peierls for directing my attention to this point. 
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The conception of the alternating layers leads to the conclusion that the 
intermediate state must be supraconducting in the direction of the magnetic 
field, but has resistance in perpendicular directions. It might seem that the 
body should be supraconducting also in the direction which is parallel to 
the layers but perpendicular to the direction of the field; however, it can 
easily be shown that, if the current is flowing in this direction, the layers 
turn so as to be perpendicular to the current. 

For the resistance of the intermediate state perpendicular to the magnetic 
field, we should have R= FR, B/H, (B, magnetic induction; #,, critical field; 
Ry, resistance of the normal state). However, experiment shows? that the 
resistance of a wire in a transverse field tends to this value only if the current 
is comparatively large, the resistance for very small currents being much 
smaller. This indicates that an appreciable part of the current flows not in the 
middle of the wire through the intermediate state, but in the mixed state 
near the surface. More detailed experiments could in this way supply informa- 
tion about the properties of the mixed state, about which at present very 
little can be said theoretically. 

The detailed calculations will appear elsewhere’. 
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38. ON THE DE HAAS—VAN ALPHEN EFFECT 


To obtain the formula for the magnetic susceptibility at low temperatures for 
the isotropic case, we start from equations (17) and (18) of Blackman}, which 
in our notationt become: 


wo 





F Z(E, Hye 8-B*T ag NE, 

Gr” | ay ene OR (A 1) 
ze, ny = BEN 20 p-(142\pH)\ A2 
6, #) = FE y(e-(14+5) 08) - (8.2) 


We assume #, constant, in accordance with Blackman’s method (p.12) (for 
the weak fields of the experiments the condition NV’ = const gives practically 
the same result as HZ, = const). Introducing the abbreviations 


E kT (mje _ 
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and integrating by parts, we have 
F-NE, ef cd 8 
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where 
1\32 
w= 5 (2-1-5) (A5) 
zt aa 


the summation being over all positive integers 1 which make the radicand 
positive, and where 
1 


. a ne 
g(x} Tee (A 6) 
Using Poisson’s summation formula, we have 
eo . ous 
ge)= Y (- | t — a)? of 'P* dx. (& 7) 
p=-% 


0 


L, Landau, Appendix to a paper by D. Shoenberg, Proc. Roy. Soc. A170, 363 (1939). 
+ For the isotropic case, m= Mm, =m, =m, and m, = 0, so the f’s defined in equations (4) 
and (6) of the text all become equal to B = e&/me. 
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The term in p= 0 can be immediately evaluated; for » + 0, integrating 
twice by parts, the integral can be expressed in terms of Fresnel’s integrals 
for the argument 27 p e. It can be seen, however, from (A 4) that the value 
of g need be known only in the neighbourhood of ¢ = é9, since the derivative 
of g ((¢ — &)/6) is appreciable only there, provided Z, > k 7. Since ¢ is a large 
number, provided H, > § H, the Fresnel integrals may be replaced by their 
values for infinite argument. = transforms {A : into 


Be -¥ (2 LY Se er con (2npe— =) 
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Inserting this into (A 4), we notice that the first two terms of (A 8) vary very 
slowly in the range for which dg((e — é)/6)/de is appreciable, and we may 
therefore use their values at ¢,. The last term, however, varies rapidly. Hence 
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where @ stands for “the real part of”’. 
The integra] in (A 9) can be evaluated, and gives 


o 


ee Ok é 227 pO 
ee al bee ee 0 
[e de o(G)ae sinh 2x? p@ (20) 


-@® 


So, substituting for «, 9, and @ from (A 3), and omitting the term which does 
not depend on H, we have 
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where / is the function defined by Shoenberg* and A’ is 
/2e Ey 


mien ot ff andl? 
24 CASK me 


? 


(A 12) 


The transformation to the non-isotropic case is carried out just as in section 1 
of Blackman’s paper, except that the coefficient m, is taken into account, 
and the formulae quoted by Shoenberg? (equations (3-9)) are obtained. 
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39. ON THE POLARISATION OF ELECTRONS 
BY SCATTERING 


it is well known that experiments fail to observe any appreciable polarisation 
by scattering! which is sometimes regarded as a failure of the theory. Bethe 
and Rose® have shown in a recent article that this fact cannot be explained ° 
by depolarisation effects. I wish to point out that the negative result of experi- 
ments seems to follow from a much simpler reason, namely from the fact 
that the scattered electrons observed have got their deflection not in a single 
act of scattering but as a result of multiple scattering. 

The angular width of the beam originated by multiple scattering can be 
easily calculated. The mean square angle of deflection resulting from a multiple 


scattering is* 
; Ze 2 (6%? 
= an (22) rn] PH] 


where WN is the number of atoms in a unit volume, Z the atomic number, 
# the energy of the electrons (more exactly # = m v*/2[1 — (v®/e)]"), 0 the 
angle for which effects of screening become important, and / the path which 
the electrons have travelled. Inserting the values for gold we getfor # = 100keV 


<O>,, = 25 x 1082 In(5 x £087). 








Even for = 7 x 10-&cm (the thinnest foil used by Dymond) we get 
KON? = 0-23, 


But this means that most of the deflected electrons observed in experiment 
were scattered many times on small angles. As the polarisation formula given 
by Mott* shows that the polarisation falls very rapidly for small angles of 
scattering, this seems to explain the experimental results. 
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40. ON THE NATURE OF THE NUCLEAR FORCES 


In was shown recently by one of us? that the properties of the wave equation 
for a particle with spin] in a Coulomb field are essentially different from 
those of the wave equation for particles with spin 0 or 4. It turns out that the 
solutions of this equation corresponding to the total momenta 721 and 
orbital momenta |] = 7+ 1 have an essential singularity in the co-ordinate 
origin. The wave equations are in the vicinity of the origin of the form 


y+ fryyso0 (3) 


with f ~ (e?/uc?)(L/r3) (« is the mass of the particle). 

However, it is necessary to hold in mind that the applicability of the Proca 
equations is limited by distances of the order ry) = e?/u c?, as was shown by 
one of us®. If we note that (1) is of the form analogous to that of the Sehré- 
dinger equation the qualitative picture of the motion can be formally de- 
scribed as the motion of a fictitious non-relativistic particle with mass 1 ina 
potential hole with the radius r) and of the depth U ~ i2/rj. It is known that 
the levels corresponding to the.motion of the particle inside the hole exist 
if U > x? 2/872. As in the present case U is itself of the order A2/72, it is 
@ priori impossible to decide if there are states which correspond to the motion 
limited by the distances of the order 7,. In particular such states can prove 
to be possible only for certain values of the momentum j. 

If we identify, as is commonly done, mesotrons with particles with spin 1, 
and assume that the neutron consists of a proton and a negative mesotron, 
then we can conclude from the foregoing considerations that there is no 
specific interaction between the proton and the mesotron and the formation 
of the neutron is the result of the ordinary electrical interaction. If such a 
point of view is adopted we must assume that the system proton + negative 
mesotron. possesses for the total momentum of the system equal to 4 and the 
total momentum of the mesotron 7= 1 a level which corresponds to the 
relative motion of both particles at the distances of the order 7p. 

So we are led to the view that the nuclear forces are to be regarded as 
originating from the electrical interaction of the nuclear particles by means 
of the mesotrons, and are connected with the peculiar properties of the equa- 
tions of motion of the mesotrons. 

It could appear that such a point of view is inconsistent with the symmetry 
in the properties of the neutrons and the protons, which is substantially 
supported by experiment. However, it follows from the mere fact that the 


L. Landau and I. Tamm, On the nature of the nuclear forces, Phys. Rev. 58, 1006 (1940). 
L, Landau and I. Tamm, On the nature of the nuclear forces, C. R. Acad. Sct. USSR, 29, 
556 (1940)}.. 
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system proton + negative mesotron possesses a level with the binding energy 
~ #c*, that the system neutron + positive electron forms a proton with the 
liberation of nearly the same energy yu ¢* (the possibility of the mesotron pair 
creation must be held in mind). 

As the radius ¢?/u c* of the proton and of the neutron is, in this theory, 
small as compared with that of the nucleus, the possibility arises of calculating 
various effects (the scattering of the mesotrons on the nuclei, the mesotron 
photo-effect, ete.) without going into the detailed consideration of the un- 
known interaction inside the protons and the neutrons themselves (as is’ 
done in the theory of the deuteron)’. 

A detailed discussion of these problems will be published in the Journal 
of Physics (edited by the Academy of Sciences of the U.S.S.B.)+. 
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41. ON THE “RADIUS” OF THE ELEMENTARY 
PARTICLES 


A method is developed to find the limit beyond which the electrodynamical 
conceptions in quantum mechanies lose their validity. The method is applied to 
electrons and to particles with spin 1. 


It is well known that experiment does not detect any limit in the appli- 
cability of the Dirac theory for large energies, i.e. small wavelengths (in Comp- 
ton effect, Bremsstrahlung, etc.), whereas from classical electrodynamics we 
get e/mc as the limit of applicability of its fundamental principles. 

This limit e*/m c* can be deduced not only from the considerations connected 
‘with the self-energy of the electron, but most convincingly from the condition 
that the reaction of the field of the electron must be smali?. This means that 
in the equations of motion of the electron in the electromagnetic field 

2¢ 


ro =eB+—p?v 1 
™m +a (1) 


the last term, the Lorentz damping force, must be small compared with the 
first one. Hence we easily get for the frequency » of the field w < m c4/e?, 
Le. A> e/mec* for its wavelength. 

The real limit of the classical electrodynamics is, as is well known, A > f/m, 
which lies much higher than 2 ~ ¢?/m c®. As for the limits of the applicability 
of the electrodynamical conceptions in quantum theory, there are no reasons 
to assume that they are given by e?/m c®, and some other way must be found 
to determine the real “radius” of elementary particles. 

The previous discussions of this problem have always included some addi- 
tional physical assumptienst which make the result quite unconvincing. It 
is our purpose here to show that in quantum theory a simple method can be 
developed to find the limit beyond which the theory comes into contradiction 
with itself due to the neglect of the reaction of the field. 

The neglect of the reaction of the field means that we assume the particle 
to move under the influence of the external field without taking into account 
the variation of this field by the electron itself. In the mathematical treatment 
this is expressed by calculating the matrix elements of the interaction of the 


JL. Jlanaay, O «paquyces snementapanix Yactau, Mypuas Oncnepumenmatrnou u Teopemurecnot 
Dusunu, 10, 718 (1940). 
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L. Landau, On the “radius” of the elementary particles, Phys. Rev. 58, 1006 (1940). 

+ Cf. Heisenberg? and also a recent paper by Weisskopf. 
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charged particle and a photon with the help of free particle wave functions. 
Hence the smailness of the reaction force corresponds in the quantum theory 
to the applicability of the perturbation theory to the collision of a charged 
particle and a photon. 

The effective cross-section o, for the scattering of particles with an angular 
momentum lf in the frame of reference moving with the centre of inertia is 


= 4(21 + 1) 27% 8in2d,, (2) 


4 being the wavelength (divided by 22), 6,—the phase of the wave function 
at infinity. The applicability of the perturbation theory requires 6, < 1. Hence 
we get the condition: 

o, < 4(21 + 1) x aA?. (3) 


The condition (3) means that the applicability of the perturbation theory 
requires the number of the scattered particles with any angular momentum 
to be small as compared with the number of the incident particles with the 
same momentum. It is to be noted that the condition 


0, < 4(21 + 1) xA?, 


must be in any case fulfilled, quite independently of the applicability of the 
perturbation theory. The opposite would mean that the number of scattered 
particles exceeds the number of corresponding incident particles, which is 
impossible. 

As the scattering decreases with increasing i, it suffices to require the 
condition (3) to be fulfilled for 7 ~ 1; the corresponding o; we denote as ao. 
Thus, we come finally to the condition 


ery < a, (4) 
It is easy to see, that in the classical theory this condition leads to the 


correct result. As in the classical theory all the scattering is dipole scattering, 
we have simply to insert for o, the full Thomson scattering cross-section, 


thus leading to 
ge \2 
mc? 


We now apply (4) to the quantum theory of the electron. We must first 
of all transform the Kiein—Nishina formula to the proper frame of reference 
and then take the part of the scattering corresponding to the angular momen- 
tum of the order 1. This gives 


@ Yme 
Oo~ — 
a: me E 
(EZ beimg the energy of the photon in the frame of reference where the electron 
is at rest). o) differs from the total effective cross-section by the absence of 








T As all the considerations are qualitative there is no necessity to consider the spin of the 
particles. 
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the factor In#/m c® which arises from scattering with large angular momenta. 
The energy ¢ of the photon in the frame of reference moving with the centre 
of inertia is given by 2e7?8= mc? # (when # > mc?) so that 2~ hefe ~ 





cj./m & B. 
The condition (4) gives correspondingly 
et he? 
on ~ 2a z 5 
° me#E ne me#E 6) 


The energy # disappears from this inequality and we get e? < 4c which is 
always fulfilled. This means, that in the quantum theory of the electron 
there are no limits of its applicability, arising from itself. The ‘‘radius” of. 
the electron m quantum electrodynamics is in some sense equal to zero. 

One gets the same result for particles with zero spin, if the corresponding 
expression for the Compton effect‘ is used. 

The Compton effect for particles with spin 1 (mass x) was recently calculated 
by Booth and Wilson’, and by J. Smorodinsky*®. Their result is 


e \2 # 
o% ~|— |] —. 
ee) we 
Hence the condition (4) gives 


h 
B<po—. (6) 


The “radius” of the particle is equal to the corresponding wavelength in the 
frame of reference in which the particle is at rest, ie. 


he e 


Hence the radius of the particle with spin 1 is equal to its classical value. 

When considering the scattering of particles with spin 1 (‘‘mesotrons”’) by 
a charged particle, we must determine the condition when the neglect of 
radiation effects is justified. For this purpose we shall write (6) in the frame 
of reference moving with the centre of inertia: 


lite 
e< pe? or {8) 


From the other side a finite “radius” of the particle means the breakdown 
of the theory for the processes connected with the transfer of large momenta. 
The change of momentum in scattering at a given angle depends only on « 
and does not depend on the nature of the scattering particle. Hence the con- 
dition (8) is a criterion of the applicability of the theory to the collisions 
with any particles. The energy E of the incident mesotron is connected with 
the energy ¢ in the frame of reference moving with the centre of inertia by 
means of H ~ s*/m c?, m being the mass of the particle with which the mesotron 
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collides. Now for # (8) gives the condition: 


he 
BepoeL—. (9) 
ae 

If we consider the formulae derived by Massey and Corben’ for the scatter- 
ing of mesotrons and apply the condition (4) now treated as a general condi- 
tion for the applicability of the perturbation theory, we get: 


we fhe’ 


We see that (9) is violated earlier than (10). Hence the theory of the scatter- 
ing of mesotrons breaks down because of radiation effects much earlier than 
the perturbation theory will become inapplicabie. , 
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42. ON THE SCATTERING OF MESOTRONS 
BY “NUCLEAR FORCES” 


It is shown that correct expressions for the scattering cross-sections of mesotrons 
can be deduced in a simple manner from the diverging expressions obtained by 
means of perturbation theory. 


TEE effective cross-sections, calculated! for the scattering of particles with 
spini (“mesotrons”) by the so-called “nuclear forces”, increase rapidly 
with the energy. However it is easy to see that these expressions cannot be 
correct for energies just exceeding yc? (uw being the mass of a mesotron). 
Indeed, this scattering has a central symmetry, i. only particles with zero 
angular momentum take part in the scattering. The corresponding cross 
- section cannot, therefore, exceed 4x 4?, A being the wave length (divided by 
22) of the scattered particle in the frame of reference moving with the centre 
of inertia (cf. e.g. this issue p. 485; the accompanying paper’). 

It is the aim of the present work to show, that a correct result can be ob- 
tained in that case also where perturbation theory cannot be applied. 

The assumptions made for the interaction of a “mesotron” with a heavy 
particle are formally identical with those made in deriving the Breit-Wigner 
formula for the scattering of neutrons by nuclei. Moreover in the present case 
there is only a single “compound state” of the mesotron and the heavy 
particle. The Breit-Wigner formula for the elastic scattering is?: 


o, = ait r = ane, (1) 
(# — By)? + s 1+ are 
where 
For some inelastic scattering the corresponding formula is 
gaat nap nie (3) 
(B ~ By + i+ + 


iL, Jlaaney. O pacceanun Me30TPOHOB ATepELIME cunauu, Mypuas Ieonepumernnasonoll u 
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The total “width” is F=IP,+ SF, and y=y,+ DS'y; (the summation 
being extended over all possible kinds of inelastic scattering). 

The ordinary perturbation theory corresponds to neglecting y? in the 
denominator of (1) and (3). The cross-section calculated in this way are hence 


0, = RAY y,, 0, = APY. (4) 


It is seen from formulae (1-4) that if one knows o, and a; calculated by 
means of the perturbation theory, it is always possible to obtain correct 
expressions for o, and a;; these correct expressions, of course, always satisfy 
the condition ¢ < 47 7°. 

In the scattering of mesotrons by heavy particles, the inelastic scattering 
corresponds to a creation of several mesotrons (the radiation effects are 
comparatively improbable). For sufficiently large energies y, becomes large 
as compared with unity and simultaneouly the probability of the inelastic 
scattering becomes large as compared with that of elastic scattering. The 
order of the magnitude of the probability of the scattering with a creation 
of » particles is apparently given by the Poisson formula: 

2 


Ye 
dn~ (5) 


and correspondingly y ~ e”, i.e. increases exponentially with increasing y, 
and hence with the energy. From formulae (1) and (3) it is now clear that the 
scattering does not increase for large energies, but on the contrary decreases 
swiftly. 

It is of interest to examine to what extent the divergence of some expressions, 
obtained by means of ‘‘nuclear forces” (the self-energy, the magnetic moment 
of the heavy particles, etc.) depends on the application of perturbation theory 
and if it would not be possible to deduce converging expressions by means 
of an exact theory. 
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43. THE ANGULAR DISTRIBUTION 
OF THE SHOWER PARTICLES 


A precise expression (3) for the number of the charged particles in a shower at 
the point of maximum is obtained. The mean angles of the deflection of the shower 
particles (16-19) and also the width of the shower (22) are caleulated. 


l. Tos NUMBER OF CHARGED PARTICLES IN 4 SHOWER AT THE 
Maximum Point 


Starting from the theory of Bhabha and Heitler! and Carlson and Oppen- 
heimer?, G. Rumer and the author®f have calculated the number of particles 
in a shower as a function of their energy # and penetration depth. It was 
shown that this number N is of the form 


N= a er (4) 


with 7 = In (£)/s) (H)—the initial energy of the primary particle, s—the critical 
energy value which determines the ionisation energy loss). The exponent ¢ 
was calculated in I and the non-exponential factor @ was there omitted, as 
being less essential. Later on we shall denote by NW the number of the charged 
particles in a shower ; the total number of all particles—electrons and photons— 
is equal to the same exponential factor with another non-exponential coef- 
ficient. 

The number WV has a maximum at a definite depth ¢t = ¢,. We shall now 
show that it is possible to calculate this maximum value WN, more accurately, 
ie. it is possible to calculate the value of the non-exponential factor @ in (1) 
for t = ty. 

_ Suppose that along the whole length the primary particles (electrons or 
photons) with the energy #, are uniformly (one per unit path) generated. 
‘(This assumption is, of course, purely formal.) From the energy conservation 
we conclude that the energy Zp generated on a unit length must be equal (in 
a stationary state) to the energy loss of the shower particles which are in 
equilibrium with a primary particle. This energy loss is due only to ionisation, 
because the Compton effect only transfers the energy from photons to the 


i. i]. clamgay, VYruosoe pacnpegenenue yactao B UNBMAx, Wypnan Ononepumenmanonod u 
Teopemurecsot Pusuxu 10, 1007 (1940). 
L, Landau, The angular distribution of the shower particles, J. Phys. U.S.S.R. 8, 237 (1940). 
j We refer in the following to this paper as to I; the notation in the present article is the 
same as in I. 
280 


ANGULAR DISTRIBUTION OF THE SHOWER PARTICLES 281 


charged shower particles. If the number of particles which are in equilibrium 
with a one primary is » we have, consequently, ne = Ho, ie. 
zy 


é 


On. the other hand, we can calculate 7 as the total number of shower particles 
at a given distance from the surface of the layer which were created above 
this level. As the number of particles on the level ¢ created by one primary 


particles is ae*4” we have: 
ae 


n= i aver? ae, 
0 
From the two expressions for » we get: 
o 
E 
ic er) Gea 2. (2) 


é 





0 


As o(f,7) bas a maximum at t=t,, we can expand g(é, 7) under the 
integral into a series: 


& 
P= Mm + sii =f). (¢ — t,,)*, 


and the non-exponential factor @ can be taken simply at the point ¢ = t,, 
Thus, we obtain: 


. / 2a we 1/2 E, 
Om © ep = Nn / ap igo 
= > 





ee ar 
According to formulae deduced in IJ, at the maximum point 
o¢ 
= —A(s). 
et \. ) 
Hence, 
v=, [2% 


The derivative 24/d¢ must be taken at constant energy, ie. at constant 
or, according to (27) in I, constant product i/’(s) (' denotes differentiation 
with respect to the parameter s). We write the derivative in the form of a 
Jacobian and get: 


a(a, t2') 
@ 84 ta) abe) wn 
Bt Jixccoat O(6, #2’) = att, tz’) ta 


a(t. s) 
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The maximum point corresponds to s = 1, t = ty, = y/A’(1) (ef. 1). Hence 


5 i/ 1 a?) By 


2x : Ey & 


The calculation of a’ (1) and 4” (1) leads finally to the following expression 
for the number of charged particles in a shower at the maximum point: 


E, 


ee (3) 
& J ine? 


€ 


N,, = 03 


(without taking into account the non-exponential factor we would get simply 
‘Nn = Hyfe). For the energies #, = 100¢ and Hy, = 1000¢ this formula gives 
‘correspondingly V,, = 15 and NV, = 120. For «< in (8) it is necessary to use 
correct values of « taking into account the correction introduced by Fermi. 
These values in MeV are for Pbh—S, Al-40, H,O—75, air—100. 


2. DISTRIBUTION OF THE PABTICLES IN s SHOWER OVER THE 
DIRECTIONS 


The deflection of the particles in a shower from their primary directions is 
due mainly to the Rutherford scattering on the heavy nuclei. It is known 
that in this scattering the particles are deflected chiefly over small angles. 
This fact can be used for the determination of additional terms, which must 
be added to the kinetic equations (6), (7) in I, if we wish to take into account 
the scattering of the particles over the different directions. 

The kinetic equation for the distribution of particles which are scattered 
over small angles was discussed several times (cf. e.g. (5)). For the sake of 
convenience we shall derive here these equations in a form, suitable for 
the present case. Let I7(H, x, 8) be the distribution function of the charged 
particles over their energies #, co-ordinates x and the angles 9 (in I 7 was a 
function only of # and z}. It is convenient to consider the (small) angle of 
the deflection as a vector 6 with two components 6, = @ cos, 6, = @ sing, 
8 and » being the polar angle and the azimuth in a spherical co-ordinate 
system with a polar axis along the primary direction of the shower. We calculate 
the variation (é77/8z),, of the function MZ along the unit path which is due 
to the scattering. We have: 


(SS) =f are +» - me ae, (4 
ox se 

de being the effective cross-section for scattering on an angle x. The first 
term in the integral is as usual the number of particles, which obtain the 
angle @ after being scattered; the second term represents the number of 
particles which are scattered out of the given solid angle element. Expanding 
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i7(8 + x) in a series. with respect to the powers of x we have: 


éf 1 OT 
ai u ~ 6 = Fete —_. Ye 


(the summation over the indices which occur twice is implied). The integral 
of the first term vanishes (when integrated over the angle ¢), and averaging 
over y in the second term we get: 


1 
[x % do => ba | de, 


6;, being the two-dimensional unit tensor. Expression {4) becomes finally 
(2) 2 eae «) 
According to the relativistic Rutherford formula the cross-section for the 
scattering of the particles with energy ZF is 
Ze\?N dz 
E ) Ze 
(NV. —the number of electrons in 1 cm? of the matter, N/Z—the number of the 
nuclei). The integra] J y? do diverges logarithmically, and in calculating this 


integral we must take as an upper limit the mean angle. of the deflection, 
which will prove to be in our case of the order of unity. For the lower limit 
we must take the angle which correspond to the momentum variation é/a, 
@ being the screening radius of the Coulomb field of the nucleus. In other 
words, z 





dco= sa( 


he meme 
te Gh Ua 
The ratio a/(k/mc) enters under the logarithm in the expressions for the 


Bremssirahlung and for the pair creation by photons and was calculated 
several times®. Thus, we find: 


‘qos Ze * WY 1832 zB 
Sieccemiass Oi ay 6 me 


Inserting this into-(5) and introducing ¢ = z/A (equation (10) in I) instead of x 
we get finally: 
, él 


(=) = 64,1, (6) 
bt /,. 


EB 
ln —— 
wes Qahe (me |, me (7) 
~ @ E "Tn 1832-3 J" 


with 
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The expression thus obtained must be added to the right-hand side of the 
equation (6a) in I in which Z-and I are now functions not only of # and ¢, 
but also of @. We denote the integral operators in equations (6a), (7a) in I as 
A, B,C, D (after being multiplied by £* and integrated they give the quantities 
A{e), B(s), C(s), D) (of. (18-17) in T), and obtain: 

al 


ao a B+ 64, ff, (8) 


ar 
ae CHE- DI. (9) 
We multiply these equations by 6* and integrate over the angles (day is the 
element of the solid angle). This leads to 


S[aeao--4[ me d0+B[ rode + 43[ mao, (10) 
alte do = o | 10 do — p{ re do. (11) 


As in I we introduce y = In (#,/Z) instead of H. The total number f IIdo 


of the particles in a given energy interval is of the form a e?™ 4, The quantity 
6 is inversely proportional to the square of the energy, i.e. is of the form 
, const -e?¥. In other words, the free term in the equation (10) contains the 
exponential expression e?%*24, We seek correspondingly the solutions of 
(10) and (11) in the form proportional to 


er OP ey (12) 


the coefficient being a slowly varying function of y and t. It follows from the 
results of I that the operators A, B, C, D when multiplied by an exponential 


function of y give: 3 
Ae — A (=) er, 
oy 


etc. The expression A(éy/dy) here corresponds to A(s} in I. In our case 


On the other hand, 7 
Tae = ad = —A(s) e? > *¥, 


Hence the equations {10), (11) become (we write A,, B, ...for A(s), B(s)....): 
(Ap42—4,) { 762do — B,.y | P6%do = 48 [ Hao, | 


(13) 
—C,42[ 76%do $40 = 4) [ Fedo = 0, | 


‘4,, By, Cy, D being given by (13-16) in J. 
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o 


; j IT@do 
a [io 


Jt is our aim here to calculate the mean angles of the deflection of the shower 
particles, ie. for electrons and photons respectively the quantities: 
[rede _ 
=, # (14) 
i Ido 
If we divide equations (13) by ) IT do, we see that for caloulating 6% it is 
Fdo{{ do. For this sake we integrate 


cS 


necessary to calculate the ratio 
equations (8), (9) with respect to do; the third term on the right-hand side 
of (8) disappears, and we get: 

H | Tao = -a[a do+ B{ Tao, 


<. Fdo= ¢| 1740 - D{ rac. 
Supposing the solution in the form: 
[Wdo~ [Pdo~ et, 


we obtain the equations: 
(4,—4,) | Hdo = B,| Pde, 
(D-4){ Pde =C,[ Ido, 


which coincide, of course, with (17) in I. From the first one we have 
(15) 


[Pde ees 
ra 








[ido 


Inserting this into (13) we get: 
= Biss rom 
(4, +» = 4,) Of Bae (As — 4,) 6. = 46, 
& 


Ah eo, 





— Os40 Gi + (D ~ 4) 
$ 
From these two equations we get finally the expressions for 6% and 63: 
= ee . (36) 
(A,42 i 3) (D ~ ) i Brae Cy +2 
G = goes 2%, (17} 
(A, = A) (As 42 = A) (D ee A,) a Bye C. +9] 


286 COLLECTED PAPERS OF L. D. LANDAT 


The expressions thus obtained depend (for a given energy) only slightly 
(by means of s) on the co-ordinate of the point in the shower. In other words 
the angle of the scattering of the shower is almost constant along its whole 
length, e.g. we find from (16) (using the numerical table in 1) that 6% changes 
only by 1-7 times from the point ¢ = 0-1 y in the shower (being near its origin) 
up to its end (¢ = 3-8y). The cause is that mainly the particles with small 
energies are scattered, and on the other hand, every such particle originates 
from particles of greater energy at a distance of the order of unity (in our 
conventional units (10) in I). Due to the same cause the scattering of the 
particles in a shower does not depend on the energy of the particle which 
generated the shower. 

At the maximum point of the shower (s = 1) the formulae (16), (17) give: 


= 236, B= 0-726. (18) 
Inserting the numerical value of 6 we get 
~= 900 
On = ar (19) 


(# in MeV). Already for 2 = 30 MeV the angle @, ~ 1. We also note, that due 
to a slight dependence of 6 on Z the mean angle of scattering of the shower 
(for the particles of a given energy) does practically not depend on the matter 
in which it propagates. But the mean scattering angle of the greater part of 
the particles, corresponding to #~ ¢ increases evidently with increasing 
atomic number. However, (19) shows that already in air the mean angle 
is of the order of unity and in lead most of the particles are fully scattered 
over the directions. This fact restricts the accuracy of the formula (3) for 
heavy elements. 


3. Toe WIDTH OF THE SHOWER 


A similar method can be used for a calculation of the mean horizontal 
width of a shower at a given level. 

Let y and z be the co-ordinates of a shower particie in the horizontal plane. 
The plane vector with these components we denote as r. In the kinetic equa- 
tions (8), (9) we must add now to their left-hand side the derivatives with 
respect to y and 2 (the distribution functions 77 and I’ are now function also 
of ¥). 

Hence the initial equations are now: 


em 6lT OL 
F+(0-)--4m4+ar+ 6A, 77, + (0 )-en-pr (20) 
ét er ot er 


(differentiation with respect to 7 means a gradient in the plane y, 2). 
We multiply (20) by (@- +) and integrate it with respect to the angles do and 
the plane dy dz. The third term from the right-hand side of (20) vanishes 
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and the second terms on the left-hand side we integrate by parts and obtain: 


= [70% dodydz= ~ 4 [17(@-maoay ae 


+ a(re -r)dodydz+ [esac dy dz, 
; | (21) 
a{re -r)dodydz= of 70 ‘r)dodydz 


- pire -r)dodydz+ Fé dody dz. 


We shall not perform here the calculations in full detail and shall only 
indicate their course. The integrals of J79? and I°6? were already calculated. 
Therefore, using (21) we can calculate the integrals of (@-r) Zand (6-r) L. 
Further on we multiply (20) by r? and integrate with respect to dody dz 
thus obtaining: 


3 [a dodydz= -4| i dodydz 
6 


+ B| rede dy dz + 2{ -v) Tdody dz 
alr dodydz=C Wee dodydz 


- D[rrao dy dz + 2 | (@-n) Fdodyde. 
J 


The integrals of JT (®-r) and I’ (8- r) being known we can find from (22) the inte- 
grals of 1fr?, I'r* and then directly the transverse section of the shower. 
The. formulae for the transverse widths 7+, 73, are quite cumbersome and 
we shali not write them up here. We shall only note that these widths too 
turn out to be almost independent of the length of the path passed by the 
shower and of the kind of the particle which generates it. 
In the point of the maximum (s = 1) we get: 


— 2500 
= —— 
E? 


(Z in MeV, the length in the conventional units (10) in I). Hence we see that 
the particles with the energy # are displayed over. a region with a width 
increasing with the decrease of their energy. The formula (23) is, of course, 
valid only for # > e. For smaller energies it can be shown that the width 
tends to a constant value. In the ordinary units the width of the shower in 
the air turns out to be of the order of 250 m. 

It is a pleasure to me to print this payer in the issue of the Journal of Physics 
dedicated to A. Joffe, who played such an eminent role in the development 
of the Soviet physics. 


(23) 
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44, ON THE THEORY OF SECONDARY SHOWERS 


The number of showers produced by mesotrons is caleulated. The maximum of. 
the Rossi curve is also discussed. 


Ir is known that a mesotron gives rise to a shower by means of ionisation, 
that producing é-electrons which in their turn produce showers. We shall 
calculate here the probability of observing in a certain place a shower with 
more than a given number n of charged particles, i.e. we shall calculate the 
number N of such showers referred to a single mesotron. 

A mesotron produces 6-electrons along its whole track. Every one of these 
6-electrons produces, in general, a shower. Therefore, in a given place one 
observes showers originated by 38-electrons, which were produced on the 
whole upper part of the mesotron track. In every shower the total number of 
charged particles has a maximum at some distance traversed by the shower 
from the place of its origin. The magnitude of this maximum is larger, the 
greater the energy of the primary particle—in our case of the 6-electron. 
On the other hand, the probability of the 5-electron production decreases, 
as is known, with increasing energy of the é-electron. It is, therefore, evident 
that in a given place those showers will be of importance which possess a 
maximum exactly on the place considered. Every other shower, which contains 
in the place considered no less than particles, must have a maximum greater 
than » and is, therefore, less probable. 

It was shown elsewhere! that the total number of particles in a shower is 
of the form ae”, @ being a slowly varying function (¢ is the length of the 
path measured in conventional units, cf. (12) in ref. 1; 7 = In (#)/s), Hy being the 
energy of the primary particle, i.e. of the 6-electron, ¢ is the ionisation energy 
loss per unit path). We are interested in the showers which contain in the 
given place (i.e. at a given ¢) a number of charged particles larger than x: 


aor) > n, (1} 


Let % be the value of 7 giving @ shower with the maximum equal to ». Accord- 
ing to what was said above we are interested in the 7 values near to n). Hence 
we can expand g(t, 7) in a power series of 7 — 7. According to (30) in ref. 1 
the derivative dg(é, y)/@y is equal to 1 in the maximum point ie. for y = 7). 
Therefore, we obtain (1) in the form: 


get mW +e, m) n. (2) 


ol. XQ. Jlangay, K reopum sropnanix nupuet, Rypras Oucnepunenmatonod u Tevpemurecnou 
Pusuxu Li, 32 (1941). 
L. Landau, On the theory of secondary showers, J. Phys. U.S.S.R. 4, 375 (1941). 
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In the following we shall need the probability of the 6-electron production 
by a mesotron. One gets easily the probability of the production of a 6-electron. 
with an energy in the interval dZ if one uses the well-known formulae (cf. 
e.g.ref.2). Thus we find for the probability concemed: 


e az 
rar 


L is here the logarithm which stands in the formula for the ionisation energy 
loss. With Fermi's correction? we obtain for L: 


Y 4,(Z; + 1) 


VY being the molecular volume in cm' and Z; the atomie numbers of atoms in 
the molecule. This gives numerically for 


Air Water Al Pb 


L 8 2 25 22 (8) 
The energy « is determined by means of the formula: 
LLY Z, 
oe - (6} 


~ YB, + 1) 
(e is measured in MeV). ° 
' The probability of the production of a é-clectron with an energy exceeding 
£ is, according to (3): 1 

=e”. (7) 


If the 6-electron is at the distance ¢ from the observation point, it must, 
in order to produce a shower of more than 7 particles, have at least an energy 
m which is determined from (2) as 


e~"= pe my +t XL, Ho) (8} 
n 


.We insert this into (7) and find the probability of the production of a 6- 
electron with an energy exceeding this value: 


2 gmt otro, 
nL 


The total number of the showers V with the number of particles exceeding 
2 is hence obtained by means of an integration over the distances ¢: 


1 
N= =z\* em % t PC, 0) at. 
nb 


This integral was calculated in ref.4, formula (2): 


oO 


J ae? m0) dt = ev, 
0 
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Hence we find finally i 
N=—. 
aE (9) 
This expression shows that N is almost independent of the substance 
which mesotrons traverse, because in all condensed bodies (WV can be measured 
oniy in such bodies) Z has almost equal values. Practically it suffices to write 
1 


VN = —. I 
24n Go 


Consider now the maximum of the Rossi curve which gives the number of 
showers produced by a mesotron in 2 thin plate (for instance, a Pb plate) 
as a function of the thickness. of the plate. The most part of the showers 
observed behind the plate are produced in the lead by the d-electrons produced 
in the air above the plate. The probability of the é-electron production in, 
the air {per a conventional unit path), being proportional to the ionisation 
energy loss ¢ (6), is in fact larger than that in the lead. On the other hand, 
the showers produced by 6-electrons in the lead contain more particles than 
the showers produced in the air (the number of particles in a shower produced 
by an electron of the energy £ is of the order of #/z,*). 

In caleulating the number Nyx of the showers we must correspondingly 
take the d-electron production probability in the air and the limiting energy 7 
(8) in the lead. This gives 

Vices! ay 

icine ee a 
the index I standing for air, 2—for lead. The equilibrium number JV, of showers 
in lead (i.e. in a thick layer of lead) is according to (S) V, = i/n £,. The ratio 
of these both numbers is 





WN nax iis aL, 
NN, i, 
or, inserting the expressions for £ and e¢: 
Arse, 2a (12) 
NV, Zy 


Z is here (as in ref.1) the mean atomic number defined as 57 2;(Z; + 1)/37Z;- 
The ratio (12) for lead is equal to 10, for aluminium to 1-7. Of course, we did 
not take here into account that apart from the 6-electrons there exist also. 
the mesotron decay electrons; this must somewhat increase the ratio (12). 
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45. ON THE SCATTERING OF LIGHT 
BY MESOTRONS' 


Lendau’s criterion is used for estimating the cross-sections at high energies for 
the following processes involving mesotrons: (1) Compton effect on a mesotron, 
(2) mesotron pair production, by a collision of two photons, (3) Coulomb scattering 
of mesotrons. These cross-sections do not increase. with energy, as they do when 
caleulated by means of perturbation theory methods. 


1. INTRODUCTION 


When investigating processes, involving mesotrons, we have to deal with 
difficulties which do not occur in processes involving electrons. This difficulty 
is the well-known increase of the scattering cross-section of mesotrons with 
increasing energies. 

It was shown recently! that this increase is connected with the fact that 
one must ascribe to a mesotron a finite radius which is equal (for a mesotron 
at rest) to its “classical electromagnetic” value ¢?/y c? (u—the mass of a 
mesotron), whereas an electron may be considered as a point in quantum 
mechanics. This is to be understood in the sense that in interacting, say, 
with an electromagnetic field an electron acts as a point charge up to arbitrarily 
small wave lengths. But a mesotron acts as a point charge and can be described 
by Proca’s equation only for wave lengths larger than its electromagnetic 
radius. 

The existing theory breaks down for smaller wavelengths. This is seen at 
once if we notice that the effective cross-sections are so large in this region 
that the number of scattered particles with a given angular momentum 
turns out to be larger than that in the incident stream, this being absurd. 

At present it is impossible to calculate exactly the effective cross-sections 
for very large energies. Using Landau’s criterion it is, however, possible to 
give an estimate of these cross-sections for any energy, however great it is. 
The cross-sections thus obtained do not increase with energy. In this paper 
Landavu’s criterion is applied to processes in which mesotrons interact with 
an electromagnetic field, but which are not connected with mesotron emission. 


2. Compron Errrectr 


The Compton effect cross-section was calculated by one of us? and also by 
Booth and Wilson? and Kobayasi and Utiyama‘. For the energies uc < # < 
1374 ¢ of the incident photon and in the frame of reference where the meso- 


Wl. Namzay u A. Cmopoxmuckait, O pacceanun caera mesorponamn, Hypuas Oncnepumenmao- 
noe u Leopemurecnod Ousunu 11, 35 (1941). 

L. Landau and J. Smorodinski, On the scattering of light by mesotrons, J. Phys. U.S.S.R. 
4, 455 (1941). 
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tron was’ (before the collision) at rest, this cross-section is equal to 
5 2 \8 
Sly (eae (2.1) 
Wipe} we 
To find the limits of applicability of this formula and to estimate the cross- 
section for energies larger than 137 y ¢? it is necessary to calculate the scattering 
cross-sections for photons with a given angular momentum. The maximum 
value of such a cross-section (in the frame of reference where the centre of 
inertia of both particles is at rest) is 
S, = 4n(2l +1) 2 (2.2) 
The transition current is, on a the same frame of reference (cf. ref.2, formula 
(3.14)): 
Srp = & {(ikpe 8°) [(* + G) — (B*+ BY] (1 — w/ck) F + [n+ n'a G)) 
+ (1/6) [fea H*] A G] + (1/6) 0 [Et a G]4 (1/6) [[va B*ja F] 
+ (2ik/6')(A*+n’) ([SA GQ] + By F) — (ik/8)(1 + (w/ek))B9([v 0 H*) + 9B") 
+ (ihjs? 8) (1 + (wc k)) F [(H* > G) — (E*+ F)) + (2/8) [[va H*]a G] 
+ (1/6) 9 [E* AG] + (1/8) (vo Et) F — (Gk /6) n[(v- [WA H*)) + v(E* + v)] 
+(ik/6') nv, (v-E*) + (ik/d’)[(o-n+ n') —v(1 -— (wjek))] (@ (6a Ht)) + %)E*) 
+ (247/6') (Ate n') [(@ *v) — Dp U9] m — (2h2/5') (At-n’)[(ven + 2’) 
— v(1 —(wjok))] B — 2[(.v) —% mJAt + (GB: At) v4 (w- A*)e 
_ + compl conjug. term}, (2.3) 
where k n—the wave vector of the incident photon; k m’—that of the scattered 
one; v, %, F, G—the wave functions of a free mesotron (one four-dimensional. 


anid two three-dimensional vectors). The conjugated complex functions refer 
to the final state; w—energy of the mesotron; 


w \ ray pe | 
= —2k2 1 —}, 7 = 2h —}, = . , y=} 
é k ( +3) ) 2k (cono + =) P=(nn’), x Fi 


A—vector potential of the electromagnetic field 
A = At eillr)—ek] 4 g- g-illeer-ck y+ 2 i[ka At], E+ =ik At. 


We see that this expression contains terms of two kinds. In terms which 
do not contain 6’ the dependence on scattering angle is due only to the numera- 
tor, which contains siné or cosine of this angle. Such terms correspond only 
to small values of the angular momentum / (namely to 1 = 0 or | = 1); there- 
fore, they are of no importance for us and we can omit them. The rest of the 
terms contain 1+ cos in denominator and, being expanded in spherical 
harmonics give terms which correspond to all values of 1. Neglecting the 
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terms with small 1, we thus obtain the following expressions for the vector 
product of the transition current with a unit vector »’ in the direction of 
the quantum emitted: 





a P 
B= at large A @'). 
1. The primary and the final polarisation of the mesotron are longitudinal 
ee fk a 

Bt-t ant Stina RAR (2.4 
sa) eine 

2. Both are transversal 
pr-?  * = anew) le awlaan hs 28) 

ane 1+ (n-n’) : 


a and @’ are unit vectors of the primary and final polarisations. The contri- 
butions to the effective cross-sections due to transitions with a change of the. 
mesotron polarisation are smaller and we can neglect them here. 

This property of the mesotron transitions was repeatedly noted. It corre- 
sponds to matrix elements of the first order being larger {ior large energies) 
for the processes with a change of polarisation than for ones with no such 
change. Hence in the Compton effect which is a second order process, the 
main role is played by the processes with the same polarisation in the primary 
and final states. 

The differential cross-section is (cf. ref. 2, formula (2.7)): 


1 
=— B, 2.6 
=B (2.6) 


We must expand expressions (2.4) and (2.5) in spherical harmonics. Such an 
expansion is, however, quite cumbersome, Therefore, we shall use another 
method, which is sufficient for our purpose. 

It is easily seen that the scattering due to the term (1 + cos) in the de- 
nominator occurs mainly in the angles near $ = x. But for such angles we can. 
replace a spherical harmonic by a plane wave with a wave vector in the plane, 
normal to the wave vector of the quantum, scattered at an angle z. 

The spherical harmonics Yf* satisfies, actually, the equation 


A* YP = —1b+ 1) YY, (2.7) 
A* being Laplace operator on a sphere: 
1 é i 2 
a* = ec —sin §— : 


‘sind 0d 06 * sin?d Op 
If $= x — @ with a small 6, this operator can be writen as 


Hi 2 sD) at 
- 930° 36° 8 Og 
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This operator is identical with the Laplace operator on a plane @ standing 
ior the radius vector. If we also replace 1(/ + 1) for large J by #2, the equation 
(2.7) thus becomes a wave equation in a plane. 

The solution of this equation is a plane wave with a wave vector J. The 
absolute value of this vector is | (the index of the spherical harmonic) and the 
different values of the index m correspond to different orientations of the 
wave vector m a plane. 

Thus, the expansion over the spherical harmonics can be replaced in our 
ease by an expansion on a two-dimensional Fourier integral. 

Let /(@, ~) be a wave function with a maximum at # = z, describing some 
scattering process. The expansion of (8, y) is 


(8, 9) = @: a] [t eld] dl, 


® = (8,, 6,) being cartesian co-ordinates corresponding to polar co-ordinates 
8, y. The integral of the square of the modulus of f(8, gy) is equal to 


[[ivennaa =e [finraray,. 


If we introduce poiar co-ordinates in the 1,, l, plane and integrate over the 


angle, we get 
k 
[fire nrao= {| rma (2.8) 


FO? = UAL, (2.9) 


which determines the scattering corresponding to an angular momentum J, 

The case of a vector function (in the scattering of light) is somewhat different 
from that of a scalar function. For large angular momenta, however, we can 
pay no attention to this circumstance and expand every component as a 
scalar.t 

To expand the vectors (2.4) and (2.5) we choose the z axis in a direction 
opposite to that of the vector ”, and the x axis along the vector J. 

The components of the vector B’-” are then of the form: 


where 


ee k nin eo kn 
Pale =e — BE-t = ~-—_ . _ . _, +, BE- Fai, {2 -10) 
we x art amr? 9% , y 


We used here the eigen 
1 ¥. 
ie ny, & oY =z +” hs 


which is valid for nj close to unity. 


f The electric multipole emission with a momentum J, for instance, is desoribed 3 by a linear 
combination of spherical harmonics with indexes 1+ 1,7—1 but not J. 
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Their Fourier pa are ie to 











Bi-L (ly = yy cit xl t's) dint dn} = 
ae Ny, ee 
k 4x 1 
7 e * eo” 
Be-* b= - ce Qi’ ale ta’yly) an’ fo 211 
0 a =[[a + ni3 aan, eh) 
Kh 2m ae she 
“ae 5 @ e5) | 
BE-A()) = 0. 
J 
The square of the vector B’-* (1) corresponding to an angular momentum lis 
equal to 2 \2 2 9 
Be t= (Se \( =) =, 
pe pe e 


e=hek being the photon energy. 
Thus, the effective cross-section for the scattering of photons with an angular 
momentum 7 is, according to (2.6): 


2 2 2 
een (macaal, Wy ee (2.12) 
Bye pe 


It is easily seen that the expansion of B?~-? leads to 1|B?—7 (1)? which is pro- 
portional 1/27. Hence we can omit these terms. 
' Expression (2.12) determines, therefore, the total scattering cross-section. 
We use now Landau’s criterion. According to Landau the formula is correct 
up to energies defined by the quality 


2 \2 2 & p2 
co Gk re or 
BP\ ee we é? 


(we omit numerical coefficients), ic. up to the energy 


— 








en alse (2.18) 
e 
For a given energy (larger than ./137 4 c”) (2.12) is valid, vice versa, for all 1 
satistying the inequality fe 
e 
| = !—'s. wt 
=m Nie ° G44) 


It is impossible to find cross-sections for smaller J. One can, however, affirm 
that these cross-sections must satisfy in any case the inequality 


as LR. (2.15) 
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The total cross-section is a sum of two parts. The first is the integral of (2.12) 
over all 1 > 1). This gives 





acf @& \3 h 2 
o~ (5) = ——'—_, (2.16) 
e\ue po pe 


The second part is at any rate not larger than the integral of (2.2) over all 
1 < 1), which is (&/uc)+e%/uc?. This expression coincides with (2.16). Hence one 
can think that (2.16) is the correct order of magnitude for the scattering 
cross-section. 

Thus, the scattering is proportional to the square of the energy for photon 
energies less than ./137y c?, and is constant for larger energies. 

In the frame of reference of the centre of inertia this scattering takes place 
only in a small angle around @ = z. This is a result of the fact that in scatter- 
ing mainly the waves with large angular momenta take part. One can hence 
conclude in the usual manner that in this case the amplitudes of the scattered 
wave (2.11) will de different from zero only for angles 


Ip 5 “~ 1, 


1, being the least of the angular momenta, taking part in the scattermg. 
For angles near x the scattering is determined by 


5 2 \2 2 
ac(0)= =(—) (5) 0 (@=x-9). 


We integrate up to the angle 








(2.17) 


and obtain a cross-section which is independent of the energy, this being in 
agreement with our estimate. Hence, in the angle within which the scattering 
takes place it is described by the ordinary formula derived by perturbation 
theory methods. 

In the frame of reference, where the mesotron is at rest, the energy trans- 
ferred from a photon to the mesotron is equal to 


4H = y pcos*d, 


@ being the scattering angle in the frame of reference of the centre of inertia, 
and g—the momentum in this frame; » is 


pias, 
Cc 


with « being the relative velocity of the both systems. 
When 6 — @, the transferred energy is 


2 4 
an~5(1- ate 











CPL 10a 
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Hence, in the frame considered the photon transfers nearly all its energy to 
the mesotron. After being scattered the photon is left with an energy of the 
order of magnitude not exceeding 137, c?. 

Hence the scattering occurs always in such a manner that photons are left 
with energies less than the critical one. As the scattering is then described by 
an ordinary formula (in the frame of reference where the mesotron was initially 
at rest) 


f B 
ee ay) cos§ — ——> (1 — cos@) 
de = a(<) LL — 19 4 ___ 
oe 1 + —; (1 — cos6} 
t pe 
E 2 
cos@ — ——({l — cos@) 
Be dQ2 
+7 E T&T? (2.18) 
1 +——- (1 — cos@) [2 +—-fl- cos6)| 
Be pe 


our criterion can be formulated as follows: (2.18) describes the photon scattering 
correctly if at least one of the photons (the incident or the scattered one) has 
an energy Jess than 137, c?. ‘ 


3. Mzusotron Park Propuction BY Two PuHotons 


‘The results of the preceding section can be applied to a mesotron pair 
production by a collision of two photons. In the co-ordinate system, where 
the total momentum of both is zero, this process is determined by formula‘: 


BN2F eo Ne 
=) (=) (18 + cos®6) AQ, (3.1) 


e being the energy of the particles (e > pc’). 

This formuia is derived as a Compton effect on a mesotron with a negative 
energy accompanied by a transition of the mesotron into a positive energy 
state. This is seen from a comparison of matrix elements for photon absorption 
and pair creation, which turn out to be equal (up to the sign} [of. ref. 3, p. 90]. 

Bearing this in mind, we can apply now to the pair production the criterion 
obtained for the Compton effect. 

In the co-ordinate system, where the mesotron is at rest, pair production 
occurs only when either of the photons has a wave length which is less than the 
mesotron radius. 

We can write the applicability limits in the system where the totalmomentum 
is zero if we use the invariance of the scalar product of the mesotron and the 
photon four-dimensiona] momenta. In the initial system (of the mesotron at rest) 
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this four-dimensional product is equal to 


the energy has its maximum value. 

Equalizing this quantity to the same scalar product in the new co-ordinate 
system, we get a condition which connects the maximum photon energy By 
with the maximum angle 9 between mesotron and photon directions 





h 2 
pe = Hp(1 — cos). (3.2) 
Hence for large energies the scattering takes place only imside the angle 
pe lke 
é o~ — i, 
. Ey e 


We obtain the cross-section for large energies if we integrate (3.1) over all 
angles up to 6) mae y 2 


nee (3.3) 
we pe 





4. THe ScaTTERING OF MzESOTRONS IN A COULOMB FIBLD 


The mesotron scattering in a Coulomb field cannot be reduced to a Compton 
effect. It is, however, possible make some conclusions as to the applicability 
limits of the formula (derived by Massey and Corben®) in this case also. 

Consider the scattering in the co-ordinate system where the mesotron is at 
rest. The field of the incident proton or electron can be expanded in a Fourier 
integral. The component of such an expansion differs from that of the field 
in vacuum by having a zero frequency. It is sometimes called a pseudo-photon. 
The scattering consists of an absorption of either of Fourier components by 
a mesotron, which thus gets a momentum equal that of the pseudo-photon 
absorbed. 

Hence we have here to deal with a process in which only one pseudo-photon 
takes part. One can assume, in analogy with the Compton effect, that the Mas- 
sey~Corben formulae are valid up to the pseudo-photon energies equal to 
137 uw c*. Hf the energy of the quantum is larger, the mesotron will interact 
with it much more weakly and there will be almost no scattering. 

In the co-ordinate system where the scattering particle is at rest this corre- 
sponds to the mesotron being incapable of giving up an energy larger than 
E, = (u/M)137 » c?, My being the mass of the scatterer. The Massey—Corben 
formula is valid in this co-ordinate system if the mesotron energy is less than 
#,. Tf the energy is larger the scattering will take place only inside an angle 


eter 


he pe 
5 ee 
ee # 
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In the case of scattering on electrons this critical energy is B, ~ 2-8 x 10% eV 
for the scattering on protons H, ~ 1-4 x 10%eV. 

Due to the high critical energy value the variations of Massey—Corben 
formula are of no importance in the case of electrons. They are, however, 
important for the scattering on protons. 

For mesotron energies > Ifc*(M — proton mass) the cross-section for the 
scattering on protons is 


Inf @ Wde & 
S(s) de = ——-{ ——.} —] 1] —- — LPO and ; 
eae (5) - E E +o a pee oy 


« being the energy transferred in a collision, #—the mesotron energy. For small 
é we have the usual ionization losses. 
The specific mesotron energy loss is according to (4.1) 





E 
2 \2e 
[ese dé = =(5) £, (4.2) 
9 \ pe 
") 
for 
B<-istye = £,, 
and Re 
2 
[eswae~ (sp =) 137 uc, (4.3) 
Z 0 4 
for 


E> &E,. 


It is interesting to compare the energy loss in a collision with a proton with 
ionisation energy loss 
25 4 





me 


(m—electron mass, 2—the ionisation logarithm, whieh i is in any case not less” 
than unity). 

It is seen from (4.1) and (4.3) that the energy loss in the scattering on protons 
is less than the ionization energy loss*. 
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+ If the Massey—Corben formula would be valid for arbitrary energies, these energy losses 
would became equal for mesotron energies (u/M)- yu c®, having then thé value (4-2). 


46. THE THEORY OF SUPERFLUIDITY OF 
HELIUM II 


The quantisation of an arbitrary system of interacting particles {a liquid) is 
performed by means of introducing the operators of the density and of the velocity 
of the liquid; the commutation rules between these operators are determined (§ 1). 
From the results of this quantisation the general character of the distribution of the 
energy levels in the spectrum of a quantum liquid is determined (§ 2). The tem- 
perature dependence of the heat capacity of helium IZ is investigated (§ 3). It is 
shown that at absolute zero a quantum liquid can possess the property of super- 
fluidity (§ 4). At non-zero temperatures it is found that two motions—a superfluid 
and @ normal—can simultaneously exist in helium IJ. This can be ceeonued by 


Sesnaenen 


. A-point in helium IT is connected with the disappearance of the ‘ igcoeraull 2 

‘part of the liquid. (§ 5). The experiments made to measure the heat conductivity 

and viscosity of helium II are interpreted; the thermomechanical effects in helium II 

are considered (§ 6). 4 system of hydrodynamic equations is advanced descri- 

bing the macroscopic motion of helium ITI (§7). By means of these equations the 

propagation of sound is investigated and it is shown that two velocities of sound 

must exist in helium JI (§ 8). 
Ligutn helium is known to possess a number of peculiar properties at tempera- 
tures lower than the A-point. Of these properties the most important one is 
superfiuidity discovered by P. L. Kapitza1—the lack of viscosity during the 
flow of helium through a thin capillary or slit. 

AU these properties, including the fact that helium exists as a liquid right 
down to absolute zero, obviously cannot be explained by the classical theory. 
and are connected with quantum phenomena. 

L. Tisza? suggested that helium II should be considered as a degenerate 
ideal Bose gas. He suggested that the atoms found in the normal state (a state 
of zero energy) move through the liquid without friction. This point of view, 
however, cannot be considered as satisfactory. Apart from the fact that liquid 
helium has nothing to do with an ideal gas, atoms in the normal] state would 
not behave as “ supertlui ”*. On the contrary, nothing could prevent atoms in 
a normal state from colliding with excited atoms, ie. when moving through 
the liquid they would experience a friction and. there would be no superfluidity 
at all. In this way the explanation advanced by Tisza not only has no founda- 
tion in his suggestions but is in direct contradiction to them. 


1. Toe QuanTiIsaTiox oF tHE Motion or Ligvuins 
An arbitrary system of interacting particles (a liquid) can be described in 
classical theory by means of the density ¢ and the flow of mass j, which are de- 
termined in the following manner. Let ® be the radius-vector of an arbitrary 
Ul. Jangay, Teopua cpepxrenyyecra reaua II, Rypuan Sxenepumenmasnod u Teopemurecnot 


Duausw, 11 592 (1941). 
L. Landau, The theory of superfluidity of helium I, J. Phys. U.S.S.R. 5, 71 (1941). 
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point in space and +,—the radius-vector of a particle with a mass m,.. Then o 
is determined as 
0 = yim, 6(7, — R), (1.2) 


6 being the three-dimensional 5-function and the summation is extended over 


all particles in the system. The volume-integral f ed gives the total mass. 
of the system. Similarly the density j of the flow of the mass in determined as 


3 ad ym, v, 6(%, a RB} = > p, (", = R) 


{%, Px are the velocity and the momentum of the particle m,). 

It must be emphasised that in such a description of a liquid there is no averag- 
ing in that sense in which it is done in statistics. This description proceeds from 
the microscopic picture as all the particles possess (at a given moment) definite 
co-ordinates 7, and velocities ,. 

When passing over to the quantum theory e and j must be regarded as 
certain operators the form of which must be determined. For the sake of 
simplicity suppose that the system consists of one particle only. Then the ciassi- 
cal density is 9 = mdé{r — R). The operator @ must be determined in such 


a way that its mathematical expectation fvte) eo p(r) dV [y(r) being the wave 
function of the particle] equals the density of the mass at the point R, ive. 


m|y(R)|?. From this it follows that the operator g must have the same form 
@ =m 6(r — R) and in the case of an arbitrary system of particles—correspond- 
ingly the form (1.2). 
The classical density of the flow for one particle is j = pd(r — R). It is 
easy to see that the corresponding operator is 
1 
j=z le dr 2B) + or —- R)pl, 
‘where p is the usual operator of ‘momentum: 
h 
=—V 
a 


(V denotes the differentiation with respect to r). Actually the mathematical 
expectation of j is 


a 3 hk 
[vers y@radv = =|" Vé(r — Rydal + xl 6(r — B)Vyd 7 
or, integrating the first term by parts: 


Fa h 
[eavar- - S| var Ry vy a + =| yt ocr — R) yay 


i 
= py (v* ) Ve(R) — y(B) Vy" (R)}, 
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Le. exactly what it ought to be. For an arbitrary system we have, similarly 


. dt 
j= > [p.5(t, — B) + 40, — B) PA), (1.2) 


We now determine the commutation rules. For the density 9 we obviously 
have 


01 G2 — 02 0, = 9 (1.3) 


{0,, 02 denote 0{R,}, e(R,), respectively). 

For the sake of brevity let us consider only one term from each of the sums 
(1.1) and (1.2) when determining the commutation rules, as the operators cor- 
responding to different particles commute with each other. To determine the 
commutation of 9 with 7 we write 


; . mh 
Jt 82 — O2dy ee ~ R,) + 6(r — R,) VU d(r — R,) 


—8(r — Ry) [V(r — R,) + d(r — RB) VIR 


To simplify the expression on the right-hand side we note that the operators. 
of the form 
o(r7 ~ R,) Voir — BR,) 


can be transformed in the following way: 
é(r — R,) Vé(r — R,) = d(x — Ry) (V(r — R,)) + O(r — R,) 6(r — R,) VY, 


where in the first term (Vd(7 — R,)} denotes simply a gradient of the 6-function, 
i.e. V is no longer an operator. Owing to the presence of the factor 6(r — 2,) in 
this term one can write (Vd(R, — R,)) instead of (Vd6(7 — R,)). In this way 


é(r — R,) V(r — R,) = d(r — R,)(V8(R, — B,)) + dv — BR, 6(r — B,)V. 
Similarly 
Vd(" — R,) 6(r — R,) = 6(r — R,) Vd(r — R,) + 6(r — B,) (VO(R, — R,)). 
The result is 
kt 
31 Ce — O25, = ra o(r — R,) V6(R, — B,) 


er for an arbitrary system 
= ca 
31 2 ~ O21 = ras Vo(R, — Ry) (1.4). 


(It makes no difference whether we write @y OF gg On the right-hand side in 
view of the presence of the d-function of RB, — Ry.) 
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In a similar way the commutation rules between the components of the vec- 
tor j with each other can be obtained. The calculation in this case is longer and 
we will not enter into it here. 

We introduce the operator v of the velocity of the liquid. according to 


1 
at a +j : 1,6) 
aor toy (1. 
It will be more convenient to use the operator v instead of the operator of the 


flow j. : 
For the commutation rule of @ with » we have 


ae Sh eee | 1 i 1 
M1 C2 — GO = > tae Q2— | ee mot 8G 
= 1 1 a5 1 


det 2. : eee ae | 
a Ze, (91 @2 — 221) ars (31 G2 — @2 are 
or, on inserting (1.4): 
ht 
By 92 — 020) = 7 VOR, — R,). (1.7) 
The commutation rules for the components of v are found to be 


i ] 
Vy_ Voy — Caz Vi = 7 oR = fa (curl v);;, (1.8) 
1 


where (curl v),;, denotes the difference 
6 Uy 0u; 
Ox, bay, 





Further on we shall also need the commutation rule between g and curl z. 

By applying the operation curl (with a differentiation with respect to co- 
ordinates R,) to both sides of the equation (1.7) we get 

curly, + 02 — 02: curly, = 0. (1.9) 

“It is easy to see. that by applying the formulae obtained to the macroscopic 

movement of the liquid we get, as required, the usual hydrodynamic equations 


written in an operational form. The energy of a unit volume of a classical liquid 
- considered macroscopically is 


2 





xa 
3 + o9s(e), 


where ¢(g) is the internal energy of a unit mass of the liquid. It is supposed 
that the energy « depends only on the density 0 of the liquid; this corresponds 
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to the macroscopic character of the consideration and is connected with a’ 
statistical averaging. For a microscopic investigation this supposition is, of. 
course, invalid. 7 
The corresponding quantum operator ist 
Dov 
—9 tele). 


The Hamiltonian # of the liquid is an integral over the volume 
H - (Fe ap cohar. (1.10) 
For the derivative of the density @ with respect to time one has 
o=— (He - of). 


We shall denote temporarily the co-ordinates of the point at which ¢ is taken 
by the index 1, and the co-ordinates of the-variable point in the region of inte- 
gration in (1.10) by the index 2. Then 


; i 1 
ey = {5 [Uo Qo Ve Or — 0, U2Oe Ve) + [02 #(02) Or — Or Ce e(eathars. 


In view of (1.3) the second term under the sign of the integration vanishes, and 
the first can be written as 


5 [We eale ex — 05%) + (Ua en — 0,%) en Ma 
or, by introducing (1.7): 
ar OUR, — By) (V2 4 + 02%.) = Avan, — Ry)j:. 
In this way 
by = [ V5(Ry — By)j.d V2 = — [ 6(Ry — R,) divj, dV, = — divi, 


ie. we come to the continuity equation in operational form: 


Ge. .. evtve 
pind ——_—_— = 0. 111 
3E + div 5 (1.11) 


©OW 
{+ The operator e 





can also be.written in the form 


euvrt+vg 
4 
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In a similar way the derivative: 


can be calculated, which brings us to the equation 
é V; I ( Gv; 8%, ) I é oe 
ag & 


Seen gence acts 12 
at 7) + (1.12) 


Vy, ey; 
. Ory Ox, 





i.e. Euler’s equation in an operational form (de/de is the pressure p of the 
liquid). 

% must be again emphasised that the equations (1.11), (1.12) are less general 
than the commutation rules (1.3-1.9), which are also valid for an exact, 
microscopical investigation of the liquid. 


2. Tue Enency SrectRUM or 4 Quantum LIQuID 


in the classical hydrodynamics of ideal liquids it is shown that if, at a certain 

moment of time, the motion is potential (curl © = 0) in the whole volume of the 
liquid, it will be potential for all other moments of time (Lagrange’s theorem). 
Ié appears that this classical theorem finds its analogy in quantum hydro- 
dynamics. 
_ According to the commutation rules (1.9), curl » always commutes with the 
density g. The components of curl v, however, do not commute, generally 
speaking, either with each other or with the components of velocity v (when the: 
operaton curl is applied to the equation (1.8) the right-hand side does not vanish). 
Therefore, curl v does not, generally speaking, commute with the Hamiltonian, 
ie. is not conserved. 

An exception is the case when over the whole volume cf the liquid 
curl » = 0. In this case we have zero in the right-hand side of {1.8) and curl » 
commutes with e and w and, therefore, also with the Hamiltonian.t 
'. In this way curl v is conserved if it is zero. In other words, a quantum liquid 
always possesses stationary states in which cur] v equals zero over the whole 
volume of the liquid. Such a state might be called, by analogy to classical 
hydrodynamics, a state of potential motion of the liquid. 

Concerning these results an analogy can be made with the angular momentum 
Min quantum mechanics. The commutation of two componentsof M with each 
other leads to the third component of Mf, with the result that ali the compo- 
nents of M commute with each other if they are all equal to zero. It is also 
known that there exist no states with an infinitely small angular momentum, 
its first non-zero eigenvalues are of the order of %. This is a consequence of 
the fact that the commutation rules are inhomogeneous—their left-hand sides 
‘are quadratic in Df and the right-hand sides are linear. 


f Not only with the Hamiltonian (1.10), but elso with all other functions containing », @ 
and their derivates of any order with respect to the co-ordinates. 
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A similar statement can be advanced concerning curl v in quantum hydro- 
dynamics. Namely, no states can exist in which curl v would be non-zero, 
but arbitrarily small over the whole volume of the liquid. In other words, be- 
tween the states of the potential (curl » = 0) and vortex (curl » + 0) motions 
of a quantum liquid there is no continuous transition. 

From this the principal features of the energy spectrum of a liquid directly 
follow. The presence of a gap between the states of the potential and vortex 
motions means that between the lowest energy levels of vortex and potential 
motions a certain finite energy interval must exist. As to the question which of 
these two levels lies lower, apparently both cases are logically possible. It 
will be shown below that we get the phenomenon of superfluidity if we 
he normal level of the potential motions lies lower than the 
rtex motions. Hence we must suppose that this very case 
exists in liquid helium. It must be remarked, however, that, as only one quan- 
tum liquid exists, liquid helium, the question as to whether such a distzibution 
of the levels and hence the property of superfiuidity is a general property of a 
quantum, liquid cannot be solved experimentally. 

“This brings us to the following picture of the distribution of the levels in the 
energy spectrum of liquid helium (it must be emphasised that we do not here 
refer to the levels for single helium atoms but to the levels corresponding to 
the states of the whole liquid). This spectrum is made up of two superimposed 
continuous spectra. One of them corresponds to the potential motions and the 
other—to vortex motions. The lowest level of the vortex spectrum is situated 
above the lowest level of the potential spectrum, this latter level being the nor- 
mal unexcited state of a liquid; the energy interval between these two levels 
we denote by J. 

' The value of the energy gap 4 cannot be calculated exactly. Its order of 
magnitude is RE 928 
ant? 





ae (2.1) 
{m being the mass of the helium atom and e—the density of the liquid). This 
is the only quantity of the dimension of energy which can be built up from m, 
e and &. This gives numerically A/k ~ 1°, i.e. 4, as was expected, is of the order 
of kT,, T, being the temperature of the A-point of helium (cf. (3.8)). 

Consider an excited level which is situated not too high above the beginning 
of the spectrum (vortex or potential one). 

Every weakly excited state can be considered as an aggregate of a number 
of single “elementary excitations”. As far as the excited levels of the potential 
spectrum are concerned, the potential internal motions of the liquid are longi- 
tudina] waves, i.e. these motions are sound waves. Therefore, the correspond- 
ing elementary excitations are simply sound quanta, i.e. phonons. The energy 
of the phonons is known to be a linear function of their momentum p: 


e= Cp, (2.2) 


¢ being the velocity of sound. Thus, at the beginning of the potential spectrum 
the energy is proportional to the first power oi thé momentum. 
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An “elementary excitation” of the vortex spectrum might be called a 
“roton’’}. Those special reasons which stipulate a linear dependence of « 
on p for phonons do not exist for rotons. For small momenta p the energy 
of the roton can be simply expanded in powers of p; in view of the isotropy 
of the liquid the expansion of the scalar « in powers of the vector p only 
contains terms with even powers, so one may write: 


e=A+—, (2.8) 


where yu is an ‘effective mass” of the roton (in (2.2) and (2.3) the energy is 
measured from the normal state)*. 

If the number of phonons and rotons (per unit volume of the liquid) is not 
large, their aggregate can be regarded as a mixture of two ideal gases—a 
phonon gas and a roton gas. It is known that the phonon gas obeys Bose 
statistics. As to the rotons, they too probably obey Bose statistics. It must, 
however, be remarked that inasmuch as the energy of a roton always con- 
tains a quantity A large compared with kT (at low temperatures only when 
the aggregate of rotons can be treated as a gas) the difference between the 

“Bose and Fermi statistics is not essential and one can use Boltzmann’s distri- 
bution for the rotons. 


3. Taz Heat Capacity or Herivum II 


From the properties of the energy spectrum one can come to certain con- 
clusions concerning the temperature dependence of the heat capacity of 
helium II. 

At sufficiently low temperatures, when the abnormal behaviour of the 
heat capacity near the A-point is no longer essential, the heat capacity may 
be considered as consisting of two parts—a, phonon and a roton part. The 
first (Cp) is no other than the Debye heat capacity proportional to the cube 
of the temperature..This part of the heat capacity can be calculated exactly ff 
as the Debye temperature can be calculated from the data obtained* for the 
compressibility of helium from which, in its turn, the velocity of sound in 
-helium can be calculated (it turns out to be 250 m/sec). According to the 
known formula we get, for the heat capacity per 1g of helium 


1 : 
Con = 44x Suir ae (3.1) 


+ This name was suggested by 1. E. Tamm. 

+ In a recent paper A. Bijl* investigated the properties of the energy spectrum of a liquid 
‘and came to the conclusion that there must be an energy gap between the normal and all exci- 
ted states. This result does not seem to be plausible as it would mean, in particular, the im- 
possibility of the propagation of sound waves with small frequencies in liquids. 

tt This caleulation had already been made in 1940 by A. Migdal whom I wish to thank for 
informing me of his results. 


THEORY OF SUPERFLUIDITY OF HELIUM IT 309 


The roton part of the heat capacity (C,) has, owing to the presence of the: 
energy gap 4 between the normal and vortex levels, an exponential tempera- 
ture dependence. The coefficient before the exponential factor can be ex- 
pressed through 4 and the effective mass yu of the roton. For the temperatures 
considered one can, as has already been pointed out, apply Boltzmann’s 
distribution to the roton gas. The free energy of the gas with an undeter- 
mined number of particles (the number of particles in the roton gas is itself a 
temperature function determined from the condition of the minimum of 
the free energy) is 


dt, 


==, -gykT  - “p 
F. ve axis 
(dt, = dp, dp, dp,) 


{V is the volume). Below we shall refer the free energy to 1 g of helium corre- 
sponding to which we shall put V = 1/9 (@ being the helium density), so that 








kD he 
=- wPar, 2 
| Ff, arl* dt, (3.2) 
The number of rotons is 
1 
Le —fkT ’ 
N, = Cen yo xb [e dt,. (3.3) 
Putting «= 4 + p?/2u we get: 
kD (wkD\ _ sea 
f= - (45) e 2 (3.4) 
Lf ekT rs? 
XN, = —({— Be ie 3.5 
Thus the entropy is 
aF, lf wk \3 i Rien 5kT 
ere nies 12 -4; 1 g , 6 
. ar ~ (=) a ary, (6-8) 


and the heat capacity is 


08 lf we \ewes af kT 16 (kT 1 , 
os Ta =f o — +—/(— |} |. (3.7 
ae (ar) mr ° E ar Maer s os) 





if we use the data obtained by Keegom and Keesom® for the heat capacity. 
in the interval 1-2—1-5°K from the formulae derived we get for u and 4. 
.the values: 


A ; 
Z=8- 8, wa T— 8g, (3.8) 


(ge is the mass of a helium atom). 
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Aé sufficiently lew temperatures C, must become smaller than C,,. It 
must, however, be remarked that the calculated phonon heat capacity accord- 
ing to (3.1) is found to be at 1-2° K about 22 times less than its experimental 
value. In this way at temperatures even twice as low as the A-point the roton 
gas still plays a predominant role in the heat capacity. 

Up to the present time the heat capacity at lower temperatures has only 
been measured by B. Bleaney and F. Simon® (in a temperature interval from 
0-25 to 0-8° K). Their results still give a value ca. 10 times larger than that 
given by the formula (3-1). On the other hand, Bleaney and Simon found it 
possible to describe the heat capacity in the temperature interva] 0-25-0-8° K 
by a 7°-law. From this it would follow that the surplus part of the heat capacity 
over C,,, ie. the heat capacity C,, also obeys the 7*-law, whereas according 
to the theory one would expect it to have an exponential temperature depen- 
dence. It must be mentioned, however, that Bleaney and Simon did not publish 
details of their measurements and so the possibility is not excluded that 
their results ought to be corrected. On the other hand, P. L. Kapitza’s? mea- 
surements show that the value of the entropy at 1-33° K calculated from the 
formula (3.6) with » and A irom (3.8) agree well with experiment, whereas 
the entropy value calculated from the data of Bleaney and Simon does not 
agree with Kapitza’s results. 


4. SUPERFLUIDITY OF HELIUM II ar ABSOLUTE ZERO 


It will now be shown that the superfluidity of helium II is a consequence 
of the properties of the energy spectrum described above. Consider first 
liquid helium at absolute zero. At this temperature the liquid is in its normal, 
unexcited state. Let us consider the helium when flowing through a capillary 
at a constant velocity V. The presence of viscosity would be manifested by 
the fact that owing to the friction between the liquid and the walls of the 
capillary and the friction inside the liquid itself the kinetic energy of the 
movement of the liquid would be dissipated and the flow gradually slowed. 
‘down. 

It is convenient to consider this flow in the co-ordinate system moving 
together with the helium. In this system the helium is at rest and the walls 
of the capillary move with a velocity —V. In the presence of viscosity the 
helium at rest should aiso begin to move. Physically it is obvious that the 
interaction of the liquid with the moving walls of the tube cannot cause a 
motion of the whole liquid at once. The motion must begin with the excitation, 
of the inner movements in the layers of liquid close to the wails of the tube 
ie. with the excitation of rotons and phonons in the liquid. 

Let us suppose that a phonon can be excited in the liquid. Then the energy 
#, of the liquid (in the co-ordinate system in which it was ‘initially at rest) 
.ig equal to the energy e of the phonon (we will agree to take the energy of the 
normal'state as zero) and the momentum P, of the liquid is the momentum 
p of the phonon. As ¢ = ¢p we have: 


Ey=ep, Po=p. 
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We will now return to the co-ordinate system in which the capillary is at 
rest. According to the known formulae for the transformation of energy and 
momentum in classical mechanics we have, for the energy H and the momentum. 
P in this system , 


2 
2 B= By+ (Py N+, P=P,+ MY, 


M being the mass of the liquid. Inserting ZH, and P, we find for the energy 
2 





E=cecp+( (p> V+ 5: (4.1) 
The term M V?/2 is the initial kinetic energy of the flowing helium, the ex- 
pression cp + (p+ V) being the change of energy owing to the excitation of 
the phonon. This change must be negative as the energy of the flowing liquid 
must decrease: 


cpt (pr ¥)<0. 


To fulfil this condition the absolute value of the velocity V must be, in any 
ease,. greater than the velocity of sound 


V>c. (4.2) 


At smaller velocities the interaction with the walls of the tube cannot give rise 
to an excitation of phonons. 

An analogous consideration can be applied to the excitation of a roton. 
In this case 





p 
Eo =e=Z + rye 
and instead of (4.1) we get: 
2 MP: 
B=4+24(v-p)+ (4.3) 
2h 2 


For F< MV?/2 it is at any rate necessary that 


The expression on the right-hand side has a minimum ai p? = 244 so that 
for the excitation of rotons the velocity must be greater than 
2A 


V> (4.4) 
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In this way we see that neither phonons nor rotons can be excited if-the 
velocity of flow m helium IT is not too large. This means that the flow of the 
liquid does not slow down, i.e. helium II discloses the phenomenon of super- 
fluidity f. 

It must be remarked that already the reasons given above are enough to 
make the superfluidity vanish at sufficiently large velocities. We leave aside 
the question as to whether superfluidity disappears at smaller velocities for 
some other reason (the velocity limit obtained from (4.2) is large—the velocity 
of sound in helium equals 250 m/sec; (4.4) gives a value only several times 
lower). 


5. Hetrum II av TEMPERATURES ABOVE ABSOLUTE ZERO 


We now consider helium at non-zero temperatures. Helium is not then in 
its normal state and at sufficiently low temperatures its excitation can be 
considered as a gas consisting of phonons and rotons. The results of section 4 
still remain valid as the circumstance that liquid helium is initially in the 
norma] state was not used directly in our derivation. Therefore, new phonons 
and rotons cannot be excited owing to the movement of the helium relative 
to the walls of the vessei also at temperatures greater than 0° K. It is necessary, 
however, to find out how the phonons and rotons that are already in the 
liquid will manifest themselves. 

To investigate this problem we shall consider helium in an axial-symmetric 
vessel rotating round its axis at a constant angular velocity &. We go over to 
the co-ordinate system rotating together with the vessel. In this system the 
vessel is at rest, ic. the external conditions in which the liquid is found are 
‘stationary. Therefore, the Gibbs distribution here holds, i.e. the probability 
of finding helium in an excited state is determined by the formula 

const e~ FFF , 
E’ being the energy of the excited state of the liquid in the rotating co-ordinate 
system. It is known that the energy H’ of a body in the rotating co-ordinate 
system is connected with the energy in the stationary system by means of 


E' =H -(M-Q), 


where M is the angular momentum of the body in a given excited state (in 
the normal state 3 = 0). Thus, the Gibbs distribution in the stationary 
co-ordinate system is 

const e~ + @4- ayer | (5.1) 


For the sake of clarity let us suppose that the temperature is low enough so 
that one can speak of an ideal gas of phonons and rotons in helium. Then the 


T It must be mentioned that for an ideal gas 4 = 0 and, therefore, even at absolute zero it 
‘would not disclose the phenomen of superfluidity at-.any velocities of the flow contrary to 
Tisza’s suggestion. 
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energy # and angular momentum M of the excited state can be written as 
E=)}e, M=}m, (5.2) 


é and m being the energy and angular momentum respectively of single 
phonons and rotons. 

As is well known, if we substitute # = 5 « in the Gibbs distribution e~2*7 
we can pass over to the distribution for single “particles” of the gas, in the 
given case to the Bose distribution: 


I 
eikt =<3 7 


for phonons and probably for rotons (which particular distribution is not, 
however, essential to what will come). 

Similarly, by inserting (5.2) into (5.1) we get in the same way the same 
distribution for phonons and rotons in the rotating vessel with the only 
difference that instead of ¢ enters e— (m+ ®), so that the Bose distribution will 
take the form: l 


els-Q-m)eP ae = 


But such a distribution is no other than the distribution for the rotating as 
a whoie (at an angular velocity $2). And so we come to the result that during 
the rotation of the vessel containing helium II a statistical equilibrium is 
established which differs from the equilibrium in a vessel at rest only in that 
the photon and roton gas rotates together with the vessel as if it was carried 
along by the walls of the vessel. 

If, from the above distribution one calculates the angular roomentum of 
the helium in the rotating vessel at a given temperature, ie. the quantity: 
1: i mdt, dV 


then at absolute zero, ic. when phonons and rotons are completely absent 
we would obviously get zero. At higher temperatures the angular momentum 
will be non-zero but the momentum of inertia (i.e. the propertionality factor 
between M and 82) will be at sufficiently low temperatures much lower than 
the usual one (which corresponds to the rotation of the total mass of the liquid 
with the. vessel). 

This brings us to the fundamental result that when the walls of the vessel 
are in motion only a part of the liquid helium mass is carried along by them, 
the other part “‘remaining stationary”. And so we might regard liquid helium 
as if it was a mixture of two liquids, one of which is superfluid having no 
viscosity and not carried along by the walls of the vessel and the other—a 
“normal”’ one which is carried along by the moving walls and behaves itself 
like a normal liquid. It is most essential that “there is no friction” between 
these two liquids moving through each other, that is, that there is no transfer. 
of momentum from one to the other. Actually we. get this relative motion 
when considering the statistical equilibrium in an uniformly rotating vessel. 


M= (5.3) 
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But if there can be some sort of relative motion in the state of statistical 
equilibrium it means that it cannot be accompanied by iriction. 

It must be stressed that when we look upon helium as a mixture of two 
liquids it is no more than a method of expression, convenient for describing 
phenomena which take place in helium II. Like every description of quantum 
phenomena in classical terms it is not quite adequate. Actually one must say 
that in a quantum liquid two movements can exist simultaneously each of 
which is connected with its own “effective mass” (so that the sum of both 
these masses equals the total real mass of the liquid). One of these movements 
is normal, i.e. possesses the same properties as the movements of usual liquids; 
the other is superfluid. Both these motions take place without a transier of 
the momentum from one to the other. We particularly emphasize that there 
is no division of the real particles of the liquid into “superfluid” and ‘“‘normal”’ 
ones here. In a certain sense one can speak of “superfluid” and ‘“‘normal” 
masses of liquid as of masses connected with the two simultaneously possible 
movements, but this by no means signifies the possibility of a real division 
of the liquid into two parts. 

Keeping in mind these reservations as to the reali nature of the phenomena 
taking place in helium IT it is still convenient to use the terms “superfluid” 
and “normal” liquids as a short and convenient method of describing these 
phenomena and in the further discussion we shall do sc. 

During | the. rotation of the vessel. containing belium the superfluid part 





superfiuid ‘liquid is not capable of rotation. Mathematically this means that 
the curl of the velocity, of the 2 superfluid, motion medals zero. “Hence the ‘motion 


This ae us in Ce ie ‘the following ee property of the 
motion of helium IT. From hydrodynamics we know that during the potential 
flow of a liquid no pressure is exerted on a body immersed in the liquid (the 
so-called Euler paradox). Therefore, the superfiuid part will not, during its 
motion, exert any pressure on a body immersed in helium II; the body will 
only be influenced by the normal part of the liquid. 

At low temperatures, when the excitation is not too great the normal part 
of the liquid is an aggregate of phonons and rotons. Therefore, the viscosity 
of the normal liquid can be calculated in the same way as that of a mixture 
of phonon and roton gases. Even at not very low temperatures, i.e. at such 
temperatures when the number of rotons is large compared to the number of 
phonons, we cannot completely disregard the phonons and calculate the 
viscosity as the viscosity of the roton gas alone because the “length of the 
free path” of phonons is, as can be shown, large as compared to that of the 
rotons. 

The most important parameter which determines the properties of helium 
at every given temperature is the ratio of the masses of the superfluid and 

+ Amore strict proof 6f this statement will be given in section 9 where the analogous questions, 
‘ia superconductors are being investigated. 
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normal parts of the liquid. We introduce the density @, of the normal liquid 
and the density 9, of the superfluid; the sum @ = @, + @, is the total true 
density of the liquid. 

At absolute zero the ratio ¢,/e equals zero. As the temperature rises it 
Iereases until it becomes equal to unity after which, of course, it will remain 
constant. The temperature at which o,/9 becomes unity is the point of transi- 
tion from helium II into helium I. In this way the phase transition in helium 
is connected with the disappearance of the superfluid part of the liquid. This 
disappearance takes place continuously, i.e. e,/o becomes unity continuously, 
without a jump. Therefore, the transition is a phase transition of the second 
order, i.e. a A-point (it is not accompanied by the absorption or giving out 
of latent heat). The presence of a jump in the heat capacity is a direct thermo- 
dynamical consequence of a phase transition of the second order (cf. e.g. ref. 7). 

We will here point out the following possible method for a direct experi- 
mental determination of the curve of o,/e as a function of the temperature. . 
if the moment of inertia J of the vessel filled with helium II and rotating 
about its axis is measured the ratio of J to the moment of inertia Jy, caloulated 
on the supposition that the total mass of helium rotates with the vessel, 
determines the ratio o,/e at a given temperature. 

At sufficiently low temperatures the ratio 9,,/e can be calculated theoretically. 
At these temperatures 9 is built up of two independent parts—the effective 
mass of an ideal gas of phonons and the mass of a roton gas. We will first 
ealeulate the phonon part of e,. To do this we shall imagine that the phonon 
gas moves as a whole with a constant velocity V relative to the liquid. As 
is known, the distribution function for a gas, moving as a whole, is obtained 
from the distribution function of the stationary gas simply by inserting the 
quantity « — (p* V) in place of the energy «¢ of the particle (where p is the 
momentum of the particle). Hence the distribution function for the phonons” 
obeying Bose statistics is 


1 1 
# (250 A)§ eo @ VET _ 3° 


We now calculate the total momentum P of the phonon gas (per unit. 
volume). We have: 
i par, 
- (270 h)? ele(a VIVE _ 


Suppose that the velocity V is small and expand the integrated expression 
in powers of (p> V). The zero order term vanishes after averaging over the 
directions of p and we obtain: 


on, 
P= — [ pio») a 
3 g 


1 1 
"0 Qxh® e&FF — 1 
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As for the phonons we have «= c¢p and, therefore, 
p ar Gn, 


s0 we can write 


Integrating by parts and averaging over the directions of the momentum p 
we get: 





Chee tI ieee 
HO FE 62 13 64 5 PE NF 1B FD FO HH 2-2 


Tt °K 


Fre. 1. 


But the integral entering this formula is the energy 9 H,; per unit volume of 
the phonon gas, so that 


4 Ez 
Pay ye. 
3° ce 


The coefficient of V is the effective mass of a unit volume of the phonon gas, 
ie. the phonon part 0?” of the density 9,: 





4 £, 
OP Se. (5.4) 


The energy E,, of the phonon gas, and hence 0?” is proportional to 74. 
A similar calculation gives the following expression for the roton part of 
the mags of the normal liquid at low temperatures (the Boltzmann distribution 
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with ¢ = 4 + p?/2y is used for the ee 
o= N,wo (5.5) 


(NV, is taken from (3.5)). The number J, of rotons, and hence also e% depend 
on the temperature exponentially (~e-4/*7, cf. section 3). 

Onfe is plotted against the temperature in Fig. 1. Even at 1°K the phonon 

part of g, is thirty times less than the roton part. The part of the curve in 
Fig.1 which is near to the J-point cannot, of course, be calculated theoretically 
and is obtained by means of an interpolation. 
. One may, however, expect that owing to a very rapid increase of 9, accord- 
ing to formula (5.5), the value of the temperature of the /-point itself can be 
approximately obtained from on/e = k using formula (5.5) for @,. Such a 
calculation gives 2-3°K for the temperature of the A-point which is in a good 
agreement with the known value 2-19°K. 


6. THE FLrow THROUGH CAPILLARIES AND THE Huart 
ConpvcTiviry ofr Herivm Il 


The ideas developed above allow one to give a satisfactory explanation of 
a namaber of results experimentally observed and also to predict a number of 
new properties which one might expect to find in helium II. 

P. L. Kapitza! showed that helium IT discloses no viscosity when flowing 
through a capillary or a narrow slit. From the point of view of the theory 
advanced here, this is explained by the fact that when helium IT flows out 
of a vessel through a narrow slit the superfluid part of the liquid flows through 
the slit disclosing no friction; the normal part remains in the vessel flowing 
through the slit incomparably slower with a velocity corresponding to its 
viscosity and the thickness of the capillary. 

It is known that when the viscosity is measured by means of observing the 
damping of the torsional vibrations of a disk immersed in helium II (ref. 8) one 
gets a non-zero value. This result also appears to be perfectly natural; actually, if 
the disk rotates in the liquid consisting of a superfluid and a normal part it 
will stop owing to the viscosity of the normal liquid. In this way, the experi- 
ment in which the liquid flows through a capillary discloses the presence of 
the superfluid part of the liquid and the experiment with the disk rotating 
in the helium II discloses the normal part. ; 

The entropy of helium II is determined by the statistical distribution of the 
rotons and phonons. Hence for all motions of the liquid in which the phonon 
and roton gas remains stationary there is no macroscopical entropy transfer. 
This brings us to the most important result that during the flow of the super- 
fluid liquid no entropy transfer takes place. In other words, the motion of the 
superfluid liquid does not carry heat. From this it follows in its turn that the 
motion of helium II in which only the superfluid part of the liquid takes part 
is thermodynamically reversible. 

It was shown above that during the flow of helium If through a thin capillary 
or through a slit we have to deal with just such a flow of the superfluid liquid. 
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Therefore, this flow must be reversible (to be more exact, the thinner the 
capillary and the less the normal liquid penetrates it the closer we are to a 
complete reversibility). This was disclosed during the recent Ingenious experi- 
ments made by P. L. Kapitza’. 

As the helium flowing through a thin capillary does not carry heat, we may 
come to an important conclusion. Namely, liquid helium flowing out of a 
vessel through a thin capillary must be at a temperature of absolute zero 
(it would be more true to say at a temperature lower than the temperature of 
the helium in the vessel and equal to zero only in the ideal case of an infinitely 
thin capillary). 

The known property of helium of forming a moving film on a hard surface 
is an effect akin to the properties of its ow through a thin capillary. The fact it- 
self that a film is formed is not a peculiar property only to be found in helium I. 
Films are formed by all liquids wetting a given hard surface. But in ordinary 
Jiquids the formation of the film takes place extremely slowly owing to the 
ipresence of viscosity. The formation and movement of the film of helium It 
takes place quickly owing to the superfluidity. 

The so-called thermomechanical effect in helium Ii is known to consist in 
the fact that when helium flows out of a vessel through a thin capillary a 
heating is observed in the vessel; on the other hand, at the place where the 
helium flows into a vessel from a capillary a cooling takes place. The presence 
of the thermomechanical effect is not in itself peculiar only to heliumt, ano- 
malous is only the large value of the effect. The therreomechanical effect in 
ordinary liquids is an irreversible phenomenon of the same type as the thermo- 
electric Peltier effect. 

An effect of this type must also exist in helium II; however, in this case it 
“is overlapped by a much stronger efiect which is specific to helium II having 
nothing in common with the irreversible phenomena of the type of the Peltier 
effect. Namely, the heating when the helium flows out through a capillary is 
simply due to the fact, that this helium does not carry heat, therefore, the heat 
in the vessel is distributed over a smaller amount of helium. When the helium 
flows in we find the reverse phenomenon. 

it is easy to write what heat Q is absorbed when 1 ¢g of helium flows out of 
the vessel through a capillary. As the liquid flowing out does not contain 
phonons and rotons its entropy equais zero. If the helium in the vessel is to 

remain at its initial temperature 7 the amount of heat 7S (S—entropy of 
1 g of helium at a temperature 7) must be conveyed to it to compensate for 
the decrease which takes place per unit mass of the entropy owing to the 
introduction of 1g of helium with zero entropy. This means that if 1g of 
helium flows into a vessel containing helium at a temperature 7, the amount 
of heat absorbed is Q =T7§. (6.1) 


In the opposite case when 1¢ of helium flows out of the vessel containing 
helinin at a temperature J this amount of heat is given off. The heat Q was 


+ The thermomechanical effect was observed recently in water by B. V. Deriaguin. 
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zecently measured by P. L. Kapitza®. The results obtained are found to be in 
excellent agreement with formula (6.1). 

We shall now consider two vessels containing helium IE at temperatures 7, 
and 7, and connected to each other by a thin capillary. As the superfinid 
liquid is able to flow freely along the capillary a mechanical equilibrium of 
the helium in the two vessel is quickly established. But as, however, the 
superfluid liquid does not carry heat, the heat equilibrium at which the tempera- 
ture of the helium in the two vessels equalizes is only established much more 
slowly. 

The conditions of the mechanical equilibrium of helium can be easily written 
down by using the fact that the establishment of this equilibrium takes 
place, according to what has gone before, at constant entropies S, and 8, of 
helium in both vessels. If #, and #, are the internal energies per wit mass 
of helium at temperatures J, and 7’, the conditions of the mechanical equili- 
brium (ie. the minimum energy) due to the transfer of the superfluid liquid is 


6N1/s, ~\8Ne Ss 
NV being the number of atoms in 1} g of helium. But the derivative (@£/dN)s is 


the chemical potential ¢. Therefore, the condition of equilibrium is obtained 
im the form: 








op; 7) = o (Pe, 2s) 


{p,, 7, and »,, FT, being the pressure and temperature in the first and second 
vessel) or 


D(p,, Ty) = O(pe, Pe), (6.2) 


where © is the thermodynamic potential of 1g of heiium II. 
if the pressure », and p, are small, we can expand @ in their powers and 
remembering that 06/8 is the specific volume V we get: 


2 
Vip = O(T,) — O(f,) = J Sar (6.3) 
Py 
(4p = Pz, — ~,). If the temperature difference 47 = T, — T, is also small 
‘we can also expand in powers of 47' and remarking that @/a7 = —S we 
get: 
4p _8 
FF (6.4) 


As S> C, and V > 6 also dp/dT > 0 in agreement with the experiment. 

The formulae (6.1) and (6.4) were deduced already by H. London” starting 
from Tisza’s ideas, the verbal formulation of which coincides at this point 
with the theory here advanced. These formulae are fully confirmed by P. L. Ka- 
pitza’s® experiments. 


We can note that the phenomena described can be regarded ir. the irame- 
work of the theory advanced here as the osmotic phenomena in the “solutions” 
of phonons and rotons in liquid helium, the narrow capillary or’, “slit PBR yINg 
the role of a semi-permeable membrane. 

Finally, we come to the heat conductivity in helium II. The process of 
heat transfer in helium IL must be represented in the following form. Consider 
the heat conductivity of helium I in a capillary the large value of which was 
discovered by Keesom and Keesom!! and studied in detail by P. L. Ka- 
pitza)2. If the helium is heated at one end of the capillary (or in a bulb soldered 
to it) two oppositely directed currents arise in helium. The normal liquid 
carrying the heat flows from the heated to the cold end; the heat which is 
transferred in this way is quite sufficient to explain the large value of the 
transfer experimentally observed. The current of the superfluid liquid flows.in 
the opposite direction. The masses of liquid transferred by each current 
exactly compensate each other so that no real macroscopical flow in the 
helium takes place. 

P. L. Kapitza¥? observed the deflection of a leaf hung in front of the open 

-end of the capillary when the helium in the bulb at the other end of the capil- 
lary was heated. P. L. Kapitza suggested that the explanation of this pheno- 
mena might be that it was due to the axial flow of the helium from the heated 
to the cold end occupying practically the whole of the cross-section of the 
tube; the amount of helium in the tube was supposed to be sustained by means 
of the reverse flow of helium moving into the capillary along its surface. 

According to the quantum representation developed above this phenomenon 
has a different appearance. The current of superfiuid liquid flowing inte the 
capillary exerts no pressure on the leaf (owing to the potentiality of the move- 
«ment, cf. section 5). On the other hand, the current of normal liquid exerts 
“pressure on the leaf deflecting it in the direction observed. Both these currents 
go along the whole cross-section of the capillary and there is no mote need 
to introduce the concept of a current of liquid flowing along the walls with 
anomalous properties. 

It must again be emphasised that the concept of a superfluid and normal 
liquid is only a convenient way of describing the phenomena, but one must 
in reality speak of two movements which take place simultaneously in one 
and the same liquid; one of these movements carries heat and the other does 
not. F 

We thus come to a peculiar picture; on a body immersed in helium II a 
force can act in the absence of any movement oi the liquid as a whole. 

Consider also heat conductivity in large volumes of helium. If a body with 
@ heated surface is immersed in helium II again two currents arise in the 
volume of liquid—the current of normal liquid dowing from the heat surface 
and an opposite current of the superfiuid liquid. The transition of the currents 
one into the other, i.e. the transition of the superfluid liquid into the normal 
one takes place in the thin layer near the surface. The thickness of this layer 

‘must be of the order of the length of the free path of the phonons and rotons 
forming the normal part of the liquid. Almost the whole temperature fall will 
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obviousiy take place in this layer and it follows that in the main volume of 
the liquid we can expect an almost total lack of temperature gradient. Such a 
distribution of temperature near the heated surface appears to be supported 
by P. L. Kapitza’s}? experiments. 


7. EQUATIONS oF THE Macroscoric HypRoDYNAMICS OF HetriumiT 


Starting from the above considerations on the microscopic mechanism of 
the phenomenon of superfluidity a complete system of hydrodynamic equations 
ean be built which would. describe helium II on a macroscopic (phenomenolo- 
gical) way. 

The starting point is the fundamental circumstance that the motion of 
helium II must be described not by one velocity as in ordinary hydrodynamics 
but by two. One of these is the “superfluid” velocity (denoted by v,) satisfy- 
ing the condition 

curly, = 0. (7.1) 


‘On the boundary of a hard surface only the normal component of v, becomes 
zeTo. and not its tangential one corresponding to the fact that the superfiuid 
liquid is not held back by friction against the walls of the vessel. For the 
“normal” velocity v, of the Liquid on the boundary with a hard surface the 
condition v, = 0 (as in ordinary viscous liquids) must be fulfilled which 
expresses the fact that the normal liquid is brought to a standstill owing to 
the friction against the walls. 

It turns out that the hydrodynamic equations with the two velocities v, 
and v, can be obtained absolutely unambiguously starting from the one 
condition only that they should satisfy all the conservation laws. These 
equations for the general case of arbitrary velocities are somewhat complicated 
and we shall not give them here and confine ourselves to a simplified deduction 
of the equations applicable to the motion with not too large velocities v, and v,. 

Let j be the macroscopic current of the mass of liquid; it is the function 
of both the velocities v, and v,. For small velocities 7 can be expanded in 
powers of v, and v,. In the first approximation 


j= Qs Us + On Vq- (7.2) 


The coefficients 9, and 9, are obviously those which we called the densities 
of the superfluid and normal “parts” of the liquid. Their sum equals the 
real density @ of heliam IT: 

@ = Os + Cn, (7.3) 


e; and 9, are, of course, functions of temperature. Note that the current j 

(7.2) is at the same time the density of the momentum, i.e. the momentum 

of a unit volume of liguid. e@ and j must satisfy the continuity equation: 
Ge 
—4+divj=0. 14 
ae tT oivd (7.4) 


crL 1) 
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We shall here write the equations applicable to a motion in which the 
viscosity of the “normal liquid” plays no part. Then the equation for the 
momentum conservation is written in the form: 


a4, al, 

Bes Biase 2 (7.5) 
et Oxy 

(the summation is extended over the indexes which are twice repeated), 

where the tensor /7;, of the momentum current equals 


Tex = 2 0x + On OOO + 0, 0 of, (7.8) 


(p being the pressure). To take into account the viscosity of the normal liquid 
we must add to J7Z;;, the terms expressed in the ordinary way through the 
coefficients of viscosity and the derivatives of the velocity v, with respect 
to the co-ordinates. 

Further, the equation for the conservation of entropy takes the form: 


a 


oe + div{oSv,) = 0 (7.7) 
é 


(S is the entropy per unit mass of helium ITI). The “entropy current” equals 
eNv,, as the entropy is only transferred by the normal part of the liquid. Lf 
the viscosity of the normal part is taken into account supplementary terms 
must be added to the right-hand side of (7.7) expressing the increase of the 
entropy owing to the irreversibility of the processes. 

Finally, the last equation of the complete set of hydrodynamic equations 
we get equalizing the acceleration dv,/dié to the force acting on a unit of the 
“superfluid” mass. To determine this force imagine that the unit mass of 
liquid is displaced from the point 1 to the point 2 in such a way that the distri- 
bution of phonons and rotons is not changed. In other words, one might say 
that during the transfer only the “‘superfluid liquid” is displaced and the 
distribution of the normal liquid remains unchanged. The energy # of the 
liquid changes during such a transfer by 


Ck 6k 


(Hf being the mass of the liquid). Derivatives must be taken here at constant 
entropy (because the entropy is connected only with the normal liquid) and 
at a constant momentum of the motion of the normal mass of the liquid 
relative to the superfluidy; besides this the volume of the liquid is considered 
as a constant. 


+ The motion of the superfluid Liquid may be considered as external conditions in which 
‘the phonons and rotons move. Therefore, the “Lagrange function” for the motion of the normal 
Hiquid does not simply depend on its velocity v,, but on the difference of the velocities v, — v,. 
The conserved momentum is, therefore, a derivative: of the Lagrange function with respect to 
‘t, ~ &,, Le. the momentum of the relative motion. 


THEORY OF SUPERFLUIDITY OF HELIUM 0 323 


From the expression obtained for the change of energy it is seen that the 
quantity 2#/8M can be regarded as a “potential energy” of the superfluid 
liquid, so that the force acting upon it is 


oP 


To calculate the derivative d#/@M we notice that the derivative of the 
energy at constant entropy and volume is equal to the derivative of the 
thermodynamic potential at constant pressure and temperature. The thermo- 
dynamic potential Jf of the liquid (@ is the potential per unit mass) can 
be written in the form of the sum of the thermodynamic potential If ®, (p, T) 
of the stationary liquid and the kinetic energy P®/2¥,, of the relative motion 
of the superfluid and normal “parts”: 

2 


P 
? 
2M, 





M® = MG,(p, T) + 


P is here the momentum of the motion of the normal mass /,, relative to the 
superfluid. By differentiating M@ with respect to M at constant p, T and P 
aud remembering that the normal mass M, is proportional (at a given p 
and 7} to the total mass UM, we get 


Pp 


Po 2M, M- 


If we insert P = M,(v, — v,) and put the ratio of the densities m place of 
the ratio of the masses we finally find, for the derivative (@Z/0M)s y, p 
the expression 
en 

————————__ On 
2 +e) 

If follows that the hydrodynamic equation ior which we were looking is 
of the form: 


®,)*. 


G, - 


dev a _ a2 
Se See (v,°V) v, = —grad gp — Bain = Ps)” 
at at 2 (en + 95)" 


(the index of ®, is left out). It can be written differently if we notice (7.1), 
then 


2 
ee 
(vu, V) v, = grad : 


In this way 
Cw, v; On (Uy v,)* 
—— = — grad 1 @ + — —- —— 7.8 
ot : { 2 2 (en + @s) a 


The equations (7.1-7.8) are a complete set of hydrodynamic equations for 
helium II. 
114 
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For a stationary flow the left-hand side of (7.8) is zero; hence: 


V — On (Un — D5)? 
= — = + S = const. (7.9) 
2 2 (en + Qs) 
This equation together with the next one (7.10) plays bere the role of the 
Bernoulli equation. 

Consider now the motions at which liquid may be considered incompressible. 
Ti we take the densities 0, and ge, and entropy S as constants we find from 
(7.4) and (7.7) that 

divv,=0, dive, = 0. 


Now, for a stationary motion we have in (7.5) éj/é¢ = 0; by using 





av? Gu 
— = divv, = =0 
CX, Ox, 


-we can re-write (7.5) in the form 
Vp + On(tn* V) Ca + Os (Ps ° V) vu, = 0. 


Remembering that curl v, = 0 we can write this equation as 


a 2 


wu, Vv, 
¥(p + a> + et} = o,[v, A curle,]. 


We project this equation on the line of the current of the normal motion, i.e. 
on the direction of v,. Then on the right-hand side we get zero, so that 
me 
PH Bers + Qe = const. (7.10) 


. It must be emphasised that the expression (7.10) is constant for a stationary 
flow only along each of the lines of current of the normal motion; and the 
expression (7.9) is constant over the whole volume of the liquid. 

If the temperature and pressure change little over the volume of the liquid 
@ can be expanded in powers of d7 =P — Ty, Ap = p— Hp; To, Mo being 
the temperature and pressure at a certain point in the liquid: 

© = Op), 7) — sats <2. 


By inserting this into (7.9) we get 


wy On (Ys 7 v,) Vp 
Spee ee SAT = oe 


By combining this equation with’ equation (7.10) 


2 2 
On%e Op B 
Apt ae +34 = const 





ou 
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we get 
Qn 


oS 


nd 


AT + 





(©, ° Vy — U;) = const. (7.11) 
This relation, like (7.10), is valid along the current lines of the normal motion.: 


8. PRorpAaGaTION oF Sotxnp In Heures II 


The equations obtained can be applied to the propagation of sound in 
helium IT. The velocity of the motion in sound waves is as usual supposed to 
be small and the density, pressure and entropy are almost equal to their’ 
constant equilibrium values. The terms in (7.6) and (7.8) which are quadratic 
with respect to the velocities can be neglected, and in (7.7) we can take the 
entropy oS in the term div (v, Sg) out of the sign of div ag this term already 
contains the small quantity v,. In this way the system of hydrodynamic 
equations for sound waves acquires the form 











deg. 
— + divj = 0; 8.1 
apt a © (8.1) 
208 
oY + oS divy, = 0: (8.2) 
Gt 
aj 
—+Vp=0; 8.3) 
ape es (8.3) 
6v, 
VG = 0. 8.4 
oer (8.4) 
By differentiating (8.1) with respect to time and inserting (8.3) we get: 
CPG: nex 
= V2 np. 8.5 
ae p {8.5) 
Further, we have 
aS 1 68 S 6 Ss 
SE Ee ~ 8 dive, + = divs, 
ot 9 ot @ ot @ 
or § 
as Q, .- 
ee =-——d Y Ped © 8.6 
- re iv(v, — 0, (8.6) 


For the thermodynamic potential the relation 


1 
a@= —-SdAT+Vdp= —SdAT+—dp 
@ 


holds (V being the specitie volume). Hence we have 
Vop=SoeVT+eVvVG, 
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or by introducing Vp from (8.3) and V@® from (8.4) 


7) 
On Zp (On — Ps) +oSVT=0. (8.7) 
Differentiating (8.6) with respect to time and introducing (8.7) we find: 
eS So, 
— =—_ VT. 8. 
ot? On AS) 


Two equations (8.5) and (8.8) determine the propagation of sound in helium IT, 
It is already seen from the fact that there are two equations that there must 
be two velocities of sound in helium II. 

Write S, 0, p, T in the form S = S, + 8’, @ = oo + @’, ete. where the quan- 
tities with a dash represent the small changes of the corresponding quantities 
stipulated by the sound wave and the quantities with index zero are their 
constant equilibrium values. Then we can write: 

de de, bo OS 5. OR”, 
of apt er fF apt: 


and equations (8.5) and (8.8) take the form 
de Op’ do a7" % 
ap dt eT ae” 
oS Bp’ in oS @T’ = S*o, 
Op oF oT Ot On 


2a! 


vV27" = 0. 





We look for a solution of these equations in the form of a plane wave in 
which p’ and 7" are proportional to a factor e!@¢-7/ (y being the velocity 
of sound) and then for the conditions of solubility we get the equation: 


we oP 1 2 28 
0e oT 
= 0 
sacl: 208 S82 es 
Op oT On 
or 
S 
4 d(e, ) = (Sere ea ee 0 
8(p, T) oT On Op On 


(where 4(0, S)/A(p, 7’) denotes the Jacobian of the transformation from @, S 
to p, T'). By means of a simple transformation with the use of the thermo- 
dynamic relations this equation can be put in the form 


; Op 
So 7(=2) 
2 8 
w-w[(2) 222], een 
s 


de Ce Ga osC, 
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(C, being the heat capacity of a unit mass of helium II). This quadratic equa- 
tion determines two velocities of sound in helium II. 

If 0, = 0, ie. at the A-point, one of the roots of the equation (8.9) becomes 
zero and we get, as we ought, only one ordinary velocity of sound 


00/s 
Practically for all temperatures the heat capacities C, and C, are close to 


each other. According to the known thermodynamic formula in these condi- 
tions the isothermic and adiabatic compressibilities are also close to each 


other, 1.€. 


If we denote the common value of (0p/0@)p and (0-p/0g)s as 0-p/09 and the 
common value of C, and C, simply as C we get from the equation (8.9) two 
velocities of sound u, and wu, in the form 

2_ OP _ TS? @ 


Uw=—, w= —_. (8.10) 
* 0g’ 7 Oy 





In this way one of the velocities (u,) is almost constant and the other (u,) 
strongly depends on the temperature, becoming zero at the j-point. At a 
temperature 1-33°K we get a value of about 25 m/sec for u,. At extremely 
low temperatures, when o{?") > of") one gets 


dligems 7 (8.11) 


In this way as the temperature tends to zero the velocity of sound tends 
to constant limits u, = c¢, u, = o|x/3. 


9. THE PROBLEM OF SUPERCONDUCTIVITY 


The phenomenon of superconductivity is in many ways akin to the pheno- 
menon of superfluidity. Superconductivity can also be explained by the 
supposition of the presence of an energy gap in the spectrum of the “electron 
liquid” in a metal. However, the character of this gap differs from that which 
is found in liquid helium. The raising of the question itself concerning the 
division of the motions of a liquid into potential and vortex is senseless when 
applied to the electron liquid in a metal. 

The idea of a connection between superconductivity and the presence of a 
gap in the energy spectrum has been advanced several times (cf. for example, 
ref. 13). However, there has been no clear proof given that the presence of 
this gap really leads to the phenomenon of superconductivity. 
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Tn the electron liquid in a metal one can distinguish between the motions 
of a pure inner character and the motions in which the liquid moves as a 
whole, in a macroscopic manner. The latter correspond to the presence of a 
total current in the metal. The states with such a “macroscopic” motion 
begin directly from the normal unexcited statey. To explain superconductivity 
one must suppose that there is an energy interval between the normal state 
of the electron liquid and the beginning of the continuous spectrum of the 
states with an inner motion. 

The vaiue of this interval must be very small—in a temperature scale of 
the order of temperatures of the superconductive transition. What causes 
this gap is not, up to the present time, clear. 

Let Y% be the wave function of the normal state of the electron liquid in 
which it is found at absolute zero. We shall consider a certain excited state 
which is close to the normal one. According to what was said this state is the 
state of the motion of the electron liquid as a whole. Corresponding to this 
the wave function ¥ of this state should have the form 


¥=Pyesp| 5 (P-L)], 


-where p is the momentum of the macroscopic motion per electron and the 
summation is extended over the radius-vectors of all the electrons. 

Actually, however, one must keep in mind that a motion of the electron 
liquid as a whole must not necessarily have the same velocity in its whole 
volume. Therefore, in the wave function Y the exponential factor actually 
has the form 


i i 
exp (Zz 1) and not exp E (» Dy r.) x is 

a certain function of the co-ordinates of one of the electrons about which one 
-ean only say that it is nearly linear; different terms in the sum > 7, differ in 

“that y is taken as a function of the co-ordinates r, of different electrons 

it 
P= Poe” . (9.1) 
We determine the density j of the current in the electron liquid in the 
state ¥. To do this we have to integrate the expression 

he 
2im 
(m being an “effective mass” of the electron, 4A—the vector potential of the 
magnetic field, e—the electron charge, c—the velocity of light) over the co- 
ordinates of ail the electrons except the ath and then a summation must be 


made over all x {i.e. over ali the electrons), taking the value of each term 
at the same point of the liquid. For ¥ = ¥, and A = 0, ie. for an electron 


+ In this we have the essential distinction between superconductors and insniators in which 
‘there is also an energy gap. however, no states corresponding to a presence of a total current exist 
close to the normal state, 





VY — VV, e) awe 
MC 
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liquid at rest, the current j obviously equals zero. The result is 


é a[tworar 
Cc 


m 





j= N—grady [ier dv’ —-wN 

(dz’ is the product of the differentiais of co-ordinates of all the electrons 

except of one of them; J is the total number of electrons). But the integral 
J lBotde’ = [IPP ae’ 

is the probability density of finding electron at a given point of space. There- 


fore, the product V { |¥|? dr’ is the number x of electrons in a unit volume 
of the electron liquid. In this way 





j= grady ~——_n A (9.2) 
= orady — 5 A 
ge Me 
Eliminating y we find 
curl — =~culd=-—B (9.3) 


{B = curl A is the magnetic induction). This equation may be regarded as a 
supplementary condition which must be satisfied in the possible states 
of the macroscopic motion of the electron liquid. It is to be noted that this 
relation is a generalisation of the equation curl v, = 0 which is found for 
superfluidity and goes over into it if the magnetic field can be neglected. 

Tf the metal is homogeneous the electron density can be considered constant 
and the equation (9.3) can also be written as 


: ne 
eurlj = — 
mM 





B. (9.4) 


From this equation (first put forward by R. Becker, G. Heller, and F. Sau- 
ter!4 and first written in the form (9.4) by London}5) the magnetic (Meissner 
effect) and the electric (lack of resistance) properties of superconductors 
follow. It is known also that (9.4) is also supported quantitatively by the 
experiments on the superconductivity of helium films**. 

Similarly to the conclusions in section 5 one can come to the conclusion that 
at non-zero temperatures the equation (9.4) still holds with the only difference 
that en now equals not the total charge density of the electron liquid but 
only a certain portion of it. In this way one can in a certain sense speak of 
the division of the whole charge density into ‘‘superconducting”’ and “‘normal”’ 
parts, but not forgetting all the reservations mentioned for the similar division 
of the density of the mass of liquid helium. In particular, this does not mean 
that there are “‘superconducting” and “normal” electrons in metals; simply 
the motion of the electron liquid in the metal can be described as a combination 
of two simultaneous motions each of which is connected with a certain effective 
charge. The superconductivity vanishes at that temperature at which the 
“superconducting” charge becomes zero. 


creyD lle 


It must be noted, however, that in the equation (9.4) the charge ¢ 1 enters 
in a combination n e/m with the mass m. Therefore, only that ratio has a 
physical sense and not each one of the values of en and m separately. 

As in helium II we come to the conclusion that the superconducting current 
must not transfer heat, This is supported by the well-known fact that the 
thermoelectric phenomena are absent in superconductors!’, 

In conclusion, I wish to express my thanks to P. L. Kapitza for kindly 
informing me of his experimental results before publication. 
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47. A THEORY OF THE STABILITY OF STRONGLY 
CHARGED LYOPHOBIC SOLS AND THE 
COALESCENCE OF STRONGLY CHARGED 
PARTICLES IN ELECTROLYTIC SOLUTION 


1. IntTRODUCTION 


Any quantitative theory of the stability of lyophobic sols must consider as 
its main task a derivation of a quantitative criterion for the stability of the 
sols. This criterion gives a relation between quantities characterising the 
properties and state of the sol at the boundary between its unstable and stable 
states. 

By the stable state we shall imply not states which are thermodynamically 
stable, but states which are stable in the sense of having a practicaily zero 
rate of coagulation of the system. In accordance with this, calculations of the 
stability criterion should be based on a clarification of the kinetics of the irre- 
versible process of the transition from an unstable state of the sol to the 
more stable coagulate state, when there is no equilibrium between these two 
states. In this there is a difference of principle between our treatment of 
coagulation and the treatment of A. March! and also the treatment of coagula- 
tion given by I. Langmuir’, who considered coagulation as a transition be- 
tween two states which can be in equilibrium between themselves, like two 
phases. 

In order that a quantitative criterion shall exist, it is obviously necessary 
that the transition from kinetically stable states of the sol to unstable states 
should be sufficiently sharp. The calculations which are the subject of both. 
this and the previous work? show that this transition is indeed quite sharp, 
its sharpness being greater when the radius of the particles of the sol is larger 
(for more detail see section 7 below). In connection with this last fact, the bound- 
ary of the completely unstable states is especially sharp for ernulsions, the 
particles of which have a radius which grows during the coagulation process. 
Because of this the conditions for complete coagulation coincide in this case 
with the conditions for the coagulation of crudely dispersed emulsions. 


B. Meparua u <I. Tauyay, Teopua ycroiampocru cuupyo sapaKeHERIX An0PoORHEX 20n0l u 
CHUNABYH CYNbHC ZaPAKCHANX WCTUN B PACTBOpax s7eKTpPoMHTos, Mypnar Incnepunenmasnot 
u LTeapemuueckod Busunu 15, 663 (1945). 

B. Deryagin and L. Landau, Theory of the stability of strongly charged lyophobic sols and 
of the adhesion of strongly charged particles in solutions of electrolytes, Acta Phys.-chim. 
USSR. 14, 633 (1941). 
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Without doubt, the coagulation of the sol takes place as a result of the 
interaction between mycellae during their approach. Also, for a calculation 
of the rate of coagulation and of the degree of stability when finding the 
criterion for stability, it is necessary to have as a basis a quantitative ex- 
pression for the interaction of two spherical (in the simplest case) particles as 
a function of their separation. After this, as one can show, a calculation of 
the stability criterion is devoid of any special difficulty. Thus the principal, 
and the most difficult, part of the theory of stability of sols (and not only 
Tyophobic sols) is the calculation of the force or the interaction energy between 
the particles of the sol as a function of the interparticle separation. Such a 
problem was first proposed by H. Kallmann and M. Willstatter in a very 
short note.* These authors consider the interparticle interaction as an algebraic 
sum of two terms; an attraction which depends on the van der Waals forces 
acting between the molecules of the mycellae and a repulsion which depends 
on the electrostatic forces between the ions of the double electric layers sur- 
Tounding each particle. 

From this point of view the coagulation should obviously be related to the 
action of the van der Waals forces which are able to provide the aggregation 
of the particles and inevitably induce it in the absence of the repulsive forces. 
Thus the stability of the lyophobic sols is due to the repulsive electrostatic 
forces—this is the point of view which, by the way, was expressed considerably 
earlier than the note of H. Kallmann and M. Wilistatter, e.g. by F. Donnan®. 

In order to find the criterion for coagulation, which corresponds to the 
moment of time when the attractive forces overwhelm the repulsive forces, it 
is obviously necessary to obtain the expressions for both types of forces as a 
function of the interparticle distance. For the van der Waals interaction 
energy between two molecules, at a separation which is sufficiently large in 
comparison with their radii, there is an expression of the form 


U = OR-, (1) 


where the constant C depends on the kinds of molecule involved. As H. Kall- 
mann and M. Willstatter point out, it is possible, using this expression, to 
obtain the interaction energy (% vacuo) of two mycellae by a simple integration 
over their volumes. Thus the calculation of the energy and attractive forces 
of two mycellae is quite elementary. Exact formulae for the case of two 
spherical mycellae, even if they are of unequal radius, were later given by 
Hamaker +°®. 

The calcwiation of the repulsive electrostatic forces is a considerably more 
complicated and interesting problem. At the same time it is just a. quantitative 
consideration of the repulsive forces which is the key to the solution both of 


_ f It is necessary to note, in this connection, that the doubts expressed by A. I. Rabinovich, 
concerning the validity of the formula of Hamaker for attractive forces between spheres, are 
groundiess. Since this formula is theoretically derived, the absence of its direct verification for 
spheres of the size of colloid particles (which is hardly possible) cannot be considered to be a 
defect. 
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the stability problem of lyophobie sols and of a series of other problems in 
the physics of colloids and surfaces. 

’ The main difficulty in the calculation of these forces is contained in the 
need to determine, before summing the electrostatic interaction forces of the 
ions, their positions, i.e. the concentration of the various ions near the mycellze, 
where the ionic atmospheres of both mycellae, superposed on each other, are 
mutually deformed. For a solution of this question it is necessary to solve the 
Debye-Hiickel equation of the theory of strong electrolytes. Any calculations 
which attempt to determine the electrostatic interaction forces without 
considering the question of changes in the localities of the ions which take 
place as a result of the mutual approach of two mycellae, risk leading to 
incorrect results even in a qualitative sense. The formulae thus derived are, 
at best, empirical. Similar formulae were used by Freundlich’, Hamaker’, 
Houwink and Burgers® » who applied them in order to obtain some conclusions 
of a qualitative character. Independently of these paperst, and mainly in 
connection with his experimental researches on the “‘disjoining pressure”’ of 
thin liquid films*!, a theoretical treatment of the repulsive forces acting 
between lyophobic mycellae and of the stability of lyophobic sols was carried 
out by one of us. In the paper!* which appeared in 1937 there was presented 
for the first time a calculation of the iono-electrostatic repulsive forces based 
on. a solution of the Debye-Biickel equation for the cases of both two spheres 
and two plates separated by a plane-parallel layer of electrolyte. The solution 
obtained is exact in the case of plates and also in the case of spheres having 
a radius large in comparison with the Debye thickness of the ionic atmos- 
pheres. Besides this, since the calculations were carried out on the basis of 
a simplified (linear) Debye—Hiickel equation, the formulae obtained are valid 
only for sufficiently weakly charged sols. The attractive forces between 
mycellae were taken into account only crudely in this work; in anology with 
the theory of rapid Smoluchowsky coagulation, to these forces was given 2 
radius of action infinitely short in comparison with the thickness of the ionic 
atmosphere. As a result a stability criterion was obtained which led to a 
critical value of the ¢-potential having an order of magnitude which was 
near to that observed experimentally, but depending too strongly on the 
radius of the particles (inversely proportional to the square root of the 
radius). 


2, A Sraprerry CriveRioN FOR WEAKLY CHARGED SOLS 


In the Jater work of B. Deryagin® the theory of stability was improved by 
the introduction of an expression for the van der Waals forces based on 
equation (1). The stability criterion thus obtained for weakly charged sols or 


} The contrary statement by A. I. Rabinovich is obviously based on his ignorance of the 
contents both of e paper by one of us!* (not cited by Rabinovich) and a report of the same 
material which was given at the Karpov Institute in 1935. 


emulsions has the form 
x 
—; = const, {2} 
Dv 
where x is the mverse of the thickness of the ionic atmosphere, 4 is van der 
Waals constant (sce section 5), D is the dielectric constant and yy the suriace 
potential of the particles. This formula provides a theoretical] basis for the 
empirical rule found by Eilers and Korff}* according to which the coagulation’ 
of the same emulsions by different electrolytes takes place at constant values 
of the expression 


oA 


a = const, (2a) 
where ¢ is the electrokinetic potential. The criterion (2) applies only to weakly 
charged and sufficiently large particles, which drops of the usuai emulsions 
exactly are, since it was derived on the basis of the simplified Debye—Hiickel 
equation which is applicable when the electrical potential near the surface of 
the particles satisfies the inequality 


50 


where z’ is the electrovalence of the ion having the biggest charge. 

The condition (3), however, at the threshold of coagulation, is probably 
quite seldom valid when 2’ > 1, especially for sol particles. Even when z! = 1 
it is, perhaps, far from always fulfilled. Therefore it becomes necessary to 
change the basis of calculation of the theory, introducing into the caleulation 
the full, unsimplified, Debye-Hiickel equation (see equation (5)). 


3. CONTENTS OF THE INVESTIGATION 


Section 4 contains the application of equation (5) to an exact calculation 
of the force interaction between two charged, infinite, parallel planes, separated 
by an electrolytic solution. It becomes possible to make an extremely im- 
portant simplification in the following calculations by assuming that the 
potential y). to which the planes are charged, is sufficiently large, namely 
that: 

100 
Yo >— mv, (4) 
ay 
where z, is the electrovalence of the dominating ion. Without doubt condition 
(4), which is to a certain degree contrary to condition (3), should be fulfilled, 
even when 2, = l, in a very large number of cases, so that the assumption 
made becomes quite natural. 

In section 5 the formulae obtained are applied to working out the condition 
for the coalescence of plates in an electrolytic solution under the influence of 
van der Waals forces, or, as is the same, the conditions for the stability of 
the electrolytic film separating them. The calculations could, however, be 
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carried to their completion, i.e. to the point of obtaining the stability criterion 
in an explicit form, only for the case of a symmetric electrolyte and for the 
case of an electrolyte in which the ratio of the valence of the accessory ion 
to the valence of the dominant ion is equal to two. The results thus obtained 
can be considered as supporting the unimportance of the influence of the 
valence of the accessory ion on the influence of the electrolyte on the stability 
of the film. 

The criterion obtained has nearly the same form (although it is far from 
identical!) as the rule of Ostwald‘, the applicability of which to the coalescence 
of quartz surfaces was proved by Buzdgh®. 

Sections 6 contains calculations of the interaction and coalescence of strongly 
charged spherical particles in a solution of symmetric electrolyte. The cri- 
terion for coalescence obtained there coincides to within a numerical factor 
with the analogous criterion for parallel particles. 

Section 7 contains calculations of the stability conditions for strongly 
charged sols, leading to a criterion of the same form. Lastly in section 8 a 
summary and discussion of the results obtained is given, and also their 
comparison with experiment. 


4. Toe INTERACTION BETWEEN PLANE SURFACES 


The full Debye—Hiickel equation for the electric potential. as applied to a 
binary electrolyte with two types of ions, has the form 


a A haw 
AP = — (e2?* — e729"), 
3 
where z,, 2, are the electrovalencies of the dominant and accessory ions, 


ent ac at ee cx 
=D 1417 =F 2727 =H ? é 


é 


c= n ERENNR%ey, b= —. 
1*1¥ 2%}: LT? 





Here D is the dielectric constant of the solution, e the electronic charge, y the 
concentration in moles per em?, c¢ the concentration in equivalents per cm, 
n, and n, the numbers of anions and cations in the electrolyte molecule, 
k the Boltzmann constant and ZT the absolute temperature. Considering the 
interaction of two infinite parallel plates separated by a gap # (Fig. 1), which 
lie in an infinite volume of electrolytic solution, we put the origin of co-ordinates 
0 in the middle of the gap between the plates and take the x-axis to be perpen- 
dicular to the surfaces of the plates. Considering wy to be independent of y 
and z we can write instead of (5) 


d*y a, ,,. a 
az = (err —-e aby) (5a) 
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Multiplying both sides of (5a) by 2(@y/éx)dx = 2dy and integrating, we 


obtain 
dy 2 a Te?” enor 
—-— =o | eae — 6 
() b [ oa 22 o}, ee 


where C is the constant of integration. Let us allow, as earlier? *, that at the 
surface of the plates there exists the boundary condition 





Y = Yo = const. (7) 





For the layer of electrolyte between the plates C has the value 
e bes e~ Z2dv 
ca , (8) 
zy 23 
where w, is the value of y for x = 0, since the electric force H = — éy/dx 
vanishes at x = 0 from considerations of symmetry. For the external volume 
of the electrolyte we have since at = + 0, FE = —éy/éx = 9 and yp = 0. 
1 1 


C=0,=—+—, (8a} 
my Ry 


C=C,= 








Following the technique used earlier! we can write, for the interaction (re- 
pulsion) of the plates P(h) calculated per unit area: 


D225 - Da, 
P(h) San = B= =~ 7 Gs — C2) 
Za —2sbv1 1 
m cno[ > a). (9) 
can & 


where #, and #, are the values of the electric force at the outer (where it is 
jarge) and at the inner surfaces of the plates, respectively. In equation (9) 
the mechanical (ponderomotive) force acting on each plate is equated to the 
difference in the strains in the lines of force at both sides of the plate, whilst 
the osmotic pressures acting on these surfaces counterbalance each other 


STABILITY OF STRONGLY CHARGED LYOPHOBIC SOLS 337. 


since they are functions only of the potential y at the two surfaces of each. 
plate at which it has the same value y = Y%. 

As is seen from (9), the same value of P(h) can be obtained by determining 
the excess osmotic pressure of the ions in the plane a = 0, as was, e.g. done 
by I. Langmuir? ?7, 

Thus the two ways of calculation are completely equivalent. This fact, 
noted in particular by A. N. Frumkin’, escaped, for an incomprehensible 
reason, the attention of 8S. Levine”, who came forward with criticisms of the 
papers of B. Deryagin and I. Langmuir and rejected them for various reasons. 
Incidentially, the main reason was a disagreement with the formulae obtained 
by S. Levine himself. The cause of this discrepancy was pointed out earlier 
by one of us®° and consists of an erroneous expression for the free energy of 
the charged surfaces placed in the electrolyte. It was, in particular, shown 
that the expression for the free energy, found by S. Levine using an incorrectly 
applied statistical method, is in contradiction with thermodynamics. An. 
expression equivalent to the expression of 8. Levine, and hence also erroneous, 
is used by A. Corkill and L. Rosenhead?! in calculations of the interactions 
of parallel plates in an electrolyte. It is the presence of this mistake which 
explains the discrepancy between their results and ours, in particular, the 
attraction between similarly charged plates which was found by themt. 

In order to extract from (9) the explicit expression for P(A) in terms of f,. 
it is necessary in (9) to express O, in terms of Ah. 

The connection between % and C, we obtain after integrating equation (6), 


in the following form 
Ve 











I h fo dy 
3 = V a fenrv en 2OP 
V + aaa C7 
Ha 24 Ze 
— ¥o 
| b dy ; 
a a Js e7 22b9 enbvs en EAI : ( 0) 
Yr 2y : 29 zy Ze 


Here it has been taken into account that y = y, when % = 0. Let us intro-. 
duce now an extremely important simplification. Putting 


vo> 9, 
let us assume that 
z,by)> 1, (33) 


which practically coincides with the condition (4). 
Then the upper limit y, in the integral (10) may, without a noticable loss 
of accuracy, be changed to © since the expression under the integral will be 


+ The presence of a repulsion and not an attraction between the similarly charged surfaces 
of the division between a thin water film and air is in agreement with the observations of B. Derya- 
gin and A. Titievskaya on the stability of such films. 


extremely small when y > yo, except in the case of extremely smail # when 
the difference y) — y, would be too small. 
Introducing besides this the notation 


chP =yvn, 2, kT =yn,2,kT = op, (12) 

| ee ae | 

sa a DET Vauty ihe) 
lI 

by=n, bYy=mN, ae (12b) 


where d is the Debye thickness of the ionic atmosphere, we can write equa- 
tions (9) and (20) in the following form 














ewn-t gram |] 
P= ol + ——|, (13) 
2 c2) 
x“ h d 
Se ee ne (14) 
2 i gt en e2m e7 #2 
+ ~~ ee oe 
- VN xy Ze 2 z 


Equations (13) and (14) express the connexion between P and h in parametric 
form. In order to obtain this dependence in an explicit form it is necessary 
to eliminate 7, from (13) and (14). It is easy to see that the dependence which 
we are seeking can be expressed with the help of elliptic integrals for the 
cases when 

Ze 1 

| oes Oe ae (15) 

Zy 2 
By looking at (13) and (14) it is seen that as 7, increases from 0 to 00 P increases 
monotonically from 0 to oo whilst #, on the other hand, decreases monotonic- 
ally from oo to 0. Hence with decreasing 4, P continuously increases. 

Let us consider now the approximate relations which exist when 


44> 2%, > il, 


ie., when because of the large value of 7, (which happens at sufficiently 
smali hk) it is possible to retain, in equations (13) and (14), only those terms 
depending on the dominating ions. , 

Then instead of (13) and (14), introducing into the latter equation a new 
integration variable ¢ = z,(y — 7,), we obtain approximately 


-? (16) 





nh i dé % 
Fyre ste (sie c ae (162) 
2 V2, e8™ J ve 1 Jae em 
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From (16) and (16a) we find 





4x2 1 20(2, + %}a" 1 % kT? 1 
P a = = =-—)D —_—— |] —. 1? 
3 ax’? he 25 (x h®) 2 z,¢/ h® od 


This formula was found by I. Langmuir!’ in the particular case z, = z,. From 
a comparison of (13) and (14) with (16) and (16a) it follows that the approx- 
imation made increases the values of P and decreases the values of 4 correspond- 
ing to a given value of 7 and therefore, a fortiort, increases the values of P 
corresponding to given values of 2, i.e. the formula (17) always gives exag- 
gerated values of Pf. 

This is true not only with respect to the deviation of P from the formula (17) 
at large h but also with respect to the deviation from (17) which should oecur 
for very small A at any finite, even if very high, value yp, of the potential of 
the plate. 

This point is connected with the following statement of a physical nature, 
which can be proved by an analogous consideration ; allowing for the influence 
of the accessory ion (e.g. for the term (e-*" ~ 1)/z, in formula (13)) can 
only diminish the pressure P calculated at the given value of A. 

Let us consider now the case of large values of x’ A and small 7 and put in 
accordance with this 

m <1. 


Expanding the exponential function appearing in (13) in a series, we obtain 

for this case 

(z + 2) 9 
1 ne 


P=p 3 1° 


(18) 


Assume further that the electrical potential, at a point of the intermediate 
layer considerably removed from the surfaces of both plates, ean be found 
by a simple addition of the potentials which would be induced at that point 
by each plate in the absence of the other, i.e. on the basis of the assumption 
of the additivity of these two actions+. With such an assumption we can 


write 
= 2 ua (18a) 
Ay =. n 2 ? 


where 7 (2/2) is the value of the potential induced at a distance (4/2) by one 
charged plate in the absence of the other. 
Since for small (4/2), instead of (5a), one can use the equation 


= wy, (19) 


} The contrary statement by I. Langmuir is, consequently, incorrect, just as the curve given 
by him of the dependence of InP on Ink is, in this sense, erroneous. 
+ This assumption can be proved purely analytically. 
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or 
an 
dz 


2 





x 


n, (19a) 


for large values of xh, 47 = by has the form 


4 = me" **, (20) 

where 7) is a constant depending only on 2, and z, Consequently: 
mh, = Inq en F*, (21) 
P = 2p(z, + %) yge7** = Pye, (21a) 


where P, is another constant. 
For a symmetrical electrolyte with z, =z, =z and ”, =”, =% 


4 
no = (22) 
z 
and consequently 
64 
P = Pyew*® = — Pe = hyn kT om, (22a) 


“ 


For an unsymmetrical electrolyte 7) is calculated in a quite cumbersome 
manner from tke relation 
1 

















it+8 
2 1 
In(% 10) = F (8) = eee 
eae -i-— 
Vv fs 
F148 
[ at 
2 Ae oa (22b) 
ef +——-1]-— 
Vee B 


where 6 = z,/z,. This relation is obtained as a result of a comparison of the 
value of xh obtained from the relation (20), with that which follows from 
the exact formula (14) after the introduction of the integration variable 
‘t= zn and the parameter 6 = z,/z, and allowing for (12). Let us consider now 
the detailed exact solution for the case of a symmetrical electrolyte, putting: 


(23) 
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The relation (14) is transformed in this case, after introducing the new 
integration variable 


} 
U = 
k Pen (=) 
where } (23a) 
k= 
cosh —2 
J 
in the folowimg manner 
% 
ah f zan zan 
2 | V2(cosh zm — cosh z ra 2 Josh? zn Seaht zy 
ms m1 \ 2 2 


wee —_ = kK(k) = sina K (sina), (24) 
Ja — w#)(1 — iw) 
0 


where K(k) is the usual notation for the complete elliptical integral of the 
first kind with modulus k = sinx. 
With the help of (12), (23) and (23a) we can write in place of (13) 


1 
Pa=4tynk (zs _ 1) = 4ynkT cosh?a. (25) 


Equations (24) and (23) define the dependence P (4) in a parametric form which 
is a little bit more convenient than its representation given by I. Langmuir?’. 
Using the asymptotic expressions for K(k) as k + 1, it is not difficult to 
derive the relations (22) and (22a). 
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In Figs.2 and 3 we give diagrams of the functional dependence of the 


quantity 
P 


yurp * 


on x with both the usual and double logarithmic scales. The diagram in 
Fig. 3 corrects the inaccuracy which is present in the article of I. Langmuir!’. 
The calculations have been performed with the help of the numerical values 
of the function K(k). (In Fig. 2 curve 1 gives the exact values, curves 2 and 3 
the values according to equations (17) and (22a).) 


5. Toe Conpirions FOR THE COALESCENCE, UNDER THE 
INFLUENCE OF VAN DER WaaLs Forces, or SURFACES 
SEPARATED BY A LAYER OF ELECTROLYTE 


Now take into consideration the van der Waals forces, which decrease 
inversely proportionally to the seventh power of the intermolecular distance, 
and which provide, per unit area of the film separating two parallel plates 
of considerable thickness, an attraction 

A 
Q 


ORE 


(26) 


R=P-Q 


Fre. 4. 


where 4 depends on the material both of the plates and of the medium be- 
taveen them. It follows from a comparison of the formulae (17), (21a) and (26) 
that at large and smal] distances the attractive forces dominate. Denoting 
by R(h) = P — Q the resultant repulsion we see that the curve #, # can be 
of the following three principal forms (Fig. 4). Obviously, only when curve 3, 
with a maximum lying above the f# axis, is realised can the film be stable 
and prevent the surfaces which it separates from coalescing. 

The limit of stability will be observed when the vertex of this maximum 
will lie at the Jevel of the h-axis, ie. when the relations 


oR 
ok 
R=0, (27’) 


= 0, (27) 
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are satisfied simultaneously, or according to (26) 
6P A 


Oh Ba’ ey 
A 
res ie (288) 
From here we derive 
alnP 
“anh (28) 


Equation (29) will define, after the values of P and A from (13) and (14). 
as functions of the parameter (z, 7,) have been substituted into it, the values 
of this parameter for a given value of the ratio 8 = z,/z,. After this the quan- 
tities 


(2) now “ 
(zh), = v{B) (30a) 


will be determined from the same relations (13) and (14). 
Substituting these quantities to (28) we obtain the stability criterion for 
the film, or the criterion for the coalescence of the plates, in the form 


3 
——. = (6) (31) 
1 


where C(8) is a function only of §. The exact calculation of the quantity C 
for the various values of # is connected with cumbersome numerical calcula- 
tions. Therefore we shall consider from the beginning only the simplest case 
for calculation, 8 = 1, corresponding to a symmetric electrolyte. In this case, 
using equations (24) and (25) we can write down instead of (21) | 


1 


— 3. 32 
dinkK : we) 
dk 
Using the relation 
akK E 
a e 


well known from the theory of elliptic functions”’, where #(k) is the complete 
elliptic integra! of the second kind with modulus k = sina: 


1 
* 1_# 2 
E= pVi-iew 


u, 
a Jl — uw 
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we obtain from (32) after simplifications 


K 3 
a (32a} 


From here, using tables of the values of K and H we find the root of this 
equation 
k= 0-778.... (32d) 
Using this value of the modulus & we find from (24) and (23) the “critical” 
values of the quantities (xh) and (zn,): 





(2) se ONEE ce (33) 
(2m)p= ld... (38a) 
P, 
oOo = 2-68 see 
W, ake (33b) 
As a result the criterion (31) takes the form 
3 
a Sia Hieie00 (31) 
yn kT 
or 
1 Bt eat (ia 
a DE eT } 
where 
4c)8 
o = BAP oars. . 10-7, 
B 


and m, which is the reciprocal of the coagulating concentration of the dominat- 
ing ions, can be accepted as a measure of the coagulating concentration of 
the electrolyte. 

The values (33) and (32a) show that the “critical point” lies at such thick- 
nesses that, in the first approximation, one may try to use the formulae (21a) 
and (21). Indeed, if this attempt is made, substituting the value (21a) into 

- (29) we obtain 
(eh), = 8, (34) 


which is near to the value (33). 
Substituting further the value just found, x A, = 3, into (22a) and also in 
(21) and (22) we obtain 


(24), = 1-78..., (34a) 

P, 
4 Li = 3-20..., 34b 
Oe ake (340) 
Bi = 1630. (34¢) 


‘Thus the inaccuracy which occurs here is not large. 
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The value C found in (31a) is only valid when 2, = 2, However, since in 
all the formulae giving P(h) the terms depending on the accessory ion are of: 
secondary importance, the influence of z, on the numerical value of C is not 
strong. 

The calculations presented can be appliedt to the case when f = z,/z, = 2. 
It happens here that the constant decreases only by approximately 4 per cent. 
Thus the weak influence of the valence of the accessory ion is confirmed. 


6. CONDITIONS FOR THE COALESCENCE OF CoNVEX SURFACES 
SEPARATED BY 4 LAYER OF ELECTROLYTE 


In the theory of coalescence developed earlier by one of us, it was shown 
that it is possible to pass from the interaction of plane surfaces to the inter- 
action of convex surfaces of the same nature, in the same medium, by using 
the formula 


ve Gf RQ) dh, (35a) 
H 





Fre. 5. 


where #(h) is the repulsion per unit area of the surfaces separated by a plane 
parallel layer of thickness hk, NV is the repulsive force between two spheres 
when the nearest distance. between their surfaces is H (Fig.5) and @ is a 
quantity depending on the form (radii of curvature) and mutual orientation 
of the surfaces in the region of their closest approach. 
For two spheres of radius r 
G= xr. (35) 


Formula (35) is a good approximation in the case of sufficiently large r. 
In the case when the interaction between the surfaces is of a completelv 
iono-electrostatic origin the values of + will be ‘‘sufficiently large” if they 

satisfy the condition 
zr>l, (36) 


In the case of forces obeying formula (1), instead of (36) we shall consider 
the condition 


=> ils (36a) 


f We omit these calculations, they are part of the calculations carried out by B. Deryagin 
and devoted to a generalisation of the theory as applied to asymmetric electrolytes. 


In the case of the simultaneous action of both kinds of force, it is necessary 
to consider the conditions (36) and (36a) simultaneously. Since, however, the 
values of V when Z is quite large in comparison with d = 1/x will only slightly 
affect the following calculations in comparison with the influence of the values 
of NV for smaller H, it is practically sufficient to consider only condition (36), 
taking (36a) to be its consequence. 

Assuming that the conditions for the validity of equation (35) are fulfilled, 
we obtain from (35), (28a), (26) and (26a) 


N P ame | 2 
as ams cl an 
‘where 
I(H) = [Pm ah. (372) 
r= 4 


Then, as a limiting condition for the coalescence of the particles, we obtain 
instead of (28) and (29) 


dln I(H) _ 
ain ye) 
A 


For the particular case of a symmetrical electrolyte we find from (24) and 
(25) 


ray = | AEP ( 1 12 d(kK) am UAE ((E 7 1200) sy 
BE BR 








dt 


4 





% ee 


-"(e- : ~1)bK + a ah, 
ee x 
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or, using the easily proven property of the complete elliptic integrals 


I(B) =e (E- b)K = 2], (39) 
H = 2kK, (39a) 


we obtain from (38) and (39), after simple transformations, the equation 
4H-—3(1-h)K—-4k=0, 
the root of which is 
k= 0-543... (40) 
From (40) and (39) we obtain the “critical”? thickness 
x H, = 1-858... (40a) 
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and a criterion for coalescence 


x3 A 
Be 1160: 4} 
ynkt ev 
or 
1 Ae és 
m= — = C’ — es. 
YM, DBD (kT) 
where 
(82)8 
= —— = 1,174... 107%. 
C= By 


We see that not only is the form of the coalescence criterion unchanged, 
but also the numerical value of its constant alters only slightly when one 
goes from plane to convex surfaces. This fact is quite important from the 
point of view of experimental verification of the theory or its applicability 
to systems containing particles of irregular form but sufficiently, large. 

Let us notice that although the critical thickness has now moved, in com- 
parison with the plane case, towards smaller values (cf. (33)), a calculation 
of the stability equation (22a), instead of the exact relations (24) and (25), 
leads to a practically identical result. Indeed, with the help of (37), (38) and 
(38a) we find, based on (22a): 


(« H), = 2, (40b) 
3 
ort = ~ 1300, (41a) 


so that in this case the error has no significance. 


7. Tae Stasinity CRITERION FOR STRONGLY CHARGED SoLs 


The process of coagulation of a sol, when the coalescence takes place as a 
result of a preliminary approach of the particles during the process of Brownian 
motion, differs from the process of coalescence of two particles when considered 
statistically. As was shown earlier*4, the quantity Z, inverse to the rate of 
coagulation v, considered as a measure of the stability of the sol, is proportional 

eo 


1 UUHyeT 2rd 
ae eee 42 
a | . (@r + By’ A) 


to the expression where U(Z) is the interaction energy of the particles when 
the distance between their surfaces at the point of closest approach is H. It 
is seen from (42) that this interaction begins to play a positive role in the 
stability of the sol only when, at some values of 2, U(#) is.positive, i.e. the 
maximum of the function U(H) lies above the abscissa. In other words there 
exists an energy barrier. 
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The height of this barrier, as well as the strength of the repulsive force NV, 
is proportional to the radius of the particles r, according to (35). (85a). It 
follows from here that the larger 7, the sharper (ali other conditions being 
equal) the transition between the unstable states of the sol and the stable 
ones which are realised in the presence of the barrier, i.e. the sharper the 
boundary between the two states. In the limit of extremely “large” particles, 
any spread of this boundary must disappear. 

One should, generally speaking, differentiate between the stability criterion 
and its spread corresponding to the beginning of the coagulation (to the 
aggregation of the primary particles), and those corresponding to the coagula- 
tion after its completion. 

If the primary particles have radii considerably Jarger than the thickness 
of the ionic atmospheres, the spread of the coagulation threshold will not be 
large. But at the same time this spread will not decrease with the formation 
(during the process of coagulation) of large aggregates, since the radii of 
curvature of the approaching surface regions of any two accessory aggregates 
will be equal to the radii of the primary particles. The situation changes if 
the primary particles have a radius comparable to, or especially smali in 
comparison with, the thickness of the ionic atmospheref. The coagulation 
threshold (at its beginning) will then be widely spread; however, the spread 
will diminish with the aggregation of the particles, since the surface granularity 
of the aggregates formed will have dimensions smail in comparison with thick- 
ness of the diffuse ionic atmospheres. Because of this the interaction of collid- 
ing aggregates, and the energy barrier which it causes, will be the same as if 
the surface of the aggregates were smooth, with a radius of curvature which 
corresponds to the crude form of the aggregates (i.e. to the surface enveloping 
its micro-relief). 

Thus the difference between the criteria at the beginning and at the end 
of the coagulation, which was pointed out above, will in this case be especially 
large, the spread of the latter criterion being less even than for the case of a 
sol with larger primary particles. It is therefore possible to adopt as the stabil- 
ity criterion the condition for the disappearance of the energy barrier which is 
expressed by the equations: 


U=0, 
av 
—=0. 
az 


The stability criterion thus obtained for symmetric electrolytes is not differ- 
ent in form from (31a) and (41). As far as a numerical value of the criterion is 
concerned, its evaluation requires cumbersome calculations which have not 
yet been performed. But the exact calculation of the corresponding constant 
has hardly any importance because of a certain spread in the transition be- 


+ The study of this latter case was carried out and reported to the colloquium of the Colloid- 
Hiectrochemical Institute of the Academy of Sciences of the U.S.S.R. in 1940 in the paper by 
L. Landau. 
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tween stable and unstable states of the sol. For a rough caiculation, however, 
one can use the following method. A stability criterion for weakly charged sols 
was found by one of us* in the following form: 


where C has an order of magnitude near to two and y is the surface potential 
of the particles. An approximate stability criterion for strongly charged sols 
is obtained by changing yo, in (43), to the “apparent” potential of the surface 
of the particlest with the help of the formulae: 


4 
b Yo = 19 = = 
{see formulae (22) and (12b)). 
After simple transformations we obtain 
#4 _ ~ 300 (44) 
yn, kT 
and 
A? e 28 
eee te 44a, 
Om DEFY aa 
‘where 
CO" ~ 25 x 10°. (44b): 


Because of the approximate character of the calculation it actually gives 
only a crude estimate of the value of the constant C”. 

As far as the influence of the valence of the accessory ion is concerned, it 
remains small. 

According to an approximate evaluation (not pretending to be exact) of 
this influence, the constant C and the coagulative ability of the electrolyte in 
all cases, apparently, increases with increased valence of the accessory ion, 
but a little more slowly than is required from the proportionality to the quan- . 
tity (1 + 8) which follows from the rule of V. Ostwald (see p. 350). 


8. Discusston OF THE RESULTS 4nND THEIR COMPARISON WITH 
EXPERIMENT 


We have considered three problems connected with the stabilising influence 
of the ionic atmospheres on three phenomena: the coalescence of plates, 
the coalescence of particles with convex surfaces and the coagulation and 


{7 By the “apparent” potential y, we mean the potential which must be prescribed on the 
plane surfaces in such a way that it is exponentially decreasing (as a function of the distance 
from the surface) in agreement with the approximate, and not the exact, Debye-Hiickel equa- 
tion (19), and asymptotically tends to the value of the potential which actually exists in the 
electrolyte at large distances from the surface (see formula (20)). The apparent potential of the 
charged surface is less than the actual one (which can be extremely large) because of that part 
of the screening cloud of the dominating ions which is not considered when one uses the simpli- 
fied Debye—Hiickel equation instead of the complete one. 
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aggregation of sols and suspensions. Exact stability criteria are easily calcul- 
able for the case of a symmetric electrolyte and have, in all three cases, the 
same form 
3A 
#4 op 
ynk? 


with nearly the same values of the constant B in all cases. 
Using the well-known formula for x we can give to the stability criterion the 

following form: 
rs 1 (Sx)®> A®e®z® =. A* e828 


yn B® D&KPY — | DRT)’ we 
‘m = ify n, which is a measure of the coagulative ability of the electrolyte, 
thus happens to be directly proportional to the sixth power of the ionic charge. 
Because of the dependence of A on the type of the particles, the quantity y 
will be different for various sols, even for equal z. 

In the case of @ non-symmetric electrolyte the calculation becomes very 
complicated. The coagulative ability of the electrolyte depends mainly on the 
dominating ion. The influence of the accessory ion is relatively small. Thus 
the Hardy-—Schulze rule is well founded. The stability criterion in the presence 
of a non-symmetric electrolyte, in all three cases has the form: 


I A? ef 2& 
Ce te) CTENE ’ (46) 


where /(1) = 1. The exact calculation of the function f(f) is quite a laborious 
matter, which requires cumbersome numerical and graphical calculations, 
but which is not difficult in principle. Let us compare the condition (46) with 
the empirical stability criterion of Ostwald'* for weakly ionic sols: 


—In f, = const, {46a} 


where 7, is the activity coefficient of the dominant ion. Substituting for 
In f, its limiting expression taken from the Debye—Hickel theory of strong 
electrolytes, we obtain instead of (46a} 


& 28 


Pure ee 


1 
m = —— = const(1 + 8} 
Y My 


It is known that the rule of Ostwald (46b) was supported by voluminous 
experimental data which is concerned both with the coagulation of sols!* 
and the coalescence of quartz particles!®. As an illustration we give the follow- 
ing table taken from the work of Ostwald (Table 1). 

We see that in the whole of the large range of observed concentrations, 
there is agreement to within the experimental errors and the inevitable spread 
of the coagulation threshold. A comparison of (46) and (46b) shows that the 
coagulation criterion derived theoreticaily by us differs from that found empi- 
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Taste 1 







1 
m= — 1 


m=— 
ese 7% 


Theoretical . 
according to (46b) Experimental 


Type of electrolyte 





Ags unit is taken the m which 

















% my 2 Ne corresponds to the case 2, = 1, z,= 

1 1 1 1 i on 
: : ; ; 15 1-65 
1 3 3 1 2-0 2-5 
1 4 4 1 25 | 28 
2 1 1 2 48 oe 

3 1 2 1 64 a 

3 1 l 3 486 573, 

3 3 3 3 608 938 

a : 1 4 2560 1720 

6 1 1 6 27216 14050 





+ The figure given in this column are averages over many experimental values. 


tically by Ostwald by the factor 


A \?2 
(zz) 
and the factor /(8) instead of (1 + §). 

The factor A/T does not depend on the type of electrolyte and the ratio of 
{(8) to (2 + 8) for various 8 should remain of the order of unity. 

Therefore the theory developed by us is important in two ways. — 

Firstly the theory just developed, which leads to the formula (46), clarifies 
the existence of the agreement between numerous experiments, in which A/kT 
did not vary (the coagulation of the same sol by different electrolytes was 
investigated), with the rule of Ostwald, whilst this agreement sometimes pre- 
voked previously only mistrustful surprise. The basic cause of such a view is, prob- 
ably, the biased tendency to see the coagulation criterion inevitably expressed 
in terms of the ¢-potential, which is connected both with some experimental 
results (the experiments of Ellis and Powis** and others) and with theoretical 
calculations related to the case of weakly charged particles (e.g. oi! emulsions 
in water). 

The calculations contained in this work show with all possible clarity that 
for weakly charged sols the stability criterion ceases to contain the particle 
potential and must in the main be determined by the concentration and nature 
of the electrolyte, There can exist, as follows from (43), in the case when the 
f-potential happens to be near in magnitude to the “‘apparent”’ potential 
Wo, & form 
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for the stability criterion containing the £-potential. In this case, how- 
ever (contrary to the case of weakly charged sols), the introduction of 
the ¢-potential is completely unnecessary, since the criterion (46), containing 
only concentrations, is incomparably more useful because it allows the possi- 
bility of predicting the start of coagulation without first making measurements 
of the ¢-potential, which are sometimes very difficult and inaccurate. In addi- 
tion, the coincidence of ¢ and yo happens rather exceptionally. 

Thus the calculation pertoemed’s gives a solid foundation to the concept of 
coagulative concentration and to the Schulze—-Hardy rule. At the same time 
the contrast between the concept of the contraction of the ionic atmosphere 
and the proper concept of the dominant role of the dispersion medium in coa- 
gulation, which was drawn by Ostwald?’ is not correct. 

From all the caleulations given above, it is clear that coagulation begins 
when, because of the contraction of the diffuse layer of ions, the radius of action 
of the repulsive forces ofionicorigin iscontracted to sucha. degree; in comparison, 
with the radius of the attractive van der Waals forces, that the energy barrier 
{or force in the case of statistical coalescence) disappears and as an inevitable 
consequence a rapid coagulation of the system occurs. 

Secondly, our theory corrects the Ostwald rule, giving a basis to the exact 
theoretical rule (46) which replaces that of Ostwald. 

Such a change in the form of the rule leads one to believe that the connection 
between the coagulation criterion and the activity coefficient is accidental 
and not regular, since for a similar regular connection between the theoretical 
coagulative ability and the additivity coefficient to exist, it is necessary, as 
a comparison of the formulae (46), (46b) and (46a) shows, that f (8) be exactly 
equal to (1 + §), which does not happen in reality. 

Further, the existence of the factor (4/7)? allows one to point out those 
‘experiments which could finally settle the question in favour of our coagula- 
tion criterion and reject that of Ostwald. Indeed, by studying the temperature 
dependence of the coagulative concentration it would be possible to discover 
a divergence from the Ostwald rule only if A did not change directly propor- 
tionally to 7, which is not very probable. However the poor accuracy of the mea- 
surements of the coagulative concentrations, makes such a solution of the 
question, at this time, not very reliable. The advantages oi the theoretically 
based rule over the empirical rule ave so clear, however, that this circumstance, 

. alone is decisive. 

It is necessary to note that not all observations of the coagulative ability 
of electrolytes can be fitted by the rule (46). 

The dependence of the coagulative concentration on the concentration of 
the sole (the Burton rule**) and on the type of dominating ion (for equal electro- 
valence) does not agree of course with (46). As far as the Burton rule is con- 
cerned, it is possible that its interpretation is only slightly connected with the 
theory presented, since it rests, in particular, on the difficulty of a correct 
determination of the coagulative concentration, especially at low concentra- 
tions. The use of a photoelectric cell for this purpose does not remove the 
doubts of the real comparability between the results of measurements at 
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different concentrations of the sol. It is perhaps possible to explain the influence 
of the type of the ion®, in the case of large organic ions, by introducing into 
our theory the radius of the ion, which is, however, a probiem for the future. 
Finally, the question of the role of the solvation remains open, woderstand- 
ing by this solvation, those effects which depend on repulsive forces of a non- 
electrostatic nature between the surfaces separated by the layers of the dis- 
persion medium. As the next problem, it is necessary to turn to more exact 
calculations of the coagulation criterion for symmetric electrolytes. 


9. CONCLUSIONS 


1. The calculations which have been presented allowed us to find the inter- 
action between strongly charged plane and convex surfaces, in particular 
spheres, placed in an electrolytic solution. 

2. The interaction of similarly charged surfaces always reduces to a repulsion, 
in contradiction to the calculations of S. Levine, A. Corkill and L. Rosenhead, 
the incorrectness of which was proved earlier. The superposition, on the repul- 
sive forces of an electrical nature, of the van der Waals attraction, leads to 
the curves for the force and energy as functions of the distance having one: 
or two minima, separated (if there are two) by a maximaum. The existence 
and the height of the latter determine, in the case of the force diagram, the 
stability of the film of electrolytic solution which separates the surfaces, and 
in the case of the energy diagram , the stability of the sol or suspension. 

3. Allowing for van der Waals forces, it is possible to find the following criter- 
ion fur the start of the coalescence of the surfaces mentioned: 


1 A* e 28 
m= OO ee 

Here A is the van der Waals constant, e the electronic charge, y the electro- 
lyte concentration in moles per cm*, 7, the number of dominating ions in one 
molecule, D the dielectric constant, k the Boltzmann constant, 7 the absolute 
temperature, § the ratio of the electro-valence of the accessory ion z, to that 
of the counter ion z,, C a constant, and /(8) a function of “the asymmetry 
of the electrolyte’; f(1) = 1 and has the same order of magnitude for other 
values of 8. 

4. We have obtained the stability criterion for strongly charged lyophobiec 
sols and suspensions, which defines the boundary between quick and slow 
coagulations, in the same form as (1) and having approximately the same nume- 
rical value of the constant in its right-hand part. 

5. The stability criterion obtained differs by a factor (A/k7)? from the well- 
known empirical rule of Ostwald, which, on the one hand, allows one to give a 
foundation to this rule, expiaining its good agreement with large amounts 
of experimental data, and, on the other hand, points out the necessity of its 
being changed. 

CPL 32 


354 COLLECTED PAPERS OF L. D. LANDAU 


6. Above all, the rule of Hardy-Schulze concerning the influence of the valen- 
cies of the dominant and accessory ions on the coagulative concentration, 
becomes firmly based. 
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48. DRAGGING OF A LIQUID BY A MOVING PLATE 


OwE of the methods of depositing a thin layer of liquid upon a surface of a 
solid, which is wetted by it, consists of pulling out an infinite film with constant 
speed v%. 

This method is applied, in particular, in the cinefilm manufacture with the 
purpose of depositing a uniform layer of photosensitive emulsion upon the 
cinefilm base. 

From the trough containing the dissolved photosensitive emulsion an 
infinite film, wetted by the solution, is pulled out. 

After the solvent has evaporated, a uniform layer of emulsion is left deposited 
upon the surface of the film base. 

The problem of determining the thickness of the dragged layer as a function 
of the speed of the motion of the film and of parameters characteristic of the 
properties of the fiuid (its viscosity 7, its surface tension o and its density @) 
is of essential interest for practice. 

Numerous attempts at evaluating the thickness of the dragged layer of 
fluid found in the literature contain some incorrect assumptions in the very 
basis of the method of computation, thus leading to erroneous formulae for 
the value of this thickness. 

In the present paper the thickness of the layer and the quantity of fluid 
carried along when pulling an infinite plate out of a vessel, which is sufficiently 
large to permit the neglecting of the effect of its walis and of the edges of the 
plate, is evaluated. 

Let us choose a set of co-ordinates in such a way as to make the plate—a 
plane z = 0 and the surface of the liquid undisturbed by the capillary meniscus 
{ie. sufficiently far from the plate)—the plane z = 0, with the z axis directed 
upward along the plate. 

First of all, let us consider the case of low velocity of motion of the plate 
(it will be stated below which velocities can still be considered low). 

In this case all the surface of the liquid may be separated into two indepen- 
dent regions; the region of the surface situated high above the meniscus and 
directly dragged by the plate, where the surface of liquid may be taken to be 
nearly parallel to the plate surface, and the region of the meniscus of 
liquid, which will be slightly deformed by tke motion of the plate, hence 
the shape of the surface will nearly coincide with the shape of the static 
meniscus. 

Below we shall write down the solutions of the hydrodynamical equations 
in both independent regions and then connect both of the solutions found. 


L. Landau and B. Levich, Dragging of a liquid by a moving plate, Acta Phys.-chim. 
URSS, 17, 42 (1942). 
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Let us denote by / the thickness of a layer of liquid, when measured from 
the plate. We shall look for 2 = A(z) in both of the independené regions. First 
of all, let us write down the equations for the thickness of the liquid film carried 
along by the moving plate, ie. the equations for h in the first region. 

Since the surface of the liquid in the first region is nearly flat, it is clear that 
the motion of the moving liquid in this region will also be nearly flat. In other 
words, the main component of the motion of the liquid in the first region 
will be the flowing down of it nearly parallel to the plate surface. 

This peculiarity may be used in order to simplify the equations of hydrodyna- 
maics suitably for this case. 

In fact, it is evident that the only component of the velocity of fluid which 
plays an essential part is the vertical (along the z axis) component w . 

% is evident as well that the gradients of the velocity along the direction 
normal to the plate 2 u,/6 # are large as compared with the gradients of velocity 
along the plate 2 w,/d z. 

Therefore the motion of a liquid carried along with the plate is described 
by the equations of the Prandtl boundary layer, which in the stationary case 
have the form: 





ate 1 ap 
=—— +g, 1 
: dz 9 G2 q @) 
on : 
——= =< ‘a 2 
re (2) 


Here, for the sake of brevity, the z component of the velocity w, is designated 
simply by uw. Other symbols have their usual meaning. 
As the boundary conditions for equations (1) and (2) the following conditions 
will serve: on the surface of the plate, no slip between the liquid and the plate 
-occurs, hence 
U=ly a w= Q. (3) 


Here wv, is the velocity of motion of the plate. 

On the free surface of the liquid, at x = A(z), where 2 is the thickness of 
‘the liquid layer, the pressure inside ‘the liquid must be equal to the capillary 
pressure p, and, moreover, the tangent stress must be absent, so that: 


P= Po 
bu c=h, (4) 
= 0, 
Ox 


o being the surface tension, R—the radius of curvature of the surface. 


DRAGGING OF 4 LIQUID BY A MOVING PLATE 357. 


Substituting the well-known expression for the radius of curvature R, we 
get: ah : 
dz? 


Bae = ~ 0 aa 
1 pane 
[ +(S)| 


As long as the thickness of the layer of the liquid carried along is very 
small, it is evident that the curvature of the surface of the liquid in the vicinity 
of the plate also will be very small. Therefore, the square of dh/dz in the de- 
nominator of equation (5) may be neglected, and the following equation for 
the capillary pressure in the region of the liquid carried along may be finally 
written down: 


(5) 





(5a) 


Therefore, the first of the boundary conditions (4) may be re-written as 
follows: 
eh 
dz 


However, it follows from equation (2) that the pressure is constant along 
the thickness of the liquid layer carried along. Thus, not only on the free sur- 
face, but throughout inside the liquid pressure is also given by 

d*h 
| a dara (6) 


az? 


at z=h. 





p=-o 


The solution of equation (1) satisfying the boundary conditions (3) and (4} 
is: 


: Ldp  eg\/x feg « Bh\ (2x? 7 
way r(— SP 4 of > —hej\=vy+ o£) See ? (7) 


where the value of p is substituted from equation (6). 
Let us finally make use of the continuity equation, in order to connect the 
thickness of the liquid layer with the flow of the fluid carried along by the plate. 
For steady motion of the fluid, keeping in mind the incompressibility of 
fluid, we may, evidently, write down the continuity equation in the form: 





h 
j= {udh = const, 
é 
where j is the flux of the fiuid per unit of width of the plate. Substituting the 
value of w from equation (7), we obtain: 
. aeh\ h 
yh - o— )—— = j. 8 
Ugh (eg c=) j (8) 


Equation (8) defines the thickness of liquid layer A(z} iar ivom tue surface 
of the fiuid (in the first region). 
In the second region, near the fiuid surface, the thickness A(z), as has been 
said above, is determined by the equation for the static meniscus. 
Let us re-write equation (8) in a more suitable form: 
Gh 37 G—%mh) eg 
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Let us introduce a new dimensionless co-ordinate 4 determined by the equation 


o 13 j. 
A= (=) ae 2; (9) 


and a dimensionless expression for the thickness of the liquid layer 


#0) a (10) 


Then, introducing A and pd) into equation (8a), we find: 


dé l- j2 
St lea i 8 Be 0. (11) 
‘dss Ai 37 U% 


The order of magnitude of the last term in equation (11) which contains 
. all the dimensional quantities involved in the problem, is determined by the 
kind of dependence of the flux j on the velocity of the plate vy. If the flux j is 
proportional to v in the power higher than 2/3, then the last term in equation 
(11) will be simply proportional to v, and for sufficiently small values of 
velocity of elevation v) will be small as compared, with unity. 

We assume the flux j to depend on. v in the way mentioned above. Then the 
last term in equation (11) is in fact small as compared with both the first ones 
and may therefore be neglected. It will be shown later that this assumption 
turns out to hold within some regions of velocities of elevation of the plate. 
Thus, the region of validity of solutions of equation (11) obtained on the basis 
of this assumption will ke defined. ; 

Neglecting the last term in equation (11), we get finally: 

d§u  i-»p 

The following conditions serve as the boundary conditions for equation (12): 
on the upper boundary of the region, for very large values of z (far from the 
surface of the liquid) the thickness of the liquid layer / must tend to a constant 


} One of us (B.Levich) has been kindly informed by B. V. Deryagin. that he was first to obtain 
this equation. However, B. V. Deryagin has failed to derive from it any partioular conclusions 
concerning the thickness of the film carried along. 


DRAGGING OF A LIQUID BY A MOVING PLATE 359 
limit 4,, which evidently equals: 
hy > a for z~0. 
Vo 


The derivatives dh/dz and d®h/dz? must in this case tend to zero. 
Therefore, in terms of dimensioniess quantities 1 and uw, the boundary con- 
ditions may on the upper boundary of the region be written down in the form: 


pol 


du 6 
da for hoo. (13) 
azn 
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In order to determine the boundary conditions on the lower boundary of 
the region, at small values of z (near the meniscus), let us turn to the equations 
for the static meniscus, which determines the shape of the surface of the layer 
in the second region. 

The equations for the static meniscus have, as is known, the following 
form: ath, 


az? eg2 


(ec eee 
1+ sae 
[ (3) 


Integrating equation (14), we find 
dh 
dz age 


: dh\y2 26 
+(S) 


The constant of integration may be determined from the boundary conditions 
far away from the plate. In this case precisely, z ~ 0 and dh/dz — 0, ie. the 


(14) 


+e 


surface of the fluid is horizontal. Therefore c = —1 and 
dh 
dz eg2 


Fo any? = 35_ oe) 
P+(a) | 


The quantity (og/c)¥? entering the equations (14) and (15) is the Laplace 
capillary constant, having the dimensionality of a length. The capillary con- 
stant is the characteristic length of the problem of the static meniscus. If we 


designate it by a, then equation (14) and (15) may be written down in wie form: 


dzh 
ae Z 
dh\epe ae’ Oy) 
[+(32) | 
ah 
Sie 2 
2 ay, (15a) 
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Equations (14) and (15) determine the thickness of the layer of liquid /(z) 
in the second region close to the meniscus. 

At smail values of A(z), small as compared with the capillary constant, and 
large values of z, the solution of the equality (14) must evidently go over into 
the solution of the equation (12) for the thickness of the film carried along. 
We must, therefore, chain together the solution of equation (12) with that of 
equation (11). The conditions of chaining together of both the equations will 
at the same time serve as the sought-for boundary conditions of equation (11) 
at the lower boundary of the first region. 

The conditions of chaining together the two solutions shall be obtained from 
equation (15a} with the aid of the transition to the limit of the small thicknesses 
h- 0. 

It is clear that with h tending to zero the quantity dAjdz in the formula 

. (15a) will tend to zero as well. Since the surface of the liquid wetting the film 
in the vicinity of the film itself would be almost vertical, we find at the same 
time from equation (15) that to the thickness, tending to zero and to the 
almost vertical surface of the liquid, the finite altitude, tending to the limit 


wane 2-20 (16) 
corresponds. 


Next, with the aid of equation (14) we find at the same time that the second 
derivative of the thickness d?h/dz? in the static solution tends to the limit 


ah 2 


Going over to the dimensionless co-ordinate 2 and to the thickness uv, we find, 
with the aid of equations (19), (10), (16), (17): 


4 o \¥8 234 
,>{[—} —., 
6 a (18) 
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Thus, we see that the boundary with the first region, d®u/d/®, tends to a 
constant limit, determined by equation (18). 

Let us turn now to the boundary conditions of equations (11) at the lower 
boundary of the region. Here the thickness of the film of the liquid carried along 
will be large as compared with the limit thickness u = 1 at the upper boundary 
of the region. In other werds, the value of «u tending to infinity correspond 
to the lower boundary of the region. Therefore, we must find the boundary 
conditions of equation (11} with 4 oo. Thus, the boundaries of both inde- 
pendent regions overlap. 4 > © corresponds to the lower boundary of the first 
region, % + 0 — to the upper boundary of the second region. 

We shall require, as a condition for chaining together the solutions of both 
regions, the continuity of the second derivative d°u/d2?. 

From the point of view of geometry, the continuity of d?/dA® expresses the 
continuity of the curvature of the surface in the region of small curvatures. 
If we designate by « the limit (d?/dA°), 5 ., where y is the solution of equation 
{11), then with the aid of equation (18) the condition of chaining together the 
solutions for both regions may be written in the form: 


Bu) VR aj a 
GP). Bea = 


Inasmuch as no dimensional quantities enter equation (11), « is a pure 
number. The quantity « may be found by means of the numerical integration 
of equation (11), which wili be performed below. 

Equation (19) gives us 

om (By) 


= Ve ea 


The condition (20) will be discussed later on. In order to perform the numerical 
integration (11), it is necessary to investigate in more detail the character of 
the tending of the derivatives dyu/d/ and d?y/d2? to zero with 4 increasing 
infinitely, i.e. at the upper boundary of the region (see equation (13)). It may 
be established from the behaviour of the asymptotic solutions of equation (11). 

Namely, for sufficiently large values of 4, the thickness u4 may, evidently, 
be represented in the form: 


(20) 


uA) = 1 + yy (A) (23) 
with m,(A) < 1. 

Then substituting the value 4(A) from equation (21) into equation (11), 
we find, after neglecting the squares of small quantities, the linear equation 
for uy: Bu 

ml. 


djs = — Hy: (22) 





As the boundary conditions for equation (22) serves: 


fy 79 for Aaa. 
opL 12a 


As a particular solution of equation (22), satisfying this boundary condition, 


may serve: 
os fy, = const - e~? 


t is evident at the same time that 





dy 

—— = —const-e" = —4,, 
da By 
a? iy wk 

iz = const -e7* = yy 


Thus, at large values of A we have the following asymptotic equations for u 
and for its derivatives: 





= 14 const: e~’, (23) 
dy 
d*z 
azz =pe-1. (23b) 


The values of the constant figuring in equation (23) turn out to be inessential 
for our purpose. For the direct performance of the numerical integration of 
equation (11), with boundary conditions (23), (23a) and (23b) kept in mind, 
it would be convenient to lower the order of the equation, choosing yz as the 
new variable quantity, and (dyu/da)? as the new unknown function. If we 
designate (dyu/dd)* by £, then, after simple transformations, we find the follow- 
ing equation for é: 

dg 2(1 — p) 


dye ys./é 
‘The boundary conditions (23-23b) may be now written down as 
F>(1— pw)’, 
(25) 


dé 
—_ + 244 — I 
a {4 - 1) 


for w— 1. 
We are directly interested in the quantity « equal in the new designations to 


_ { ee dian f Oe 
os tim (Se Ws eas (se). 


The numerical analysis of equations (18) with boundary condition (27) 
gives for « the value er 
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Substituting this value of « into equation (20) for the flux of the fluid, we 
get finally 2/3 3/8 
j= 229-2 


ye . 


=o 20a 
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We see thus that the conditions of chaining together of the solutions in 
both regions allow to express the flux j by the characteristic quantities of our 
problem. It follows from equation (20) that the quantity of the fluid carried 
along by a slowly moving plate is directly proportional to the velocity of the 
movement v, to the power 5/3, and to the viscosity of the fluid to the power 2/3, 
and is inversely proportional to the tension to the power 1/6 (i.e. it shows 
a very slight dependence on the surface tension). 

The limit thickness of the layer of the liquid carried along by the plate far 
away from the meniscus of the fluid, ie. at w = 1, would be (ef. (10)): 


(v9 7)" 


a Jog | 


We see, therefore, that the limit thickness of the layer of liquid carried along 
is proportional to the velocity of the elevation of the plate and to its viscosity 
to the power 2/3, and shows a rather slight dependence on the surface tension, 
being inversely proportional to it to the power 1/6. 

Let us ascertain now the conditions of the applicability of the formulae 
received (equations (20) and (21)) for the consumption and for the thickness 
of the layer carried along. 

In going over from (15) to (16), we omit the last term of equation (15), on 
the assumption that the quantity @ g j?/3 v8 is small as compared with unity. 

Substituting for 7 its value obtained from formula (22), we find that this 
quantity is really small as compared with unity, and our calculation‘is legiti- 
mate if the following inequality is fulfilled: 


hy = 2-29 (26) 


18 % . 
(22) €l, ie. m<€—, (27) 
7 


ie. at sufficiently small values of the velocity of the plate. 

The expressions obtained for 7 and % seem to be in good accordance with 
experiment. Indeed, experiment shows that the thickness of the layer carried 
along is proportional at small velocities to 7) to the power 0-6, which agrees 
with the power index obtained by us. 

In the opposite limiting case, when the velocity vp turns out to be greater 

_than a/y, the calculation given becomes inapplicable. Namely, the supposition 
that all the surface of the fluid may be split into two independent regions, which 
has led to all the expressions written above, does not hold here any longer. 
It is impossible to obtain in this case the exact expressions for j and h. However, 
on the basis of dimensionality considerations, the genera] character of the de- 
pendence of these quantities on the fundamental parameters vy, 7, e, and ¢ at 
sufficiently large velocity may be pointed out. 


12a* 
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Namely, it is clear that at high velocities the consumption 7 and the thickness 
h of the layer carried along should not depend on the surface tension. From the 
viewpoint of physics, this may be seen from the fact that at sufficiently high 
velocities of the plate, the shape of the entire surface of the fluid would be 
determined by the character of the process of carrying along, and not by the 
static, properties of the surface of the fluid. Therefore, at high velocities of 
the plate, the thickness of the layer carried along must depend only on the quan- 
tities v,, 7, o and g. The only quantity of the dimensionality of length, which 
may be obtained from these quantities, is the quantity (y vje g)*. 

Therefore, at sufficiently high velocities of the elevation of the plate, the 
thickness of the layer of liquid carried along must have the form: 


(28) 


and the consumption 


The numerical value of the constant 4 may be found only by means of experi- 
ment. 

Finally, in the intermediate region of velocities, it may be seen from dimen- 
sionality considerations that the thickness of the layer carried along must 
have the following form: 


1 \ 2 
ee a) /(22), 
\eg o 
where f(v %/c) is some function of the dimensionless parameter vp y/o, the form 
of which must be found by experiment. 

In both the limit cases of large and small values of vy n/o the function f (vp n/c) 
tends accordingly to unity and to (v, y/c)*, respectively, so that equation 
(29) goes over into equations (28) or (26). 

-. In conclusion we should like to express our gratitude to M. M. Kussakov 
and B. V. Derjaguin, who have called our attention to the experimental and 
the technical interest of the problem treated here. 
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49. ON THE THEORY OF THE INTERMEDIATE 
STATE OF SUPERCONDUCTORS 


A quantitative analysis of the laminar structure of the superconductor in the 
intermediate state is given. The behaviour of the superconductor with e transversal 
slit in the magnetic field is investigated. An explanation of the hysteresis effect in 
the transition to the intermediate state ie advanced. 


Ir is well known that at a strength of the external magnetic field lying within 
a definite range (depending upon the shape of the specimen) the superconductor 
goes over into a so-called intermediate state. Formally this state can be de- 
scribed macroscopically as a state in which the magnetic induction within the 
body, B, has values intermediate between zero and the critical value of the: 
field. However, in reality, as it has been already pointed out by the author }°, 
the body of a superconductor in the intermediate state should consist of 
regions, each of them being either in the superconducting, or in the normal 
state. The usual formal description of the intermediate state follows from 
considering physical quantities averaged over all of these regions. Here the 
question of the size and shape of superconducting (s) and normal (x) regions 
arises. 

First of all, we notice that the boundaries between different regions should 
be formed by the lines of forces of the magnetic field. In fact if in an ~-region 
the magnetic induction B would have a non-zero component B, normal to the 
boundary surface, then in virtue of the continuity of B,, in the neighbouring 
S-region there would be an non-zero induction, while in the superconducting 
state B should always vanish. As to the absolute values of the field, at the 
boundary the s- and the n-regions, it evidently should be equal exactly to the 
critical field #,; the field being greater than H,, within the »-region. In the 
opposite case we would not obtain a thermodynamically stable state corre- 
sponding to the minimum of free energy.. 

It is most natural to suppose that in the intermediate state the body splits 
up into laminae, alternatingly superconducting and normal, arranged parailel 
to the external magnetic field. However, simple argumentation convinces 
that these laminae cannot have a constant thickness along their length, 
“eurving” only at their ends. Indeed, let us suppose at first that the supercon- 
ducting laminae, near their, ends, are bounded by convex surfaces (Fig. 1a). 
Since in the absence of the current, the magnetic field possesses a potential, 
we can draw the equipotential surfaces of the field. These surfaces, in particular, 


UI. Nauney, K reopan npomemyrounore cocToswua ceepxuposoyunkos, Hypran Ixcnepu- 
Mexmanonod u Teopemurcenots Pusuxu, 13 377 (1943). 
L. Landau, On the theory of the intermediate state of superconductors, J. Phys. U.S.S.R. 
7, 99 (1943). 
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should be normal to the surfaces separating from each other the s- and n-lami- 
nae which, as it has been pointed out above, are formed by lines of force. In 
the convex parts of the boundary the equipotential surfaces will be arranged 
as shown by the dotted lines in Fig. La, i.e. they will diverge into the n-lamina. 
But the absolute value of the field decreases in the direction of the divergence 
of the equipotential surfaces. Therefore the field in the n-lamina would turn 
out be to smaller than #,, i.e. the whole configuration would be thermodynami- 
cally unstablet. Let us suppose now that the s-laminae are bounded at their 
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ends by concave surfaces, Then on the lines of force enveloping the s-lamina 
{of course, the lines of force do not enter this lemina) in the points in which 
the edge is sharpened the field would be infinite, which is in contradiction with 
the boundary condition, H = H,; in other words, the solution of the field 
equations with such a shape of the laminae does not exist at all. 

Thus we see that any simple shape of the laminae turns out to be impossible. 
However, all the necessary conditions can be satisfied if we assume the follow- 
‘ing, more complicated picture of the structure of a superconductor in the inter- 
mediate state. In approaching the surface of the specimen, at some definite 
‘distance from this surface each of the n-laminae splits up into two laminae 
of smaller thickness. When approaching still nearer to the surface, the laminae 
formed split up again, ete. In such a way, the laminae are branched formally 
an unlimited number of times so that the thickness of the laminae tends to 
zero, as the distance to the surface of the specimen decreases. In reality, of 
course, we can speak of separate n- and s-laminae in the above sense i.e. con- 
sidering B = 0 in the s-laminae) only in so far as the order of magnitude of their 
thickness does not approach the depth of penetration of the magnetic field into 
@ superconductor. Further on we shall return to this question. 

For the sake of deducing quantitative relationships let us consider a plane 
parallel plate in a transverse magnetic field. For a superconductor of this shape 
the range of the intermediate state with respect to the values of the external field 


{ This circumstance was not taken into account in ref. 1. 
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extends from zero up to H,. In Fig. 2 a section of the plate in the direction 
parallel to the external field is given; we have shaded the -laminae. 

In each section between two consecutive branchings we can consider the 
n-laminae as having a constant thickness and as bounded by parallel planes. - 
The field within the ~-laminae has a constant magnitude (equal to 7,) and is 
is directed parallel to the boundaries. It is easy to see that at each branching 
the thickness of the laminae is halved. This follows directly from the require- 
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ment that the full flux of the induction must remain constant along the thick- 
ness of the plate. Since in the s-laminae B = 0, while in the n-laminae B = 
const = H,, the induction flux is simply proportional to the sum of the cross- 
sections of the n-laminae. Therefore this sum must remain constant in the course 
of the consecutive branchings. (It must be emphasised that we are concerned 
here not with the area of the sections of laminae oy planes parallel to the sur- 
faces of the plate, but with the areas of sections, transverse to the n-laminae). 

The shape and sizes of the laminae are determined by the minimisation of 
the total free energy. The total free energy consists of the sum of the volume 
energies of the superconducting and normal regions and of the surface energy 
which is connected with the existence of the surfaces of separation between 
these regions. As it is known, in the absence of field the free energy in the normal 
state (per unit volume) exceeds the free energy in the superconducting state 
by 42/8. In the presence of a magnetic field to the surplus energy of the sub- 
stance in the n-laminae (where B = H,), in comparison to the substance in 
the s-laminae (where B = 0), the energy of the field is added which is also equal 
to H2/8x. Therefore, the total surplus volume energy depending on the presence 
of n-laminae in a superconductor is equal to the product of their total volume 
by H2/4x. As to the surface energy, it is proportional to the area S of the boun- 
dary surfaces between n- and s-laminae and is equal to «S, where « is the “‘sur- 
face tension” between the normal and superconducting phases. Instead of « 
we shall use the quantity 4, determined by the equation 4 has the dimension 


ao=——J (1) 
of length. 
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One can expect (assuming that superconductivity is characterised by a single 
quantity having the dimension of length) that the length 4 and the depth 
of penetration of the external magnetic field into the superconductor are of the 
same order of magnitude. It is however to be emphasised that there are no 
grounds for considering these quantities simply proportional to each other; 
in particular, the laws of their temperature dependence may turn out to be 
entirely different. 

Consider, first, any one of the consecutive branchings of an n-lamina (Fig. 3) 
disregarding its further and previous splittings. Let a be thickness of the lamina 
before its splitting. After the branching we get two laminae whose thickness 
equals a/2. Let 26 be the angle between these two laminae (“the angle of 
branching”’). Between a and 6 there exists a dependence which can be deter- 
mined in the following way. 
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Let us imagine that all the 3 ends of the investigated lamina are fastened on 
2planes (shown in Fig.3 by dotted lines), located at a given distance from each 
other. Since the total surplus free energy connected with the presence of 
n-laminae should be a minimum with respect to all possible variations in their 
shape, then, in particular it should be minimal with respect to a displacement 
of the branching point {i.e., to the change of the distance x—see Fig. 3), the 
location. of the ends of the lamina being kept constant {i.e., at Z and d fixed). 
The total volume of the branching n-lemina, per unit of length i in the direction, 
perpendicular to the plane of drawing, is equal to 


(@-—z)at 2< Ja + @ 


and its surface 
afb — 2) +222 + 2] 


‘Therefore the full surplus free energy is 
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In performing the calculations it should be kept in mind that the angle of 
branching 6 is very small (as will be verified by further calculations). Introduc- 
ing the small angle 6 = d/x instead of 2, we get the surplus energy in the form 
(dropping the constant terms which do not depend upon 6 and are of no interest 
to us, and neglecting the terms known to be of a higher order of smallness; it 
is supposed that 4 < a): 


HR dA HH? dé« 
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This expression has a minimum when 


i 24 
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by which equation the connection between the thickness of the lamina and the 
branching angle is determimed. 

We note that when relation (2) is fulfilled, the surface and the volume parts 
of the surplus energy are equal to each other. 

After these preliminary computations we can determine completely the 
shape of the x- and s-laminae into which the plate splits up in the intermediate 
state. Let a, be the thickness of the x-laminae in the middle of the plate, i.e. 
before the beginning of their branching, a,—the thickness of the laminae formed 
as a result of the first branching etc. The angles of the first, second and etc. 
branching let us designate by 26,. 26,. Finally, let x,, x, ... be the distance 
from the first, second, third, ete. branching point to the nearest surface of 
the plate. First of all, since at every branching the thickness of the n-lamina 
decreases twice we have 

a. 
Oy = tr (3) 


For each pair Gd, 9, we have the relation (2) 


fea : 
a ea a (4) 


Before the beginning of the branching the laminae are arranged perpendicu- 
lar to the surface of the plate (parallel to the external field). After the first 
branching the Jaminae formed are arranged at angles + 6, to the initial direc- 

-tion. Together with them all the magnetic lines of force passing through 
n-laminae are deflected through the same angle. If no further branching would 
take place, the ends of the lines of force (in points of their intersection with 
the surface of the plate) would deflect through distances + 6, x, from the points 
in which they would get if no branching would take place at all. The additional 
deflection caused by the second branching is equal to + 4 x2, ete. (all angles 
9,, @,, ... ave small). Therefore, as a result of repeated branching of the initial 
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lamina, the full deflections of the ends of the lines of force are determined by 
the infinite sums 
+ 2, 6, + %_ 4, + 2,9, + -- (5) 


with all the possible combinations of the + signs. 
The lines of force, passing on the very boundary of the initial (not branched) 
n-laminae should deflect at a distance equal to a half of the distance b, (Fig. 2) 
between the neighbouring -laminae, ic. of the width of the s-laminae. This 

means that we should have 
X, Oy + Ly Oy + Hg Ag + eee =H, 


(6) 


Further, the distances between the displacements of the ends of the various 
lines of force passing originally in the same initial n-lamina, are equal to the 
differences of the quantities (5), ie. are expressed by the sums 


2 (ey %y Gy + Sg Xp Oy +--+), 


where each e,, é),... can have the value either 0 or 1. Since the lines of force can- 
not intersect, all the quantities received in this way should fill up, continuously, 
the interval between zero and 6. It is known that the interval between 0 and 1 
can be filled up by sums of powers of 1/2 of the type 


1 i 1 4% 1 
aD 2) 4 33 + 
with ali the possible combinations of values e,, ¢,, ... equal to 0 or 1 each (this 
being a binary analogue of decimals). Keeping this in mind, we conclude that 
the sequence of the quantities x,6,, x, @,,... should form a geometrical pro- 
‘gression with a denominator equal to 4. In this way, we get the relation 


x, 6 
Ly On ed oa 7 : (7) 
From equation (6) we find now 
b 
224 6, = a (8) 


Combining equations (3), (4) and (7) we find that 


Thus, each of the subsequent branchings takes place at a distance 2 se 2 times 
nearer to the surface of the plate , than the preceding one. 

Further, between a, and b, there exists a relation which follows directly out 
of the fact that the mean (averaged over the laminae) induction in the plate 
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should have a given value B (in the case of a plate, equal to the external 
field). Since, on the other hand, the induction in the n-laminae equais H,, 
and in the s-laminae equals 0, it is clear that it should be (a, + 6,) B = a, H, or 
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Finally, let us make use of the condition of the minimum of the free energy. 
If the -laminae would not branch at all, i.e. they would have a constant thick- 
ness @,, the surplus free energy, caused by the presence of the substance in 
the normal state, would be equal (per unit area of the surface of the plate): 


1 x? HA 
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{L—the width of the plate). The first term in the brackets gives the volume” 
energy, and the second the surface energy of a single lamina, the factor before 
the brackets being the number of »-laminae, per unit of length of the plate. 
With the aid of equation (10) we can re-write this equation in the form 


H,B Fhe i 
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We see that the first term does not depend upon the width of the lamina (for 
fixed 2) and therefore is of no interest to us. Further, owing to the first branch- 
ing, the surface of the sections of the length x, from both sides of the v-lamina 
is doubled, i.e. a new surface energy appears equal to 


HA 
8x 





424. 


The additional volume energy, connected with the branching of the lamina, 
is, as was shown above, equal to the surface energy. Therefore, the first branch- 
ing leads to an additional energy (again taken per unit area of the surface 
of the plate): 





1 F 
— 42, 
a+b, 4x 


In like manner we find that the second branching gives an energy equal to 
{1 f(a, + b,)] x (32/4) 825, ete. 

Thus, the additional free energy f connected with the presence of branched 
n-laminae is equal to 


HR A H,B 


= ———_— (LE + 4x, + 8x, + 162, + -::) + i. 
i A ab = . ) 
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Summing the geometrical progression, the denominator of which, according 
to equation (9), is equal to 1/./2, we get 


T= He _ 4 a We ci ee + A.B L. 
4a a, +0, I 43 
(Ve 
Combining equations (4), (8) and (10), the relation 


Pees tiiea (13) 
oe asen B 
is readily obtained. 


Expressing ali the quantities in f through a,, we get 


HB L a/e #, ae: B A,B 5 
f= ae E * Jaa 3) nae 1) EX) + ag (12) 


This expression considered as a function of «¢,, has a minimum at 


3 fp 3 AUS 72/3 B fe 

= 279(, /2 — 1) 4s 778 ( 13 

ay = 2°9(/2 — 1) ( Zz z) (13) 
‘the thickness of n-laminae being thus determined. For the thickness of the 
s-laminae, we get, according to equation (10), b, = a,(H, — B)/B, so that 


= = us 
by = 9%8( /5 “a spe aera (Ae =) a4) 


Finally 
H, 


BP, — BP aa 


+ 0,= 22/3/ ae , 1}28 Aus £23 
Thus, the thickness of the laminae is proportional to the 2/3 power of the 
width of the plate ZL. When B increases, the thickness of the x-laminae a, 
increases and the thickness of the s-Jaminae 6, diminishes, just as it should. 
The functions of B which enter equations (13-15) may be considered 
practically constant almost in the whole range of variation of B with the 
only exception of regions in the immediate vicinity of its ends {i.e. near zero. 
and #,). In a practically sufficient approximation we can write 


a, +b, = 2A D8, (16) 
If we take 4 = 3x 10-5cm, then for LZ = lem we get a, + b, = 0-06. 


Hence, within the length of 1 om of the plate there will be about 20 layers. 
. It should be noted that the laminae turn out to be comparatively very thickt. 


+ Let us note that the angles 6 are of the order 8 ~|/ oy (4). ie. that they are really 
small, as it was supposed above. @ L 
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Substituting (13) into equation (11) we get 


peat 
air 0-14 L. (17) 


Thus, the length of the unbranched section of the laminae (Z ~— 2x,) is 0-71 
of their full length (the width of the plate). 

Let us, moreover, write down the expression for the surplus energy # which 
may be obtained by substitutmg (13) into equation (12): 

1/3 42/3 1f3 , 23 
pe Se ee — A < se sees (18) 
283( /2—1PP x 4a 

All the formulae obtained can be applied not only to plates but to bodies 
of a different shape, provided the average field w ithin them is uniform (it is 
known that ellipsoids, in particular a sphere and cylinder, possess this property). 
In this case under Z the length of lines of force passing along the considered 
n-lamina should be understood. Of course Z is different for different laminae. 
Ii we have bodies of another shape, which do not satisfy this condition, the 
results received can be applied only qualitatively; in particular we can apply, 
as previously, the approximate formula (16). 

As far as the shape of the laminae as a whole is concerned (in the plate—they 
are the parallel, plane laminae), for instance, in the case of a spherical specimen, 
one can presume that the most advantageous energetically are the laminae 
in the form of coaxial cylinders whose axis is the diameter of the sphere, 
parailel to the applied field. For each of the cylindrical laminae £ and, conse- 
quently, its thickness is constant. In a cylindrical specimen placed in a trans- 
verse field the laminae should be plane, parallel to the axis of the cylinder and 
directed along the external field; each one of such laminae should have a’ 
constant thickness. 

Approaching the surface of the body, as a result of successive branchings 
the thickness of the laminae will decrease indefinitely, until a macroscopis 
description of a superconducting state as the state with B = 0 will loose its 
meaning. When this happens, the concept of an “intermediate state” will . 
also loose its meaning and the substance will acquire some singular, new 
state, which can be called ‘‘mixed’’. As to the properties of this state one 
can make no conclusions on the basis of the usual macroscopic theory of the 
superconducting state; the study of its properties would require a more 
detailed investigation. 

As to the shape of the s- and n-regions the following note is to be added. We 
supposed that they have the appearance of alternating laminae. When the 
field is weak enough so that most of the substance is in a superconducting 
state, the laminae should be very thin. In these conditions, the disintegration 
of the n-laminae into separate thread-like regions, arranged parallel to the 
field, may turn out to be energetically more advantageous. The branching 
of these threads should be of the same type as in the case of laminae. In like 
manner, when the fields are sufficiently near to the critical, there should form, 
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instead of very narrow s-laminae, thread-like s-regions, arranged in the bulk 
mass of the substance which is in the normal state. 

The branching of the laminae which leads to the formation of a ‘‘mixed” 
state on the surface of the specimen does not allow to observe directly in the 
experiment the existence of laminae. This difficulty was avoided in experi- 
ments proposed and begun before the breaking out of the present war by 
Prof. A. I. Shalnikov7. Basing on the supposition that at the sides of a narrow 
slit cut in the specimen, in the direction normal to the field, the laminae do 
not branch, he performed the measurement of field within a slit cut in the 
equatorial plane of a superconducting sphere. The theory developed here 
shows that for a sufficiently narrow slit such an effect actually should exist. 
The reasons of this are as follows. 





We can be convinced of the energetic expedience of branched laminae over 
unbranched ones also by the following considerations. If the layers would 
reach the surface of the specimen unbranched, then the magnetic field in the 
outer space near this surface would be inhomogeneous (at the surface of the 
s- and n-laminae the field would be correspondingly equal to 0 and #,). But 
if the laminae branch themselves, forming a mixed state on the surface, then 
the external field can be considered practically uniform and consequently its 
energy will be less. It is nevertheless easy to ascertain that, having a slit 
narrow enough, it is possible, that energetically the most expedient may turn 
out to be the laminae unbranched at its surface. 

Consider a slit of the width d, cut in a direction perpendicular to the direc- 
tion of the field. If the laminae do not branch off, as though passing directly 
from one side of the slit to the other, one can consider the field in the laminae 
as alternatingly equal to 0 and H, over the sections of the space which are a 
continuation of the laminae (Fig. 4). The energy of the field in the slit, per 
unit area of its surface, will then equal 





it H? BH, 
a, —— = ——d. 
a, +d, 8x 8x 


fF Ci. J. Phys. U.S.S.R. 6, 226 (1942), where preliminary results are given. 
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The energy of a uniform field B in the space of the slit would be equal to 
. (B?/8x) d. Therefore, the surplus energy due to the presence of laminae un- 
branched at the slit is 
B(H, — 5) 3 
8x o 


If, on the other hand, the laminae branch at the surface of the slit, then an 
additional energy arises which is equal to 


[f(Z,) + f(L_)] ~ f(y + £,) 


where /(Z) is determined by the equation (18), and £, and LZ, are the lengths 
of the two parts into which the lamina is divided by the slit. The first term 
gives the additional energy of the laminae, branching both at the surface of 
the slit and at the two outer surfaces of the body. From this energy we have 
to subtract the energy given by the second term of the laminae branching 
only at the outer surfaces, so as it would have been in the absence of 
the slit. 
The “critical width” of the slit d) is determined from the condition of 
equality of both additional energies written above. 
B(H, —B 
SOA) ay = [H{La) + Hla) = fly + Las (19) 
when @ > dy the laminae branch at the surface of the slit, while when d < dy, 
the laminae come up to the surface of the slit unbranched. 
For the sake of brevity let us assume that the body is divided by the slit 
into two equal parts; then L, = L, = L/2, £ being the length of the body in 
the direction of the external field. From equations (18) and (19) we get 


3(2 — 28) os ras H, 
= ee 1 20 
"Tye BRE BF i 


Almost in the whole range of the variation of B (with the exception of the 
regions near 0 and H,) we can write, in a practically sufficient approximation: 


dy = 842 LN (21) 


Thus if we take 4 = 3 x 10-5, then for L=1em we will get d, = 0-01. 
Such a width is possible to achieve practically. 

A. I. Shalnikov in his very ingenious experiments succeeded in discovering 
the effect described, thus confirming experimentally the existence of laminae. 
Unfortunately, these experiments were interrupted by the war, and the 
quantitative comparison with theory cannot be carried out now. 

Another effect which is connected with the “lamina structure” of the inter- 
mediate state and which can be observed experimentally is the well-known 
“jagging behind” of the transition from the superconducting to the inter- 
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mediate state when the applied magnetic field is increased. The transition 
sets in at higher values of the field than may have been expected on the basis 
of the usual macroscopic theory (for instance, for a cylindrical conductor in. 
@ transverse field the transition point turns out to be lying somewhat above 
$H,). From the point of view of the theory described here the reason for this 
phenomenon is the following. The transition into the intermediate state takes 
place when this state becomes energetically expedient. But the lamina structure 
of the intermediate state, besides the purely ‘‘volume”’ free energy (H,B/4x 
per unit volume) ascribed to the intermediate state in the usual macroscopic 
theory, is connected with additional energy. caused by the presence of the 
boundary surfaces between s- and n-regions, and by the branching of 
Jaminae; this causes a displacement of the transition point towards greater 
fields. 

A precise theoretical determination cf the transition point would demand 
a full determination of the distribution of the mean field within the specimen 
at the instant of its transition into the intermediate state. This distribution is 
determined by the field equations in which the connection between the two 
vectors H and B entering into these equations is given by the well-known 
thermodynamic relation 


Hq =— (22) 


@/4c being the free energy per unit volume of the body. 

In the intermediate state, when account is taken of the presence of branching 
laminae, the function @ is equal to (4a/L)f where f (18) is the energy per unit 
area of the surface of the body. @ can be written down in the form 


G=H,Big (23) 


where gy corresponds to the first term in equation (18), i.e. to the energy due 
to the presence of boundary surfaces between s- and n-laminae and to the 
branching of the laminae. It is essential that ¢ contains the length of the line 
of force Z which depends upon the shape and size of the body and is different 
in its various points; L consequently will enter into the relation between H 
and B. Since L is different in various points of the body, it will follow that even 
within an ellipsoid B and # will not be uniform. In these conditions the prob- 
lem of determining the field is very complicated from the mathematical 
point of view. 

However, we can presume that we can get a result for the transition point 
im the ellipsoid practically precise enough by starting out from the rough 
supposition that the mean induction B is uniform in the ellipsoid (in reality, 
B will be uniform only if y is neglected). Let us perform the necessary caleula- 
tions. 

Preliminarily let us remember some general relations which are known from 
the ordinary field theory for macroscopic material bodies. Let (1/4%)®(B) be 
the free energy of a unit volume of a body, the magnetic induction within 
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which is B. The total energy of the body, however, is not equal simply to the 
integral (1/42) i @daV over the volume of the body. The presence of the body 


causes @ change in the distribution of the field in the outer space as well; the 
corresponding change in the energy (as compared with the energy in the 
absence of the body) should be imcluded into the total energy store of the 
body. Let #(B) be the total free energy, formally taken per unit volume of 


the body, ie. a quantity, determined in such a way that the integral | Fay 


over the volume of the body is equal to the total energy. Then we have the 
following expression. 


btet HB h(B~H) ; 
-Efom-22-MP=M ay 


Here H and B are the absolute magnitudes of the vectors H and B within 
the body and & is the external field (to be more exact, the value it would have 
in the absence of the body). The quantities B, H and & are connected with 
one another by equation (22) and (for ellipsoids) by the relation 


nB+(l—x)H=h, (25) 


where 42 7 is the demagnetising factor (i.e. 7 = }for a cylinder in a transverse 
field, » = 4 for a sphere). 

In the intermediate state we write ® in the form of (23), so that equation 
(24) gives 

1 HB hk(B-B) 
F, = —}| 9{B) + #, B - —— —- —__—_—-_ |. 26 
a ae E )+ 4, 2 3 ] ( ) 

In the superconducting state we have B = 0, and also © = 0 since m reality 
we measure the energy from the value which it has when no substance in the 
normal] state is present. From equations (24) and (25) we have the well known 
formula : 

he 


oer mer (27) 


The transition point {h,) from the superconducting state to the intermediate 
state is determined from the condition F, = F;, ie. 


_ 2 
penp 22 ,WB-B) Ry (2) 


In order to determine from the above the value of h;, it is necessary to com- 
bine this equation with the relation (25), which can be written down in the 


J Om can check this formula for instance by determining the differential d F, ie. the work 
performed during an isothermic change of the field. Simple computations (with the aid of equations 
(22), (24), (25) give d F = ~ —— 
volume of the body) just as it should have been. 





dh = —MUdh (where M is the magnetic moment of a unit 


following form 


dp 
; dp dy 
(ws substitute = GB = #, + ap for z). 
By substituting equation (29) into equation (28) we obtain 
dy n 
— B— = ———_ 8’. 
¢ 2 ap ow oy 


Equations (29-30) are suitable for computing h,; knowing the function 
9(B), we compute from equation (30) the value of B and substituting it into 
equation (29) we will get the vaiue of the external field h, in the transition 
point. 

As far as the function »(B) is concerned, we must note that when the external 
fields are very close to the transition point, the superconducting regions have 
most probably, as was shown above, the shape not of laminae but of threads. 
Therefore, generally speaking, we cannot make use here of expression (18) 
for the energy which was obtained for a laminar structure of the intermediate 
state (even though the difference between the two formulae is not great in 
this region). Here we shall not perform the corresponding computation for 
the energy of the thread-like structure, but shall give only the result obtained. 
For a transition point of a cylindrical superconductor in a transverse field we 


get 
l 
hy = H, F + 0-4 [4] (31) 
2 T 


For a sphere of radius 7 the transition point is equal to 


2 A 
h = H, 2 + os,/4] (32) 


The second terms in the parentheses are the looked for deviations from the 
usually expected values of h,. We note that they are inversely proportional 
to the square root of the size of the body, and their dependence upon tem- 
perature is connected with the temperature dependence of 4. 

Unfortunately, no measurements for the dependence of h,/H, upon r were 
performed. Systematic measurements of the dependence of this ratio upon 
temperature for tin, indium and lead were performed by Misener®. Unfortu- 
nately, he does not give the exact diameters of the wires used by him but only 
shows the order of their magnitude. Besides that, it is not clear to what extent 
an equilibrium state was reached and whether any hysteresis phenomena 
were present. In any case, we can conclude that the quantity 4 decreases 
when the temperature increases, vanishing when 7 = 7p) (7, is the point of 
superconducting transition in the absence of the field), i.e. it behaves inversely 
as the depth of penetration of magnetic field into the superconductor. As to 
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the order of magnitude of the resulting values of 4 is concerned, it depends 
strongly upon the temperature. 

We emphasise that the whole theory developed here relates to “static” 
properties of the intermediate state. As to the questions, connected with the 
conductivity of superconductors in the intermediate state, we can say that 
they demand a more detailed investigation of the properties of the ““mixed” 
state near the surface of the specimen. 

In conclusion, I wish to thank sincerely Prof. A. I. Shalnikov for the com- 
munication of the results of his experiments. 


REFERENCES 


1. L. Lawpau, Sov. Phys. 11, 129 (1937); Collected Papers No. 30, p. 217. 
2. L. Lanpav, Nature, 141, 688 (1938); Collected Papers No. 37, p. 266. 
S. Misenzn, Proc. Roy Soc. A166, 43 (1938). 


50. ON THE RELATION BETWEEN THE LIQUID 
AND THE GASEOUS STATES OF METALS 


A Merat sharply differs from a dielectric with respect to its spectrum of elec- 
tron energy levels at absolute zero temperature. The fundamental state of the 
metal borders upon a continuous spectrum of states: this explains the fact 
that even the weakest electrical field gives rise in a metal to an electrical 
current, due to a transition of the system to adjacent levels. On the contrary. 
the electron energy spectrum of a dielectric is characterised by the existence of 
a finite “‘gap’’, ie. of a definite energy difference between the fundamental 
state with the lowest energy (corresponding to the absence of a current) and 
the nearest excited states, in which one of the electrons of the dielectric becomes. 
free and the electric conductivity appears. 

it should be mentioned that a metal cannot be defined as a body with a 
continuum of levels adjacent to the fundamental one without accessory condi- 
tions: as a matter of fact, any paramagnetic substance such as liquid oxygen 
or gadolinium sulphate has a continuous spectrum of states, corresponding to 
different values of the magnetic moment: this explains the variation of the 
magnetic moment in a weak magnetic field, which is characteristic of a para- 
magnetic substance. Nevertheless liquid oxygen or gadolinium sulphate are not 
metals and have no electrical conductivity. The existence of a continuous 
spectrum is, thus, necessary but not sufficient for the metallic state: the excited 
levels adjacent to the fundamental one must have the property of trans- 
ferring the electrical charge in order to ensure the conductivity. 

It has often been surmised (without a general proof) that under sufficiently 
high pressure every substance must be transformed into a metal. This is 
Hlustrated by the transition of phosphorus into a conducting modification at 
high pressures (Bridgman’s black phosphorus). At the absolute zero tempera- 
‘ture a metal and a dielectric are qualitatively different, so that it is always 
possible to say with what kind of substance we have to do, there existing a 
definite transition pressure}. A dielectric differs from a metal by the presonce 
of an energy gap in the electronic spectrum. Can however this gap tend to zero 


SL. Beasxosuy un 1. Tanqay, O coommomennu MexTY KUTKIM DB Tasco}pasnniM cocrosaneM ¥ 
MeTannoe, Mypnat Ixcneoumenmamnod u Teopemureckot Duauxu 14, 32 (1944). ; 

L. Landau and G. Zeldovich, On the relation between the liquid and gaseous states of metals, 
Acta Phys.-chim. USSR, 18, 194 (1943). 

+ Ata temperature different from zero any dielectric must be slightly excited, a certain minute 
fraction of the electrons being in an excited state, corresponding to a non-vanishing electrical 
conductivity, so that the system as a whole is in a state belonging to a continuous spectrum. 
A dielectric can therefore be sharply distinguished from a metal at the temperature of absolute 
zero only. 
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when the transition point into a metal is approached (on the side of the di- 
electric)? In this case we should have to do with a transition without latent 
heat, without change of volume and of other properties. Peierls has pointed 
out thai a continuous transition—in this sense—is impossible. Let us consider 
the excited state of the dielectric in which it is capable of conducting an 
electric current: an electron has left its piace, leaving a positive charge in a 
certain place of the lattice and is moving throughout the latter. At large distan- 
ces from the positive charge, the electron must certainly suffer a Coulomb 
attraction tending to bring it back. In a Coulomb attraction field there always 
exist discrete levels of negative energy, corresponding to a binding of the 
electron; the excited conducting state of the dielectric must therefore always 
be separated from the fundamental one, in which the electron is bound by a 
gap of a finite width. 

Uf at O°K the transition of a metal into a dielectric is a phase transition 
of the first kind (i.e. with a latent heat and a discontinuous change of proper- 
ties) the transition will clearly be of the first kind also at a low temperature 
different from zero. A continuous transition is possible only at a high tempera- 
ture, when the excitation, and conductivity of the dielectric are high. Since. 
the excitation energy is of the order of the ionisation energy, i.e. of the order 
of a few eV, one eV at least, the line of thermodynamical equilibrium 
between the metallic and the dielectric phase can end with a critical point 
only at a very high temperature of the order of one eV, i.e. 10* degrees, 
and accordingly at an enormous pressure. At a high temperature both phases 
are non-crystalline (the melting of a metal does not deprive it of metallic pro- 
perties). There arises the question as to the relation between the transition 
line from the metallic into a dielectric state and the transition line liquid- 
gas in the case of metals. It is quite clear that at a low pressure the substance 
with a small density (in the limit—an ideal gas) is a non-conductor. In the 
case of mercury the energy spectrum of the gas is discrete; in the case of 
paramagnetic sodium vapours we have to do with a continvous spectrum which 
however (just as in the case of liquid or solid oxygen) bears no direct relation 
to conductivity and metallic state. 

Three cases are theoretically possible.j (1) the transition from the metallic 
into the dielectric state is always accompanied by a transition from the liquid 
into the gaseous state; there exists a single common curve, a single critical 
point, corresponding to very high temperature. This relation can be expected 
in the ease of non-volatile metals. 

In the case of metals with a low evaporation heat (mercury, for example), 
the critical point liquid-gas (LG point) must be expected to be much lower 
than the critical point of the transition metal—dielectric (4£D point). 

The cases 2 and 3 are here possible (Figs. 1 and 2). 

(2) the heating of the liquid metal at a high pressure causes a discontinuous 
change of the density on the line gas-liquid TLG line; the phase with the 


+ We do not consider crystalline phases existing at low temperatures; the corresponding tran- 
sitions, as noted above, have no connection with ovr topic. 


smaller density remains, however, metallic (‘metallic gas”). The transition 
into an ordinary gas takes place on the line 7D. This case is very improbable. 

(3) the rise of temperature within a certain pressure range must be ex- 
pected to be accompanied by the transition of the liquid metal into a liquid 
non-conducting phase (on the line 7MD), which thereafter on the line TLG 
is transformed into a gas. The loss of metallic properties takes place as a 
phase transition metal-gas also at value of 7 and » much larger than those 
which correspond to the critical point liquid-gas. In the two latter cases a 
triple point 7 appears corresponding to the co-existence of two metallic and 
one dielectric phase in case 2 and one metal and two dielectric phases (liquid 
and gaseous) in the third case. 
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In the case of mercury the relatively smali evaporation heat indicates that 
LG point is relatively low (1000-1500° K according to different estimates), 
whereas the J£D point is probably inaccessible experimentally at the present 
time. There follows from our considerations that here our third case is to be 
expected. Our physical predictions thus are as follows (1) there exists a non- 
conducting liquid phase and (2) at a temperature and pressure lying above 
the critical values a phase transition with a discontinuous change of the elec- 
trical conductivity, volume and other properties must take place. 


51. 4A NEW EXACT SOLUTION OF THE 
NAVIER-STOKES EQUATIONS 


Tus problem of fluid motion in a laminar jet discharged into a still fluid has 
been solved by Schlichting for large Reynolds numbers. in the present work 
the author shows that the motion in an axially symmetrical jet spreading in 
an unbounded space can be determined accurately for arbitrary Reynolds 
numbers oy a rigorous solution of Navier-Stokes equations. 

Let us consider a jet discharged, say, from a thin pipe into an unbounded 
space. We choose spherical co-ordinates r, 0, y with polar axis directed along 
the velocity of the jet at its exit point, which we define to be located at the 
origin. The motion is axially symmetrical around the polar axis, so that 
% = 0 and z,, vg are functions of r and 6 only. Any closed surface around the 
origin (including the particular case of a surface removed to infinity) should 
be traversed by the same full flow momentum (“momentum of the jet’’). 
This requires that the velocity should: vary inversely as the distance r from 
the origin, so that 


I 1 
% = — F (8), U% = ~— f (8), (1) 


where F, / are functions of 9 only. The continuity equation runs thus 





1 A(r? 4%) 1 @¢@., 
re Or r smd ras a 
By means of it we find that 
dé 


We introduce the tensor JZ, of the density of the momentum flow accord- 


ing to ren av 
Te, = pox %, — Sige Reh 
ik = Pow t+ OY; Vy (= + =) 





It permits the equation of motion of an incompressible viscous liquid (Navier- 
Stokes equations) to be written in the form 


2 OTe _ 


ps 


0. 
Roi OX, 





IL. Tl. Hangay, 06 oxnom Tow0OM BOBOM pemenum ypaBneuTii naBye-cToxca, Jonsadn Anadenun 
Hayx CCCP, 48, 299 (1944), 

L. Landau, A new exact solution of the Navier-Stokes equations, C. R. Acad. Sci. URSS, 
48, 286 (1944). 
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In spherical co-ordinates the components J7,,, 7, of the tensor of momen- 
tum flow density in the jet vanish identically, as is plain enough from con- 
siderations of symmetry. Let us make the assumption that the components 
Tos and I,, are likewise zero (the justification for it lies in the fact that we 
thereby obtain a solution satisfying all necessary conditions). With the aid 
of the well-known expressions for the components 4v,/¢a, + 3v,/éa;in spherical 
co-ordinates and of the formulae (1-2) one easily realises that the following 
relation connects the components J7,, IZ,, and f7,. of the tensor f7;, in the 
jet: 

Oi 2 
3e (sin? 6 (IZ, ~ se]. 
We have therefore to infer from JZ,, and ITy,, being equal to zero, that IZ,, = 0 
also. Thus, of all of the components of J7;; only ZZ,,, which depends on both 
rand Ljr?, is distinct from zero. This being so, it may easily be seen that the 
equations of motion 25) d17,,/0x, = 0 are satisfied automatically. 

We then write 


1 1 
(Hee _ IT y,5) = = (f? + 2 f coté _ 2vf') = 0, 


Z (+) + coto= + : =0 
ae\} fo dp 
The solution of this equation is 


2y sing 


i Teese 


{where A is constant), and from (2) we now get for # the expression 


A?— 1 
f= 2} i}. (4) 


The distribution of pressure is determined from the equation 


1 eee 

—ih,, = — + —(fF+ tO) = 0. 

5 haar + 2 (f + 2vcot@) = 0 
We obtain 


4ov? (A cos6é —1 
px —A8F (dont = 1) re 


‘The constant A can be connected with the “momentum of the jet” P, 
that is with the full flow of momentum in it. This flow is equal to the integral 
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over the spherical surface 


P = $11, c0s0 dj = 2a {72 T, cosO siné dé. 
0 


The quantity I7,, is equal to 


1 t= 4y2 ( (A? — 1)? A 
oo (A — cos)! A—cosé@’ 


and the computation of the integral gives 





4 A, At+i} 
P=l6xy ealis 3(4— 1) ear ese (8) 


Formulae (1-6) solve the problem. 
The streamlines are determined by the equation dr/v, = rd6/v,; integrating 
it, one obtains 
r sin? 


—————- = t. 
FEET cons (7) 


Let us consider two limiting cases: a weak jet (momentum P small) and 
a strong jet (P large). With P + 0 the constant A tends to infinity; from (6) 
we have 
16x29 

















P= 8 
5 (8) 
For the velocity we obtain in this case 
P siné PP cosé 
= —. (9) 
ave 4xve 
With P > © (strong jet) A tends to one; here (6) gives 
a 822? 
A=1+ a where «= ae Es (10) 
For large angles (@ ~ 1) the velocity is determined by the formula 
t 6/2 2 
jpmeaitg oe eee. (11) 
¢ r 
For small angles (@ ~ «) we have 
4v6 ad 
VU = eee? v, = 89 ——_--— (o xe +B) é (12) 


in accordance with the results obtained by Schlichting (the role of the Rey- 
nolds number is played in this problem by the quantity [1/v]./ Pie). 
orn 13 
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It may be remarked in conclusion that the solution as given here is rigorous 
for a jet supposed to be discharged from a point source. But if the finite 
dimensions of the orifice should be taken into account, the solution obtained 
would present the first term of the expansion in powers of the ratio between 
the dimensions of the orifice and the distance r from it. With this circumstance 
is connected the fact that the total flow of the fluid passing through a closed 
surface around the origin will be found, if calculated by means of the obtained 
solution, to be equal to zero. A total flow different from zero is obtained if 
the next terms of the above-mentioned expansion are taken into account. 


52. ON THE PROBLEM OF TURBULENCE 


AurnovgH the turbulent motion has been extensively discussed in literature 
from different points of view, the very essence of this phenomenon is still 
lacking sufficient clearness. To the author’s opinion, the problem may appear 
in a new light if the process of initiation of turbulence is examined thoroughly. 

In the case of incompressible fiuids the unsteadiness of the laminar motion is 
known to be determined as follows. Upon the principal motion with a velocity 
distribution v,({z. y, z) there is superimposed a small disturbance v, (x, y, 2, t); 
the substitution of v = v).+ v, in the equation of motion of a viscous fluid 
and the neglect of terms of the second order of smaliness lead to a linear 
differential equation for the perturbation v,. Further, v, is sought in the form 


0, = Alt) f(x. y, 2), (L) 
where the time function A(t) may be represented as 
A(t) = const - ei%, (2) 


The problem of determining the possible values of the “frequencies” 2 where 
the boundary conditions of motion are given, is an “Eigenwert”’ problem. 
By solving it one will obtain a spectrum of proper frequencies 2 (which are 
complex values in the general case). This spectrum, generally speaking, con- 
tains separate, isolated, values (‘‘discrete spectrum’’) and also contains fre- 
quencies continuously filling whole intervals of values (“continuous spectrum’). 
It may be supposed that the frequencies of the continuous spectrum correspond 
to such motions v, as are not damped at infinity, while the frequencies of the 
discrete spectrum correspond to motions which are damped at infinity rather 
rapidly (as is the case in many other Eigenwert problems). 

For the problem of steadiness of the principal motion those of the frequen- 
cies Q=w+i1y (w, y are real) are relevant in which the imaginary part is. 
negative (y<0). The presence of such proper frequencies in the spectrum 
indicates the unsteadiness of the principal motion with respect to infinitely 
small perturbations. Such values of 2 are only possible among the frequencies 
of the discrete spectrum. In fact, the principal motion presents at infinity a. 
plane-parallel homogeneous flow (we mean a flow past a body of finite dimen- : 
sions. In so far as a plane-parallel flow is in no case steady, it will be evident. 
that any perturbation that fails to disappear at infinity must necessarily be 
damped in time, or, in other words, correspond to frequencies 2 with y > 0 
Accordingly, only the 2 frequencies of the discrete spectrum can be considered 
below. , 


II. Wanpay, K upodaeme ryp6ynearaocrn, Joxsadu Axadenuu Hayx CCCP, 44, 339 (1944). 
L. Landau, On the problem of turbnlence, C. BR. Acad.. Sct. URSS, 44, 312 (1944). 
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In the case of sufficiently small velocities the principal motion is a steady 
one (inasmuch as a resting fluid is in any case steady). On the other hand, 
with sufficiently large Reynolds numbers the laminar flow past a body is 
unsteady at any rate. In fact, with large Reynolds numbers the motion far 
away from the body is not appreciably different from a plane-parallel fow 
unless in the region of the narrow “track”. Now it follows from Lord Ray- 
leigh’s work that no motion with a two-dimensional velocity distribution of 
such a type is steady, and one may expect that the same is true of the three- 
dimensional track. 

Ti the values of the proper frequencies 2 are taken to be functions cf the 
Reynolds number of the principal motion, then the critical value Re,, is deter- 
mined by the fact that for Re = Re,, the imaginary part of one of the fre- 
quencies {2 will vanish; suppose this frequency to be 2, =a, +iy,. For 
Re > Re,, we have y, > 0; for such Reynolds numbers as are near to the 
critical value Re,,, y, is small in comparison with w,. However, the expression 
{1-2) for the respective function v, (x, y, 2, t) (with 2 = ,) is only true for a 
very brief interval of time, as measured from the instant at which the stationary 
regime is broken. This is owing to the fact that the factor e”' grows rapidly 
with time. As a matter of fact, the modulus |A] of the amplitude of non- 
stationary motion does not increase infinitely, but rather tends to a certain 
limit. With Re near to Re,, (Re is always supposed to be greater than Re,,), 
this limit is yet very small, too, and for determining it one may proceed as 
follows. 

For very small times, when (2) is still applicable, we have 


d|4P 
dt 





= 2y,|Al*. 


In substance this expression is but the first term of a series of powers of A 
and 4*. With the increase of the modulus |A| the subsequent three terms 
- of this series must be taken into account. The next terms are terms of the 
third order. We, however, are interested not in the exact value of the diffe- 
rential quotient d|AJ?/dt, but in its mean value with respect to time, the 
averaging being made over time intervals that are large in comparison with 
the period 2z/m, of the periodic spectrum ei! (as w, > y,, this period is 
smal] compared to the time l/y, during which the modulus [A| changes 
appreciably). But the terms of the third order involve a periodic spectrum, 
and so they are eliminated upon averaging. (Strictly speaking, they do not 
vanish altogether, but yield quantities of order four; these quantities are sup- 
posed to be included into the terms of the fourth order). The terms of the 
fourth order include a term proportional to A?.A*® = |A}*; this term is not 

eliminated by averaging. Thus, up to terms of the fourth order we have 
a|Al? 

dé 





= 2y,/4lP— a | Alt. (3) 


Here « is a positive constant (the case of negative « is considered below). 
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There are no signs of averaging over |.A|? and |A|*, because this operation 
is carried out over such time intervals as are small in comparison with 1/y,.. 
For the same reason in solving this equation we must disregard the bar over 
the derivative in the left hand member. The solution of the equation (3) has 
the form 

1 


a 
—— = — + const -e?", 
|Al? 275 


ie. |A|* tends asymptotically to a limit 
|A nox = 2y for; (4) 


y, is a function of Reynolds’ number; it vanishes with Re = Re,,. Therefore 
for sraall Re — Re, we have y, = const - (Re — Re,,). Substituting this in (4) 
we shall see that 


1A Imax ~V Re — Reg. (5) 


Thus, the unsteadiness of the laminar motion for Re > Re,, leads to the 
appearance of a non-stationary periodic motion. When Re is close to Re,,, 
this motion can be represented as a superposition of a stationary motion 
Vo (2%, ¥, 2) Over a periodic motion v, (x, y, 2, t), having a small but finite ampli- 
tude which varies with Re directly as ./ Re — Re,,. The velocity distribution 
in this motion has therefore the form 


@, = f(x,y z) eo *t* 0, (6) 


where (, is a constant initial phase. When the differences Re — Re, are. 
large, there is no longer any sense in separating the velocities into two parts 
®, and v,. Here we have to deal simply with a veriodic motion of frequency @,.. 
Ei mstead of the time the phase y, = @,t + £, is used as the independent 
variable, the function v(x, y, z, ¢,) may be said to be a periodic function of 
% with a period-2x, but no simple trigonometric function. It can be repre- 
sented as a Fourier series 


w=) A, (2, y, 2) ejne _(7). 


(the summation is carried out over all positive and negative integers 9). 

The essential fact is that only the absolute value of the factor, but not 
its phase are determined by the equation (3). The phase gy, remains in sub- 
stance indefinite and depends upon the initial conditions which are a matter 
of change and may cause f, to take any value. It will be obvious that the 
periodic motion under consideration is not determined uniquely by the given 
stationary boundary conditions of motion; one quantity, the phase, remains 
arbitrary. This motion may be said to have one degree of freedom, whereas 
stationary motiun is completely determined by the given boundary conditions, 
and enjoys not a single degree of freedom. 

As Re is further increased, this periodic motion, too, eventually becomes 
unsteady. The investigation of its unsteadiness should be conducted in a 


manner analogous to that described above. The role of the principal motion is 
now played by the periodic motion v(x, y, 2, #) of frequency w,. Substituting 
v= % + v, with small v, into the equation of motion, we shall again obtain 
for v, & linear equation, but this time the coefficients of this equation are 
not only functions of the co-ordinates, but of time also; with respect to time, 
they are periodic functions with a period 2x/w,. The solution of such an equa- 
tion should be sought in the form v, = IE (2, y, z, t)ei?4 where T(z, y, z, t) 
is a periodical] function of time (with a period 2/w,). Unsteadiness sets in again 
when the frequency 2, = w. + 7 y, turns up whose imaginary part y, is posi- 
tive and the corresponding real part w, determines then the newly appearing 
frequency. 

The result is a quasi-periodic motion characterised by two different periods. 
It involves two arbitrary quantities (phases), ic. has two degrees of freedom. 

In the course of a further increase of the Reynolds number more and more 
new periods appear in succession, and the motion assumes an involved charac- 
ter typical of a developed turbulence. For every value of Re the motion has a 
definite number of degrees of freedom; in the limit as Re tends to infinity, 
the number of degrees of freedom becomes likewise infinitely large. With n 
degrees of freedom the velocity distribution is described by an expression of 
the type a 
v(e,y,2t= ¥ Ay, ..pn (Us Ys Ze inf i” (8) 

Bri Day-ee: Dn 


{summation over all integral numbers p,, 2, ..-, Pn) where the phases are 
y; = at + B;; it contains » arbitrary initial phases 8; The frequencies w, 
being incommensurable, it will be apparent that during a sufficiently long inter- 
val of time the fluid will pass through the states which are as close as we will 
it to a state set beforehand by choosing freely a set of simultaneous values 
for the phases y;. It should, of course, be borne in mind that the states whose 
phases differ only by a multiple of 2x are identical physically. So a turbulent 
motion is to a certain extent a quasi-periodical motion. 

The setting-up of a turbulent regime has a somewhat different character in 
those exceptional cases (the Poiseuille motion and others) where the laminar 
motion remains stable with respect to infinitesimal perturbations, no matter 
how large are the Reynolds numbers. If the latter are sufficiently small, 
no non-stationary motion is possible here at all; a steady non-stationary 
motion bécomes possible only after a certain value of Re is reached, which is 
here in the nature of a critical value. With very large Reynolds numbers, the 
stationary motion may, notoriously, be materialised only if one is careful enough 
in eliminating the perturbations superimposed upon the motion. Contrary to 
this, if Re is close to Re,,, the non-stationary motion is diffcult to materialise. 
It may be thought therefore that the true value.of Re,,, say, in the case of 
Poiseville motion, lies in any case below the value generally adopted at pre- 
sent. As for the properties of the turbulent motion that appears here with 
Re > Re,,, it should, contrary to the preceding case, enjoy from the outset a 
large number of degrees of freedom. 
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Finally, in principle, there is one more possible type of the loss of steadiness 
by the laminar motion; this corresponds to the case where the coefficient 
before |A]* in (3) is positive, so that 

a|A/? 
at 





= 2y|AP +o Al! 


with positive «. If Re is somewhat smaller than Re,,, the term of the second 
order is negative (since y, < 0 for Re < Re,,). But, the term of the fourth 
order being positive, the derivative d|A|*/dt will become positive when the 
amplitude of |A| is sufficiently large. This means that the motion becomes 
steady with respect to sufficiently large perturbations even for Re > Re. 
Thus, this type of unsteadiness is characterised by the fact that for a certain 
value, Re,,, of the Reynolds number the motion becomes unsteady with re- 
spect to infinitesimal disturbances, but even with Re > Re,, there is unsteadi- 
ness in response to perturbations of a finite magnitude. In this case along 
with the above-mentioned critical Reynolds number there should exist another, 
“lower” number which determines the instant of appearance of stable non- 
stationary solutions of the equations of motion. 


53. ON THE HYDRODYNAMICS OF HELIUM II 


A method is developed for solving problems of the hydrodynamical motion of 


helium It by considering it as an incompressible liquid. 


On the basis of a microscopic mechanism of superfluidity suggested by the 
author it was shown in the preceding paper! that a complete system of hydro- 
dynamical equations can be established which describe the movement of 
helium II macroscopically. 

In this hydrodynamics the motion of helium is described simultaneously 
by two velocities—that of the “superfluid” movement v, and that of the “nor- 
mal” movement v,. Superfiuid motion is always potential, ie. 


curl v, = 0. (1} 


‘The density @ of the liquid can be divided into a superfluid component e, and 
a normal component e,; we therefore have for @ and for the current of the 
liquid mass 7 . 
7 4 @= Os + On. J = 99%, + On Un- {2) 


These quantities must satisfy the continuity equation 
co 
—-+divj=0, 3 
= + divi (3) 


The law of conservation of momentum is expressed by the equation 
64, off; 
3 tk 0, { 4) 
ét OX, 


where J7,, is the tensor of the momentum current. In the general case when the 
viscosity of the normal liquid is taken into account the tensor is equal to 


Tig = pbx + On Uh 0 + 9, oO 





. (72) D A aft) A 
fee . uy 2 . bu : bu” (5) 
Oxy Oa; 3 Ox; ax; : 


(summation is extended over indices which occur twice). » and ¢ are two vis- 
cosity coefficients for normal helium IT. Further, if viscosity is neglected, con- 
servation of entropy will be fulfilled and is expressed by the equation 


6(9 8) 
at 
J. Jlanzay, K ranpoxumamuare rexna ll, Kyprar Sncnepumenmasonod uv Teopemuvecnot Pusuxu 


44, 112 (1944). 
L. Landau, On the hydrodynamics of helium II, J. Phys. U.S.S.R. 8, 1 (1944). 
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4 div(o S v,) = 0 (6) 
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(S is the entropy referred to a unit mass of the liquid); eS», is the “entropy 
current”? due exclusively to the normal component of the liquid. Ef the vis- 
cosity is taken into account additional terms must be included in the right-hand 
side of (6); these terms express the increase of entropy resulting from the irre- 
versibility of viscous friction. However, it appears that these terms are of a 
higher order of smallness and may therefore be neglected even when the vis- 
cosity terms are retained in equations (4) and (5). Finally, as was shown in ref. 1, 
the last equation in the complete system of hydrodynamic equations of motion 


takes the form ; 
av, Us Ou (Wp aa %,) os 
oe - gnafo+ 3-20 (7) 


The boundary conditions for these equations consist in the following. First 
of all, obviously the component of the current of mass # normal to the surface 
of any (stationary) solid body must vanish on that surface. Further, one 
zoust keep in mind that in reality the “normal part” of the liquid is an aggre- 
gate of thermal perturbations in the liquid—phonons and rotons (at sufficiently 
low temperatures we may speak of a “phonon” and “‘roton gas’). During 
movement along a rigid surface the phonons and rotons interact with the wall, 
and the normal part of the liquid adheres to it in the same way as any usual 
viscous fluid. In accordance with this the tangential component of the vel- 
ocity v, must vanish on the solid wall. As to the perpendicular component, it 
should be remembered that phonons and rotons can be absorbed by rigid 
bodies and this simply corresponds to heat transfer from the liquid to the body. 
The density of this heat flow is 9ST v, as a unit of mass of the liquid transfers 
the quantity of heat S7 with a velocity v,, (see ref. 1). The component of this 
flow normal to the body’s surface does not necessarily vanish; the boundary 
conditions require only continuity on the surface. Moreover, the temperature 
itself must be continuous. Thus the boundary conditions on the surface of 
a rigid body may be written as follows (choosing the co-ordinate system with 
the x axis along the normal to the surface at the given point): 


OUee + Cntaz = 9, ny = az = 0, 


67 
S7 = — wf ee -P = 7 8 
@ Ung x on Bee sol ( ) 


where x is the coefficient of heat conduction of the solid body. 

As a master of fact, however, down to the lowest temperatures, heat transfer 
in the solid body is extremely slow as compared to heat transfer in helium II, 
and effects due to heat transfer in the body turn out to be very weak. In this 
case x may simple be considered equal to zero and the boundary conditions 
will then take the form 

eq = 0, %, =, (9) 


or, in other words, the usual boundary conditions for ideal and viscous liquids 
are also true for v, and ty. 
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We shall now study the motion of helium IIT when the liquid may be consi- 
dered to be incompressible (as is usually the case). Equations {3~-7) may then 
be simplified. Considering 0,;, g,, S as constants we obtain from (3) and (6) 


div v, = 0, div v, = 0. (10) 
Equation (4) now gives 
Ou, 


av, 
oy ta “+ Q,(U,°V) 2% + Q(t, V)%, = —VeptnVe,, (1) 


°,—— 
and equation (7) retains its original form. 
As the superfluid motion is potential it will be possible to introduce a vel- 
ocity potential ¢, 
v, = grad 9,. 


Inasmuch as divy, = 0, g, must satisfy the usual Laplace equation 
Vig, = 0. (12) 


Inserting ¢, in equations (11) and writing (v,-V) v, = V = we obtain 


é¢ By 


On—— + On (O° V) My + 2; grad Hs + o, grad = —Vp+nV' »,. 


i 


We shall introduce as two auxiliary quantities the pressures of the superfluid 
and normal currents p, and p, according to the equation 


P= Pot Pet Py» (13) 


where pp, is the pressure at infinity and », is defined by the usual formula for 
an ideal liquid 





BQ, Os 
Ps = — @; at cae ale (14) 


The equation of motion for v, then becomes 


he (©, °V)%_ = a9  +—- V2e,.- (15) 

ot Cn Cn 
This equation is of the same form as the usual Navier-Stokes equation for a 
liquid of density 0, and viscosity 7 (and corresponding kinematic viscosity 
nfen)- 

Thus the problem of the motion of incompressible helium II is reduced to 
the solution of two problems of classical hydrodynamics—for an ideal liquid 
and for a viscous liquid. Namely, the velocity distribution for v, is given by 
Laplace’s equation (12) and the boundary conditions for @y,/0” as in the 
usual problem on the potential flow of an ideal liquid. Further, the distribution 
of the velocities v,, is given by the solution of the Navier-Stokes equation (15) 
and by the boundary conditions for velocity v, as in the usual case of flow 
of a viscous liquid. The distribution of the pressure is then determined from (13). 
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Finahty, equation (7) permits us to determine the distribution of the tempe- 
rature. Writing v, = Vy, and integrating we obtain 


2 2 
v 0,(%, — ® é 
Bx TE _ SalOn = Pl sje OE 2s const. (16) 


Variation of temperature and pressure in an incompressible liquid is small and 
the thermodynamic potential @ may therefore be expanded in powers of 
T — To, 2 —~ Ho. With an accuracy to terms of the first order 


O— OG, = —S(T ~ 7) +=. 


Substituting into (16) we get: 


P—Po  % CxlMm-%)* by, 
F(a in ote 0p A oe 
( as 2 x 2 20 " Ch 


s 


Jutroducing », and p, we obtain finally 


On Pn Ps (2, — v,)* - 
oe SO ee 1 
: ate os 2 ue 


It should be emphasized that the quantity n/e, enters equation (15) as the 
kinematic viscosity. Keesom and MacWood? measured the viscosity 7 of heli- 
um II by employing an oscillating disk apparatus. In the calculations the true 
density 9 of helium II was substituted in the formula defining the torque applied 
to the disk due to the force of friction. 

From the preceding it will be clear that the correct value for the density 
to be inserted in this formula is g,. Using the values for ge, obtained in ref. 1 and 
re-evaluating 7 with the aid of Keesom and MacWood’s data we find that in the 
temperature range from 1-5°K up to the transition point, 7 is approximately 
constant and is close to 2 x 10-5 poise. A direct re-evaluation is not possible 
for lower temperatures owing to the fact that the “depth of penetration” 
6 ~ «/n]on @ (w—frequency of the oscillations) which is characteristic of the 
viscosity, due to the small magnitude of 9, is of the same order of magnitude 
as the gap between the disk and the walls of the apparatus; this means that 
the formula derived for a disk rotating in an unlimited mass of liquid is not 
valid in this case. 
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54. ON THE THEORY OF SLOW COMBUSTION 


Puyrsicat theories of slow combustion are usually based on the conception 
that the transfer of heat to the unburned gaseous mixture from the products 
of .combustion, heated owing to the reaction, is a result of simple therma} 
conduction. The thickness of the “combustion layer”’ separating the region 
of the initial mixture from that of the products of combustion is then deter- 
mined completely by thermal] conduction in the gas and by purely chemical pro- 
perties of the given reaction. It is essential that this thickness is independent of 
the characteristic dimensions of the problem (dimensions of bodies in contact 
with the gas as, e.g. the diameter of the tube if combustion occurs in the latter). 

We shall assume the characteristic dimensions of the problem to be large 
in comparison with the thickness of the combustion layer. Then in determining 
the hydrodynamical movement of the gas accompanying the combustion 
process. we may consider the whole transition layer as a surface separating 
the burned and the unburned gas. In the considered “thermal conduction” 
regime of slow combustion the rate of yropagation of the combustion is 
certainly small in comparison with the velocity of sound. 

A necessary condition for the existence of the combustion regime just de- 
scribed is its stability. The analysis of this problem is the purpose of the com- 
putations presented below. 

Let us choose a small portion of the combustion layer (considered as a dis- 
continuity surface), which may be regarded as plane, and consider the motion 
of the gas near it. We shall select a co-ordinate system with respect to which this 
is at rest (the plane of the latter will be taken as the yz plane). The unperturbed 
movement of the gas is stationary and the velocity of the gas is directed nor- 
mally to the discontinuity surface (the positive direction of the x axis is chosen 
80 as to coincide with that cf the motion of the gases). The unperturbed velocity 
of the gas before the discontinuity (unburned gas, x<0) will be denoted by 
%,, that of the gas behind the discontinuity (burned gas, x > 0) by »,: Inas- 
much as v, and v, are small compared with the velocity of sound, we may re- 
gard the gas as incompressible. Suppose now that a small perturbation 2’, 
periodical with respect to time and to the co-ordinate y, is superimposed on the 
unperturbed motion with constant velocities v,, v.. This perturbation may be 
determined from the equation of continuity: 





é 3 € 
O% + — = 0, (1) 
Ox oy 
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and Euler’s equations 


a%, fu Ov, I oP, au, P buy, 1 ie 
ot Ox e@ Ox ot Ox @ oy 

















vand g designating v,, 01, OF V2 0, according to the gas for which the equations 
are written. Differentiating the first equation with respect to x, the second with 
respect to y and adding we obtain 


Bp = Bp 
oe Oe 
ax? ay? 


= 0. (3) 

The boundary conditions to be satisfied on the discentnuity surface are the 
following. Firstly, the tangential velocity must be continuous. Let ¢ (y, t) 
be a small displacement of the discontinuity surface along the x axis during 
the perturbation; d¢jdy will be ite angle of inclination to the y axis. The com-. 
ponent of the gas velocity tangent to the discontinuity surface consist of 
two parts—the projection of the velocity v’ on this surface, which, in first 
approximation, equals simply v, , and the projection of the unperturbed veloc- 
ity », =v, which in the same approximation equals v(d¢/dz). Thus the 
following condition must be fulfilled: 

a a 

Vy + ne = Ugy + ne (4) 
(for a = 0). 

Further, incompressibility of the gas means, in particular, that those changes 
in pressure which arise during motion are so small that the variations in the 
rate of combustion due to them can be neglected. In other words, the velocity 
of propagation of the discontinuity should remain constant during the pertur- 
bation. In our system of co-ordinates this means that variations in the relative 
velocities of the gas and the discontinuity surface must be zero. We obtain, 
therefore, v, — d¢/di= 0 and arrive at the condition (for x = 0) 


U2 = Vb Sas (5) 


Finally, m the same approximation the pressure on both sides of the discon- 
tinuity surface should be identical and this yields the last condition (for x = 0): 


Pi = Pe. (6) 


We shall look for a solution of equations (1-3) in which p’, vj, v, are pro- 
portional to the factor e!##+°!, From (3) we find that in the zone of gas I(x < 0) 


p, = const ety + be 901 
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Writing », and v, in the same form and choosing the coefficients so that 
equations (1-3) be satisfied, we obtain 


Ce = Ael*t + het at My = 74ei*y + kat oh (7) 


pi eee 4e(>+n) ety ther or. 
k - 


Tn gas 2(x > 0), besides the solution in the form const el#v-#2*+°! another 
particular solution of equations (1-3), in which the dependence on y and ¢ is 
determined by the same factor e/*#*+*!, should also be considered. This solution 
can be obtained by putting p’ = 0, then the right-hand sides of equations (2) 
disappear and the remaining homogeneous equations have solutions for which 


vy, and v, are proportional to e'*#**'- 7*_ The reason for this solution being 
considered only for gas 2 consists in the following. Our ultimate purpose is to 
determine the possibility of existence of such values of 2 for which the real 
parts are positive. The existence of such values for 2 would signify the unstabil- 
ity of the basic movement. For such values of 2 the factor e~ )* would indefi- 
nitely increase with increasing |x] if x < 0 and, therefore, this solution must 
be rejected in gas 1. Correspondingly choosing the constant coefficients we 
shali look for the solution for x < 0 in the form 


2 
ae ae ikyut+ Qt—-—-z 
Ue, = Belby-ke*9t 4 Ce ie 


; 12 inysat-£ 
Voy = — {Relty—bet Ot eity + @t- wn, (8) 
kv, ; 


2 


Po = Bes(—-Z)enm? Qe 


tti 
Putting b= Deity tat (0) 


and substituting these expressions m (4-6) we obtain four homogeneous 
equations for the coefficients A, B, C, D. A simple calculation leads to the 
following condition for the consistency of these equations 


N32 (v, + vg) + 2D vv. k + B v, vg (v1 — v2) = 0 (10) 


{in computing it should be remembered that (g, ¥, = Q, %.). Tf v, > v this 
equation will have either two negative real roots or two complex conjugated 
roots with negative real parts. If v, < v, both roots will be real and have 
different signs. Thus for v, > v, we shall always have Re {2} < 0 and the mo- 
tion is stable. However, if v, < v, there will be such values of 2 for which Re {Q} 
> 0, ie. the primary motion will unstable. Since g, v, = go Vs it then follows 
from v, < v, that @, < @,. We thus arrive at the conclusion that the disconti- 
nuity surface under consideration is unstable if 


Q1 > 92- (11) 
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Owing to considerable heating during combustion the density of the com- 
bustion products (9,) is practically always less than that of the initial gas 
mixture (g,), so that condition (11) is practically always iulfilled and the com- 
bustion regime considered will be unstabie. 


Inasmuch as the viscosity of the gas is neglected in the computations, the 
result just obtained will be valid in those cases for which the Reynolds numbers 
&U,/¥,, V/y, are large compared to unity (a is characteristic for the dimensions 
of the system; I/a determines the minimum value of the wave vector k; 7,, 
are the kinematic viscosities of the initial gas mixture and combustion pro- 
ducts, respectively. Thus a stationary regime of slow combustion can exist 
only under such conditions of motion which essentially depend on the viscosity. 
and, consequently, also on the heat conduction at the gases. Generally speak- 
ing, the “combustion layer” cannot in this case be considered thin. Our results 
are thus in conflict with the usual point of view. 


Instability of the ‘discontinuity surface’? should lead to turbulence and 
instead of a narrow transition layer there will be a diffuse combustion zone 
in which the movement of the gas will be turbulent. As usual, turbulence 
will cause an intense convective mixing of the gas. This intermixing causes 
a transfer of heat, the velocity of which considerably exceeds that due to true 
thermal conduction. The propagation of combustion, is therefore, determined 
not by thermal! conduction in the gas, as was assumed above, but by turbulent 
convection processes; one may speak of a ‘“‘convective”’ regime of combustion. 

It would now be incorrect to assert that the velocity of propagation of com- 
bustion and the width of the combustion zone are independent of the charac- 
teristic dimensions of the problem since turbulent motion depends on these 
dimensions in an essential manner. 


Let us examine the burning of a gas in a Jong tube. The burned gas is sepa- 
tated from the unburned gas by a turbulent “combustion zone’’, which eradually 
moves forward in the tube. Let 7 be the order of magnitude of the combustion 
zone thickness and w—the combustion propagation velocity. The dependence 
of J and u on the diameter of the tube d can easily be determined directly from 
dimensional considerations. Inasmuch as thermal conduction and viscosity 
are not important for turbulent motion (assuming the Reynolds numbers to 
be large) the coefficients of viscosity and heat conduction cannot enter 7. 
or u. Further, the purely chemical kinetics of the reaction are characterised 
by a certain quantity of the dimension of time, which determines the velocity 
of the reaction. The only parameter of the dimension of length is the diameter 
of the tube d. From considerations of dimensions it is thus evident that 


L~ d, (12) 


Le. the width of the combustion zone should be proportional to the diameter of 
the tube. The following relation then exists for the combustion velocity 
d 


“= (13) 
Tv 
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where + is the time characteristic for the given reaction. The velocity of pro- 
pagation of the combustion along the tube is thus proportional to the diameter 
of the latter. The following point should be noted. Since uw is now dependent 
on the diameter of the tube, which is an arbitrary quantity, it cannot be as- 
serted that the combustion velocity is always small as compared with the veloc- 
ity of sound c. However it must be remembered that the relations (12) and (13) 
are valid only if u < c. Otherwise the gas could not be considered incompressible 
and there would be no reasons to assume that / and u cannot depend on the 
compressibility of the gas (as it was tacitly assumed above). Moreover, these 
results are true for tubes that are not very narrow, viz. the Reynolds numbers 
Re ~ uwi/y must be sufficiently large. 

For the further investigation of the properties of slow combustion it will 
be more convenient to make use of a graphical representation with the aid of 


Pe 





Fig. 1. 


Hugoniot’s adiabatic curve. The latter, drawn for a definite combustion process 
is shown in Fig. 1 (y,, V, are the pressure and specific volume of the combus- 
tion products: »,, V,—the corresponding quantities for the initial gas mix- 
ture). Only the part AB of the curve which actually correspond to slow com- 
bustion will be of interest to us (the straight line drawn from the point 9,, 
V, to A is parallel to the axis of abscissae and that drawn to point B is tangent 
to the adiabatic curve). Well-known properties of Hugoniot’s adiabatic curve 
easily yield the result that on AB the propagation velocities of the combustion. 
layer (considered as a discontinuity surface) relative to the burned and unburned 
gases, v, and v, respectively, are less than the corresponding velocities of 
“sound c, and ¢, (vy < ¢,, %2 < Cg). 

The combustion velocity can be described by the ‘‘material flow” j = 9, 2, 
= @, v, through the discontinuity surface or, in other words, by the amount 
of matter burned in one second per unit area of the surface. In point 4 the flow 
j and the velocities v,, v, are zero; 7 increases along the direction from 4 to B. 
For a given reaction the material flow 7 depends also on the diameter of the 
tube (to be more definite, Jet us consider the combustion in a tube), increasing 
with increasing diameter, which corresponds to displacement along the adia- 
batic curve from 4 towards B. 
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It can be shown in these conditions no combustion regime will correspond 
to the points on the adiabatic curve lying below point B. The discontinuity 
surface may possess a peculiar type of instability as a result of which sound 
waves will be radiated spontaneously; obviously, no such discontinuity can 
exist in reality. The “number” of various sound waves which could be radiated 
from the discontinuity is mainly limited by purely geometrical circumstances, 
viz. by the relative magnitudes of velocities v,, v,, and the velocities of sound 
Cy, Cg; this relation should be such that the discontinuity could not during 
its motion “overtake” the radiated wave. For v, < ¢,, v, < ¢, (which corre- 
sponds to the section AB on the adiabatic curve) two waves could be radi- 
ated—one of them from the discontinuity towards gas | and the other in the direc- 
tion of gas 2. For v, < c,, v2 > C, (corresponding to the part of the adiabatic 
curve lying below point B) three waves are possible: one moving from the 
discontinuity into gas 1 and two moving in gas 2, one of them towards and the 
other away from the discontinuity surface. Besides its purely geometrical 
possibility, another necessary condition for the radiation to exist in fact is 
that the corresponding boundary conditions on the discontinuity surface itself 
may be satisfied. Computations show that two waves are not sufficient for this 
purpose; three waves are, however, enough to satisfy these boundary conditions. 
Thus the discontinuities corresponding to points lying below point B are un- 
stable and therefore this part of the adiabatic curve does not in general cor- 
respond to any rea! discontinuities whatsoever. 

Point B corresponds to a certain “limiting” regime of slow combustion. 
As to the combustion of gases in tubes with diameters larger than that corre- 
sponding to point B, the only possible stable regime will be detonation. 

The usual equation of the Hugoniot adiabatic curve and the fact that the 
straignt line drawn from p,, v, to point B is tangent to the curve enable one 
to obtain easily an expression for the limiting velocity of propagation of “slow 
combustion”. Calculations which will not be given here yield the following 
result 

yo- i 
V3 





[ve + 9 + Or + Ye) 1 Fi) 


vs 1 
~ JB toe- 09+ O2- ner Tal (14) 





where g is the heat of reaction per unit mass; ¢,—the heat capacity at constant 
volume, y = ¢,/¢,, 7—the temperature. If the heat of reaction is great (¢ > ¢, 7), 
as is usually the case, this formula can be simplified to 
_ Ver NG Ty 
Y= age na. 5 
2(y2 — lg 


The pressure and temperature of the gaseous product of combustion will be 


(15) 


i 2q 


= 9,—_, TT, =————_—_——. 16 
cee 2 : Z2(¥e + 1) ere oy) 
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Let us now discuss the combustion of liquids. Only reactions of spontaneous 
decomposition will be considered, i.e. reactions which take place without the 
interference of a foreign substance as, for instance, of oxygen from air.Combus- 
tion takes place in the layer of saturated vapour over the surface of the liquid. 
Ti the whole combustion zone be considered as a discontinuity surface, separat- 
ing the initial liquid (density 9,) from the gaseous products of combustion 
(density @,), a surface tension coefficient « must be ascribed to this surface, 
which should equal the coefficient of surface tension at the boundary between 
the liquid and its saturated vapour. When investigating the stability of such 
a combustion regime the gravitation should also be considered. 

All the computations for this case are exactly similar to those carried out 
for combustion in gaseous mixtures, except of condition (6) (equality of pres- 
sures) which must be replaced by the condition 


ee 

aye 
Substituting expressions (7-9) into conditions (4), (5) and (17) we again ob- 
tain four equations for the coefficients A, B,C, D . Instead of (10) the condition 


of consistency of these equations will be given by the following quadratic 
equation: 


P,— Pr = — Glee -— Oi) oF — & (17) 


v 
Qo, + V2) + 2QDKYy, vy + Kv, v2 (0, — Vg) — KG(v, — v9) — aa = Q. 


For stability of the motion it is necessary that Re(Q) < 0, ie. the equation 
must have either two negative real roots or two complex-conjugated roots 
with negative real parts. This will be the case if the free term in equation (16) 
is positive: 

Vz % 


o K® 4A — bx, 9 (vg — 04) + g(v2 — 2%) > 0. (18) 
7 
On the other hand, this inequality will be true for any positive k if 


V1 Ug (Vy — Ue)? — ta (0, — UV.) <0. 


Inasmuch as vy > v, (which follows from 7} = 0, ¥, = Q2 Vg since Q, > ee, 
ie. the density of the liquid is greater than that of the vapour) the inequality 
above will be equivalent to the following one 


4, 
0, 090 aa V4) > 0. 


Finally, expressing v, and v, in terms of the material fow 7 (amount of matter 
burned per unit time) we obtain the following inequality for the condition of 
stability of the combustion regime in the liquid 


4a g of 8 
Qi — 2 


jt> & 409 01 @- (19) 
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In this form this inequality is referred to an infinite liquid surface for which 
vibrations of any wave length are possible. For liquids contained in small 
vessels (19) is not a necessary condition for the stability of slow combustion. 
A sufficient condition is that for all & greater than a certain value of the order 
of I/a, where a is the dimension of the vessel, expression (18) could not be 
negative. Accordingly, if condition (19) is not fulfilled a necessary condition 
for stability will be the inequality a < a) where 


ay ~ (20) 


58. ON THE THEORY OF SCATTERING 
OF PROTONS BY PROTONS 


A formula is derived for the scattering of protons by protons without any 
assumption on the actual shape of the potential energy curve between two protons. 
From an analysis of the experimental data it is shown that the system proton-proton 
possesses no stable level. It is shown further, that the conclusion as to the approxi- 
mate equality of the forces between a proton and a proton, on the one hand, and 
between & proton and a neutron, on the other, can be drawn vithout calculations 
with a rectangular well. 


l. InrTRoDtUCTION 


The investigation of the scattering of elementary particles—protons and neu- 
trons—plays an important role in the study of nuclear forces. A large number 
of theoretical papers have been devoted to this question. They are mostly 
based on certain assumptions as to the function U (r) representing the potential 
energy between two particles and depending usually on two parameters (a 
rectangular well or error function). Such assumptions are, however, wholly 
unfounded, and it remains quite unclear, what actually follows from the 
experimental data and is not depending on the arbitrary assumption. 

Bethe and Peierls? * have drawn attention to the fact that in the case of the 
scattering of protons by neutrons use can be made of the circumstance that the 
energies of the scattered particles are small compared with the interaction 
energies, while the corresponding wavelengths are much larger than the range 
of the nuclear forces. The exact knowledge of the shape of the function U (r) is 
therefore immateriai and the infiuence of the nuclear forces can be accounted 
for in this case by a variation of the boundary conditions which must be 
satisfied by the wave function at the origin of the co-ordinates. The effective 
cross section obtained in this way contains 4 certain constant which must be 
determined from experiments. 

The scattering of protons by protons has been investigated much more 
carefully than the scattering of protons by neutrons. The existing theory 
of this scattering is, however, unsatisfactory. 

A number of papers by Breit and his co-workers} are devoted to 2 theoretical 
investigation of this provlem. In ali these papers, however, the calculations 
are based on certain assumptions as to the character of the function U(r). 


Jt. Jlangay u 4. Cuoponnucnnit, Paccesmne nporonor mpoTosamm, Ayprar Oxcnepumenmaso- 
not u Teopemurecnot Dusuxu, 14, 269 (1944). 

L. Landau and J. Smorodinsky, On the theory of scattering of protons by protons, J. Phys. 
USSR. 8, 154 (1944). 

f A review of the theoretical and experimental work on the scattering of protons by protons 
is given in a paper by Breit? where a bibliography on the question is given. 
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The fundamental conclusion about the approximate identity of the specific 
forces acting between a proton and a neutron, on the one hand, and a proton 
and a proton, on the other, is based on the application of rectangular 
wells. 

It can be shown that in reality the main results of these Investigations can - 
be obtained, without these unnecessary assumptions, on the basis of ideas 
similar to those developed in the above mentioned payer by Bethe and Peierls. 
This is quite sufficient for clearmg up a number of questions, in particular 
the comparison of the proton—proton and proton—neutron forces. 

Similar investigations could be adopted for the scattering of deuterons and 
«-particles. But so far the results of such investigations have been rather iruit- 
less owing to the lack of exyerimental data and also to the participation in the 
scattering of higher momenta. 


2, MzerHonp 


The wave function of a proton in a Covlomb ield satisfies the following 
equation (in the system of the centre of iertia) 


2 Zé # 
a 24 = 2. 
( um r \y 2 eh) 


(Z—nuclear charge; in the case of the scattering by proton Z = 1; M—mass 
of a proton #—energy of the scattered protons in the lavoratory’s coordinate 
system). 

If there no are other forces, beside Coulomb ones, equation (2.1) holds through- 
out the whole space, and the function must satisfy the boundary conditions 


y(0) + 0. (2.2) 


If, however near the origin of the co-ordinate system there exists some field 
of forces different from the Coulomb ones, the wave function in this region 
proves to be different from (2.1). Since, however, the potential of these forces 
is unknown the equation for the correct function cannot be written at all. 

If the energy of the scattered particle is much smaller than the interaction 
energy, the solution of this wave equation can be assumed to depend on the 
energy of the protons to a small extent only. 

Instead of solving the equation in the region near the origin of the co-ordinates 
we can assume that the new wave function also satisfies (2.1), the presence 
of nuclear forces being revealed by the fact that the wave funttion must satisfy 
a certain condition different from (2.2). The boundary condition at the origin 
of the co-ordinates will be written down in the form of Bethe and Peierls 


(F) = (2.3) 
t r= 
where f= ry. 


Let us now consider the problem of the scattering of protons by protons 
for the special case ? = 0 (S-scattering). The case 1 > 0 will be discussed below 
(section 5), 
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Introducing instead of p the function 7 = ry we shall re-write equation (2.1) 
in the form. 





h? d?f E Ze 
a” +(G- =) te " oa 
Let us introduce the notations: 
@ = kr, 
Mv 
OR 
1 
qazo: (2.5) 
h? 5-87 x 10-7? 
““GWe ~ G * 
In these notations (2.1) assumes the form 
See (a-2)rao. (2.8) 


This equation is satisfied by Whittaker’s functions* W,,; (2i¢) and Wins 
(— Bio). 

With the help of the linear combination of these functions two solutions 
can be obtained, which at large distances have the form5 


F ~ sin(e — yn 2¢ + 99), (2.7) 

G ~ cos(e — 4 In2e + a). (2.8) 
where 

oo = arg (1 + in). (2.93 


At small distances these functions can be expanded into a series 


; L-in .. (L—in)(2—in) .. 
= Ce-i2 EOF pik Ne 2a, 
F=Ce ef aay le TE {21 9)? + {2.10} 


I 2 Pi P 








C P(-in) 
Lae io)2 § 
sill pagan oe ee BE poe earl ey 
imi (1 + alot P(L—in) é+1 ¢—-in 
Here 
207 : 
CP aa?) Ure 


It should be noted that the complex nature of the expression for F is only 
apparent. If the exponential function is replaced by its expansion and the two 
series are multiplied, the product is found to be real. 
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As can be seen from (2.6) the function F vanishes at the origin of the co- 
ordinates, while the function G, owing to the presence of the term Ing, has a 
singularity at this point. 

In the case of the scattering in a purely Coulomb field the boundary condi- 
tions are satisfied by the function #. In our case, however, after the boundary 
conditions have been altered the behaviour of the function at the origin 
becomes immaterial and the conditions of the problem are satisfied by a linear 
combination of the two solutions. Denoting the constant appearing in this 
new function by cot Ky we get for the solution 


f= Foot Ky, + G. (2.12) 


This choice has been made in order to reduce the difference of the asymptotic 
expression of the wave function from the wave function in the absence of 
nuclear forces to a constant phase Ky only, as is usually done in the theory 
of scattering 


} ~ sin (@ - nin 20 + Go + Ko)- (2.13) 


In equations (2.12) and (2.13) the constant factors (different in both cases), 
which are determined by the normalisation of the wave function and are im- 
material for owr purpose, are dropped. 

In order to find the connection between K, and the constant c let us substitute 
into the boundary condition (2.4) the expression for the function (2.12). This 
condition will be referred not to the origin but to a point lying arbitrarily near 
to zero; but nevertheless at a given finite distance from it (this must be done 
because the function is singular in the origin. 

Limiting ourselves to the first term of the expansion we get: 

i ( , I" {-in) )] 
— =k} C* cot Ky + 2n[ 2y + In 29 + Re ———_ ] J =. 2.14 
j | ee Ronee aes tg) ae 

Ité shouid be remembered that the derivative on the left-hand side is taken 
with respect to r and not with respect to the variable 9 = kr. Since the pro- 
duct £4 = l/a is independent of the energy, the expression in the brackets’ 
contains a number of constant terms. By altering the notations they can be 
included into the constant c. The same can be done with the term In (2r/a)*. 
The constant obtained in this way will be denoted by oy». Thereafter in all 
the remaining terms we can put r = 0. 

After simple transformations we then arrive at the final formula, connecting 
the phase K, with the constant o,,: 


(2.15) 


l/, "(mi 
cot Ky = = (0 = 1) [ten ~ eo = |: 
% 


T(-in) 72% 


+ In the case of scattering of protons by neutrons the corresponding solutions were sin kr 
and coskr. They are both regular in the origin, so that in this case the above operation is super- 
fluous and the boundary condition can be referred directly to the origin. 

+ Which is obtained from In 29 = —In7 + In(2r/e). 
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3. ANALYSIS OF THE HXPERIMENTAL Data 


The scattering of protons were most carefully investigated by Herb, Kerst, 
Parkinson and Plain’ for various energies of the protons in the range between 
$60 and 2392 keV, and also by Heydenburg, Hafstad and Tuve® for protons 
with energies 670, 776 and 867 keV. 

From these data Breit, Thaxton and Hisenbud® have calculated the corre- 
sponding phases. ; 

Ragan, Kanne and Tashek *° have also studied protons with energies of 250 
and 300 keV. The calculation of the phases for this case has been carried ont 
by us. 

As the result of this analysis Breit, Thaxton and Eisenbud have found that 
in the energies investigated only the wave with | = 0+ participates (we mean, 
of course, only the additional scattering due to the presence of the nuclear 
forces, the scattering in the Coulomb field contains waves with all the values of 
the angular momentum). As regards the waves with higher values of the angular 
momentum, the corresponding phases are so small that they can with a great 
accuracy be neglected. When all the phases except X, are neglected the angular 
distribution of the protons in the laboratory system of co-ordinates is described 
by the formula ??: 9 
o= dos °P, (8.1) 


where 


e \? 6 6 6 6 
={——)} Jsin-4— he 27 In tan — } sin-2?— 
P € =) {sin °) + cos 5 cos 7 ln tan =) sin 3 


2 6 6 6 
- =| 0s (ao + 2nlnsin-S) sin” + cos  K + 2nincos-s) cos~? 3| sin Ky 
ae 
+ —sin Kp. (8.2) 
7] 


If vice versa the angular distribution is known, this formula can be used 
for the calculation of K, as has actually been doner. 
The calculated values are given in Table l. 


TaBLe 1. Values of the phase Ky 



































B, keV | 106 298 | 670 | 776 | 860 | sez | 1200 | 1890 | 1830 | 2105 | 2392 
Ky (exp) | 9° | 10° | 24°8’ | a7ea’ | 29°3" | ogee | gseg’ | sgegr | 2a | aeez' | agen! 
cot Ky (60 | 50 [216 | 4-93 11-78 | 1-78 | 1-38 | 1-25 | 1-08 | 096 | 0-90 
cot Ky 138 | 1-25 | 1-03 | 0-98 | 0-90 


1-92 | 1-78 | 1:78 
(theor) a 





{ See also the paper by Creutz}, 
+ The calculations are simplified if tables from refs.9 and 12 are used. Additional values 
for these tables for large energies are given in ref. 13. 
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TaBLE 2. Value of the constant (a/2) app 


E,keV | 249-5 | 298 | 670 | 776 





860 | 867 | 1200 ; 1390 | 1830 | 2105 | 2392 
i ' 







a 
QZ “vp 











38 400 | 416 | 419 | 419 | 434 | 4-45 | 4-61 | 4-73 | 4-85 
| 





Table 1 also contains the values of the function cot Ky appearing in equa- 
tion (2.12). The data in the last line will be discussed later. 

The phases determined in this way can be used for the calculation of the 
constant «. We shall perform this calculation for each value of the energy 
separately. The result of the calculations is given in Table 2. , 

We see that this quantity is in reality not exactly constant but slowly in- 
creases with the energy. 

Such a variation of a,, isnot unexpected. In fact the value of «,, correspond- 
ing to # = 0, is equal to 1-33 x 10% em-? whereas an estimate of the approxi- 


mate value of «,, from the magnitude of the nuclear forces gives a). ~ / MUSh 
where U is the energy of nuclear interaction of the order of 15 MeV, ie. 
tpn ~ 6 x 10% cm™!. Hence it is seen that the values of «,, are abnormally small 
compared with the expected values, which, just as in the case of the interaction 
proton—neutron, corresponds to a sharp resonance. 

On the other hand, we have treated «,, a8 a constant, assuming that in a 
series of powers of the ratio of the energy of the incident particle to the energy 
oi the nuciear interaction one can limit oneself to the first term only. 

In reality this cannot be allowed, since in the neighbourhood of the resonance 
the first term is small and the second term is therefore comparable with the 
first one. 

In fact, all the values obtained for the constant (a/2) x», fit fairly weil on a 
straight lme 


<p = 82 + O4SE (MeV), (3.3) 


where H# denotes the energy of the proton in the laboratory system of co-ordi- 
nates expressed in MeV. 
For the sequel it will be convenient to have also the value of this constant 
in emt: 
Opp = [1:33 + 0-15 H (MeV)] x 1022 em-?. (3.4) 


For checking the calculations it is possible, with the help of the values of a), 
obtained from (3.3), to calculate the corresponding phases. The result of these 
calculations is given in Table 1 in the last line. 

It is quite clear from the aforesaid that from all the experimental data 
existing at the present time only two constants can be determined, two 
coefficients in the expansion (2,3) and (3,4). If a certain form for the poten- 
tial depending exactly on two parameters is chosen a@ prior these parameters 
can, of course, be determined. 
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In reality, however, if such assumptions are not introduced it is impossible 
to draw any quantitative conclusions about the function U(r) from the exist- 
ing experimental data. 

Greater accuracy can only be obtained by the study of the scattering of 
faster protons. It should be taken Into account that with increase of the energy 
the phase XK, {and with a further increase of the energy X,, etc.) becomes im- 
portant, which will lead to the appearance of additional constants. Such inves- 
tigations must, accordingly, be very precise. 

In the second part of this work it will be shown that a similar behaviour 
of the corresponding constants «,, takes place in the case of the scattering 
of protons by neutrons. In the case of a scattering with antiparallel spins this 
constant proves to be 


dyn = [0-45 + 0-10 B (MeV)] x 10! em-?. (3.5) 


From a comparison of (3.4) and (3.5) it can be seen that the second terms 
of these expressions are close to each other. This shows that the nuclear forces 
between a proton and a neutron, on the one hand, and between two protons, 
on. the other, are approximately of the same magnitude. This is not contra- 
dicted by the fact that the first terms of (3.4) and (3.5) differ from each other. 
We have seen that these terms are abnormally smail, therefore it would be 
of some value to compare, not their absolute values, but the differences bet- 
ween them and their normal values, which have been shown to be of the order 
6 x 10-2 em-). A detailed discussion of these equations will be given in the 
next paper. 


4. On THE Existence oF a StaBLte Leven or Dr-rrotron 


On the basis of the data obtained the question of the existence of a stable 
level in the system consisting of two protons is clarified. This problem must be 
formulated in the following way. 

The existence of such a level means that there exists a state with a wave 
function corresponding to a certain negative value of the energy which decays 
exponentially at an infinite distance. The corresponding energy is then the 
binding energy of this state. It is possible that such a solution does not exist. 
It does not mean, however, that in this case resonance phenomena cannot 
take place. Resonance can be present in the absence of a real level as, for exam- 
ple, in the case of the scattering of protons by neutrons with anti-parallel spins. 
The resonance corresponds here to the fact that already small variations 
of the parameters of the system can lead to the appearance of a real level 
{to the change of the sign of the constant «,, and to a somewhat more compli- 
cated condition for the constant a,,). 

The solution of the wave equation, corresponding to a negative value of 
the energy # = —«, can be obtained from the solution written down by us 
for a positive energy (2.10) and (2.11), if one puts & = ix (in order to have 
k? < 0). The asymptotic expansions for the functions obtained in this way 
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will be: 
f~sin(ixr+--), (4.1) 


G ~ cosizr + ---). (4.2) 


In order to obtain a function which behaves at infinity as an exponential 
one, it is obvious to use the linear combination 


if +G~ exp(—xr¢+--). (4.3) 


For the sake of simplification of the calculations attention must be drawn 
to the fact that (4.3) is obtained from the corresponding function, used by 
us in the problem of the scattering, cot K,: F + G by a formal replacement 


cotKy—+i, k—7aix. (4.4) 


Further we must satisfy the same boundary conditions as in the problem 
of the scattering, since they were derived by us under the assumption that it 
depends but slightly on the energy. 

Since all these operations coincide with those carried out by us in the prob- 
lem of the scattering, the final result can be obtained from (2.15) by the re- 
placement of (4.4) . We thus get the equation for the determination of xf: 


ix % M(-2) I(x) ]_ a@ 
o(z) = = Swe Inaw + i> re f= + Fel = "g “rr (4.5) 
For the sake of brevity the notation 
1 
= 6 
ase (4.6) 


is here introduced. The question of the character of the level is obviously 
solved by the sign of the root of equation (4.5). If it proves to be positive, 
then, as can be seen from (4.3), the solution at infinity must decay and, accord- 
ing to the aforesaid, this value of « would correspond to a real level. In reality, 
however, this equation cannot have positive roots, which proves the absence 
of a real level in the case of a diproton. 

Let us now prove this assertion. 

It can easily be shown that 


iz ix x in 1 ad, 1 
Qe Se ee ae u(e sina 2) + ——. (4.7) 


Let us use further the well-known relations 


P (2) P(-2) = -= (4.8) 


P'(-in) 
E(—in) ° 
which is equal to the eRe bee on real 7 only. For imaginary the » latter expression 


= 





Ie Let us note that the expression. Re; y replaces in the old formulae the sum > 1pecin 
I" (in) 
Tin) 


must be used. 
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Then 
1d rq) I (-2) 
-= = é 4. 
re In(zsinz 2) = 173 Ciena c jnce| (4.9) 
Substituting in (4.5) we get finally: 
@)=- mets + y@) fan, (4.10) 


where y(x) is the logarithmic derivative of the I-function. 

It can easily be seen that the left part of (4.10) for all positive values of a: 
is negative. 

In fact, for large values of « we get: 


: 4.11 
y (e) ~ ing - Sa {4.11} 
hence 
flo) = 0. (4.12) 
For small z, y(x) behaves as —1/x which can be seen from 
1 
y(e)=yl(et1)—- z (4.13) 
Therefore 
¢ (0) = — oa. (4.14) 


Tt can be shown (for instance, graphically) that ¢(x) is a monotonic function. 
Therefore 
f(z) < 0 forz>0. (4.15) 


Noting that the right-hand side (4.10) contains a positive quantity we see that 
this equation cannot hold for any positive z, as was to be provedy. 
The inequality (4.15) can be proved more strictly in the following way. 
In the theory of F-tunctions (ref. 4 (12,32)) the relation is derived 
oe 


P(e) | l f tdt 
¥@=s ay ess"? | aero (4,16) 


Substituting this expression in (4.10) we get 
foo] 


édt 
=—2 ee ae aa 17 
(en = 2 [ery en 
0 
Hence the inequality (4.15) is obtamed. 


tT Jt can easily be seen that, owing to the fact that ap, depends but slightly on the energy, our 
conclusion is not altered if for app the expression (3.3) with H/2 = —e« is taken. 
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5. Case l>0 


Ail the aforesaid referred to the problem of the scattering of protons by 
protons with a momentum 1 = 0 (S-scattering). 

In the case of the scattering of heavier particles, states with angular momenta 
different from zero may also come into play. We shall therefore derive a formula 
similar to (3.12), which holds for any 7}. 

In the case 1+ 0 the term i(/ + 1)/r* is added to the wave equation for the 
function j, = y 7. In the notation of section 3 this equation has the form: 


a®f, q  Ul+i) | 
aed ee a : 
dr® ¥ ( r r 9: Ph) 
This equation is satisiied by the functions 

Wini+s (210) and W_ini+s(—2ig). 


As before we can take linear combinations, having at infinity the following 
form: 





6 | 
Fy~ sin(e ~~ lng +a), {5.2} 
ba 
G, ~ cos eK me tg , (3:8) 
where o,= arg (1+ 1—in). (5.4) 


At small distances these functions can be expanded into a series 











b+il-—iy ,.. 
~ie +1 
Ff, = Ce eo pe et ie 
(i+ 1—in)(}+ 2-—in) (210)? (5.5) 
(2 + 1)(27 + 3) 2! : ™ 
I 
yt ~1@ ..0 
ay C, 141) Ql + 1) Ree v3) 
fy bein Pie | (+in)--(-—L+1+in) io)” 
21 1! (21)! (21)! 
eto 2t+1 b $ L’{—in) 
————_| In? Qy — “1 ———— + Re-——_——- | F 
ae A ORV Eee Fan 
e277 (22+ 1) (1+ 1+ 8 — in) (210) 


a wie | gts 
Es, ~O,Ree y Qt+1l+sjlstPl+1—i7) 


i J 
«5(F+ +i+t -oeay) a 


+ The functions required for this case are also given in the paper by Jost, Wheeler and Breit’. 
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where 31 
OF = at tC - P  PoeT) 
+ [@l+ DIP a 1 
As before, we shall consider the expression }'//. In the present case this ex- 
pression is infinite at the origin of the co-ordinates. One must, therefore, equate 
to a constant not f'/f, but the expression (7 f)’/7f which does not alter our. 
argument in other respects , 
ye , 
rp =. {5.8} 


i 

vf 
It can easily be seen that the last term vanishes for r = 0, since it has no sin- 
gularities for any values of 7. This clearly follows from the fact that since. 


Put lte—in)=(l+l~in)(l+2-in)G+s—in)P(l+1—in) 


the terms in the second sum containing 7 in the denominator necessarily 
cancel with one of the summands of the first sum. 

Including all the terms independent of 7 (including In r) in the constant ¢ 
and then again putting ry = 0 we get, after simple transformations, the final 
formula, representing a generalisation of (2.15) for the case of any 1: 





; 1 Pr-i z i 
cot ao Gai) ngs Ree gp 
z Fig ete a 4B) 
pz v 
(5.9) 


6. ScatrTERING oF LIGHT NUCLEI 


An attempt might also be made to make an analysis similar to that of the 
scattering of protons by protons for the case of scattering of light nuclei. 

The method of investigation remains the same as before. The data referring 
to the angular stribution must be used for the calculation of the phases K;, 
states with different values of the total momentum J being characterized by 
their own phase K,;. Thereafter the corresponding constant (or the function 
of #) can be calculated. 

We thus exciude the influence of the Coulomb field and reduce the problem 
to the determination of the magnitude of a,;. 

‘Since, however, the data on the angular distribution are much less complete © 
and, on the other hand, the number of constants is larger (because of the parti-. 
cipation of the P-state in the scattering, and also owing to a large spin in the 
case of the scattering of deuterons), we were not able to obtain such results as 
in the first case. We shall therefore briefly communicate the conclusions which 
could be drawn. 


ASe Bee 


A. Scatiering of Protons by De 


The experimental investigation of this case was ae out by Tuve, Hey-. 
denburg and Hafstad}4 for protons with an energy 0-83 MeV. As has been noted, 
however!’, their data, especially for large angles, were apparently erroneous, 
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for they obtained for the ratio of the scattering cross section to the Rutherford 
one—2275 (for a scattering angle of 126° in the laboratory system). Such a 
magnitude could not possibly have been cbtained with the assumption that 
only the first few angular momenta participate in the scattering. 

The scattering of protons with energies between 200 and 300 keV has been 
investigated by Taschek!®. Assuming, to begin with, a purely S-scattering 
a description might be attempted by means of two constants (corresponding 
to the total spin of the system 4 and 3). This is, however, insufficient. On the 
other hand, taking into account ‘the P-state we introduce five more constants 
{according to the number of different values, which can be assumed by the 
quantum sum of three vectors i= 1, s, = 1 and s, = 3). The existing data 
do not enable one, however, to determine all the seven constants. It is not 
excluded that in the scattering only waves with a zero angular momentum 
take part and that the determination of the phases is hindered by the insufficient. 
accuracy of the experiments. 


B. Scattering of Neutrons and Protons by «-puarticles 


Staub and Tate!’ have investigated the scattering of neutrons with energies 
in the neighbourhood of 1 MeV by «-particles, measuring the total number of 
the recoil «-particles in a solid angle + 12°. Analysing their data they arrived 


at the conclusion that the P-state participates in the scattering, the system 
possessing two closely lying levels Py. and P3,. with a small energy difference 
{0-3 MeV). 


On the other hand, Wheeler and Barshall!® have shown that for neutrons 
with an energy 2:5 MeV the phases corresponding to the waves P,. and Py. 
differ approximately by 60°. 

Similar results have been obtained by us for the scattering of protons by 
«-particles, according to the data of Heydenburg and Ramsey’. 

It turned out that in this case for the description of the scattering it is neces- 
sary to take into account three states: Sy, Py. and Ps, the phases of the latter 
differing strongly with respect to their magnitude. 

These data show that the conclusion of Staub and Tatel that a narrow doublet 
exists is wrong and is connected with their overestimate of the accuracy of 
their own calculations. The existence of such a narrow doublet is even quite 
unexpected, if one takes into account the fact that the’spin orbit intezaction 
in the case of nuclear particles is not small (this follows from the presence of 
a relatively large quadrupole moment of the deuteron). 

it must be noted here that Bloch’s formula which has been used by Staub 
and Tatel is correct for a small range of the energy only, since its derivation 
was based on the incorrect assumption that the width of the neutron level does 
not depend on the exergy. 

After obtaining the 7" ses Ko, Ky. and Ks). as functions of the energy, the 
“Taz oy-phases can be obtained according to the for- 







The: calculation has shown, however, that the points do not follow, in this 
case, & smooth curve, which is connected with the fact that the measurements 
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were carried out for wide energy intervals (through 0-5 MeV). At the same time, 
the larger the charge and the mass of the nucleus, the smaller must be the 
energy intervals taken, since with increase of the number of particles in the 
compound nucleus the number and density of the levels are also increased. 


CHAD Rwy 
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56. ON THE ENERGY LOSS OF FAST PARTICLES 
BY IONISATION 


The energy distribution function has been determined for fast particles which have 
traversed a layer of matter of a given thickness and lost energy in the latter es a 
result of ionisation collisions. 


Ir a fast particle traverses a layer of matter its energy on exit will be Jess than 
the initial value due to ionisation losses. For a given thickness of the layer this 
energy loss is not constant, the probability of considerable fluctuations being 
quite appreciable. 

By fast particles we mean here particles (electrons, mesotrons, etc.) which 
possess sufficiently large energies so that the usual ionisation theory may be 
apphed. The layer of matter is considered not to be very thick so that the mean 
total energy loss is small compared with the initial energy Zy. 

The unknown distribution function will be denoted by f(x, 4); this is the 
probability that a particle of a given initiai energy #, on traversing a layer x 
will lose an amount of energy lying between 4 and 4 + dd (the function f 


is normalised so that J fdadA = 1). We shall write the kinetic equation which 


defines this function.. Let w(#, «) be the probability (per unit length of the 

path) of an energy loss « for a particle of energy #. As the ionisation losses 

are considered to be smali compared with H,, instead of H we may write Ey 

in w(Z, ¢); we shall write w(Z), ¢) simply as w(e). As usual the kinetic equation 

can be obtained by equating the change of the distribution function (djjda)dz . 
on a length dz to the “collision integral” which expresses the difference in 

the number of particles which acquire, due to ionisation losses along dz, 

@ given. energy #, and the number of particles, which leave the given energy 

interval. We then obtain the following equation: 


ao 


= = | wle) f@, 4 — 2) — fw, A) de. (2) 


af 
Cx 


(1) 


For the upper limit of integration we may write 0 as f(z, 4) = Ofor 4 < 0 
and w(e) = Ofor e > Hy. Equation (1) does not contain explicitly the indepen- 
dent variables « and 4. This permits us to find the solution by applying the 
Laplace transformation. Carrying out this transformation with respect to the 


L. Landau, On the energy loss of fast particles by ionisation, J. Phys. USSR. 8, 
201 (1944). 
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independent variable 4 we write 





o(p, x) = [ f(A)er* a. (2) 
0 
. Then {(4) can be expressed in terms of ¢(p) as follows: 
tiwotre 
1 
f(x, A) = Do) " | e?4 9 (Pp; x) dy, (3) 
Qi 
-io toe 


where the integration is carried out over a straight line parallel to the imagi- 
nary axis and shifted to the right of the latter (co > 0). 

_ Multiplying both sides of the equation (1) bye~?4 and integrating with respect 
to dd we easily obtain 


son) = — 9p, 2) | wi ~e?\de (4). 
0 


For « = 0, ie. on the incidence surface, we must have /(0, 4) = 6(4), which 
means that on this surface there is a single particle of energy H = Z,. We then 
find from (2) that for z = 0, p{p) = 1. Integrating equation (4), with this initial 
condition we get 


~ 
y (p, 2) exp |-* j w(e) (1 — ernie] 

0 
Inserting this in (3) we obtain the following general expression for the distri- 
bution function f in terms of the probability w(s) 


-inte 


1 3 ' 
f(z, 4) = = Cm asada ap. (5} 
t+iote 


In principle formula (5) is the solution of our problem in the general case. In 
order to be able to apply it, the function w({e) must be known; generally speak- 
ing, the form of this function has been determined only for energies which are 
large compared with the energy of the atomic electrons. It can be shown, how- 
ever, that in case the energy losses are not too small a complete knowledge of the 
function w{e) is not necessary. The condition of applicability (see equation (20)) 
of the corresponding formulae will be deduced below. 

In order to evaluate the integral in the exponent of the integrand we shall 
proceed as follows. Let e, be a certain characteristic atomic energy (of the 
order of the mean binding energy of the atomic electrons). Further, let ena, be 
the maximum energy which can be transferred to an electron by the particle 
during ionisation. We assume that in integra! (5) only those values of p are 
important for which 

P& <1, PEwax > 1. (6) 
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The limitations which this assumption imposes on the region of applicability 
of the results will be examined below. We now introduce a certain energy 
such that 2, > e, and pe < 1; this can always be done due to (6). We shall 
split the integral over d ¢ into two integrals with limits from 0 to «, and ¢ 
to 00, respectively. In the first of them we may (due to pe, < 1) write e-?* & 
l-—pe. Thus 


xo & o 
Jowa -e*\de= p { ew {e)de + f wea —e*)de. (7) 
0 9 4 
For & < & < Emax the following well known formula holds (see, for instance 
ref. 1): QnNeeyZ 1 
We) ay do 2 


(m—mass of electron, e—charge of electron coinciding with that of the incident 
particle; ~—velocity of the particle with the energy #); V is Avogadro’s num- 
-ber, e—density of the substance; 5’ Z—sum of the atomic numbers in the 
molecule of the substance; 5) A—sum of the atomic weights). In particular, 
it can be seen that for pe > I the second integral in (7) rapidly converges 
so that these intervals of energy are not important. As pe,,, > 1 it follows 
that for this integral expression (8) may be applied over the complete region 
of integration. s 

As is well known! for the integral Je ede, ie. for the energy lost by 


a particle (per unit path) and aresezea: over the interval from 0 to ¢,, the follow- 
ing forraula holds 


ey 


22 N et Z 
[weds pt SO 5 
meyA e 
9 
(-5)F : (9) 
ey ae ae 
2m v*® c 


where J is a certain ionisation potential of the atom, the value of which is 
usually accepted to equal J = 1,Z where I, = 13-5eV. 
Substituting (8) in the second term of the right-hand side of (7) we obtain 
an integral of the form 
I — e-#§ ~ps 
[so ae-a- 279 +0f* de. 
: é 


&y 





& a 
Remembering that ¢, p <1 and introducing z = pe as the integration vari- 
able, we write: 








1 
1 vy eres Pen? de e7*-] rene 
re — de = 1+ dz=zk+ f|—+ —dz+ | —dz. 
Fs 2 2 z 2 
QD. ap 0 


14* 
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The sum of two latter integrals in the right-hand side of the equality, as 
is well known, is —C where C = 0-577... is Euler’s constant (see, for instance 
ref. 2). Thus 


oa 


l—e-?* 
[=e = pi —C —inpe,). 


a 


Substituting this expression in equations (9) and (7) we obtain: 


x | w(e)(-e-?*)de = Sp(1-C —Inpe'), (40) 
0 
where instead of the co-ordinate « we have introduced the quantity 
2QxNetoy Z 
= § ——————.. i] 
oo mey A (2) 


Finally, inserting (10) in (5) and introducing a new integration variable u = & p 
we obtain the following integral representation of the distribution function: 





1 4 praca 
f(z, 4) = z¢(4), (12) 
where 
sinte 
¢ (A) as : i etinutsy day, (13) 
271 a 

a- e(ine + i- c) 

t= —_~—___“. (14) 


> 


Thus the function of two variables {(4, x) turns out to equal the product 
of 1/€ by a universal function ¢(A) of a non-dimensional variable 4. This func- 
tion was computed by the Calculation Bureau of the Mathematical Institute 
of the Academy of Sciences of the U.S.S.R., to whom the author acknowledges 
his gratitude. The function y(4) has a maximum at A = ~ 0-05. Thus the most 
probable value of the energy loss is given by the expression 


Ay = e(in = + oat), (15) 
€ 
which is more precise than the usual formula for this quantity. 


Let us introduce the notation 


_ 2xVeteyZ fe 1-54 x 10° ny Z 


mey A 4 ‘ (16) 
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where yg is the mass of the layer of matter per cm? of its surface and. 7 is 
measured in electron volts. Then & = m/(v/c)? and we have 














3 x 10° 2 
y, epee ees  O ee), (17) 
ag e ce 
eyl0-3) | 
¢ , oC Z| 
The probability of an energy loss lying between 4 and 4+ d4 is 
A-4 {4-4 
jie aad = o(=+**)a(=5**), (28) 
é é 
Fra. 1. 
and the integral probability for an energy loss exceeding 4 is 
4-A 
He, 5) ad = yf 52], (19) 


v 
4 
where gp and y are two universal functions which are shown in Figs. 1 and 2. 

To the left of the maximum of Fig. 1 (# < Hp, i.e. the energy loss is less 
than the most probable) the curve decreases very rapidiy; to the right of the 
maximum (# > H#,) the curve decreases at a considerably slower rate. 

Tt can be seen from Fig. 2 that the median of the probability distribution 
(i.e. the vertical line which divides the area of this curve into two equal parts) 
lies approximately by one unit to the right of the axis of ordinates. 

Let us determine what limitations on the region of applicability of the ob- 
tained results are imposed by the assumptions (6) made above. Evidently, in. 
integral (13) the region uw ~ 1 of the integration variable is significant. As 
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u=&» assumption (6) reduces to the conditions 
E>e, (20) 
& < Emax: (22) 


The first condition means that the observed energies must be sufficiently large 
in comparison with the atomic energies. This is the main limitation of appli- 
cability of the results obtained here. If the fast particle is an electron or posi- 
tron then én,, = Hy; condition (21) & < #, is at any rate fulfilled as at the very 
start it was assumed that the total energy loss of the particle is small compared. 
to Hy. However, if the mass of the fast particle is large in comparison with the 





ae 2. 


mass of the electron (mesotrons, protons), ens, may be considerably less than 
#, and then relation (21) may limit the validity of the formulae. It is easy to 
show that in this case the condition 


Gl) 
2 
Mm v > \e 


2 
fens ee 
C C 


maust be fulfilled. It should be mentioned that if large fluctuations, Le. Jarge 
values of (4 — A,)/e interest us then instead of (22) we must write 


2m v 


as can be shown in an elementary way. 
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The opposite limiting case to (22) can also easily be examined with aid of 
(5); as has repeatedly been shown it leads to a gaussian distribution of the 
fluctuations. 

We shall now derive the asymptotic formula for the function (A) at large 
values of 4. We shall first consider negative A of large absolute values. We use 
the “saddle point method” to compute integral (13). The exponent ulnu — [Alu 
in the integrand of (13) is minimum at w = el"l-1, Let us use this value as the 
quantity o, which defines the line of integration. Writing w = eHl-1+ if we 
reduce the integral over du to an integral of df from — © to + , in this 
integral only small values of ¢ of importance. Correspondingly, expanding 
the expression in the exponent into a series in powers of 2, we obtain 


or, finally 





ol) = : exp aS — ell- : (23) 
al 27 2 ; ; 
which shows that y(A) very rapidly decreases with increasing |A]. 

For large positive 4 it is convenient to take the integral long the contour 
shown in Fig. 3. Then after simple transformations it takes the form 
ae 


1 
el) = — | e~ MAU MU sin radu. (24) 
6 


Fie. 3. 
oO 
For large 4 this integral tends to 1//? and correspondingly { g(A) dA tends 


A 
to 1/4. It will easily be seen that this means that the probability of such a fluc-. 
tuation corresponds chiefly to the production of a single particle of the energy 
4 — Ay. In order to obtain a more precise formula we introduce instead of A 
the quantity w which is related to A by the equation 

A=o+bo+A4, 


where the value of the constant 4A is chosen below. Evidentiy, 
co) a oO 


sin zu sinne 
fea ada eh fem au pat jesmneeaiees du 
a 0 


aU AU 
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or denoting wu by U: 


x OU 
° l - Uaat i oa 
- § —~—(n7 + 4) 
Ajdi=—le @, ———_ dU 
|e ee 1 Tie 
Zz 0 


This integral can be expanded in a series of powers of I/w. Then 


(3 


1 1 : 
[ pag = - fee uane + Ayan e... 
J Oo oF 
4 0 
The second term vanishes if A = C— 1. Hence the following parametric 
relation exists between y and (4 — 4,)/é with an accuracy involving terms of 


the order 1/w? 


4-4 1 
f= mt+mo—-037, y=—, (25) 
$ 2) 


and 
1 


o(eo +1) ee) 


P= 


These formulae are valid already for (4 — 4))/é = 10 with an accuracy of 
‘several per cent. 
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57. ON A STUDY OF THE DETONATION OF 
CONDENSED EXPLOSIVES 


Tee modern hydrodynamic theory of the detonation of condensed explosives 
developed by Becker and Schmidt? is based on the application to the detona- 
tion products of the following equation of state: 


pive—a)= RT (1) 


where P is the pressure, v is the volume, 7 is the temperature, and « is the 
co-volume, representing the incompressible part of the detonation products. 

Application of this equation leads to numerous discrepancies, since for a 
number of explosives it is found that « 2 v; where »; is the initial volume of 
the explosive. Various hypotheses on a decrease in « with a rise in pressure, 
though confirmed by the experimental data of Bridgman* and Schmidt‘, are 
nevertheless insufficient to determine with accuracy the function « = «({p), 
and hence do not remove the above discrepancies. 

Inasmuch as the density of an explosive after it has decomposed is suffi- 
iently high, it is in general rather futile to use any equation of state for a 
gas, but it is more expedient to compare the decomposition products with some 
liguid whose particles are in a state of oscillation, thus conditioning the nature 
of the course of the process of expansion of these products, and only when 
the detonation products expand to a definite volume v,, when v > %, is it 
possible to make use of the equation of state for an ideal gas 


po= RP. (2) 


It is most expedient to build up such elements of the theory of detonation 
that are based on experimental data determined with a great accuracy, and 
satisfy ail that bas been said above. For a number of local action explosives it 
is found possible to determine the dependence of the detonation velocity D 
upon the density of the explosive 6, over a wide range of values of the latter 
(from 0-5 to 1-8). This dependence is shown on the accompanying graph and 
may be approximated by the simple formula 


D=Bé&. @) 
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Making use of the fundamental equations of the hydrodynamic theory of 
detonation 





+ 
£=Q+2 Pe (vp — v), (4) 
op 
P—- P= — Ze o — *) (5) 
cp 
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Fre.l. 1—ten; 2—tetyl; 3—picric acid; 4—trinitrotoluene. 


where # is the energy at the front of the detonation wave and Q is the heat 
of reaction, it may be shown that the followimg expression is true: 





v op 
dinD _ 2v-% | ° ar (7) 
a SS —————“—~=—_____— 4 
Alny  2(v—%) 2(204 teefa aa 
Since v7 = 1/6), we get from equation (3) 
adlnD 8 
d Inv, aes (7a) 


| “According to our hypothesis in which we assume that the free energy of the 
detonation products # depends upon the vibration frequency of their molecules, 
we may write: aaSon 


~ ? 
ov 





STUDY OF DETONATION OF CONDENSED EXPLOSIVES 427 


where , is that part of the pressure whichis independent of the temperature, 
Eis the number of degrees of freedom for the molecules moving as a whole, 
kis the Boltzmann constant, and w is the frequency of vibrations. Since w * ¢/r, 
where c is the velocity of sound in the medium considered and r is the dis- 
tance between the molecules, then inasmuch as c is a power function of the 
volume (which will become clear from what follows) and r ~ v8, the equation 
of state may be written in the following form: 


AT 
part (9) 


where 9 is the part of the pressure independent of the temperature, and A is 
a certain coefficient depending upon the number of degrees of freedom. It 
follows from (9) that Op/8T = A/v, and hence (7) may be rewritten in the 
form 

2e— U6 Vo 


—¢ = —— _ +. ——_____—___-_, (7b} 
Me — > é 
vats 2 2» +(v—- va) | 


whence it follows that v * vy). And upon assuming on the basis of equation (9) 
that in the region considered 


pv" = const (10). 
instead of the analogous equation for an ideal gas 
pv’ = const, (10a) 
1-2” 


this will signify that c + v 2 ..The value of , as will be shown, may be 
determined from (7b). Indeed, on the basis of the classical theory of detonation. 
and making use of equation (10) we may write 








” 
: y= n+l %o> (11) 
P= Du, (lla): 
D 
SS , 1b) 
ares | (11b} 
n 
= D llc), 
oar {11c) 


where »,; is the pressure at the front of the detonation wave, c; is the velocity 
of sound, and w,; is the velocity of the medium behind the detonation wave 
front; whence it follows that 

n—-1 n+1 


a= ~— = (7e} 


Ors Ly ‘ 
2] 2n——1 
A 





d4a* 


428 COLLECTED PAPERS OF L. D. LANDAU 


inasmuch as c, and A depend upon the number of degrees of freedom, i.e. 
we may write: 
c= 12, A= dn — 3, for diatomic molecules; 
te 18, A = 6n — 3, a simple system for triatomic molecules; 
12, A= 5n — 3, a linear system for triatomic molecules. 

Thus, it is evident that by employing the method of successive approxi- 
mations we may determine the value of n from equation (7c) as well. Now 
it becomes possible to determine the co-ordinates of the point where equation 
{10) is conjugate to equation (10a). 

With this aim in view let us determine the work of expansion w of the 
detonation products when the volume changes from »; to v,: 


aU; Dz v; Us 
si Pe ag PE (12) 


I tt 


_ Making use of equations (11), (11a), (11b), (Ile} and disregarding the 
quantity », v,/(n — 1) which is smali in comparison with p, %/(y ~ 1), as well 
as the change in ¢, with T, we get 


Pav Q- ee, (12a) 
yi 22-1) 
or, denoting Q i 2(n® — 1) by AQ 
e, T, = AQ. (12b) 


The most interesting parameters computed for several explosives are: 
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7000 | 1-60 
7600 | 1-63} 0-76] 3-1 
7100 | 1-63 | 0-76 | 3-32 
8400 | 1-69] 0-80] 2-2 


1680 } 5320 12-10 190000 |320] 2150} 0-52] 1580 
1850 | 5750 | 2-15] 230000 |350)2000 | 0-46} 1540 
1730 | 5370 | 2-15} 210000 [300]2360 | 0-49} 1530 
2000 | 6400 | 2-28 | 275000 |490/ 2900] 0-52] 1940 


Nitrotoluene 950 
Tetryl 1150 
‘Pierie acid 1000 
Ten 3400 








For local action explosives it is quite allowable to use an approximate 
value of n = 3, which greatly simplifies ail the calculations without any great 
‘sacrifice in accuracy. 
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58. THE DETERMINATION OF THE FLOW 
VELOCITY OF THE DETONATION PRODUCTS 
OF SOME GASEOUS MIXTURES 


THE distribution of the detonation products of gaseous mixtures for a one- 
dimensional case may be directly obtained from the Riemann solution of the 
fundamental equations of hydrodynamics. This solution is based upon the 
assumption that'u = /(v), where'v is the specific volume, and w is the velocity 
of the particles. 

It follows then that pis 
du=+J/-—dpdy, (1) 
where p is the pressure. 

Integrating this expression, we get for a perfect gas: 


2 
U = Uininiay + yol [Cinitia’ cs c} ’ (2) 
where Usnition is the velocity of the medium behind the detonation-wave front, 


Sinitian 18 the initial, and c the local velocity of sound, y = Gy[Oy: 
Since 


D 
Vinitial = pel ? (3) 
yD 
Cinitial = yeh 3 (3 a) 


where D is the detonation velocity, we may write 


38y—]1 2¢ 
op 


(4) 








= * 
yr -1 y—l 


When the gases flow into a vacuum, ¢ = 0; when they flow into the atmosphere, 
the value of ¢ may be found from the condition: 


poh 
p = 
¢ = cts ( PMS 
Pinitial 
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Substituting (3a) for cinitiez; We obtain: 


y-1 
pee on) ap 
VHA \ Pinitter 


The value of p is determined from the condition that the pressure of the de- 
composition products (p,) and that of the shock-wave moving in front of them 
(Poke) are equal. 


Since 








Yatm ti 
Psbock = eae stm %*; 


Where Qstm is the density of the atmosphere, and Yatm iS the ratio of the 


specific heats, then 
[sy —1-2vu 3 (oat Nt =) id a (4a) 


t= 
2 Qinitial 





vad 


The value of Pinjtia, Ay be determined by the formula: 





Pinitiaa = D*, (5) 
where Qo is the density of the gaseous mixture. 


-The maximum density and temperature at the wave front are determined 
by the formulae: 


yti 
Ginitiaa = ——— @o: (6) 
Po oo 
2y 
initial = yh Ls, (6a) 


where J, is the reaction temperature. In the above formulae we did not take 
into account the change in the specific heats with temperature, and if instead 
of y we use its value for some mean temperature between 7, and Tinitia, aS 
is usually done, the results will not be quite accurate, especially in a determi- 
nation of the flow velocity. 

The value of vai should correspond to the temperature at the front of the 
shock wave; however, it may be assumed that yay, = 1-4. To determine the 
velocity of ‘flow more accurately, we may employ the empirical formula 
y =y~ a, where the values of 7 and a@ for a given gas may be computed. 
in this case we may write the following formula: 


Finitial 


Uo = Unita + | VR 


Oy Cy ar. (2a) 
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Since ¢, = Ri(y —1-—a7) and co, = Ry — aT) i(y —1— aT), mtegration 
gives 


D R Sin oe ea 
Uy = ————_ + 2 | — | are sin | 1 Miitial are sin, aT a 
Va \ Y 








Vinitia + 2 Yinitial 


us | F = 2) Yroision fea" 
+ pels ae paces 
dy (extan ys artanh ay (4b) 


' Y= Yinitiai 





The difference in the rates, as determined by formulae (4) and (4b), is not 
very large, although it still amount to as much as 8 per cent of the actual 
value of the rate. 

The velocity of the shock wave and the temperature at its front were de- 


termined by the formulae: 


Yate + 1 “ 
Depock ad SS (7) 
Y, oh 
sock = a Ug. {7 a) 


a 


The velocity of fow into the atmosphere has to be computed by the method 
of successive approximations or graphically, proceeding as before from the 
condition that the pressure at the front of the shock wave should be equal 
to the residual pressure of the detonation products. The results of our com- 
putations are summarised in the following table. 





























3 Pe s a a) 
mete «= | S| Se | | 28| fH) Se] 2S 
A sD sek ee & a A 
2H, +0 1330] 19 1000 
2H, +O.+Ne 1200 
2H,+0.+3N, 1000 
2H, +-0,+5Nq 900 





It is evident that the limiting velocities that arise in an unsteady flow 
may be quite large, well above those of a stationary process. For the case of 
flow into the atmosphere, the velocities have no time to increase owing to the 
low density of the detonating gas, and are damped by the shock wave that 
forms. 


59. DETERMINATION OF THE FLOW VELOCITY 
OF THE DETONATION PRODUCTS 
OF CONDENSED EXPLOSIVES 


Ix determining the flow velocity of detonation products it was established 
that in certain cases this velocity exceeds the detonation velocity. An especi- 
ally high flow velocity was observed by G. I. Pokrovsky! and R. Becker? in 
experiments with cumulative charges during detonation in a tube. To-day 
this is a well-known and repeatedly verified phenomenon. Moreover, for 
experiments approaching the case of one-dimensional detonation, the flow 
velocities for commonly employed explosives (tol, tetryl) lie within the limits 
8000-12000 m/sec. 

' The case of one-dimensional detonation lends itself comparatively easily 
to theoretical analysis, while the flow velocity u of the detonation products 
is determined from the Riemann solution of the hydrodynamics equation, 
which may be written in the following form: 


ov 
UL = Uipitia +/ Uniiar¥ — Ap de, (1). 
where » is the pressure; » is.the specific volume; tpiia is the velocity of 
the detonation products; Unis: is their specific volume at the front of the 
detonation wave. B 
As we have shown elsewhere®, the following law connecting p and v (which 
replaces the usual adiabatic law for -an ideal gas) holds for the case of de- 


tonation : pv" = const, (2) 


where x = 3 for standard local action explosives. 
Hence, the following formulae will hold: 


D 





initial = So 1’ (3) 
nD 
Cpitial = rare, (3a) 
n 
Yinitiar = Vo ce (4) 
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where D is the detonation. velocity; Cmitia; is the velocity of sound at the front 
of the detonation wave, and wv, is the initial volume of the explosive. 

Let us evaluate the integral J Vinitias/ ~dp dz. To do this we will divide 
the domain of integration in two. Moreover, at the point (p,, v,) we will con- 


jugate the solution obtained for the expansion products that obey equa- 
tion (2), and the solution obtained for an sas gas. Then 


Cy Gp 


RT 


2 “tat _ 


Ub = Unitias + — . az, (3) 











where 7, is the temperature at the point of saaeslast ¢, and ¢, are the 
specific heats at constant volume and constant pressure; # is the gas constant. 
This temperature may be obtained from the equation 


Te 
Age | Cy at, 


where 4Q is the residual energy at the point of conjugation determined by 
the equations: 


Pritiol initial Pe Me Pinitiar + Po 
i an a Ty —— +AQ= #= at Sa = ‘nitir) + 2; 


where Q is the heat of reaction. 

From this, making use of formulae (3) and (4) and discarding the quantities 
Dy y{(m — 1) and 2e,/(n — 1) which are smail in comparison with 4@Q, we 
get 

Dp 


Oe oe Say 


Now for the determination of « we will have the formula: 


Tk 
3m — 1 Cy Cy 
pepe ee : 5 
p+{ RT dt (5a) 





Ii we disregard the dependence of c, and c, upon the temperature, the formulae 
are considerably simplified, becoming: 


3n—] 
w— 1 








y RT, — fy RT 








Um 


(y = ¢,/¢,). Inasmuch as 7, = AQ/c,, the formula for the determination of u 
will have the following final form: 


= D+ 2 ji 4 --—oo RT. 6 
u Wed + Vyol Q pel y (6) 
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As computations show, the value of 7; is comparatively small (of the order 
of 1000-1500°), and it indeed becomes possible to discard the dependence of 
the specific heat upon the temperature. Moreover, the error in determining u 
will not be greater than 5 per cent. 

For the case of gas flow into a vacuum, 7 has to be put equal to zero. For 
the determination of the flow velocity into the atmosphere t,, it is necessary 
to take into account the resistance of the shock wave forming before the front 
of the moving gas. 

With this aim in view let us determine the velocity Do, and the pressure 
Prhock &t the front of the shock wave: 





Yet) re 
Doce = —— ) Us: (7) 
Yeti 
Pshock = ~~ Qa Ux» (8) 


where og, is the density of the air, and y, is the ratio of its specific heats. It 
is obvious that the condition paon = Pr; Where p, is the residual pressure of 
the detonation products, makes it possible to determine the velocity sought 
for. For this it is necessary to know p, and v,—the pressure and volume at 
the point of conjugation. 

These quantities are determined from the equations: 


Perth = Pinitiat initia 2nd pyr = (y — 1)4Q. 


Since the value of Ye cannot be determined exactly owing to the high tempera- 
ture at the front of the shock wave, it may be assumed, without more than 
slightly affecting the accuracy of the computation, that y, = 1, and expressions 
(7) and (8) may be re-written in the form: 
Dynock = Uz, (7a) 
Pshock = Oa uz (8a) 
. Further it is obvious that ./y RP, = cy (peip,)- 9”, and from this it follows 
that 


2 \ (pF 3n-1 Cull oa es 
(a) Ol Stoel 27) 
y+ Ga nv? — 1 pol Pe} 3 











from which p,, u,, 7, and e, may be determined. 
The results of computations are given in the adjoined table. 
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Trotyl | 11,300 -2 Z 
Picrie acid 6900 | 11,550 0-21 1200 
Ten 7900 18,500 : 1600 
Tetryl 11,950 4 
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The temperature at the front of the shock wave turns out to be of the order 
of 20,000~-30,000° if the equation of state derived for an ideal gas is used, 
and neither its dissociation nor ionization is taken into account. It is obvious 
that both these processes occur and considerably lower the temperature at the 
front of the shock wave. Inasmuch as this is accompanied by considerable 
radiation, it is in generat difficult to draw any conclusions regarding the nature 
of the shock wave, and it may tum out that an abrupt shock waves is not 
formed under these conditions. On the photographs made by Prof. G.I. 
Pokrovsky’s method a shockwave before the iront of the gas is indeed absent. 
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4, m/sec 
Fic.1 i—velocity (uv); 2—density (¢); 3—pressare (p). 
Let us carry the Riemann solution to the end, analysing separately both 


regions of the expanding detonation products and connecting the solutions at 
their point of conjugation. We have the following equations: 
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Let us analyse any ideal explosive, closely resembling ten in its properties 
assuming that n = 3, y = 1:3, D = 8000 m/sec, @ = 1400 cal/g and o9 = 1:5. 
The results of the computation are given in the accompanying figure. 
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60. ON SHOCK WAVES AT LARGE DISTANCES 
FROM THE PLACE OF THEIR ORIGIN 


It is shown that at large distances from the body, moving with a velocity exceed- 
ing that of the sound, there exists not one (as is usually assumed) but two subsequent 
shock waves. The shape of these waves and the law of the decrease of their intensity 
with distance is determined. The propagation of a spherical shock (explosive) wave 
at large distances from the place of explosion is examined. 


At large distances from the place of their origin shock waves are faint and 

have, therefore, the character of sound waves. However, for our purpose the 

ordinary linear approximation is insufficient and it is necessary to consider 

the properties of sound waves with a small amplitude in the second approxi- 

mation. We shali have to do below with cylindrical and spherical waves; since, 

however, at large distances cylindrical or spherical waves can be considered | 
in every smail region as a plane one, we shall dweil preliminarily on some 

properties of plane waves. 

As is well known, a one-dimensional progressive wave with an arbitrary 
amplitude is described by the so-called Riemann solution of the equations of 


motion a = ify + o(v)] + fv), 


where f(v) is an arbitrary function of the velocity v of the gas, while c—the 
local velocity of sound, connected with v by the relation 


dp {/ av\ 
go. y op 


(o—density, V—specific volume of the gas). These two formulae determine, 
implicitly, the velocity v (and along with it the other quantities characterising 
the wave) as a function of z and #, ie. the shape of the wave at any given 
instant. For ¢ = 0 we have x = f(v), i.e. the function inverse to f(v) determines 
the shape of the wave at the initial moment. 


The quantity he Bes (1) 


is the velocity at which the points of the wave profile are travelling. This 
velocity is different for different points of the profile, and that is why it does 
not remain constant and varies its shape with time. Expressing u as function, 
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say, of the pressure p in the wave, we have for the derivative dujdp: 
dw de 2 ] 
dp dp gc’ 

but c= ./@p/do = V./—apjaV so that calculation yields 


du _1 2 of ev 
dp 2° Op? Jy 


The adiabatic derivative (€°V/0p")g (S—entropy) is positive for all gases, 
so that dV/dp > 0. The velocity of the displacement of a given point of the 
wave profile is thus the larger the larger is the pressure at this point; the 
compressions are, therefore, gradually advancing with respect to the rare- 
factions. 

For a wave with a small amplitude the displacement velocity wu of the points 
of the profile in the first approximation is obtained by putting in (1) o = 0, 
Le. % = 6, (the letters with the index zero denote the equilibrium values of 
the corresponding quantities), which corresponds to a displacement of the 
wave profile without any change of its shape. In the next approximation we 
have 








b= C,4 ae i 
or 
é 
us co(1 + «ZY, (2) 
Po 
Po % (=) 
6= 
2 VE\ av? /s 


(p'—denotes the variable part of the pressure in the wave). For an ideal gas 
« = (y + 1)/2y (for air « = 0-86), where y = ¢,/c, is the ratio of the specific 
heats at constant pressures and volume. 

When the profile of the wave is distorted to such an extent that the uni- 
queness of the solution disappears, a shock wave arises. The Riemann solution 
becomes, generally speaking, inapplicable after the formation of discontinuities. 
It is, however, natural.that for waves of small amplitude, in the second approxi- 
mation under consideration, this solution remains valid in the presence of 
such discontinuities. This can be seen im the following way. The jumps in the 
velocity, pressure, and specific volume in the discontinuity are connected with 
each other by the relation 


0 — % = /(P2 — Pi) (Vi — Vy). 
The change of the velocity v over a certain segment of the length of the 
z-axis in the Riemann solution is equal to the mtegral 
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A simple calculation with the help of an expansion into a series shows that. 
the preceding expressions differ in the terms of the third order only (in carrying 
out the calculation it must be kept in mind that the change of entropy in the 
discontinuity is a quantity of the third order, while in the Riemann sclution 
the entropy is constant). Hence it follows that which an accuracy up to terms 
of the second order the motion in the travelling wave in the presence of the 
discontinuity can be described on each side of. the latter by the Riemann 
solution with suitable boundary condition on the discontinuity. In the follow- 
ing approximations this will, however, no longer be the case, which is connected 
with the appearance of a reflection from the surface of the discontinuity. 

The position of the discontinuity in the wave is determined by a simple 
geometrical condition, which can easily be derived with the help of formula (2) 
and the condition of the continuity of the flow of the substance through the 
discontinuity. Namely, the discontinuity is characterised by the condition 
that the area of the curve, representing the profile of the wave should remain 
the same as that of the multivalued curve, determined by Riemann’s solution. 

Let us now consider a body, performing a steady motion with a velocity U 
exceeding that of sound. Let the z-axis be parallel to the direction of the 
motion of the body and let 7 be the distance from this axis. At large distances 
from the body the velocity potential y(r, z) of the gas is determined, in the 
first approximation, by the wave equation 


Lp Hp i of ia 





= — br |. 
cg 8% =a or ar \ ar 
The steadiness of the motion of the body is expressed by the equation 
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Combining these two equations we get 
U2 e 16 f 6 
—-1)-%- arom A _ : 
ord Oa? or Gr\ Gr 


Replacing « by the variable 
t= 0? oe 





we obtain the equation 


1 @op If 69 
eee aa ens 3 
c att or (« *) “ 


ie. the equation of 2 cylindrical wave in which the role of the time is played 
by the variable 7. 

At sufficiently large distances the cylindrical wave within each small region 
can be treated as a plane one. The displacement velocity of each point of the 
profile of the wave will then be determined by formula (2). If we wish, however, 
to follow with the heip of this formula the displacement of a point of the wave 
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profile during large time intervals, it is necessary to take into account the 
fact that the amplitude of the cylindrical wave decreases with the distance 
already in the first approximation as ifs/r. Writing 

pk 

=, (4) 

Po vr 


and substituting m equation (2), we get 


o x 
wnat +2) (8) 


The first term corresponds to a displacement of the wave without change of 


profile {aside from the general decrease of the amplitude as 1/,/r), while the 
second leads to a distortion of the profile. The magnitude dr of the additional 
displacement of the point of the profile at a distance from a certain given 
(large) 7) to r is obtained by multiplying by dr/c, and integrating from r to ry 


for a constant x: 
irate oa. 


If the profile of the wave is defined by the change of p’ with z, for a given r 
then the distortion dt of the profile will be 67 = drjeg, i.e. 


br = 2 (Vr /r). (8) 


= & 





A diverging cylindrical wave can be written, in the linear approximation, 
in the followmg way: 


mia + éce) dé 
g = | 


, 7 
ons m 


‘The positive sign in < + é/e corresponds to the fact that in the present case 
the wave is propagated from positive values to the negative ones (here and 
below the index zero, corresponding to the equilibrium values of the different 
quantities, is dropped for the sake of brevity). In our case the “time” + means 
in reality the co-ordinate w. We shall take the origin of the co-ordinates inside 
the body (at a given instant), in this case the regions in front of the body 
correspond to positive x. Since in the case of a motion with a velocity exceeding 
that of sound the perturbations are not propagated in the region of space, 

Lying in front of the body, it can, in any case, be asserted that g — O for r > oo. 
Further, at sufficiently large distances behind the body, where the perturba- 
tions caused by it are small, even on the axis itself, the potential of the diver- 
gent wave determined by formula (7) must remain finite for r = 0. For the 
convergence of the integral 
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at the lower limit (for large negative t) it is necessary, that f(r) - 0 for large 
negative t. Hence it is easy to conclude that for r = — © we have also ¢ — 0. 

On the other hand, the variable part of the pressure in the linear approxi- 
mation is connected with g by the equation p’ = —@c(@g/dr). Integrating 
with respect to » we get, consequently, 


[ pidr=0 (8) 


This means that if there is a compression in the gas (the region with p’ > 0), 
then there must also exist a region of rarefaction, where p’ < 0 (in this respect 
a cylindrical wave—the same refers to a spherical one—differs substantially — 
from a plane wave, which can consists of compressions or of rarefactions 
only). 

As is well known, if the velocity of the body is larger than the velocity of 
sound, there arises in the gas a shock wave: in the space lying in front of 
this wave the gas remains at rest and directly behind the wave there is a. 


eye 





Fie, 1. 


region of compression. It follows from (8) that the compression must necessary 
be followed by a rarefaction and that, consequently, there must exist a point 
in which the rarefaction reaches its maximum ; owing to the gradual distortion 
of the profile this point will lag with respect to those situated behind it; this 
will, finally, lead to a loss of the uniqueness of the solution and one more shock 
wave will arise. , 

We arrive at the result that, at least at large distances from the moving 
body, there exists not a single shock wave, as is usually assumed, but two 
shock waves following each other. In the first wave the pressure suffers a 
positive jump; thereafter the pressure is gradually decreased, the compression 
being replaced by a rarefaction, the pressure, finally, jumping again in the 
second shock wave. 

Figure I represents schematically (by a continuous line) the resulting 
picture of the dependence of pressure yp’ on 7 (i.e. on the co-ordinate x) for 
& given (large) value of 7; @5 is the first shock wave, d e—the second wave. 
In the latter the pressure increases up to a certain negative value only, 9’ 
tending to zero asymptotically when 7 -— o. 


Passing to the quantitative calculation of the profile represented in Fig. 1, 
let us consider the region between the two shock waves. Let the function 
t = f(z) (where x denotes pif r/p) determine the profile at a certain distance *y. 

Taking into account the effect of the distortion of the profile, we obtain 
‘the profile at a distance r > 7, by adding to + the displacement 6x from (6): 


r= fy) + (Vr-Va)e. (2) 


For large r x is smail, and one can with a sufficient accuracy write in (9) the 
value of the function f{y) for z= 0, while JT can be neglected when compared 
with ./r: och to 
rane ry + const. (10) 

Denoting by x the value of the co-ordinate x at the point ¢ (Fig.1), wliere 
x = 0 (it depends, of course, on 7, according to the law x) = const r/c) and 
passing to p’ and x instead of y and +z, we get hence 


{11} 





The segment db of the profile thus proves to be rectilinear. The profile, 
which is obtained directly by the application the Riemann solution throughout 
-the whole interval, is represented in Fig.1 by a dotted line. In reality there 
exists a discontinuity at a certain point a. The position of this point is deter- 
mined by the above mentioned geometrical condition of the equality of the 
areas a’ b’ c' and abc. Noting that in the points a’ and c’ 7 = 0, we find with 
the help of (9) for the area a’ 6’ ¢’ 


f xdr= | xfdg, 
(e’b’a’) (e’ ba’) 
ie. a value, which is independent of r. The same must, consequently, hold 
‘for the area a6c. Taking into account the dependence (10) x on 7 we find 
without difficulty that the length 7, of the segment from the point ¢ (where 
p’ = 0) up to the front shock wave (p’ = p,) is proportional to 
I~ rt, (12) 
‘Hence the dependence of the jump 9; of the pressure in the front shock wave 
on the distance is expressed by 


, const 
Pi = a . {13) 


As regards the second discontinuity (ed in Fig.1), it can easily be shown 
that the ratio of the pressure behind it (pressure at the point e) to the jump 
_ Pz of the pressure in the discontinuity (length of the segment ed) tends slowly 


SHOCK WAVES AT LARGE DISTANCES FROM THEIR ORIGIN 443 


to unity for r—> 0. The pressure behind this discontinuity can be regarded 
as equal to zero at very large distances r only; the jump 7 is equal here to 
pz (the total area of the profile must be equal to zero in virtue of (8). 

Let us consider now the spherically symmetric propagation of a shock wave 
arising in the case of an explosion (and investigated at large distances from 
the place of the explosion). All the arguments here are exactly similar to 
those considered above. 

In the case of a spherical propagation the amplitude of the wave decreases 
in the first approximation, as const/r, where r is now the distance from the 
centre. We, therefore, get for the velocity « of the displacement of the points 


of the profile instead of (5) 
dies (. de “1), a4) 


where z denotes now the product 


p 
gute. (15) 
P 


We find accordingly for the displacement ér of the points of the profile on 
the path from a certain r) to r 
ér=ayln =, 
y 


If, however, the profile is considered as the course of the change of p’ with the 
aime t, the distortion é6t is 
r 


see i (16) 
c To 


The distortion of the profile of a spherical wave is thus increased with the 
distance, according to the logarithmical Jaw, i.e. much more slowly than in 
the case of a plane or a cylindrical wave (where it is proportional respectively 
to the first power, or to the square root of the distance). Inasmuch as the 
propagation of an actual wave in gas is accompanied by usual sound absorption, 
which is connected with the viscosity and the thermal conductivity, then, 
because of the slowness of the increase of distortion, the spherical sound wave 
ean be absorbed, before the distortion of the profile will lead to the formation 
‘of discontinuities. In the particular case of the propagation of an explosive 
shock wave it may happen that the second shock wave by which (just as in 
the cylindrical case) it should be followed, may not appear because of the 
Jack of time necessary for its formation. 
Instead of equation (9) we now have the equation 


t= f(x) - Fine. (17) 
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Expanding f(z) into series of powers of 7 and limiting ourselves to the terms 
(18) 


of the first order we get 
x r 
t= ——y\ln— + const, 
e a 


where @ is a certain constant. Hence we again. obtain for p’ a linear dependence 
Clty - t 
i ele (19) 


of t in the form 
pi 
Dp % 


r 
rin— 
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Taking into account the law of conservation of the area, we get in the spherical 
(20) 


case 
h~ (ms 


61. ON THE VIBRATIONS 
OF THE ELECTRONIC PLASMA 


The vibrations of the electronic plasma are considered, which arise as a result of 
an arbitrary initial non-equilibrium distribution in it. It is shown that the vibrations 
of the field in plasma are always damped, and the dependence of the frequency 
and of the damping decrement on the wave vector is determined for small and for 
large values of the latter. 

The penetration of a periodical external electric field into the plasma is considered. 
The case of the frequency of the external field being almost at resonance with the 
proper frequency of plasma is considered separately. 


Tus high frequency vibrations of the electronic plasma are described by com- 
paratively simple equations. If the frequency is high enough, the collisions 
of the electrons with the ions and with each other are inessential, and in the 
kinetic equation the collision integral can be neglected. The distribution 
function of ions can be considered as invariable, and only the distribution of 
electrons vibrates. Let F(v, 7,1) be the electronic distribution function, if 
fo{v) is the equilibrium function (the Maxwell distribution), then 


# = fo(e) + fle, ¥, 2) (1) 


f being a quantity small as compared with f,. The kinetic equation (without 
the collision integral) is 


a 


of : é eho 
ae rii-<(re- )-0 (2) 


{¢—the electric field potential). The Poisson equation is 


yy s—4nelfdr (dt = dv, dv,de,) (3) 


{the equilibrium electronic charge ef fo dv is of course compensated by the 


positive charge of the ions). Equations (2)and (3)formacompleteset ofequations. 

These equations were used by A. A. Vlasov? for an investigation of the 
vibrations of plasma. However, most of his results turn ovt to be incorrect. 
Viasov looked for solutions of the form const e—i%* ti") and determined the 
dependence of the frequency w on the wave vector k. The equation, which 
he obtained for this dependence contains a divergent integral; this already 
indicates the mathematical incorrectness of his method. Viasov*® (and also 


dL. langay, O Konedamwax oxextpommok nuasmal, Hypnar Oxcnepusmenmasonod u Teopemu- 
seco Dusuxu, 16, 574 (1946). 
L. Landau, On the vibrations of the electronic plasma, J. Phys. U.S.S.R. 10, 25 (1946). 
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Adirovich*) tries to escape from this difficulty by taking the principal value 

of the integral involved, however, without any foundation. Actually there 

exists no definite dependence of w on & at all, and for a given value of & arbi- 

trary values of w are possible. The fact that solutions of the form of e-iet* 1-7 

are insufficient can be seen already by observing that they give only a 0% 

multiple of solutions (according to three independent parameters Kez, Key, Ke): | 
whereas there must actually exist a 00° multitude of solutions (the equations 

contain six independent variables x, y, 2, vz, Uy, Uz). 


l. THe VEBRATIONS WITH A GIVEN INITIAL DISTRIBUTION 


In order to obtain a correct solution of equations (2) and (3), it is necessary to 
consider the problem concretely stated; we shall discuss here two of such 
problems. 

Let us assume, that a definite (non-equilibrium) electronic distribution in a 
plasma is given in the initial moment. The problem is to determine the resulting 
vibrations. As equations (2) and (3) are linear and do not contain the co-ordinates 
explicity, the function f(r, v, t) can be expanded into a Fourier integral with 
respect to co-ordinates, and the equation can be written for every Fourier 
component separately. This means, that it is sufficient to consider solutions 
of the form ; 


fev, ele? 


Further we shall, for the sake of convenience, omit the index k in f, so 
that f(v, t) will denote the Fourier component of the distribution function in 
question. By g(v) we denote the Fourier component of the initial distribution 
f(r, 0, 0), we shall write shortly g(v) for g;,,(v). Finally, we choose the x-axis 
along the direction of the considered value of the vector kK. 

Taking the Fourier components of equations (2) and (3), we obtain 


Sf ike, f-ik tose 





0, (4) 


Kk p(t) = 4a effar, (5) 


y(t) is the Fourier component of the potential o(r, ¢). These equations can be 
solved by using the operational method. Following this method, we introduce 
the function f,{v) defined by means of 


0 





fp() = f f(v, #) em ae; (8) 
then ? 7 
Hv, | j,(v) eran, (7) 


—liwote 
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the integration being performed here in the plane of the complex variable p 
along a straight line parallel to the imaginary axis and passing to the right 
of it (o > 0). 

We multiply both sides of equation (4) by e~?' and integrate over dt. Noting 
that : 


wo eo 


of Fcc we : 
[ie dite? ||: + el te a ae 
0 ‘) 
(we insert {(v, 0} = g(v)) we obtain 
€ 
ik —-ik—o,—-=g. 
(p+ ik) fp —ik——o, poe 


In the same way (5) gives 
BQ, = dne| f, dt. 


The first of these equations yields 








., &  Sfo{v) 
i = +ik— 5 8 
LO) = Sap oe) +e 8) 
and inserting this into the second one, we obtain for 9,: 
g(v) dt 
_ 4me ptik», (9) 
oT 1, See fe at 


km } dv, (p+ike,) 


These formulae solve, in principle, the problem considered. They determine 
the electronic distribution and the electric field for an arbitrarily given initial 
distribution. 

Before proceeding to the investigation of the formulae obtained, we note 
that in (9) the integration over dv, dv, can be performed directly. Introducing 
for the following the notation v, = uw and 


g(u) = {g(v) do,de, 
we write 


+a 


{ gu) 
—_—— du 
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the equilibrium function being — 





; mm ~ See 
U) = 2, }————e il 
fot) V QxuP oD 
(x—the Boltzmann constant, n—the equilibrium number of electrons per unit 
volume of the plasma). 

An expression of the type of 


x 


% = | oer? de, 
i) 


considered as a function of the complex variable p has a sense only in the 
vight half-plane, ie. for Re(p) > 0. The same refers correspondingly to the 
expression (10). However, we can define y on the left half-plane as the analyti- 
cal continuation of expression (10). It is easy to see, that if g(x) (considered 
as a function of the complex variable u) is an entire function of w {i.e. it has 
no singularities at finite uw), then the integral 
+2 
g (udu 
priky 


-% 


Imus 


‘a, a 


—~— 


Fre. 1. 


continued analytically into the left half-plane of » also defines an entire 
function of p. Actually, to perform the analytical continuation of the function, 
defined by this integral, from the right half-plane to the left one, we displace 
the integration path in the complex plane of wu far enough into the lower 
half-plane so, that the point u = — p/ik would lie above it..In this way we 
shall obtain an analytical function, defined by the integral which for Re(p) > 0, 
is taken along the real axis, and for Re(p) < 0 along the path, which is drawn 
in Fig.1 by a full line. This function has no singularities at finite values 
of p, Le. it is an entire function. 

The same refers also to the integral in the denominator of expression (10), 
for dfp{w)/du is an entire function. Thus, an analytical, in the whole plane, 
function g, is .(if g{u) is entire) a ratio of two entire functions. Hence the 
only singularities (poles) of the function y, are the zeros of the denominator 
in (10); all of these poles lie in the left half-plane. 

These considerations allow us to determine the asymptotical form of the 
‘potential p(t) for large values of the time #. In the inversion formula 


t+inte 


1 
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the integration is performed along a vertical line in the right half-plane: 
However, if gy, is defined in the manner indicated above as a function which 
is analytical in the whole plane of », we can displace the integration path 
into the left half-plane going around all the poles of gy, it meets. Let p, be 
that of the poles of g,, ie. that of the roots of the equation 


= du 


km Jdu (ptiku) 
é 


a9 (13) 


{integration along the path shown in Fig.1), which has the least absolute 
value of its real part (i.e. which is the nearest to the imaginary axis). Let us 
perform the integration in (12) along the path, which is displaced far enough 
to the left and goes around the point » = p, in the manner shown in Fig. 2. 
Then in the integral (12) {with large values of t) only the residue relative to 
the pole 2, will be of importance. All other parts of the integral (among them 





Fria. 2. 


the integral along the vertical line) will be exponentially small in comparison 
with the residue due to the presence of the factor e?* in the integrated ex- 
pression, which decreases rapidly with increasing |Re(p)|. 

Thus, for large values of ¢ the potential of the field g(t) is proportional 
to e?, With complex », this factor splits into a periodical part and a decreas- 
ing (Re(p) < 0) one. We arrive, consequently, at an essential result, that 
the field is damped with time, the damping decrement being equal to—Re({p;). 

Equation (13) determines 7,, i.e. the frequency and the damping decrement 
of the vibrations. It coincides formally with Vlasov’s equations, the difference 
being that here the integration is performed along the path C, whilst Vlasov 
integrates simply along the real axis. This difference leads, as we shall see, 
to qualitatively new results, namely to the presence of damping. 

Consider the limiting case of long waves, k-~> 0. The point w= — p/ik 
(Fig. 1) is displaced to very large |u| and as the function f,{w) decreases 
rapidly with increasing |w|, we can integrate in (13), in the first approximation, 
only along the real axis. We expand the integrand in powers of k. The first. 
term of the expansion disappears because 


+a 


d 
[ qhew=nlts=0. 
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The second term gives 





+a 
4a e ayo 
=1 
an i du 
Taking into account that 
+o +a 
* df 
| uz, du = uf,| - fydu= —2, (14) 
we find : ; 
2 
Py = —ilo, pen leer (15) 


(we have chosen here the sign # which corresponds to a wave, propagating in 
the positive direction of the z-axis). This expression corresponds to the ordinary 
proper frequency of plasma; we denote it by w,. In the next approximation 
the calculation leads to the following dependence of the frequency on the 
wave vector: 


3 
o= a(1 + Son) (16) 


a=./*T/4xne? being the electronic Debye—Hiickel radius. We omit here the 
‘detailed calculations because they coincide with that of Vlasov done in his 
first paper?. This part of his calculations turns out to be correct due to the 
fact, that in calculating the frequency for small values of k, we can approxi- 
mately integrate in (13) only along the real axis. 

However, the vibrations are actually damped, although the damping coef- 
ficient is small for small k. To calculate’this decrement we start from an assump- 
tion (which is verified by the result); that for & > 0 the real part of p, tends 
to zero, the imaginary part remaining finite. Hence for small & the point 
u= —,fik (Fig.1) is situated at a finite distance from the imaginary axis 
and very near to the real one (under the latter). Let 


Py = ~io-y, 


y is the damping coefficient in question (0 < y < w). We choose a point A on 
the real axis (Fig. 1}, situated not far from the point u = — p,/ik, but so, that 
its distance from this point is still large as compared with jIm(u)|. Then we 
draw a semicircle 48 through this point (shown by a dotted line in Fig. 1) 
and use it instead of the corresponding part of the integration path C. 

. The integral along the straight parts of the integration path is real in the 
‘limiting case of Re (p) = 0, in the approximation considered we can put it 
equal io —4a ” e3/m p*. As to the integral along the semicircle, it equals the 
residue relative to the pole, multiplied ‘by x% (@ half of the total circle!). In 
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this way we obtain equation (13) in the form 


P 
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Putting here p = —iw ~ y and solving the equation by means of successive . 
approximations, we get finally the following expression for the damping 
decrement: 


ax 1 
o ae ~Y2tkay IT). 
? of? (ay. uD 
Thus, the damping decrement decreases exponentially with decreasing k. 
Formulae (15-17) are valid for y < w. This condition leads to the in- 
equality 





ka <€1l. 


Consider now the opposite limiting case of large k. We put again p = — iw 
— y. It will be verified by the result, that both w and y increase indefinitely 
with k > © but in such a way, that for large k, w < y and the ratios w/k, 
y{% tend to zero and infinity respectively. Then the pole u = ~ p/ik is situated 
relatively near to the imaginary, but far from the real axis (Re(u) is small, - 
Im (u) is large). As the function fy increases exponentially for large imaginary 
values of u, we can integrate in (13) only along the circle around the pole, 
neglecting the integral along the real axis. In this way we obtain from (13). 


2 

aia sacees 
4ne fo =) : 
224 —————————— = iL, 


an ke? du 


or, using expression (11), for fy(w) 


Jia? me 
2.5 ———— er oF — 1, 18 
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By taking the moduli of the expression on the both sides of the equation, 
and using the suggested inequality vy > w, we get 





e019 1 F 
Ee? = —a— (a kp (29) 
2% 
with 
E=yjagka. 


The phase factor of the expression in the left side of equation (18) is equal, 
in the same approximation, to 


iyo | 
— exp{ —-—— ]. 
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As on the right of the equation stands a real positive quantity, this factor 
must be equal to +1. Hence we find: 
yo 
we at ke a 
(it can be shown, that by equating it to 3x, 52, we would get a root of the 
equation (13), which is not the nearest one to the imaginary axis). Together 
with the definition of the quantity ¢ this gives 


xf ke oe T 
a la omy a 
o=n m &’ 7 | m 5 (2) 


These formulae determine the frequency and the damping decrement of 
the vibrations, the function ¢(%) being defined implicitly by equation (19). 
&(k) is a slowly increasing function of & (it goes approximately as ./Ink a). 
The ratio y/w increases with k as &, i.e. approximately as Ink a. 

In the preceding calculations we supposed, that the given function g(w) 
is an entire function. If this function has singularities, then y, will also possess 
singularities apart from the poles, which are zeros of the denominator in (10). 
‘The point , in- Fig. 2, which determines the behaviour of the potential p(t} 
for large #, must be chosen as the nearest to the imaginary axis of all the 
roots of equation (13) and of the singularities, which arise from the singular 
points of g{u). 

In particular, if g(w) is (on the real axis) a continuous function with a 
discontinuous derivative, then gy, will have’ purely imaginary singular points 
p= —iku,; u, being the discontinuity points of g(u). Thus, the behaviour 
of y(t} for large ¢ will be determined by purely imaginary values of p,, i.e. 
there will be no damping of the field. Hence it follows, that it is by no means 
possible to use a curve with angles (e.g. composed of straight pieces) for g{w) 
instead of a smooth one in order to get an approximate solution of a given 
problem. Such a substitution will lead to a qualitatively incorrect picture 
with an undamped field vibration. 

Finally, it is necessary to discuss the electronic distribution function itself. 
For the distribution function, integrated over dv, dv, we have, according 


to (8): 
Se opol ike  Afy(a) 
tl) = Sr Ea oe) +e du i 


tinote 
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f(a, t) = 
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The behaviour of the function f(w, ¢) for large ¢ is determined by the purely 
imaginary singular point p = —ikw of the function f,(u). Thus, the distri- 
bution function turns out to be proportional (for large ¢) to a periodical factor 
etkul ie, it performs undamped vibrations with a frequency &u which 
gepends on the velocity w. 
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2. Tar VIBRATIONS OF A PLASMA IN A EXTERNAL ELECTRIC 
FIELD 


Suppose, the plasma is placed into an external periodical] electric field. The 
problem is to find the law of the penetration of the field inside the plasma. 
The external field can be expanded into a Fourier integral with respect to 
time; therefore, we can confine ourselves to the consideration of 2 mono- 
chromatic field of a frequency w. We suppose that the plasma is bounded by. 
a plane wall; the distribution is a function only of one co-ordinate, say 2, along 
the axis, perpendicular to the wall. 

The electric field can be split into a longitudinal part, directed along the 2- 
axis, and a transversal part » which is parallel to the plane of the wali. There 
is no need to consider the transversal field, because the behaviour of a plasma 
in a transverse electromagnetic wave is described by well-known formulae. 
Therefore, we confine ourselves to the case of a longitudinal field. 

As in section 1, we use the distribution function, integrated over the essential 
variables v,, v,. We can look for this function /(u, x, t) in the form of f (u, x) ei! 
(w denotes, as above %,). 

The kinetic equation (2) becomes now 

ie efx) dfy(u) 

cia dx nr au. 

(we write the electric field in the form #(x) e~i*). As a second equation it is 

convenient to use here (instead of the Poisson equation (3)) the equation, which 

expresses the absence of the sources for the total current (the real current j 
and the displacement aia 


a . ilo 


Hence we find that 4nj —iw # is a constant. Outside the plasma j = 0; 
therefore, this constant equals —iwH, where E,e-*” is the external. field. 
Thus, we have an equation 


—lw E(x) + 4aj(x) = —iw Ey. (22) 


=0 (21) 


The current density 7(x) can be expressed through the distribution function 


by means of 
+ 0 


jae [ uf(u,z)dw. (23) 


-o 


At large distances from the wall the field # in the plasma is determined 
directly by the condition of the constancy of the longitudinal component of 
the induction D = ¢ #, the electric constant ¢ of the plasma being equal to 
the well-known expression 

4x ne 


s=1— 





— (24) 


Outside the plasma D = H,; hence the boundary condition at infinity is 
x 

BE=— for c=+0 (25) 
& 


(the positive direction of the z-axis is into the plasma). 

As to the properties at the wall, we shall suppose {as is usually done in 
analogous cases), that it has an ideal reflection power. This means that an 
electron, colliding with the wali, is reflected under the angle, equal to that 
of the incidence, and with the unchanged absolute value of its velocity (so 
that v,, v, remain unchanged, and v, = u changes its sign). Then the distribu- 
tion function must satisfy on the wall (x = 0) the.boundary condition 


f(t, 0) = f(—%, 0). (26) 
We integrate formaily equation (21) and find: 
eH(x) a fy 


f(u, x) sak eieru| “N em izle dz. 


mu aw 
In order to determine the integration constant, we proceed in the following 
way. Consider w as a complex parameter with a small positive imaginary part 
(which tends in the following to zero). Then the external field H, e~!* increases 
with time, but as it is finite for every finite value of t, the distribution function 
must also be everywhere (for all x = ©) finite. 

If w < 0 then the factor e!”7 increases indefinitely with z, and in order 
that f(u, 00) remains finite we must write for u < 0: 


eB(E) dfg(u) 


en eea es: (27 
me du 5 (27) 


} (a, z)= e woxu j22e 
Zz 
As to the function f(w, x) for u > 0 it must be written so, as to fulfil the condi- 
tion (26}. This gives for u > Q: 


}(u,2) = vol f eB) Shale) osu dz - [20 3 jo ota (28) 
0 


MU 


{it is to be remembered, that f)(x) is an even function of u, hence djp/du is 
an odd function). 
Using the obtained expressions, we calculate the current density (23) 


2 


rs | ener een {29) 
0 & 0 


where the function K(&) is defined Sia means of 





rer 
K(g)= td we |e e"sdu, £>0 (30) 


{(29) contains H(&) only for dailies values of the argument). 
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In the following it is convenient to split (x) into two terms, separating 
the value of the field for ~~ + @: 


E{x)= =e + #,(x). (31). 


According to (25), #,(z) satisfies the boundary condition #,(00) = 0. Inser- 
ting (31) into (29), we obtain easily: 
x 

— Ey [= (é) dé (32) 

0 
j,(z) defined by (29) with #,(x) standing instead of H(z). 

Inserting (31), (32) into (22) and performing some elementary transforma- 
tions, we obtain the following integral equation for the function 2, (x) 





j= 9, (x) + 


E(x) — [xe — §) #, (6) dé - [xe ~ x) B,(é) dé + [xe + 2) #,(é) dé 
0 a 


_ 2B, 





=a K(é)dé. (38), 


In celouletions we used here expression (24) for « and the expression for the 
integral f K(§) dé which can be obtained in the following wey: Consider 


again w oe a complex parameter with Im @ > 0. Then e!@* is zero for § = 0, 
and integrating over dé under the sign of integral in (30), we get 


[xe - Sou gtan. 


The integrand u(dj,/du) is an even function of « hence this integral is one 
half of the integra] (14). Finally, 


=i n 





i (ag = (34) 


The integral equation (33) can be solved in the following way. The function 
£,(x) has a physical meaning only inside the plasma, ie. for x > 0. We 
continue this function, and also the function K{&) into the region of negative 
values of the argument by means of the definitions: 


K(— §) = K(é), B,(— x) = — B(x) (35) 


(the function £,(x), thus defined, has a discontinuity at x = 0). Then equa- 
tion (33) after a simple transformation is reduced to a simpler form: 





fe ~ == | eae for z> 0, 
Ey (x) — | x@-nz,@ae- OH (38) 
ae == [xmas for 2 <0. 





—-& 


In this form it can be solved by using the Fourier method. Multiplying both 
sides of the equation by e~ !** and integrating over dz within the limits between 
—cc and +00, we obtain: 


Ey, (1 = K;) = 





21 By Ky — K, 
é k : 
E,,, K, being the Fourier components: 
+o ate : 
Ey,= | E,(zje""*dz, K,= | K(gye*#8 dé 


—-o -%o 


(Ky is the value of K;, for k = 0). By means of the inverse transformation 
1 { ike 
E,(z) = on Ey, e* dk 


we get the function #,(z) in question in the form of an integral: 


+o 
; ik, Ko — K, 
Ne we k(l — K,) 


—-® 


ak. (37) 


The function K, can be presented in the followimg form: 


+o a 
4s e® woe 
ea du (38) 


(we used the definitions (30), (85) and the integration over dé is performed 
under the sign of the integral over dw with considered again as complex 
with Im w > 0). If this integral is taken simply along the real axis, it diverges 
at the point vu = w/k. However, it is easy to see which must be actually the 
path of integration. In deducing (38) we assumed that Imw > 0 and the 
integral was taken along the real axis, i.e. along a path, passing below (if & > 0), 
or above (if & < 0) the singular point wu = w/k. Therefore, after putting Im w 
equal to zero, the integral (38) must be taken (if & > 0) along the path C, 
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(Fig. 3), which proceeds along the rea] axis and goes around the singular point 
below it, or (if k < 0) along the path C, which goes around the singular point 
above it. 

We introduce the notations: 


K,=K,(t) for k>0; K,=K,(b) for b<0. (39) 


The functions K,(k%) and A,(k), defined formally by (38) with the integral 
taken along the path C, or C,, are analytical functions in all the plane of the 
complex variable k. 

Expression (37) is inconvenient for calculations. Introducing the functions 
K,, K, we can represent it, after a siraple transformation, in the form of 


+0 
iB, f Ko—Ke(k) 
fe | ah RB) 


-% 


eah 


a (40) 


ee 
i EG] - ¥@] 


—o 


etd. - 


Fiq. 3. 


In this transformation we used the fact that according to (24), (38) and (14) 
we have 
Ky = 1 — &. (41) 


The difference K,{k) — K,(k) is evidently expressed by the same formula (38), 
the integration being performed simply along a closed contour enclosing the 
pole (in the negative direction). According to the theorem of the residues, we 
have, consequently, 





47 e .f afo 
2(k) — K(k) ET) ni(u io) (42) 
or a : 
in/ 2x0 Satatt 


K,(k) — Ky (hk) = ee. 
ce) ? 


It is easy to see, that the functions K,, K, are connected with each other 
by means of the following relations: 


[Ko(k)}* = Ky(k*), KT (—k*)=K,(k), Kz(-k*)=K,(k). (48) 


CPL 15a 
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At infinity both functions K,, K,, vanish. An investigation which we omit 
here, shows, that the functions K,(k), K.{k) have in the whole plane of the 
complex variable & only one singular point—namely, an essential singularity 
at k = 0. The quantity K, is the limit to which X,, K, tend when & tends to 
zero along the real axis. It can also be shown, that K,(k) tends to the same limit 
K, when & tends to zero along an arbitrary path, passing outside a right-angled. 
sector in the upper half-plane, bounded by two straight lines, which intersect 
at the co-ordinate origin and make an angle of 45° with the imaginary axis. 
The same holds for K,(k) outside an analogous sector in the lower half-plane. 

In the integrals (40) those points are of importance, at which K,, K, are 
equal to unity. It can be shown, that’the equation K,(k) = 1 has an infinite 
number of roots in the upper half-plane, which converge to a condensation 
point at & = 0. In the lower half-plane there are no roots at allif ¢ > 0 (i.e. 
if Ky < 1), or there is one root on the imaginary axis if « < 0 (i.e. if Ky > 1). 
Analogous results for the function K,(k) follow directly from the rela- 
tions (43): the equation K,{k) = 1 has an infinite number of roots in the lower 
half-plane, and has no roots at all (if « > 0), or has one root on the imaginary 
axis (if « < 0) in the upper one. 

Consequently, if « > 0 the integrand of the first integral in (40) has no poles 
in the upper half-plane and by pushing the path of integration to infinity in 
this half-plane, we find, that the integral vanishes. If, on the other hand, ¢ < 0, 
there is a pole in the upper half-plane and the integral is reduced to.the residue 
relative to this pole. Its dependence on x is, consequently, given by an exponen- 
tially decreasing factor e~**, « 2 0. 

A complete evaluation of the integrals in (40) can be performed only numeri- 
cally. It is, however, possible to obtain an asymptotical expression, which deter- 
mines E,(x) for large values of x(x > a). We shall see, that in this region the 
second integral in (40) is larger as compared with the first one and we must 
calculate only it. We shall do it with the aid of the well-known “method of 
steepest descent’. Inserting (42) into (40) we obtain in the integrand an expo- 





nential factor 1 2 
sa(=——) eke 
exp | a ace) . i 
‘Following the method of steepest descent we expand the exponent in powers 
of dk = k — ky where oo ae oe 
ko = 7 > ix/6 
9 a®x 


is the extremum point of the exponent, and then integrate along the path of 
“the steepest descent”. In the non-exponential factor we can put k = ky, 
and take it out of the integration sign. In the denominator we can put 
1 — Ky (ko) = 1 — Ki (ky) = 1 — Ky =e (hq is small for large x). After a simple 
calenlation we obtain the following final resulé 


2 @)= 2E, @ 4'3 a us Elma)” ofS (esp 2a] 7 
3 0) = J 38 Wp a : ( ) 
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Thus, the field #,(x) decreases: according to an exponential law with 2?/* in 
the exponent (as to the first term in (40), we have seen that it decreases accord- 
ing to a stronger law e-** and is, consequently, insignificant for large x). Ex- 
pression (44) contains also a periodical factor. 

The case of the frequency w, being nearly at resonance with the proper fre- 
quency of the plasma, needs a separate consideration. The dielectric constant 
is here small, || < 1 (and is connected with the frequency by means of a simple 
relation ¢ = 2(@ ~ @o/m,)). The calculations proceed differently for « < 0 and 
fore > 0. 

Suppose first that ¢ is small and negative. We have seen, that for « < 0 
the first term in (40) decreases as e~* , i.e. faster than the second one. But with 
[es] < 1 the coefficient « turns out to be small, and therefore, the second term. 
becomes predominant only for very large x; for smaller values of x the first 
term prevails. 

We shall see, that the integrand of the first term has (for small |<|) a pole, 
lying on the imaginary axis near to the co-ordinate origin (we are speaking 
of the only root of the equation K,(k) = 1 in the upper half-plane). To calcu- 
late this root we can, therefore, expand K,(t) in powers‘of k. As to the path 
of integration C, in the integral (38), which defines K, (x), it is reduced simply 
to the whole real axis—this path passes above the singular point u = w/k (which 
lies now on the negative half of the imaginary axis). A simple calculation gives 
in the second approximation 


K,(k) = 1 ~ e+ 3(ka)*. 
Hence we find for the root of the equation K,{h) = 1: 


pe gel 
a@ 3 


Evaluating the first integral (40) as the residue relative to this pole, we find, 
finally, the following expression for the total field #(zx) 


E(x) aah eee cae (45) 


Thus, if ¢ is small and negative, the field increases monotonically, according 
to a simple exponential law, tending to the limit H,/e. For x = 0 (45) gives 
Hi(x) = 0 instead of the correct value #,, this is connected with the fact that 
in the adopted approximation the quantities of the order of ¢ are neglected. 

Consider, finally, the case of small positive values of ¢. For ¢ > 0 the first 
term in (40) vanishes. However, the second integral contains, except the ex- 
pression (44), also a term, which decreases according to a Jaw e-**. For very 
small ¢ this term becomes predomninant for ali values of x, except the largest. 
This term is due to the residue relative to the integrand, which lies in the 
upper half-plane near the real axis. It turns out, that among the infinite 


1527 
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number of the roots of the equation K,(k) = 1in the' upper half-plane there 
exists one, which lies (for small s) very near to the real axis. Expanding the 
Ky (ki in powers of &, it is easy to obtain the following expression for the root 


im question: 
i € 3 me 
afer [Foe 
a 3. 28NV 2 


Calculating the residue relative to this pole, we obtain, finally, the following 
expression for the field: 


E(x) = By exp \z oe oe | e7 sana (46) 


Thus, in this case we find that the amplitude of the field increases, first, 
from zero (actually from. #,) up to 2 #,/e, and then it performs damped oscilla- 
tions (with a very small damping decrement) around the value H,/e to which 
it tends on large distances. 
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62. ON THE THERMODYNAMICS 
OF PHOTOLUMINESCENCE 


The author derives the conditions imposed by thermodynamics upon the total 
energy yield of photoluminescence and the intensity of radiation in the anti-Stokes 
region. 


THERMODYNAMICS imposes essential restrictions on the process of photolumi- 
nescence, giving rise to certain inequalities which must be satisfied in all cases: 
According to the second law of thermodynamics the entropy must increase 
in an isolated system, which in the case under examination is a system consisting 
of luminescent body + radiation. Therefore, to write these inequalities, the 
entropy of the radiation as such must be included in the discussion of the prob- 
lem in question. 
. The distribution of radiation with respect to frequencies and directions can 
be described by the density e(v, 2) of the energy. o(7, n) dv do is the energy 
of the radiation, referred to a unit volume, in the interval dv of frequencies, 
possessing a direction 2 in the element do of the solid angle. Instead of the func-’ 
tion o(v, 2) it is convenient to introduce a function /(v, 2) defined as follows: 
22 dvdo 
——: q) 


hv being the energy of the photons and 272 dv doje? = 2k2 dk do—the “ele- 
ment of the volume” in the ‘‘space” of the wave vector k. (The factor 2 stands 
for two possible directions of polarization; for the sake of brevity we shall 
not consider distribution with respect to polarization altogether, as it does 
‘not have a substantial effect on the following discussion.) f(y, 2) is the number 
of photons per unit volume of space, referred to unit volume of the “-space’’. 
The intensity dJ of the radiation emitted by a unit of the surface of the con- 
sidered body will be determined by 


e(y, R)dvdo= f(x, nhy 


dil =cocos6drvdo = f(r, n)hvdr, - (2) 

where we have introduced the notation 
2 2 

dz= jag ance (3) 


2 


(0 is the angle between n and the ‘ated to the surface). 
The radiation entropy is determined by the well-known formulae of Bose 
statistics applied to a “photon gas” . The entropy S of the radiation passing 


L. Landau, On the thermodynamics of photoluminescence, J. Phys. U.S.S.R. 10, 503 
(1946). 
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through an area of 1 em? in isec is equal to 
S=xf(f+ n+ 1) -filnfldr, (4) 


the integration being extended over the total spectrum of frequencies and over 
all directions »; « is the Boltzmann constant. 

If the total radiation spectrum is concentrated in a small interval Ay of 
frequencies, and the directions—in the small interval 4o of angles, then, evi- 
dently, the total radiation intensity is 


I=[dl~fhvdc, (5) 


where f is a certain mean value of }, and 
27 cos@ Av Ao 


A4t= 3 


For the entropy we obtain: 


S~xulf+VnG+ 1) -flnff4r= (6) 


_* G+ in (f+ V)-flnj , 
hy f ; 

If 4 tends to zero for a given total intensity J, / tends to infinity. But in the 
ease of large values of f 


(f + 1)in(f + 1) — finf 


is approximately equal to nf + 1 and (inf + 1)/f tends to zero. Therefore, it 
follows from (6) that S tends to zero. The condition that 4z tends to zero does 
not require that 4 » and 4o should simultaneously tend te zero. It is sufficient 
that one of them should tend to zero. In other words, both the entropy of the 
strictly monochromatic (4 = 0) and the entropy of the strictly directed 
{40 = 0) radiation are equal to zero. 

Let us now turn our attention to the process of photoluminescence. We shall’ 
assume, for the sake of brevity, that luminescence is accompanied by complete 
light scattering over all directions, ie., that the light emitted by the body is 
isotropic with respect to direction and the luminescence does not depend 
upon the direction of the incident light. Then the process of luminescence will 
be specified by a certain function w{v’, »), which determines the intensity 
of radiation of light with a frequency » upon irradiation by light with a ire- 
quency y’. 

Let us consider the restrictions imposed by thermodynamics on the proper- 
ties of this function for a certain value of »’. With this purpose in mind we 
may formally consider the body as being irradiated by strictly monochromatic 
light (frequency »’ and intensity I,). The light that is emitted has a spectrum 
which is determined by the function w(r’, v). If the emitted light is either suffi- 
ciently monochromatic or consists of separate sufficiently narrow spectral 
lines, then the light entropy will equal zero, and it suffices to consider the 
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change in the body entropy. But this, obviously, in a unit of time (referred to a 
unit of the body surface) will be 


L.= i 
p ? 





where 7 is the temperature of the body, and Z;—the luminescence intensity. 
Hence in this case the second law leads to the inequality 


L, s ae (7) 


i.e. the relative luminescence yield cannot exceed unity. 

If, however, upon irradiation by monochromatic light the luminescence does 
not consist of separate, sufficiently narrow lines, it is necessary to introduce 
2 correction involving the radiation entropy. It shoud be pointed out that it 
is possible to disregard the simply reflected light owing to its obviously raono- 
chromatic nature. 

Let 4v be the main interval of frequencies of the luminescence spectrum. 
The entropy of the incident light is equal to zero, whereas the entropy of the 
radiated light is approximately equal to 


x[(f + 1}in(f + 1) — flnfl dc, 


where f(v) determines the luminescence spectrum, and we have substituted 
for the integral (4) the value of the function under the integral sign, correspond- 


ing to a certain mean f multiplied by the region 4t of integration. The full 
change of the entropy of the body together with the radiation must be positive: 
Af = i, 

T 


The intensity 2, of the luminescent radiation can be expressed by means of f 
as follows: 


fue + i)in@f +1) —flnfJ4r2 0. 


I,=[fhvdr~hvfar. (8) 


Consequently the inequality obtained may be re-written in the following form: 


pep 22 FeV + pet 
aay hy } . 


The expression on the right-hand side depends on f, ie. upon the absolute 
light intensity. On the other band, as long as the photoluminescence increases 
linearly with the intensity of the incident light, J,/Z, is independent of the 
intensity. Therefore, we are justified in substituting for f any value correspond- 
ing to the photoluminescence intensity in the linear region. Inasmuch as 
(f+ 1}In(f +1) — finf]/f is a monotonically decreasing function of }, it is 
evident that the greatest restriction will be imposed when we take the value 


(9) 
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of f corresponding to the maximum photoluminescence intensity for which 
the lmearity is still retained. 

Let us introduce an “effective temperature” J',¢ of the luminescent light, 
as a temperature of black radiation, in the spectrum of which the specified 
interval 4» possesses an intensity equal to the greatest intensity of lumines- 
cence in. the linear region. This temperature is connected with f# by Planck’s 


formula: ; 


4 oe ete leg = 1 {10) 


Upon substituting (10) into (9) a rather lengthy expression is obtained; it 


is sufficient to write it out for the two limiting cases—the large and small 
values of holxTeg. When hy > xTeg, we have f & e-**7e and (9) yields 


vi 
I,24,,1-—~}. 
oe { 7) a) 


The ratio T/T'¢ is in general small; therefore, (11) may also be written as 
follows: 





T 
Les 1(1 + ) (hv > x Tyg). (12) 
Pes 
In the opposite limiting case of small h»/zT._, we have f ¥ xTeg/hv, and (9) 
leads to the inequality 








vy T 
Pere lie ea) ibe (13) 
Tory hy 


differeing but insignificantly from equation (12). 

The inequalities thus obtained express the thermodynamic limitation of 
the Iuminescence yield. The temperature T.g is usually of the order of several 
tens of thousands of degrees, whereas 7 is the room temperature. Hence, 
T/T ee is very smaall, and we arrive at the conclusion that the consideration 
of the radiation entropy leads to but an insignificant correction in the simple 
inequality (7). Thus the relative luminescence yield, even when thermodyna- 
mically capable of exceeding unity, does so by an insignificant quantity. 

' Formulae (12) and (13) do not represent the sole restriction imposed by 
thermodynamics upon the process of luminescence. Consider a system consist- 
ing of the luminescent body and black radiation of the same temperature 7’. 
We can then assert that the body and the radiation are in thermal equilibrium 
with respect to one another. This means that in every interval dy» of frequen- 
cies, the intensity of the light emitted by the body is equal to the intensity 
of the black radiation spectrum in the same interval. But the light emitted 
by the body consists of two parts: of the light which arises under the influence 
of the black radiation falling on the body (this part includes photoluminescence) 
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and of the spontaneous emission. Therefore, under these conditions the follow- 
ing inequality must hold for every interval of frequencies: 


luminescence intensity < intensity of black radiation. (14) 


Let us express this inequality in a mathematical form. We shall assume that 
for all the considered frequencies the inequality hv’ > xT is valid. According 
to Wien’s formula, for such frequencies the intensity of black radiation is 
expressed in the form 

const: »’Se~*" 2, 
Multiplying by the intensity w(»’, ») of the emission of light with a frequency » 
upon irradiation by light with a frequency +’, and integrating over dv’, 
we obtain the intensity in the left-hand side of inequality (14) in the following 
form 


const { wy’, v) v8 em BHT gy’, 


In the right-hand side of inequality (14) we have the expression const »°e~ #**T , 
Thus 


f wy’, v) v3 en Ae? gy! < per be? (15) 


Here the integration in the left-hand side does not necessarily to be extended 
over all the values of »’. The inequality can evidently only become stronger 
if we confine ourselves only to a part of them. 

Let us consider a small interva! of frequencies 4»’, in which the function 
we-*vixt does not change considerably. Then (15) may be re-written in the 
following form 

Ay’> wy’, ) 3 e7 Aver < ys en bye? 


or 
y \8 er BO— a? 
wy vs (=) —_—. (16) 
Y Av 


This inequality shows that the radiation intensity in the anti-Stokes region 
(vy > »’) for appreciable » — »’ must become insignificant as compared with 
the intensity of the incident light. 

Ih the Stokes region (v < »’) for large v’ — y the inequality (16) becomes 
meaningless as it gives merely an upper limit for w, which is altogether too 
high. 

I would like to point out here, that this paper arose from discussions with 
8. I. Vavilov, who drew my attention to the importance of the rigorous appli- 
cation of thermodynamics to photoluminescence. , 


63. ON THE THEORY OF SUPERFLUIDITY 
OF HELIUM IT 


THE velocity of the “second sound” in helium II has been measured by V. Pesh- 
kov! with a great precision. His results give an opportunity to perform a 
quantitative comparison of the theory developed by the author? with the ex- 
periment. Such a comparison gives full support to the general picture given 
by the theory, but at the same time it reveals a noticeable discrepancy between 
the calculated and observed values of the velocity (e.g. 25 m/sec calculated 
and 19 m/sec observed at the temperature of 1-6°K). Although this discrepancy 
is not very large, it is too large to be attributed to the inaccuracy of the experi- 
mental data on the thermodynamic quantities of helium II. 
For calculating the velocity of the second sound the formulae were used for 
‘the thermodynamic quantities (entropy, specific heat), derived in ref. 2 under 
the assumption of the energy spectrum of the liquid to consist of two branches 
—the phonon and roton ones. The direction of the observed discrepancy indi- 
cates in what way these assumptions must be altered. Using the experimental 
data, one can formally compute the roton mass yz according to formulae 


on = Np, F,=-NkKT. (1) 


Here NV is the number of rotons per unit volume, #,—the “roton part” of the 
free energy (ie. the free energy without the vibrational part), o,—the density 
of the “normal part” of the liquid (the phonon part in e, is negligible as com- 
pared with the roton part). The mass » calculated in this way appears to be 
approximately inversely proprtiona] to the temperature (in temperature inter- 
val 1-3—1-7°K), instead of being constant. It is, however, to be noted, that 
although the very fact of the variation of w is apparent, the quantitative 
law of its variation can be established only in a very approximate way (owing 
mainly to the scarcity of experimental data on the specific heat of helium II). 

If one does not make the assumption «¢ = 4 + ?/2y for the dependence 
of the energy « of a roton on its momentum », but considers the general depen- 
dence e(p), then the calculation according to the general formulae derived in 
ref. 2 shows, that in the formula g, = NV ze the quantity y?/3kT enters insteadof 
(p* is the mean square of the momentum). If this quantity is inversely propor- 
tional to the temperature, then e = const, i.e. the values of the roton mo- 
menta lie mainiy in the neighbourhood of a certain py. At the first glance this 
fact appears to be very strange, but it can be explained in a natural manner 
by assuming, that the energy spectrum of helium II is of the type shown in 


L. Landau, On the theory of superfuidity of helium I, J. Phys. U.S.S.R. 11, 91 (1947). 
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¥ig.1. For small momenta p of an elementary excitation its energy ¢ increases 
nearly (phonons), then reaches a maximum, begins to decrease and at a 
certain value p = py the function e{p) has a minimum. In the neighbourhood 
of the latter we can write 


(Pp — Pp)” 
24 


# being a constant. With such a spectrum it is of course impossible to speak 
strictly of rotons and phonons as of qualitatively different types ofelementary 
excitations. It would be more correct to speak simply of the long wave (smali p) 
and short wave (p in the neighbourhood of pp) excitations. It is to be stressed, 
that all the conclusions concerning the superfiuidity and the entire macro- 
seopical hydrodynamics of helium II, developed in ref. 2, maintain their 
validity also with the spectrum proposed here. 


é=4+ (2) 





H 2 3 
Pi fh, om x10® 
Fia. 1. 


Only the formulae for the thermodynamic quantities must be changed. 
Instead of formulae (3, 4-7) in ref. 2 we have for the “roton” parts of the free 
energy, entropy, specific heat (per unit mass) and the density of the “normal 
liquid”’: 

Qu 2 (kT)? R en Aut. 
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(6) 


In such a form the theory contains three constants: 4, py and y. It is, there- 
fore, difficult to check it on the basis of the experimental data which are now 
available. For the values of A, p) and yu one gets: 


4 
= 9-6°, = = 1-95 x 108 em73, we = 0-77 my. (7) 


Note that u is of the order of the mass mg, of the helium atom and k/» 
is even less than the atomic dimensions. The values (7) have been used in 
drawing the curve in Fig. 1. 
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64.ON THE MOTION OF FOREIGN PARTICLES 
IN HELIUM II 


Ir has recently been suggested that the isotope of helium with mass 3, which 
is present in helium in small quantities {10-6 to 10-7), does not participate in the 
superfluid motion of helium IT. The aim of the present note is to show that 
any foreign atoms and molecules (including the isotopes *He and *He, and also 
electrons which have come from outside the mass of helium II), are not able 
to participate in superfluid motion when their concentration is low. 

To prove this let us consider the energy spectrum of helium IT containing 
a small quantity of impurity atoms. In doing this, one may ignore the inter- 
action of the impurity atoms one with another and consider only their inter- 
action with the atoms of the basic isotope of helium. The energy spectrum thus 
obtained contains, besides the phonon and roton spectra of pure helium II* @, 
additional energy levels due to the presence of the impurity atoms. Hach such 
atom can not be fixed at a definite point of liquid helium II but should, like 
electrons in metals, move throughout the whole of the helium II (the existence 
of local levels in crystals is connected with the crystal lattice being quasi-classi- 
cal, which is not so in helium IJ). 

A definite momentum vector, on which the energy depends in a continuous 
way, is related to the motion of each impurity atom through the helium. We 
obtain a continuous energy spectrum which is characterised, for each sort of 
impurity atom, by a dependence of the energy on momentum. This dependence 
may be different for different sorts of atoms. To the lowest energy state there 
may correspond either amomentum P equal to zero, or a certain finite momen- 
tum Pp»). Expanding the energy in powers of P — Py near to the minimum 
energy, we obtain: (P — P,)? 

a a u 


Here w is an effective mass, equal, ag a rule (to within an order of magnitude) 
to the mass of the impurity atom. This excludes the electron, for which the 
effective mass may be considerably larger than the electron mass. 

if P, = 0 then we have instead of (i): 


Pp? 
aoe ee 


For small P an expansion of the energy in a power series in the momentum 
begins with the quadratic term, and not withthe linear term asin the phonon case. 


i. Hannay aH. Domepamzyr, O qpanenua mocroponanx yactun Brenna I], Joxsader Axade.uuu 
nayx CCCP 59, 669 (1948). 
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It is well known that the presence of the linear term in the phonon case 
is caused by some special reasons, which do not occur under the conditions 
now being considered. 

Because of the conservation laws for energy and momentum, the excitation 
of phonons by impurity atoms with energy (1) is impossible once the velocity 
of the atom (P — P»)/w becomes less than the velocity of sound. As far as the 
excitation of rotons is concerned, this requires an energy larger thand = 9-6 KS. 
When the velocity of the atom is less than a certain velocity, which depends 
on the reduced mass, excitation of rotons is impossible. In the case of *He 
this critical velocity happens to be of the order of the velocity of sound. Thus 
practically none of the impurity atoms, moving with a velocity less than some 
critical velocity, can transmit their energy to the superfluid part of Helium If. 
The path of such atoms is determined by their collisions with phonons and 
rotons. At temperatures which are not too low, the probability of a collision 
‘with the phonons is Jess than that with rotons, since the roton cross-section 
is of the order of atomic cross-sections and the phonon cross-section is smal 
because of the large wavelength of the phonons which are present in helium IZ 
(the scattering of phonons by impurities is proportional to the fourth power of 
the frequency). Due to collisions with phonons and rotons, the impurity atoms 
will move together with the normal part of helium IT, and will not be able to 
participate in the superfluid motion. Thus in the normal part of helium II, be- 
sides the mass connected with rotons and phonons, there will appear also an 
additional mass, due to the impurity atoms. The amount of this mass per 
unit volume is equal to nP2 


3kT 


(x is the number of impurity atoms contained in one cm‘). If Py = 0, then the 
additional mass is equal to n u. 

Since *He must move with the normal part of helinm II, when the super- 
fluid leakage of helium takes place the “He must remain in the original vessel. 
Exactly this result was obtained resently by Daunt et al. 4, who were able to 
diminish the concentration of 7He in a mass of He II leaking in a superfluid 
way by 2 factor of 50. Daunt ef al. attempt to connect the non-participation 
of *He in the superfluid motion with the question of the properties of the super- 
fluidity of pure *He. However, according to the theoretical statements given 
above, the question as to whether pure *He is superfluid or not superfluid 
bears no relation to its lack of participation in the superfluid motion of He II. 
Any impurity atoms contained in HeII will not take part in the superfluid 
motion of the HeII. In particular, this applies also to *He, although *He by 
itself probably has the property of superfiuidity. 
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65. ON THE ANGULAR MOMENTUM 
OF A SYSTEM OF TWO PHOTONS 


Wuen considering the question of the annihilation of slow positrons and elec- 
trons, I. Pomeranchuk! discovered that in the limiting case of stationary par- 
ticles, the probability of two-photon annihilation vanishes if the spins of the 
electron and positron are parallel. 

In this connection there arises the question as to whether or not this circum- 
stance is the result of some general, exact, selection rule, which restricts the 
possible values of the angular momentum of the system of two photons with 
the sum of the momenta equal to zero. Such a rule could be a consequence of 
special properties of photons connected with the transversality of the electro- 
magnetic waves. 

The wave function of the system of two photons can be represented in the 
form of a second rank tensor #,, constructed bilinearly from the components 
of the electromagnetic field of both photons. If the sum of the momenta of the 
photons is equal to zero, then H;, will be a function only of the difference 
f,—%, of the co-ordinates of the two particles. Introducing the unit 
vector #, directed from the first photon to the second (7, — r, = nr), we 
shail consider #;, as a function of n (for given r). 

The transversality of the field of each of the photons leads to the tensor E,, 
being orthogonal to their direction of motion: 


#ym = 9, Eyn, = 9. (1) 
The permutation of the two photons means the permutation of the indices 


of the tensor #;, together with a simultaneous change of the sign of ». Since 
the photons obey Bose statistics it is necessary that 


Hi, (”) = #,;(— 2). (2) 
Splitting Z;, into parts which are symmetric and antisymmetric with respect 
to the indices 7, & one has 
Ey, = Six + Aix: 
The relation (2) (and also the orthogonality relation (1)) must, obviously, be 


independently satisfied by each of the tensors. Hence we find for the sym- 
metric part the relation 


Si,(m) = 8;,(— 2), {3) 


al. WT. lanmay, O soxenre cucremnt 23 yByx horonos, Joncade: Axnadeuvu Hayx CCCP, 60, 207 
(1948). 
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and for the antisymmetric part 


Aj,(n) = — Ay,,;(—®). (4) 


The behaviour of the wave function when the sign of n is changed determines 
the parity of the state of the system of particles (photons); thus the function 
S,z corresponds to even states and A,, to odd states. Let us now clarify what 
the angular momenta of the system can be in the states described by these 
functions. 

It is well known that an antisymmetric tensor of the second rank is dual to 
some vector A(A; = e;;; H;,;, where e,;,,is the completely antisymmetric third 
rank unit pseudotensor). The orthogonality of the tensor A;, to the vector x 
means that the vectors A and n are parallel. Because of this one may write 
A=ng(n) where gy is a scalar which, according to (4), must satisfy 
p(n) = o(—%). 

It follows from this last equation that the scalar g can be constructed 
linearly from the spherical harmonics of even order (including the order zero). 

The correspondence with the total angular momentum of the system J is 
established in the following way. Although, as is well known, the division 
of the photon angular momentum into orbital angular momentum and spin 
is without any physical meaning, we can formally introduce a “‘spin” S which 
corresponds to the rank of the tensor wave function and an “orbital angular 
momentum” Z corresponding to the order of the spherical harmonic appearing 
in the wave function (such a division is a purely mathematical formality ex- 
pressing the transformation properties of the wave function with respect to the 
rotation group). 

In the given case, the wave function is reduced to a scalar g, to which cor- 
responds S = 0, so that J = L. Thus the tensor A;, corresponds to odd states 
with even angular momentum. 

It is well known that an arbitrary symmetric tensor of the second rank S;, 
can be reduced to a scalar (S;;) and to a symmetric tensor (S;,) with zero 
trace (S;, = 0). In view of (3) both of these are even with respect to a change 
of the sign of x. Thus they are expressible in terms of the spherical harmonics 
of even order L. The “spin” S = 0 corresponds to the scalar S,,, therefore the 
total angular momentum J = £ is even (including the value zero). 

The “spin”? S = 2 corresponds to the tensor S;,. Adding, by the rules for 
the addition of angular momenta, this “spin” to an even “‘orbital angular 
momentum”, we find that for given even J + 0 there are three possible states 
{with L = J — 2, J, J + 2) and for odd J + 1 there are two possible states 
(with = J/—1, J+ 1). The exceptions are J = 0 with one state (D = 2), 
and J = 1 with one state (Z = 2). 

In these calculations, however, the condition of orthogonality between 
the tensor S,;, and the vector » is not yet taken into account. Because of this, 
it is necessary to exclude from the number of states obtained, a number of 
states which correspond to a symmetric tensor of second rank parallel to the 
vector . Such a tensor can be written down in the form B,; 1% + B, n;, where 
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B(n) is a vector which, according to (3), must satisfy the relation B(n) = 
— Bin). , 

This vector must, therefore, be expressible in terms of spherical harmonics 
of odd order LZ. Noting also that to this vector there corresponds “spin” 
S = 1, we find that for every even total angular momentum J + 0 there are 
two possible states (with Z = J — 1, J +-1} and for odd J one state (with 
£=J). The exception is J = 0 with one state (Z = 1). 

Collecting these results together we obtain Table 1, which gives the number 
of possible even and odd states of the two-photon system (with zero total 
momentum) for different values of the total angular momentum J (k is a posi- 
tive integer different from zero). , 


Taste 1 


J Even | Odd 


We see that for odd J the odd states are absent, and the value J = 1 is 
completely impossible. 

_If this result is applied to the annihilation of positronium we come to the 
conclusion (remembering that the parity of the positronium state is determined. 
by the quantity (— 1)’, where / is the orbital angular momentum) that the usual 
two-photon annihilation is strictly forbidden in all states with odd orbital 
and total angular momenta, and also in all states with total angular momentum 
equal to one. 
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+ Notice that the impossibility of the value J = 1 in the particular case of two dipole quanta 
(with zero total momentum) was recently proved by Baleeiro*. 


66. ON THE THEORY OF SUPERFLUIDITY 


SINCE my paper on the theory of the superfluidity of helium IT was published 
in 19411 and in later papers, this problem has been repeatedly discussed in 
scientific literature. I should like to express my opinion on some of the state- 
ments which have been put forward, especially in connection with the last 
paper by L. Tisza.*t , 
It follows unambiguously from quantum mechanics that for every slightly 
_ excited macroscopic system a conception can be introduced of “elementary 
excitations,’ which describe the “‘collective’”’ motion of the particles and which 
have certain energies « and momenta @ (leaving aside the question as to the 
actual dependence «{p), ie. the actual form of the energy spectrum). it is 
this assumption, indisputable in my opinion. which is the basis of the microsco- 
pical part of my theory. On the contrary, every consideration of the motion 
of individual] atoms in the system of strongly interacting particles is in contra- 
diction with the first principles of quantum mechanics.+ 
As to the actual form of the energy spectrum, the general principies ailow 
one merely to assert! that for small energies the dependence ¢(p) must be of the 
“phonon” type, ie. ¢ = cp, ¢ being the velocity of sound. This fact is in 
itself sufficient to deduce strictly the superfluidity of the liquid at sufficiently 
low temperatures (ref. 1, section 5). It is useful to note that N. N. Bogolinbov® 
has succeeded recently, by an ingenious application of second quantisation, 
in determining the general form of the energy spectrum of a Bose-Einstein 
gas with a weak interaction between the particles. As it should be, the “ele- 
mentary excitations” appear automatically, and their energy ¢« as a function 
of the momentum 7 is represented by a single curve, which has a linear initial 
part. Although the model of such a gas does not have any direct bearing on 
the actual liquid helium JI, it shows the manner in which the quantum— 
mechanical mathematical formalism leads, in fact, from a macroscopical body 
to an energy spectrum with the indicated properties. 


oI. 0. Tangay, K reopux ceepxrexysectu, Zonzadu Anadenuu Hayx CCCP, 61, 253 (1948). 

L. Landau, On the theory of superfuidity, Phys. Rev. 75, 884 (1949). 

{ Iam glad to use this occasion to pay tribute to L. Tisza for introducing, as early as 1938, 
the conception of the macroscopical description of helium II by dividing its density into two parts 
and introducing, correspondingly, two velocity fields. This made it possible for him to predict 
two kinds of sound waves in helium I]. (Tisza’s detailed paper (J. phys. rad. 1, 165, 350 (1940) 
was not available in U.S.S-R. until 1943 owing to war conditions, and I regret having missed 
seeing his previous short letter (Comptes Rendus, 207, 1035, 1186 (1938)).)} However, his entire 
quantitative theory (microscopic as weil as thermodynamic-hydrodynamic) is in my opinion, 
entirely incorrect. 

+ Such reasonings are also present in Tisza’s recent paper. No quantwm meaning can be given 
to such assertions, as, e.g. “every vortex element can be associated with a definite mass contained 
in the volume in which the vorticity is different from zero” (ref. 4, p. 852). 
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The farther trend of the « vs. p curve cannot be established in a general 
form by purely theoretical considerations. The spectrum with two branches 
(e=cpande=4 + p*/2u), which I originally postulated, consisted of two 
intersecting curves; the latter fact alone makes this spectrum unsatisfactory. 
These considerations, together with an elaborate investigation of the new ex- 
perimental data, lead? to a spectrum consisting of a single curve; after a 
linear initial part, the function «(p) passes through a maximum, then has a 
minimum and increases again. 

Apart from the microscopic theory and the calculation of the thermodyna- - 
mic quantities based on this theory, my paper of 1941 contained also the dezi- 
vation of the hydrodynamic equations for helium II. This part of the theory 
does not depend on the assumptions concerning the energy spectrum and the 
equations can be deduced starting merely from the conservation laws and 
the Galilean relativity principle. From these hydrodynamic equations the for- 
mula which determines the velocity of the “second sound” in terms of the 
thermodynamic quantities of helium II was deduced. I would like to emphasise 
that, at present, this formula can be directly checked by the experimental data 
on the entropy and the specific heat of helium II and the values of p, directly 
measured by BE. Andronikashvilli®. Such a comparison shows excellent agree- 
ment between the theory and the experiment well inside the limits of the ex- 
perimental error. Therefore, one must consider as a mere misunderstanding 
Tisza’s assertion that this formula is in conflict with experiment. 

The hydrodynamic equations given by Tisza are, in my opinion, quite un- 
satisfactory. It is easy to see that in their exact form they even violate the con- 
servation laws!* If one tries to obtain my results starting from these equa- 
tions, it can be done only as far as equations of the first approximation are 
concerned, in which the terms of the second order in the velocities are neglected. 
in this case Tisza’s equations can be readily reduced to my equations by means 
of a suitable definition of the arbitrary quantity p,, which enters Tisza’s 
theory; this is exactly what he dces in his recent paper. Unfortunately, how- 
‘ever, he obtains the correct result by using an incorrect assumption of the pro- 
portionality between the entropy and the normal part of the density o, of 
helium II. Tisza’s effort to give a thermodynamical foundation for this assump- _ 
tion is quite unconvincing and the formulas given) * actually show that such 
a proportionality is absent.ftt 

Tisza excludes phonons from the “normal part”’ of the liquid, the argument 
being that the phonons are “associated with the liquid as a whole,” contrary © 
to the “elementary excitations” which ‘correspond to helium atoms in trans- 
lational Bioch-type states.” Such exclusion of the phonons evidently presumes 


{ Tisza’s remark that this assumption “tends to raodify the theory in the wrong direction” 
(ref. 4, p. 852) can hardly be justified. 
+ For instance, the time derivative of the total momentum i (on V,-+e@, V,) dV is not 
equal to zero. . 
+} Accidentally, the temperature dependences of the roton parts of 9, and of the entropy are 
very similar (the only difference being the factor 1 + 37/24). It is this circumstance that enabled 
Tisza to attain a good agreement with the experimental data on the seoond sound velocity in 
. the region of not too low temperatures, where the rotons prevail over the phonons. 
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either that (1) the phonons penetrate freely through narrow slits, without 
scattering by the walls (I do not mention their mutual collisions, which can 
be calculated hydrodynamically and turn out to be by no means improbable), 
or (2) the moving phonon gas has no momentum, whereas the opposite (‘‘the 
sound wind’’!) is well known. Both alternatives aro so obviously incorrect 
that I can hardly imagine which is the one adopted by Tisza. It should also 
be noted that the part of the density 9, which is due to phonons can be strictly 
caloulated.1f The experimental data which are available at present are yet 
insufficient to disprove Tisza’s assertion, because of the comparatively small 
role of the phonons in the temperature region explored. But I have no doubt 
whatever that at temperatures of 1-0-1-1°K the second sound velocity will 
have a minimum and will increase with the further decrease in temperature. 
This follows from the values of the thermodynamic quantities of helium II 
calculated by me. 

Tisza’s paper contains also some considerations concerning the viscosity 
of helium IY. These considerations are, however, confined to some unconvine- 
ing remarks on the necessity of distinguishing the “liquid-type viscosity” 
from the “‘gas-type or transport viscosity,” and as a result. Tisza concludes 
that the viscosity must decrease with decreasing temperature. Actually, 
this problem is theoretically rather complicated, and its solution requires an 
‘elaborate investigation of different elementary collision processes of phonons 
and rotons with each other. Such an investigation shows that the viscosity 
coefficient of helium IT can be represented as a sum of two parts—the “‘roton 
part” and the “phonon part.” The first one turns out to be independent of 
the temperature, whereas the second increases experimentaily with decreasing 
temperature (a temperature region which is not too near to the A-point is 
implied, thus allowing one to consider the phonons and rotons as a “perfect 
gas’’). These results are entirely in accord with the recent viscosity measurements 
by E. Andronikashvilli?7, which correspondingly are in conflict with Tisza’s 
considerations. 

Finally, I should like to dwell upon the question of behavior of foreign atoms 
dissolved in helium II (e.g. atoms of the isotope *He). In a recent paper by. 
I. Pomeranchuk and the author’ it was shown by considering the energy 
spectrum of a quantum liquid, together with a foreign atom that the presence 
ot such atoms gives rise to the appearance of a new kind of “elementary exci- 
tation” connected with these atoms. These atoms enter the “normal part” 
of the liquid together with the phonons and rotons and thus cannot pene- 
trate narrow slits (a fact actually observed by Daunt et al.%). It is to be 
emphasised that this fact has nothing to do with the question as to the 


+ Tisza remarks that the argument given in ref.) “is not convincing as it tends to obtain 
information on a kinetic coefficient (viscosity) from equilibrium considerations” (ref. 4, p. 852). 
However, this is mere misunderstanding. It is generally known that the uniform rotation admits 
&@ thermodynamic consideration, and the argumentation given! uses such considerations only 
for the calculation of that part of the helium mass which rotates together with the rotating 
vessel, whereas no conclusions on the magnitude of the helium viscosity can be obtained in such 
a way. Of course, my paper does not make an attempt of this kind. © 
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superfluidity of the substance of the admixture in itself (in particular of 
the pure *He), contrary to the opinion expressed in the literature (J. Franck! 
and Tisza‘). 
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67. THE EFFECTIVE MASS OF THE POLARON 


It is assumed that the carriers in orystals with ionic lattices are not electrons 
from the conductivity band, but polerons. The conservative motion of the polaron 
as a whole is considered. The dependence of the energy of the system on the velocity 
‘of the translational motion of the polaron is given, and the equation of motion 
of the polaron in an external field is derived. 


lL Intzeopuction 


The existing theory of the electronic conductivity of dielectrics and semi- 
conductors assumes that conduction electrons move in one of the ‘‘allowed”’ 
energy bands of the crystal, and that the wave function y of the electron is 
@ wave which has constant amplitude throughout the crystal. The existence, 
in a crystal, of forbidden bands is supported by experimental findings; these 
are the existence of dielectrics, investigations of the temperature dependence 
‘of the conductivity, the study of the interna] photoeffect, the photoeffect 
from a metal to a dielectric, and so on. Other features of the theory mentioned 
above have not found direct experimental support, and have sometimes even 
been contradictory to experimental data. 

But, above all (at least for ionic crystals), one should point out the self- 
contradiction of the theory. Usually, when considering the quantum states 
of a conduction electron, it is assumed that the ions are fixed at the lattice 
points so that the electrons move in a periodic field. In reality, however, the 
ions are in motion and the state of the electron follows thismotion adiabatically. 
8. I. Pekar considered such a motion! and showed that, by its electric field, 
a conduction electron will dielectrically polarise the ionic crystal. It happens 
that at the very beginning of the process of polarisation the polarised crystal 
already represents, for the electron, a potential well with a discrete spectrum. 
The electron, having spext part of its energy on the polarisation of the crystal, 
falls into one of the discrete levels, and is thus localised. The polarisation of the 
crystal then increases, the energy level of the electron and the energy of the 
whole system being lowered. The equilibrium occurs when the energy of the 
whole system reaches a minimum; this was considered in detail in previous 
papers by one of the authors” *, Thus the state of an electron in the conduction 
band does not correspond to an extremum of the energy of this system, i.e. 
it is unstable. The slow conduction electrons should continuously fall into 
polaron states. The decay time of the band state of a siow electron should 
be of the order of 10-#* see. Thus it is necessary to reconsider the foundation 
‘of the existing theory of conductivity. 


Ui. TW. Taugay ow C. HW. Texap, S$dextupnan macca norspoua, Hypnan Ixenepumenmanonot u 
Teopemurecxotd Pusunv, 18, 419 (1948). 
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8. I. Pekar? 4 gave a new point of view on the electronic conductivity of 
ionic crystals, according to which it is the polaron, and not a free electron 
. from the conduction band, which is the current carrier. The polaron should 
move in an external electric field like a negative charge, the localised state as 
a whole being forced to move along the field (the inertial polarisation of the 
erystal should follow the motion of the polaron). The calculated mobility 
of the polaron is in agreement, to within an order of magnitude, with the carrier. 
mobility determined experimentally as the product of the electrical conduc- 
tivity and the Hall constant. 
In the present article the effective mass of the polaron is calculated, 


3. EFFECTIVE MASS OF THE PoLARON 


It is possible to separate, in the dielectric polarisation of the ionie crystal, 
the inertial and transient parts’. The transient part of the polarisation is 
characterised by the square of the refractive index for light (in the region 
where the dispersion curve has a plateau); it is suggested that this tran- 
sient part completely follows the motion of the conductivity electron. As 
a result of the transient polarisation of the lattice poimts of the crystal by the. 
field of the electron, an additional force which has the periodicity of the lattice 
acts on this electron. This force we include in the periodic potential of an elec- 
tron in the crystal. For a solution of the problems before us it is possible to use 
the well known method of the effective mass of the electron’, i.e. we ignore 
the pericdic potential and at the same time change the mass of the electron 
to an-effective mass yu. 

The assumption that the electronic state p(r,#) adiabatically follows the 
motion of the ions and also that the radius of the state y is much greater than 
the lattice constant, leads to the following expression for the energy H of the 
system: 


h2 
# == [ivyr ae —[(p Div ar + ¥, (1) 


Here p(r, f) is the inertial part of the specific polarisation of the dielectric®, 
and is 
ror 


Divl=[iv@yk aan (2) 


“9%? 


the quantum mechanical expectation value of the electrostatic induction of 
the electron. In formula (1) the first term represents the kinetic energy of the 
electron, the second term is the interaction exergy of the electron with the 
polarised crystal and U, is the total energy of the crystal wher the electron 
is suddeniy removed (the potential and kinetic energy of the ions). 
According to the variational principle of quantum mechanics (which is 
interchangeable with the Schrédinger equation} ior any given polarisation 
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pr, t), the function p(r, f) is determined as that function which minimises the 
functional (1) subject to the additional condition 


fipPdr=1; (3) 
hence 


f2 
3 eras — | (w-styp ae = 0. (4) 


We assume, in the following, that w is already determined in this way; then Z 
is the Hamiltonian function which describes the motion of the ions in the crystal. 

Let us assume that the crystal is a system of ions undergoing small harmonic 
oscillations and express H in terms of the corresponding normal co-ordinates, 
and velocities of the ions. The motion of the ions is governed by the usual 
canonical Hamiltonian equations (one should allow for (4) when differentiat- 
ing H). These canonical equations are the equations for forced oscillations of 
the ions under the influences of the force Dir, t). 

Let us consider the particular case of a motion in which the polaron moves 
as a whole translationally with velocity v, ie. when 


p=yp(r—vi), D=Dir—vi), p= pr — vt). (5) 
Expanding D and p in Fourier series 
D= yD, ener vt) L Dre eile. ) — 4 O, = (i 7 v), (6) 
& 
= eller) — axe] | 7 
P 2 (7) 


we notice that the forced oscillations of the ions induced by the force DB may be 
obtained as a simple superposition of the oscijlations induced by separate 
harmonics of the form 

D,, els) — 44) (8) 


These harmonics, of course, are not the usual electromagnetic waves (their 
velocity v + ¢, they obey another dispersion law, and they are not transverse). 
Since, nowever. the size of the polaron is greater than the lattice constant, the 
expansion (6) is dominated by those harmonics having a wavelength which is 
also greater than the lattice constant. In this case the problem is reduced to the 
known limiting case of long waves, and when considering the forced oscillations 
of the ions it is possible to replace the harmonics (8) by electromagnetic waves 
which have an induction vector with the same amplitude and frequency. 
This replacement allows us to express the polarisation of the dielectric in terms 
of the dielectric constant «(w) determining the dispersion of the electro- 
magnetic waves in the crystal: 

€{a;) 1 1 


= D,, ¢(w) =— —-—— 
ke ax ie (a) ne 2(o) 





(9) 


‘(In the derivation of the expression for c{w) one should bear in mind that p 
is only the inertial part of the specific polarisation’). It is assumed that the 
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crystal is isotropically polarised. The relations (9) give the solution of the equat- 
ions for forced oscillations. The equations (2), (4) and (9} determine the func- 
tions y, D, p. It is obvious that it is possible to satisfy all three equations 
simultaneously by functions of the form (5). 

For a determination of the effective mass of the polaron it is necessary to 
calculate the energy (1) exactly up to terms of the order of v?. In accordance 
with this and taking the evenness of the function ¢{w) into consideration (the 
imaginary part of ¢, i.e. the absorption, is neglected), we write c(w) in the 
form of a series 


€(0,,) = Oy + Cg OR ++; (10) 
i 4. Co 

=—- eo, 8 FET; lI 

70 (0) 2 ee? wa) 


@, is the limiting frequency for the optical oscillations of the ions (which should 
not be confused with the “dispersion frequency”). Since 


i Gia P 
we D, eilte- >) ~ Op) aa D,. eilte-r) ~o, f) 


it is convenient to write the equations for the forced oscillations (9) in the 
summed form: 
(7, ) =| eg Dir, 1) ~ (12) 
r, t) = — | ¢ rT, t)-¢ . ; 
ss dn} ee 
It is now easy to obtain the expression for the energy of the crystal U,. Taking 
into consideration that the work per unit time and unit volume performed on 
the crystal is given by the equation 


, D , hs 

w-#)-(2- eb - BD), (3 
ww 

and putting the energy per unit volume in the absence of the field (when the 

polaron is far away) equal to zero, we obtain 


Co 3c, f . 
=—;}D'°d — edr. 14 
U, = r+ 52 [ par (14) 


Inserting (12) and (14) into the expression for the energy of the system (1) 
we obtain 


i? Co c.f. 
ete! 2g7——2. | pe 2 4 pe : 
ves =| Irv dz es |» [vy] dr + rie fe [pi dt (15) 


The case of the stationary polaron (v = 0, B = 0) was considered in detail 
by one of the authors in some previous papers**®. The ground state of the 
polaron y = yo{r} and the corresponding energy 


wet 


Hy = —0-0547-—, 


r (18) 





orn 16 


were obtained. Taking this solution as the zero approximation, and gomg 
to the case of a uniformly moving polaron, it is possible to show that the wave 
function y, and the energy, will have only smaii corrections provided that the 


velocity ree (17) 


where 7, is the radius of the polaron®. 
The energy, up to terms of the order of v? will be written in the form 


1 > 2 - 
H=H, +5 Me, Moi [72] ar +2 Diylar . (18) 
0 i) 


2 


3 or 


If one inserts into this D[y,)] from ref. 3, the effective mass of the polaron is 
equal to 


e2 \8 3 
w= 58x 10-e(FE) ergo, = 008 x 10°(A) Sere, (19) 


where 7 is the mass of the free electron and y is the effective mass of the electron | 
in the original conduction band. Usually W happens to be considerably larger 
than the electron mass (for an NaCl crystal it is 432 times larger). 

‘ Considering the motion of the polaron in an external electric field E, and 
equating the power introduced by this field to the increase in the energy (18) 
per second, we obtain for the polaron, the usual equation of motion 


Me=ecEk. (20) 


It was assumed above, that the uniform motion of the polaron is conser- 
vative, i.e. the harmonics (8) maintain the stationary forced oscillations of the 
ions, but do not generate ionic oscillations having eigenfrequencies. In reality, 
however, because of a certain anharmonicity, the forced oscillations of the 
ions generate oscillations with eigenfrequencies (heat is dissipated). By this 
means there is some retardation of the polaron. The energy, transmitted by 
the polaron to the lattice can be formally calculated as the absorption by the 
erystal of the electromagnetic waves, equivalent to the harmonics (8), which 
were mentioned above. Such a calculation has shown‘ that the retarding force 
is proportional to the velocity and the mobility of the polaron in the external 
field is 5(0)% 


u\ 5 
(4) Co 
The coefficient } is determined experimentally by measuring the absorption 
of the electromagnetic field in the crystal; namely } w is the imaginary part 
of the refractive index of the crystal for waves with frequency w < w,. The 


retarding force R& is expressed in terms of the mobility and the velocity of the 
polaron by the formula 


uw = 0262 x 10738 abs. units. (21) 


| tes (22) 
u 
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Neglecting the weak retardation, and quantising the motion of the polaron 
as a whole (without the field), it is possible to convince oneself that this motion 
is described by plane waves (as for the motion of the centre of mass of any com- 
plex particle with internal degrees of freedom). Because of this, the dependence 
of the energy level density of the translational motion of the polaron on its 
kinetic energy has the same form as in the case of a free particle with mass 
and spin 1/2. 

The thermodynamic equilibrium concentration of polarons is given by the 
usual formula, 


n= Fe OaMery eb ~ BNkz | 


where ¢ is the chemical potential of the electrons in the crystal. However, 
the coefficient in front of the exponential factor is usually many times larger 
than in the case of electrons. It is owing to the interaction of the electrons 
with the thermal] oscillations of the ions that a Maxwellian distribution for the 
velocities of the polarons is established. 
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68. ON THE THEORY OF ENERGY 
TRANSFER DURING COLLISIONS TI 


A method has been developed which allows us to perform exact calculations 
of the cross section for the splitting of a deuteron into a neutron and a proton, during 
its passage through a Coulomb field. The energy distribution of the outgoing par- 
ticles has been determined, as well as their angular distribution. 


In an earlier paper by L. Landau}, a general theory has been developed which 
allows the caleulation (in the quasi-classical approximation) of the probabilities 
for the different processes which accompany scattering. Later this theory was 
applied by E. Lifshitz? to the scattering of deuterons by heavy nuclei accom- 
‘panied by one of the following reactions: (1) the decay of the deuteron with the 
ejection of a neutron and a proton, (2) the decay with the capture of the neu- 
tron by the nucleus and the ejection of the proton, (3) the decay with the cap- 
ture of the proton and the ejection of the neutron, (4) the capture of the deu- 
teron by the nucleus. All this refers to sufficiently slow deuterons ; their energy 
should be sufficiently below the Coulomb barrier of the nucleus. Fulfilment of 
this condition allowed the use of the general quasi-classical theory of Landau. 
This theory in its general form, however, allows us to determine the cross 
section only to exponential accuracy, i.e. without coefficient, which is slowly 
varying with the energy of the colliding particles, in front of an exponential 
factor with a large negative exponent (an absolute value of the exponent, large 
compared to unity is the condition for the applicability of the quasi-classical 
method). 

Corresponding to this, in ref. 2 only the variation of the cross-sections with 
the energies of the deuteron was determined, but not their absolute values. In 
that case were considered collisions in which the deuteron had zero orbital 
momentum relative to the nucleus (‘“head-on”’ collisions), which give the 
largest contribution to the cross section. Naturally, then the angular distribu- 
tion of the outgoing particles could not be determined. 

In the present paper a new method has been developed which allows us 
to perform exact calculations of the cross sections for the above mentioned 
processes. It has been applied to the first mentioned reaction —the decay of a 
deuteron with the release of both a proton and a neutron. For the other reac- 
tions there should enter into the cross-sections “sticking coefficients” of the 
neutron or the proton to the nucleus; the indeterminancy of this factor to 
a large extent deprives an exact calculation of the cross-section for these reac- 
tions of any meaning. 


J. clanzay a E. Tahman, K reopaa uepeqaw onepraa upa cromxaorenmax ill, Hypuas Ine- 
nepumenmaronod u Teopemurecnod Pusuxu, 18, 750 (1948). 
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1. DERIVATION OF THE GENERAL FORMULA 


The Schrédinger equation which describes the system of proton + neutron, 
in the spirit of Bethe-Peierls theory, can be written in the form 


FO aig 5 els h? x oc \1? 
Tet DE 4 BW =~ Saal) yd) 


where m is the proton mass, ¢ is the binding energy of the deuteron, x is the 
constant 
(m )¥? 
= ———_., 2 
e A (2) 
# is the kinetic energy of the deuteron: o is a numerical factor, the nature of 
which is explained below, V3 and V} are Laplace operators with respect to 
the co-ordinates r, and , of the neutron and the proton; y, is the wavefunction 
for the motion of the deuteron as @ whole, i.e. a plane wave: 


yg ~ ellpartedih (3) 


where p; = (42m)? is the deuteron momentum, and 7; = (r, + 1,)/2 is the 
radius vector of its centre of inertia. 

Actually, on the one hand, when r, + 7, equation (1) corresponds to the 
free motion of a proton and a neutron with the common energy # — e. On the 
other hand it is easy to see that when r,, — r, > 0 this equation gives the correct 
deuteron wave function? 


: (4) 





a x ie e7** 


r 


the factor multiplying y,; is the normalised wave function of relative motion 
of the particles in the deuteron (r = |r, — 1,|), which corresponds to its ground 
state in the Bethe—Peierls theory. The numerical factor « is introduced into the 
normalisation coefficient of this function (see ref. 3, section 12) in order to im- 
prove the accuracy of the Bethe—Peierls theory {and corresponds in a certain 
sense to taking account of the finiteness of the range of the forces between the 
neutron and the proton in the deuteron); from comparison with eapeenental 
data on the scattering of neutrons on protons one obtains « = 3/2.4 

In order to convince ourselves that the function (4) satisfies equation (1) 
let us transform the latter to co-ordinates r and rz instead of r, and 7,: 





i? i h? (ax 
ae Ma (H-s)W = —42 mm (=2)" pq 6(7) 


Substituting here for y from (4) and (3) one obtains the expression 


(ve = 2y( 


_—xT 





)- — 42 6{r), 


which is satisfied identically. 


The Schrédinger equation for motion in the field of a heavy nucieus is 
obviously obtained from (1) by subtracting from the energy # the potential 
energy Z e*/r, of the proton in the Coulomb field. In this way we have the 
basic equation: 


9 2 1/2 
V+ e+ Sp (#- <2) v= -00(S 2 5(% = %). (8) 
Tp 22} 


Here y, is the wave functions of the motion of the deuteron as a whole in the 
field of the nucleus. This function has been chosen in the form which is applic- 
able to the problem of Rutherford scattering ; ; namely, this is the function which 
is composed at infinity of an incoming plane wave and a scattered diverging 
spherical wave. We shall assume that this function is normalised such that the 
incoming plane wave is normalised to unit flux density. 

Tn order to solve equation (5) let us expand the unknown function yw in terms 
of wave functions y, of the proton motion in a Coulomb field. These functions 
satisfy the Schrédinger equation 


2m Ze 
Cin eae) ee rm 


{, is the energy of the proton), y, being composed, at infinity, of a plane 
wave (with the wave vector k, = p,/h, p, is the momentum of the outgoing 
proton) and a converging spherical wave.t We shall assume the functions y, 
to be normalised in such a way that the plane wave in its asymptotic expres- 
sion is normalised to a 6-function in momentum space. 

The coefficients in the expansion of the function y in functions y, will be 
functions of the neutron co-ordinates, so that we may write 


= | ag ta) Yp(%9).At (7) 


{dt, is 2 volume element in proton momentum space; in the functions yp, and a, 
one should add as an index the momentum of the outgoing proton p,, but we 
shall omit this in order to simplify the notation).. 

_ Substituting (7) in equation (5) using equation (6) and applying in the usual 
way the mutual orthogonality of different functions y, , we obtain the follow- 
ing equation for the functions a,(r,): 


2m x \ 
Vie, + (FE) Bay = -8(S2)" ylry v5len () 


where H, = E — « — E, is the energy of the neutron. This equation is of the 
type for retarded potentials and its solution at large distances R = Rn (n is 


+ It is known that when considering the problem of scattering which is accompanied by the 
emission of a new particle from the centre to a given direction, then the wave function of the 
Jatter need not contain a diverging spherical wave in its asymptotic expression (see, for instance, 
the theory of the photoeffect, or the bremsstrahlung theory of X-rays accompanied by 
ionization of atoms in ref.5, Chapter VI, section 4 and Chapter VII, section 2). 
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@ unit vector in the direction of R) from the origin of co-ordinates can be im- 
mediately written by analogy with the known formula of radiation theory: 
x 2 \U% eiknk 


Y2, 
me 2(5*) =| valr) ypr)e Or PAV. (9) 
Here k, = nk,, ky = (2mH,)*/h. 

Obviously a,(r,) is nothing but the wave function of the neutron which is 
created together with the proton with momentum p, (to which corresponds the 
wave function y,) when the deuteron decays. Multiplying the squared modulus 
of a, by the velocity of the neutron v, = (2H,,/m)"? and by the spherical surface 
element R*do,, we obtain the neutron fux in the element of solid angle do, 
{around the direction n). Because of our choice of normalisation of the wave 
functions this quantity represents the cross-section for the process under con- 
sideration per unit volume of proton momentum space. In other words, 


do = v, R*\a,|? pz dp, do, do, 


is the cross-section for the decay of a deuteron into a neutron and a proton 
emitted into elements of solid angle do, and do,, respectively, the momentum 
of the proton having a value in the interval dy,. Substituting here the ex- 
pression (9) for @,, we obtain the final formula: 


h ; 
do = 40 (sz) (mn 8)" ey Iey 





2 . . 
[ve ve(r)et@ dV] dH, do, do. (10) 


Here we have introduced the wave vectors of the neutron and the proton and 
related the cross-section to the neutron energy interval, which is connected 
to the energy of the proton EH, = »3/2m by the conservation law #, + ZB, 
=H—s. 


2. EvaLvatiox oF THE INTEGRAL 


As has already been pointed out, we should use for the deuteron wave func- 
tion the Coulomb wave function of the continuous spectrum (in a repulsive 
field), the asymptotic expression for which consists of an incoming plane 
wave (with wave vector kz, ky = (4m™?)/h) and a diverging spherical wave. 
Normalising it in the manner described above, we have (see, for instance, ref. 5, 
Chapter II, section 9): 


Wq = vgte 72 TL + i ny) bh) F(—i my, 1, i(kgr — (he?))), CY) 
where vz = (Z/m)? is the deuteron velocity, and ny is the quantity: 
2m Ze Fa a 
t= Bae 
hk, ££ 
We have for convenience introduced the notation: 


0 ()) ie 


I(z) is the I-function and F'(«, y, z) is the confluent hypergeometric function. 
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The proton wave function at infinity should consist of a plane wave with the 
wave vector k,, k, = (2m#,)*?/k, and a converging spherical wave. Normalising 
it in the manner described in section 1, we have {see, ref. 5, Chapter II, section 9): 


Wp = (2xh)~ Fem ="? F1 —in,) b>” Piin,, 1, i(k, + (K,°7r))), (18) 


where 





Substituting (11) and (13) into (10) and noticing that 


aN 
r(l + in)? = FU + ing 20 — in) = ———__.,, 
[P(1 | a| ( a) ( a) snk 
xn 
I(t + in,) |? =——+_., 
ee | sinh n, x 
we obtain: 
ox B ml? <8! 
dc= 


kn 
a 2 gp Bera + Bp) , 
2} sinha n, si0l ; g ithe av") - dH, do,do,, (14) 


where by I we denote the integral 
T= [el F(— ing, 1, 04) F(— ing, 1, a) AT, (15) 
Og = i(kar — (leg ¥)). Oy =ikyr t+ (Ky%)), @= hy — hy — hy. 


This integral is met with in Sommerfeld’s theory of the continuous X-ray 
spectrum and is equal to (see ref. 5, Chapter VII, section 6): 


d 
it =| SEF (- ime —in,. 1, 8) > {16) 
Az 
where 
B= 4e(q2 we 2i¢ . ky) -— 22 k,)i" (¢? + 2(¢ . k,) — 972 kp)” ia at Ti 


— og 4 (ka hy + (a By) — 2C(G" Ba) + Aha)((G - By) — Ay) 


é : : > 
(g? — 2(q + ky) ~ 22k) (Q? + 2(q- ky) — 24k,) 


(17) 


and F(a, 8, y, z) is the hypergeometric function. 

Formulae (14-17) are exact; in them the assumption that the problem is 
quasi-classical has not been made. Further we shall assume that the energy 
of the deuteron (and therefore of the proton) is small enough that the quasi- 
classical approximation is applicable; this means that nz, , > 1. Therefore, 
in particular, in formula (14) we can write 

eta Np 


. : é 
sinhny xz & ae sinhn, a = 
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Further, it should be noticed that the cross-section as a function of energy 
of the emitted neutron has its maximum value when Z, = 0 and exponen- 
tially decreases with increasing H#, (as was shown in ref. 2 and wili be confirmed 
by future results). As a function of the direction of the outgoing proton the 
cross-section is maximal when the proton traveis in the opposite direction to 
the incoming deuteron (this corresponds to a “head-on” collision); we shall 
see below that the cross-section exponentially decreases with deviations from 
this direction. 

These circumstances allow us, in evaluating the integral J, to put in ail 
non-exponential expressions {as we shall see the exponential factor enters 
into the hypergeometric function #'(—ing, —in,, 1, &)): 


ky=0, q=hy— Ky, (hg: hy) = — hy hy. (18) 


Coxrespondingly, for this case we have for the proton energy #, = E — ¢, 
and k, should be connected with this value of Z,. The expressions (16), (17) 
for f are greatly simplified in this case. It is easy to see that the derivative 
(d &/d 2), . 9 under the conditions (18) becomes zero so that the term in J contain- 
ing the derivative of the hypergeometric function drops out. In the argument 
€ of the hypergeometric function it is self evident that we cannot simply 
substitute (18), since this argument enters the exponent. However, we can 
expand & in powers of the neutron energy HZ, and the angle @,, which is formed 
by the vectors k, and — k, (8, = 0 corresponds to the proton travelling in the 
opposite direction to the incoming deuteron). One of the parameters (in,). 
of the hypergeometric function should be subjected to a similar expansion. 

An evaluation carried ont in this way leads to the following expression ior 
the medulus squared of J: 


Sme 6427? 


aa 
(ey + &)* (hy — &,) 


|FP(-in, -iny,.1, &[?, (19) 
where the parameters of the hypergeometric function are equal to 


2m Ze? Ny kg kn \ 
A a dls a er 2 
see aceasta era beat 9) 7 


and its argument is determined by the formulae: 


b= — dy ky (kg — hy)2(1 + &), 





Be _ & cd (342 — Ki) ie. 2 sin26,, e k, Oy 82.8, COS (21) 
, 4° 212 (kg— kh, "* (ky — hy kg— hy 


Here and below kz and &, have the values: 
hky=2\/mE, ih, = 2m(E — 2), (22) 


6, is the angie formed by the vectors k, and — k,, i.e. the angle between the 
direction of the outgoing neutron and the opposite direction to the incoming 
OPpL 168 


deuteron; ¢ is the difference of the azimuths of the vectors hk, and Ry, relative 
to the vector —%, as polar axis. 

In view of the fact that the parameter 7 is assumed to be large. we can 
use the asymptotic formula for the hypergeometric function, which was ob- 
tained by Sommerfeld (see ref. 5, Appendix 16D). 

For the modulus squared of that function we have: 
ae » _ CSp{—Axyn+ n flu) + nf*(u*)} 
|F(-in, —inn, 1, )| ae in ; (23) 


where 
f(u) = itInfw7(1 — uw)" 7 (1 — w &)74], (24) 


here, for u should be taken the root of the quadratic equation f’(u) = 0 which 
lies in the upper half-plane. The phases of each of the quantities wu, 1 — wu, 
and 1 — uw & in (24) should be understood as angles described by an arc rotating 
in the positive direction (i.e. anti-clockwise) from the positive real axis until 
it intersects the corresponding point in the complex plane.t 

When evaluating the factor in front of the exponential in (23) one can again, 
of course, let k, = 0, 6, = 0; the exponent should be expanded in powers of 
these small quantities. As a result of this calculations the following result 


is obtained: 
[FP = (8x 6)-2(H + 2)? e3[(2B) — (B — "2 exp {...}, 


Ss \V? E-«\? 
(...) = 20, + 20m + 6 - (32) are oon F—*) 


e \}? E \ (ey? #, B-—e\'¥ 
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3. CROSS-SECTION 


Substituting (25) into (19) and later into (14), we obtain the desired cross- 
section: 
2 22 ye 
as B a = aE (e#,,) a#, do, do, : e- 8? (26) 
me Jin BE + e)[(2k)? + (B— oP 


(8 from (12)), where 
G=0,+ £, 6, + H,sin®6,-O, + FO, +6, Hi sind, cosp-G,, — (27} 


+ Formula (23) is applicable only when 7 < 1. When 7 = k,/2k, this condition is equivalent 
to demanding that Z > 2e. If, however, 2 < 2e then in (19) parameters » and 7 should be taken 
ag n= ImZefirk, , 4 = nan, = 2h, (kz (then again 7 <1), The evaluation with these 7 and x 
leads, as should be expected, to precisely the same result (25). 
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and 
Be \N2 BE—e\¥ s \¥2 E \w 
®,)(£) = () are 008 (5 a =) - s($) are cos( na :) , (28) 
7 (2e)¥? E- «\? 2e(H — 8s) 
@, (2) = @—sF cos =) - (B+ ehh — =)” (29) 
©, (B) = 4e(# + 2)~?, (30) 
@,(B) = e{(2H#)? + (B ~ «)7]-2, (31) 
@,(H#) = 40(# + 2)71[(2H)¥? + (EB — e)]-2. (32) 


The total cross-section o)(Z), as afunction of the deuteron energy, is obtained 
by integrating (26) over the neutron energy (which can be performed because 
of the rapid convergence of the integral in the limits 0 to 00) and over all 
directions of the neutron and the proton (integration over 6, can also be 
performed in the range 0 to 00). As a result of this calculation it is found thatt: 


2 38 : 
Op=4 (=) pe Oo (=) Poe B-1(E + 8)? GF 8/2 g— 8 2o(E) (33). 
me) 2 


The exponent $ ®, is, of course, that found im ref. 1. 

After integrating the cross-section (26) only over the direction of the proton 
(over do,), the angle 6, drops out of the expression obtained. In other words, 
the angular distribution of the neutrons (not correlated with the directions 
of the protons) is isotropic. For the energy distribution of the neutrons in this 
case the following expression is obtained: 


do(E,,) = 6y 227-4? (6 G,)9? BY? e~ Fd B,. (34) 


The exponent in this formula coincides with that found in ref. 1 (this, however, 
was not obvious in advance). 

The angular distribution of protons is obtained by integrating (26) over 
d#,, do,. The calculation leads to the formula: 


__ BG, 2 2,9, | 
da(6,) = 07D, + D,) exp 4— B oe EO, do, . (35) 


In this way the distribution over angles 6, appears to be Gaussian with the 
maximum in the direction opposite to that of the deuteron. 

The limits of applicability of formula (33) for the cross-section are set by 
the condition that the exponent 6 ®, should not be small compared with 


{ The integration over do, is carried out by introducing new variables of integration 6, = 
6, cose, 0, = 0, sing (where do, = 6, d 6, dg is replaced by d6,d6,, and the integration is carried 
out over the range — 0 to + co). After this integration the result does not depend on 6,, and 
intgration over £,, is done directly. 

+ The integration over d#, do, is performed by going from “spherical” to “Cartesian” 
co-ordinates in neutron momentum space, 


16a* 
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unity: 6 @)(#) 2 1+. This condition is violated when deuteron energies are 
sufficiently large, but there exists a region (for large enough Z), in which 
E> «, and the formula (33) is still applicable. In this region we have 


Se? 326% 
, Oo»= : 
3E2° 7 t B HS” 
and formula (33) takes on the form: 
A? 152 ra oy # a 88s3E2 
Op = { —— ] BR? 2-7(3xjyP{ — fe SPE (38) 
me ey, 
For numerical calculations let us write the formula (28) in the form 
og = ZB AB) x 10747 x 10-26 cm? (37) 


The functions A (HZ) and f(Z) are tabulated in Table 1. For the binding energy 
of the deuteron the value ¢ = 2-19 MeV is taken®. 


®, = 








TaRie 1 












EB (QieV) A(E)!4. | 10/(B) E (lev) | A(Byi4 10;(B) 
2-6 0-028 3-68 5-4 | 085 
2-8 0-062 2-59 56 1-2 0-348 
3-0 0-11 1-97 5-8 1-4 0-316 
3-2 0-16 1-57 6-0 13 0-292. 
34 0-22 1-29 65 18 0-242 
3-6 0-29 1-08 7-0 21 0-206 
38 0-37 0-926 15 25 0-176 
4.0 0-45 0-804 8-0 2-8 0-152 
4.2 0-53 0-703 i 32 0-133 
44 0.62 0-624 3-6 0-118 
4.6 0-72 0-556 4-0 0-105 
43 0-82 0:500 44 0-093 
5.0 0-92 0-453 48 0-084 


0-412 





1-0 0-075 


In Table 2 the numerical values of 


Z 


6, == 
8 D, (LZ) 


are given. 
According to the formula (34), written in the form 


da(H,) ~ om Bre, 


+ The asymptotic formula (23) used by us is obtained by applying the method of steepest 
descent to the compiex integral which determines the hypergeometric function. Investigation 
of the approximation applied in this (applied to our specific case) reveals the sufficiency of the 
condition 6 @, > 1 (and not necessarily 6 ©, > 1). 
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TaBLe 2 
E(Mev) | 4, (Mev) | E(Mev) | 4, (&e¥) 
26 0-35 54 | 19 
3-0 16 6-0 98 
34 3-2 7-0 45 
38 52 8-0 69 
42} 70 9-0 99 
46 re 10.0 140 
50 | 15 iL0 180 


the quantity 6,/Z determimes the width of the energy distribution of the out- 
going neutrons. 

At the present time experimental data on the cross-sections for the (d, p) 
reactions are not available. It is interesting to compare the cross-sections 
given by formula (37) with the experimentally measured sections for the (d, :) 
and {d, 2) reactions. At the present time data about the absolute value of 
these cross-sections only exist for Bi (Z = 83). Tatel and Cork’ measured 
cross-sections for the reactions *Bi (d, p) 2°RakE and ®°Bi (d, ») ?!°Po. The 
activities of the products of the reactions (Rak and Po) served as an indicator, 
because, naturally, the reaction °°Bi (d, pn) °°Bi, escapes observation. We 
are giving some values of the cross-sections for (d, p) and (d, n) reactions (the 
accuracy of these values is not very large) found by these authors, together 
with cross-sections for (d, pn) reaction calculated from formula (37). 





# (MeV) Fz, * 10*5 (om?) Fa, % 108 (em?) Samp * 10°* (em*) 
8-2 18 3-4 680 
6-3 1-5 0-12 40 


We see that the calculated values of 03 ,, appreciably exceed the values of 
Cap and og, so it can be assumed, in this case, that the (d, np) reaction is 
really the basic one. 
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69. THE THEORY OF THE VISCOSITY OF 
HELIUM II: 
I. COLLISIONS OF ELEMENTARY 
EXCITATIONS IN HELIUM I 


The theory of superfluidity of liquid heliam. I is used in a consideration of the 
viscosity in this substance. Calculations of the effective cross section of dispersion 
of elementary excitations (phonons and rotons) are given. 


P.L. Karrrza demonstrated that He II shows no viscosity in flowing through 
capillaries or narrow channels. This phenomenon is explained by supposing 
that in flowing through a narrow channel the superfluid part of He II flows 
without friction, whilst the normal part is held back by friction and flows 
through the same channel appreciably slower!-?, 

At the same time, measurements of the viscosity of He II by the decay of 
rotational oscillations of a disk immersed in the liquid give a non-zero viscos- 
ity’. This result is not remarkable in itself and is easily explained qualitatively 
by the theory, according to which the disc oscillating in He IZ is damped by 
friction of the normal part. Nevertheless up to now there has not been agree- 
ment between the measurements of viscosity by different authors. 

Thus Keesom and McWoodf® obtained a dependence of the viscosity of 
Heil on temperature featuring a noticeable fall of viscosity on the low tempera- 
ture side of the lambda point. 

These authors supposed that the disc was damped by the whole liquid. In 
reality, as has already been pointed out previously*, the oscillating disc is 
damped only by the normal part of the He II. Thus the values obtained from 
the experiments of Keesom and McWood must be divided by 0,/o. This modi- 
fication shows that from 2~-1-5°K the viscosity is normally constant and 
of magnitude x 1-4 x 10-5 poise. At temperatures below 1:5°K, the scatter 
of the points is so great that it naturally causes doubt as to the accuracy of 
the experiments at these temperatures; consequently from the data of Keesom 
and McWood it is impossible to deduce anything with certainty about the 
temperature dependence of the viscosity at low temperatures, even quali- 
tatively. 


J. ZW. clangay of. M. Xanaremxoz, Teopua vaskocra reins II, I. Crommaopenna oremen Tapas 
Bos6yxtenni a renuu Il, Rupnas Sxenepumenmannot u Teopemurecnot Gueunu, 19, 637 (1949). 
_ t The coefficients of viscosity obtained in ref. 3 are somewhat high since the authors used an 
erroneous formula due te McWood in calculating the correction for the penetration depth. In 
the final reckoning this erroneous formula gave a correction with the wrong sign. 
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E. Andronikashvili’ investigated the temperature dependence of e,/e by 
the method of rotational oscillations. In these exceptionally cunning experi- 
ments a pile of aluminium disks fixed on a common axis was immersed success- 
fully in Heli, Hei, and a vacuum. The ratio @,/e was connected by a 
simple formula with the periods of oscillation of the system. From the logarith- 
mic decrements observed in the same experiments on He II it was also possible 
to calculate the coefficient of viscosity at the various temperatures. It was 
established that from 1-9-1-5 °K the coefficient of viscosity was constant 
within the limits of accuracy of the experiments (1 x 10-5 poise). Thus these 
experiments gave a picture qualitatively agreeing with that obtained by a recal- 
evlation of Keesom and McWocd’s data in the same region of temperature. 

Recently Andronikashvili® made direct measurements of the viscosity 
coefficient of He II over a wide temperature interval, from the lambda point 
to 1:35°K. For temperatures above 1-5°K the results coincide on the whole 
with those obtained earlier by him. At lower temperatures, however, a marked 
rise of the viscosity coefficient with the lowering of temperature is noticeable. 

The present work is devoted to a theoretical examination of the question 
of the viscosity of HeII. The law of temperature dependence, derived un- 
ambiguously from the theory, appears to be in good agreement with these 
recent experiments of Andronikashvili. 

We shall begin the examination of the problem of the viscosity of He II 
with a discussion of the question of interactions of excitations with each 
other. - 


1. INTRODUCTION 


For obvious reasons, the exact form of the energy spectrum of He IT cannot 
be estimated. However, starting from sufficiently genera] considerations it is 
possible to determine the form of the energy curve at the most significant 
places. According to refs.2 and 7 the energy spectrum of HeiI has the 
following form. Initially, for smal! values of momentum 9, the energy ¢ is a. 
linear function of yp: 

e=Cp (1.1) 


where ¢ is the speed of sound. The corresponding elementary excitations 
consist of sound quanta, i.e. phonons. However, from numerous experiments 
on Hell it follows that beside phonons there must exist in He IT elementary 
excitations of a different type. For these excitations (normally called rotons) 
to be possible the energy curve must have a minimum at some value p = Po. 
Close to this minimum the roton energy # can be expressed as a series in powers: 
of {p — P,). Thus with an accuracy up to the terms of the second order the 
energy of the rotons is given by: 


— P,)2 
(p 0) (1.2) 
2u 
where 4 and P, are suitable parameters and y the effective roton mass. Both 
parts of the spectrum can be combined in the form of @ single energy curve. 


B=A+ 
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In such a single spectrum it is impossible to divide the elementary excitations 
into two types—phonons and rotons. It is possible only to speak of long wave 
excitations (p small) and short wave excitations (p in the neighbourhood 
of Py). For considerations of convenience we retain the terms “phonons” and 
“rotons’’, calling the long wave excitations “phonons” and the short wave 
excitations ‘“rotons”’. 

Where the number of phonons and rotons is not large, i.e. not very close 
to the lambda point, they may be considered together as a mixture of two 
idea] gases, a gas of phonons and a gas of rotons. The phonon gas obeys Bose 
statistics. For the rotons, Boltzmann statistics may be used, since the condition 
4>kT gives a roton distribution function which is insensitive to the type 
of statistics. 

Initially, the energy « depends linearly on the momentum y. However, for 
phonons of greater energy the effect of dispersion becomes appreciable, i.e. 
there is a departure from the linear Jaw. It turns out to be quite essential to 
take dispersion into account in the calculation of the effective cross-section 
for the scattering of phonons by phonons. 

It is clear that since the exact form of the energy spectrum is unknown the 
dispersion problem cannct be solved exactly. However, from the available 
data on the energy curve small values of momentum and in the neighbourhood 
of the minimum, we can attempt to calculate the coefficients in the expansion 
of the energy in rising powers of ». To do this we construct a four-term formula 
with undetermined coefficients 


e&= A, py? + A, pt t+ A, pi + A, p?. (1.3) 


The expressions (1.1) and (1.2) give four conditions: 


eo Ge) 
ee =C, ra = 0, aye 
OP /y 20 OP /p=Po OD Jon P 


which allows us to determine the four coefficients A,, 4,, A3, A, in equa- 
tion (1.3). The values of these coefficients turn out to be 


2), Pian, Ua 
B 


i a A 
Aj = Ape — (oa 4 Sa 88 1.5 
er a ee ( Bn ) ue) 


1 4a A 1 a A 
eo (te= 6 = fe tee eet a | 
4am (8 - a) Am gel BF) 


Extracting the square root of (1.3) and retaining only the first two terms we 
obtain 


e= c(p— yp), (1.6) 


where y = — A,/2c®. The value of y, calculated with the help of known vaives 
of 4, zw, and P, is found to be y = 2:8 x 10% g-? cm-?* sec?. 
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For calculating the effective scattering cross-sections of phonons we make 
use of the Fourier expansion of the phonon field. In doing this we use the 
analogy between the phonon field and the roton field. Expressing the density 
of the helium g(r) and the velocity v(r) as Fourier series 


e(7) = a+ OTS 0 ele rm of ee my, 
v(r) = oO- 12 [2% el: rir =e vee -ilp- male (1.7) 


Here gq is the equilibrium density in the absence of phonons, p is the phonon 
momentum connected with the frequency w of the relation 
cp 


Om he (1.8) 


For running waves, the summation in (1.7) is to be carried out for both 


positive and negative values of momentum. From the commutation rela- 
tions? between o{r) and v(r) 


h 
e(%1) ° P(%2) — E(%2) - O(%) = rae — %2) (1.9) 


we can obtain the commutation relation for the Fourier components. For. 
this we transform o{r,) and v(r,) with the help of (1.7), and substitute the 
above expressions into the left-hand side of (1.9). The 6-function appearing 
on the right-hand side of (1.9) we express in the form 


I : 
6(7, — 7) = go (2 e(Prrr— ra) oe ren 3 (1.10) 
P 


and we compare coefficients of the same exponents on the left and the right- 
hand sides. This gives the following relations, valid for curl v = 0, 


Op OS — OF Op = T= Ops» Up = pen (1.11) 
Op=s, 
where 6,, = ; : ~~ 
FS. 


The total Hamiltonian of the volume concerned is 


[Fe en +ecwhao 


(e(g) is the internal energy of unit mass of the liquid). Up to cubic terms in 
Q, this is expressed in Fourier components as 


e 1 
Hy = ~~ 2 (ep 0% + oF 50) E(% + 5) he. (2.12) 
Qa 


Here n, is the number of phonons of momentum p. From (1.11) and (1.12) 
we obtain the following non-zero matrix elements of the Fourier components 


[oop i 
(2p ep. tp ot = rr (N, +1) -e vee (1.13) 


Go P 23 
oJ —_ . . iwe 
(CB )ep, %p —3 a4 bE Ny & : (1.14) 





2. ScaTTERiInG oF PHoyons BY PHONONS 


The effective cross-section for scattering of phonons by phonons will be 
calculated by the methods of perturbation theory. The Hamiltonian per unit 
of Heil is according to ref. 2 given by 


1 . 
H=-z (vw ov) + gel). (2.1) 


The process of scattering considered is a four-phonon effect. The non-vanishing 
matrix elements of the energy of perturbation for transitions of two phonons 
into two other phonons are obtained from the cubic terms in g’ in the energy 
in the second approximation of the perturbation theory and from the fourth- 
order terms in 9’ of the first approximation of the perturbation theory; here 
again g’ is the departure of the density from its value for an immobile liquid, 
i.e. in the absence of phonons. 
Limiting ourselves to terms of the fourth order in 9’ we write the Hamil- 
tonian (2.1) in the form 
H=H,+V,;+¥%, (2.2) 


where Hy is the total density of sound energy containing terms of second 





order in 9’. 2 ™s 
Gov et 
= LL ——., 2.3 
aa (2.8) 
Y, contains the terms of third order 
(v -@’ v) 1 6 (e\ . 
V = oo a ae "3 2.4 
4 3 as 3! de \e e°: (2.4) 
and finally 7, contains the terms of fourth order 
TO? fe 
Vi a he 2.5 


For scattering of phonons with momenta p and p, leading to the appearance 
of phonons with momenta p’ and p/, six intermediate states I-VI are possible 
in which the phonons have the momenta 


Tpt+p; Up-p, pps Ul p- pip. pm; IV py - PB. Pi 
V pi— ', B.'s VI p, py P, Pi. — (P+ Pi) 
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In the second approximation of the perturbation theory the matrix elements 
for transition from the initial state (A) to the final state (Ff) are given by 


& (Vs)ai Vakr 
e = ea OE + (V. ) = (2.6) 
ser ae ee 


The denominators in (2.6), which are the differences in energy between the 
initial and the intermediate states, are expressed through the phonon energies: 


#,—#, = (p) + e(p,) — (|p + Pil), 
B,— Eq =e(p) — e(p’) — e(lp — p'l), 


Ey — Eq = &(p) — ¢(pi) — e(|P — PiI), a 
Hy —- Ey = e(p,) — (9) — e(/P1 — Pil); 


i 
& 


= 6(p.) — 6(p,) — e(1B;, ~ P11), 
—e(p’) — e(p,) — e(1p’ + pil) 


From (2.7) it is easily seen that if we neglect dispersion the denominators 
of the first five terms of (2.6) may become zero, leading to a considerable 
divergence of the matrix elements. Indeed, for a linear dependence of the 
phonon energy on momentum the denominators become zero whenever the. 
angle between momentum vectors and the colliding phonons become zero, i.e. 
when |p + p,| = p + p,. Thus for the phonon energy we shall make use of 
{1.6}, which contains a cubic term in the momentum besides the linear term. 
The matrix elements of the perturbation energies V, and V, entering into (2.6) 
are calculated with the help of (1.13) and (1.14) for the non-vanishing matrix 
elements of the density.f 
The expression obtained in this way fundamentally involves two dimensionless 


parameters 
ac? 9 & fe 
4= ae — and z= a rr (=). (2.8) 


NS 
| 
i 
i 


° 
The effective differential cross-section for the process considered is determined 
by the relation 


2x 
do(p, Py, Pp’, Pi) = ze [Hi rl? d(e + 8, — & — e,) (224) -F ap’, (2.9) 


dp’ =dp,dp, dp. 


The calculation of the total effective cross section for scattering of phonons 
with momentum p by phonons with momentum p, leads to most complicated 
expressions. We shall consider a concrete case where one of the momenta of 


7 In calculating the matrix elements, it is necessary to take account of all possible rearrange- 
ments of the phonons. For this it is necessary to multiply terms containing (9’)* by two, terms 
containing (9’)* by six, and finally those containing (0’}* by twenty-four. 
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the colliding phonons is smali, m jact where p < p,. As far as the momenta 
of the scattered phonons (p’ and p{) are concerned, we shall suppose them to 
be comparable in magnitude to c,. 

In this case, of the three terms in the transitional matrix elements in H4y 
which contain resonance denominators involving corresponding intermediate 
states I, IV, and V, only the term 


(Valar (Vader 


e(p) + e(p,) — e(lP + Pil) 


will contain a small quantity in the denominator, in distinction to the two 
others proportional respectively to (p, — p’)?/p, p’ and (p, — p;)"/p, pi; this 
term turns out to be of the order of p,/p and consequently it alone is important. 
This consideration simplifies the expression (2.9) for do, which after not very 
complicated transformations assumes the form 


ao = et ini P’ Slelo) + (py) — e(P) = CP) nado’. (2.10) 
(162 &2 99)? op (1 — (nm  n,) + 3 y My)? 

The consideration that (2.10) has a sharp maximum when the angles between 
momenta of colliding phonons are small permits us to carry out the necessary 
integration fairly easily. We take as polar exis of a system of spherical polar 
co-ordinates the direction given by the sum of the momenta, p + p,. In this 
system let the vectors p, p,, p’, and p; have polar angles @, 6,, 9’, und #%. We 
now transform the 6-function containing the difference of energies into a form 
convenient for integration; with the help of (1.6) and the law of conservation 
of momentum this takes the following form for small angies: 


P : p 
Cli e+ pye—-(2 w+ 1) 9° + 3y (py. — PY (P Bi - of 
(4) 1 2p Pi 1— PPP; — Dip 

Let us integrate (2.10) over the phase volume dp’ and then average over 
all angles between the momenta p and p,. We obtain for the total effective 
cross section for the scattering of phonons of momentum p by phonons of 
momentum p, the following expression 


se(u + 2)4 pt 


(96x Bo, 02>" 2.11 
(962 0, cy" P< Py (2.11) 


GP, By) = 


‘The value of the dimensionless expression u in (2.11) can be calculated from 
the data of Keesom® for the dependence of the density of He II on pressure. 
From these data we obtain a value 3-6.% 

The curious effect should be noted that the effective cross-section of scatter- 
ing (2.11) is independent of the momentum y for phonons of small energy. 


t To take account of the symmetry with respect to the pair of scattered phonons of momentum 
p and p (2.11) contains an extra multiplier 4 

+ We may mention at the same time that the value of the parameter z (see (2.8)) obtained 
from the same data is approximately 20. 
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Substituting into (2.11) the numerical values of the parameters, we find 
op, P;) = 6 x LO-B(xP)4. (2.12) 


Here x is the momentum expressed in units of k T/c, so that p, = x(k Te). 

As already noted, the effective cross-section for scattering of phonons by 
phonons attains its maximum value for small angles between the momentum 
ot the colliding and that of the scattered phonons. From this it foliows that 
such a process must lead fundamentally to a rapid exchange of energy between 
phonons, and does not lead to a significant change in the directions of the 
momenta of the colliding phonons. 


3. ScaTrTERING oF PHoNoNS BY ROTONS 


In the present section we calculate the effective cross-section for scatter- 
ing of phonons by rotons. The Hamiltonian of the phonon-roton system can 
be written in the form 

H=H,+ #,+ V, (3.1) 


where H, is the phonon energy, H, the roton energy, and V the mteraction 
function between phonons and rotons. Since the character of the interaction 
between phonon and roton is unknown, we shall treat the roton as some sort 
of particle finding itself in the phonon field. For such considerations the internal 
structure of the roton is not important. 

The presence of the phonon is equivalent to small oscillations of density 
of the medium and its motion with velocity v. In a stationary system of 
reference the energy of a roton with momentum P is expressed in the follow- 
ing way: 

H, = H,. — (Pt) (3.2) 


(Ho is the energy of the roton when in a system of reference moving with the 
medium.) From (3.2) it follows that the interaction energy of phonons with 
rotons contains a term (P- v) depending on velocity. Corresponding to this 
term in the perturbation energy the Hermitian quantum operator is 


1 
—[(P+v) + (@- PY] (3.3) 
where P = —iiV is the momentum operator. We shall now obtain the 


dependence of the interaction energy V on the density of the liquid. For 
this, we expand the roton energy in powers of 9, the fluctuation of the density 
from its equilibrium value, and retain only terms up to and including those 
of the second order in g. (Here and in what follows we shall denote the difference 
of the density of the liquid from the equilibrium value by @ without a dash.) 
The terms of the first order in g will give the transitions necessary for our 
problem in the second approximation of perturbation theory, while the terms 
of second order in g will give the same transitions but in the first approximation 
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of perturbation theory. Let us use (1.2) for the roton energy, and carry out 
the expansion indicated: 

aA 1f@4 1/dp\1, 
Here H,, is the energy of the roton in the absence of phonons. From the form 
of the energy spectrum it follows that the majority of rotons have momenta 
close to P,, and hence the terms in the expansion of H, containing the differ- 
ence (P — Py) are to be neglected, and have not been written down. 

We have likewise excluded the term in (3.4) containing the differential 
0Afég. The justification for this lies in the anomalously small coefficient of 
thermal expansion of He IT. The magnitude of this coefficient may be calculated 
by total differentiation of the thermodynamic potential with respect to pressure 
and temperature. The most important part of the expression obtained in this 
way turns out to be proportional to the effective value of 04/ée. 

In this way, with the help of (3.3) and (3.4), we have finally for the inter- 
action energy of phonon and roton 

1 1fe4 1/édP,\ 
eS vere a : Secs |e ate aa 2 
V= 5 UP v) + (wv py +3| 55 = (2) Tee (3.4a) 
The derivatives 0°4/2e? and 6P)/@9 entering into this expression can be cal- 
culated from the experimental values of the variation of the velocity of second 
sound with pressure obtained by V..Peshkov and K. Zinovieva®. The values 
of the derivatives 





PAlag? = 2A/o? and BPy/oe = Polo 


obtained in this way turn out to be such appreciable quantities that the 
effect in the scattering of phonons by rotons arising from these terms exceeds 
the one depending on the term containing the velocity v. The magnitude of 
the derivative 62.4/@0? can likewise be calculated from the data available on 
the temperature dependence on the velocity of sound in HeII. In this way, 
values are obtained which agree with those quoted above. 

Because of the smallness of the velocity of oscillations of v and the depar- 
tures @ of the density from the equilibrium value gy, the interaction energy 
can be considered as a small perturbation in the Hamiitonian expression (3.1) 
of the phonon-roton system. Thus the calculation of the probability of scatter- 

ing of phonons by rotons will be carried out according to the scheme of per- 
turbation theory. 

Since the scattering effect concerned is a two-phonon one, the terms in the 
perturbation energy which are linear in ¢ or v will give the necessary transitions 
in the second approximation of perturbation theory. However, the fact that 
the equation of hydrodynamics are non-linear somewhat changes the usual 
picture in this respect. In fact, we shall solve the equations of hydrodynamics 
by the method of successive approximations. 

' In the first approximation, the density fluctuation @ (or the velocity v} 
will be a superposition of plane waves. The terms in the second approximation 
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of the density 9 (or v) will contain even powers of various Fourier components. 
The matrix elements of terms in the second approximation of the density 0 
will contain even powers of the phonon amplitudes. 

Among the even powers will be included some which correspond exactly to 
the scattering of phonons in the process considered, i.e. they will contain 
amplitudes both of the incident and of the scattered phonons. Consequently, 
already in the first approximation of perturbation theory terms linear in oe 
(or v) in the perturbation energy will give transitions essential to our problem. 
In view of what has been said, we shall solve the equations of hydrodynamics 
taking account of terms of the second order in o. 

Because of the smallness of the fluctuations in density and pressure, we 
shall write the variables in the form Py + p, @) + @, where po and gg are the 
constant equilibrium values of the pressure and density. Excluding small 
quantities of the third order from Euler’s equation, we obtain 


av e oVe({e ac 
alae (Ey) eae OU pee ee, (3.5) 
0t 00 90 \go @ 


To the same approximation, the equation of continuity reduces to 
de : : 
ve + 99 divy = —divev. (3.6) 


We now apply the divergence operator the equation (3.5), differentiate (3.6) 
with respect to », and subtract the latter from the former. As a result, we 
obtain the wave equation taking account of terms of the second order, which 
we collect together on the right-hand side. 








Bo dev e ac 
—— ¢V29 = —div —a(v: V)v+t———JoVe;. (3.7 
ap @ | Ae o(v  V) (= 30 eve (3.7) 
To a first approximation, we have for the incident and scattered waves, 
v= tv, ell(e-r) ep tyr | 0= 0) eilfp-7)— cpeyn (3.82) 
v= vl eller) — cp tih or = Ce eile’ -*) ~ engin (3.8b) 


where the quantities without the dash refer to the incident wave, and those 
with the dash to the scattered one. In the second approximation we have 
locked only for those terms in which the incident and scattered waves are 
muddied up. The remaining terms do not give conservation of energy and 
disappear in the matrix elements of the perturbation theory. , 
We denote the unit vector in the direction of the incident waves by » and 
that in the direction of the scattered waves by 2’. Using the method of succes- 
Sive approximations, we substitute (3.$a} and (3.8b) into the right-hand side. 
of (3.7). Then in the second approximation we obtain for the density 
ss a i at aa 
o = Sop ll-@ ml \ a ee Aa eg 
se} pep Pn) ee 9 (3.9) 


I 
—z@e-p) Be 
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In the same approximation we find the velocity from (3.5), 


L 80) pep a 
_ 7!) — 4 — ——} ell —-P-)-e@- Ph (3 19 
acpy {l — (n-w)] Gee eS te (3.10) 


_ 0e(p— P')(p' — BP) | a 
The problem now consists in determining the probability of transition of a 
roton from the state with momentum P to the state with momentum P’ in 
which the phonon p is absorbed and the phonon p’ is emitted. Two inter- 
mediate states, I and IT, are possible. 

i. The roton in the state (4) with momentum P-absorbs the phonon p and 
goes over into the intermediate state P + p, after which it emits the phonon 
p’ and goes over into the final state (fF) having momentum P’ = P+ p — p’. 

IJ. A roton in the state (4) with momentum P emits a phonon p’ and goes 
over to the intermediate state P — p’ after which it absorbs a phonon p and 
goes over to the final state (#) with momentum P’ = P + p — p’. The scatter- 
ing of phonons by rotons is in a certain sense analogous to the scattering of 
light particles by heavy ones. This analogy is connected with the fact that a 
phonon has 2 momentum which is much smaller than the momentum of the 
roton. From the distribution function for rotons it follows that the roton 
momentum is approximately equal to P). Taking account of the law of conser- 
vation of momentum, the law of conservation of energy for the process con- 
sidered becomes according to (1.1) and (1.2) 


P— P,j P — p'| — P,)? 
aun ; Of eee +p-— Z| 0) 
2h 


¢ (3.11) 


from which after simple transformations taking into account the smallness 
of the phonon momenta (y and p’ < Py), we obtain 


(Pp - py? 


12 
2u Pe en 


c(p- p')= 


Let us now use the fact that the phonon energy <¢ = ¢ p is much less than the 
quantity «c? which is approximately equal to 20°K. This allows one to 
conclude that the law of conservation of energy in the process simply amounts 
to equality of the magnitude of the momenta of the incident and scattered 
phonons, i.e. p = y’. This result confirms the analogy pointed out above with 
the scattering of light particles by heavy ones, where likewise the scattered 
particles change only the direction of their momenta without change of their 
magnitudes. 

According to (3.4a) the perturbation energy V contains a quantity v,. 
which is determined by (3.10). However, the quantity v, is significantly de- 
pendent on the factor p — p’. Thus taking account the law of conservation of 
energy, we may omit in the perturbation energy terms of the second approxi- 
mation in v,. According to (3.4a) the transitional matrix element H’,p is, in 
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the second approximation of perturbation theory, given by 
[(P- 2) + (@- Pyar (Pv) + (Pyke 
4(E, — Ey + pe) 
_ UP +e) + (Py UP +e) + (0 Pine 
a4 — Ey — pre) 
I eA 1/é@Py\ 


The changes of energy for oe into the intermediate state are given by: 


fs = 
gz = 


(3.13) 





(|\P + p| — Po)? (P - py 
EB, - Ey =~" = -- yo 
& “HE o 
({P — p'| — Po? (P- p'y . 
ype | ee en anne eek. LS oe gee see ee (3.14 
4 Qu 2uP5 ) 


On the same basis as in (3.12), it can be asserted that 
E,-E,<pe and H,-£y<p'c. 
However, we cannot simply neglect the energy differences #4 — H,and #, — By 
in the denominators of the first two terms in (3.13), since the expressions of 
zero order in the phonon momenta obtained in this way cancel each other. 
Therefore we shall first reduce the first two terms in (3.13) to a common 


denominator, and only then exclude in the latter the changes of energy of the 
roton. In this way we obtain 


Fa (oe og roe ee 
se pee 2? P g PP Pp Sue Ps 
L 1 (P+ p)* 
-~(P-—p'-p' ||P -—-—p- Tr aaa 
(P-ge-7)(P-g0:0)[2- sm 
24 1/8P,\ 
Aaa ' 3.15 
* le +7) lee en 


where in the development of the expression ¢4, account must be taken of 
possible transpositions of ¢ 9 and 9 ’, leading to a doubling of the corresponding 
terms. 

Using the conservation laws, we transform the expression in the curly 
brackets of (3.15) into the form 


P, v? {in + n'-m)(n-n') + = (n- m)? {n’ - my. (3.16). 








Here m is the unit vector in the direction of the momentum vector of the 
roton Py. 


{ From the conservation of momentum it follows that the direction of the momentum P of 
the roton is conserved. 
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Finally, the matrix element of the transition given by (3.13) takes the form 
{with the help of (3.16)), 





200 


27 aed 1 /aPy\? 
where 4 = : +— =) é 
PocL 00? Bw de 
The effective differential cross section for scattering of phonons by rotons is 
given by 


Hip = SE Nin wayne wt) 2 (myn m+ A>, 


(3.17) 








23 , . : 
pad ae [Hurl 6(Ey + pe— Ep — p'e)(2nhkys pdp'do’. (3.18) 


We now substitute (3-17) into (3-18) and integrate over the possible momenta 
of the scattered phonon, and find 


feet eee oe mt my (nw) + Ze (m-m)? (n'- m)¥+ A “aot 
. 4x h? ogc pe : 


(3.19) 


In solving the problem of the viscosity of He II, we shall need the expression 
for the probability of scattering of phonons by rotons, in which the direction 
of the phonon momentum p is changed by a given angle y. Therefore we shall 
average the expression (3.19) over the angles of the incident and scattered 
rotons. After some simple calculations we find 


do(p, y) = ake). Pi heicbs ) cos* yp + : 1 + 8 cos? y+ S ae 
PY) = \ank ac) 18 Pree e305 ae aa 2 
24 /P, 
+S (Sha + 2 cos*y) + artacy (3.20) 
15 \uc 


The angle y entering into (3.20) is the angle between the directions of the inci- 
dent and scattered phonons. Integrating (3.20) over all angles of scatter we 
find the total effective cross-section of scattering of phonons with momentum 
» by rotons 


2 \2 2 
m=z (Ge yl +a5() A a a], (3.21) 
4x \hFogc/ 19 225\pne 9 pe 
The value of the parameter A, calculated with the help of the values quoted 
above for the derivatives of the parameters 4 and Pp, turns out to be 1-25. 
It should, of course, be noted that the accuracy of these derivatives and the 
parameter A is not particularly high. 


Inserting the numerical values of all the parameters entering into (3.21), 
we obtain for o,,;: 


Sop= 7X 10-%(2T)*, where p= 2(kT/c). (3.22) 
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4. Tae ScatreRine oF Rorons Br Roronrs 


Theory gives no indication of the character of the interaction of rotons 
with rotons; thus naturally the problem of scatter of rotons by rotons cannot 
be solved exactly. However, since our aim is the calculation only of the tem- 
perature dependence of the viscosity of HeII, such an exact solution does 
not appear to be indispensable. For finding the temperature variation it is. 
sufficient to know the probability of scattering of rotons by rotons as a func- 
tion of temperature, apart from a constant multiplier; such a probability is 
not sensitive to the choice of the roton—roton interaction function. 

In calculating the probability of scattering of rotons by rotons we will use . 
the methods of perturbation theory, considering the interaction energy of 
rotons by rotons as a 6-function of the distance between them. It is well known 
that in appyling perturbation theory the choice of interaction energy as a 
6-function does not cause any divergence in the expressions obtained for the 
probability. 

Let the interaction energy of two rotons be 


V = V,d(r—7*), (4.1) 


where r and 7, are the radius vectors of the rotons and V, a constant, for 
which a value may be determined from the magnitude of the viscosity of 
He II. Denoting the energy and momentum of the rotons by # and P, without 
a dash for the incident rotons and with a dash for the scattered rotons, the 
transition probability of rotons from state (A) with momenta P and Pj, to 
state (¥) with momenta P’ and P}, is given by the following formula of per- 
turbation theory: 


23 
dw = = (Var 6(E + B,- EB’ —Bi)-aAPaPi(2nky’. (4.2) 


For the wave functions for the rotons we choose plane waves symmetrised 
with respect to the pairs of incident and scattered rotons. Thus for the incident 
rotons the wave function is 


v(P, Py) “3 


and sixilarly for the scattered rotons, 


if{(P-r) + Pre iPr) + (Pi. 
eill T) +P, -r))h + ell? nm) + (Pi at 


1 ; 
om ie’ “ Pion) + (Pi-n) 
y(P, Pi) = el? + Piro + elll Pit 
; J2 


With the help of wave functions of this type, we calculate the transition 
matrix element Vy: 


Var = Vo 2"? | y*(P, P,) d(r — m,) y(P’, Pi) AQAQ, 


ll 


i] 


3V, Q- fete tFi-P Prem dQ. (4.3) 


The square of the modulus of the matrix element can easily be integrated 
with respect to the momenta of one of the scattered rotons: 
( dP, 


4|V le a rf ¢ io 7p ” 
| Var? Bay = ao [ar 6(P’ + Pp- P- P,){ age +Pl-P—Py- nk 





=|V oP (4.4) 

This relation allows the transition probability dw to be transformed into 
87 

dw = = IV? o(B + By — B’ — BAP (228). (4.5) 


The probability given by (4.5) has the dimensions of cm*sec-}. To obtain 
the effective differential cross-section of scattering, the above probability 
must be divided by the relative velocity of the interacting rotons, equal to 


» (2 _ 2%: 
—|aP 6P,| 











4 
Fig. I. 


From the form of the energy spectrum it follows that the majority of rotons 
will have momenta close in absolute value to Py. Consequently the changes 
of momenta of the rotons in scattering will in magnitude be appreciably less 
than Py. 

Let the momenta of the rotons P and P’ before collision make an angle 6. 
Then it is easily seen from Fig. 1 that the momenta of the rotons after collision 
may, on introducing a variable f, be represented in the following form: 


6 6 6 . 6 
P’ = Po +f, cos > + }f, sin > Pi = Py +7, Ce ty sin > (4.6) 
where |f| < P,. In the new variables, the element of phase volume reduces to 


) 
dP’ = InP, sin— dj, df, (4.7) 
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and the law of conservation of energy to 


fase Fa ey ee P-—P Ne P,-P ; (4.8) 
Bote ARRESTED aa > aaa 

For calculating the total effective cross-section o of scatter of rotons by 
rotons, we must integrate (4.5) over the phase volume of the scattered particles. 
In (4.5) it is only the 6-function containing the law of conservation of energy 
which depends on the co-ordinates in phase space. 

If for convenience of integration we introduce the auxiliary variable g with 
the help of the relation g? = {2 cos? (0/2) + {3 sin? (0/2), then taking account of 
(4.7) and (4.8), the integration of the 6-function over the phase volume of the 
scattered particles becomes very simple. In fact 


¢ 6 8 Ll 2 
[oe 4B, — 8 - BaP = | u0( feos = + isin? > - +(P-) 
J 2 _ 6 
- 5(F — 4) )-2Posin af. af 


oy Ah 2 2 an P Qn? P. 

= [ea -5(P-2) -5(7.-») aE angdg =a, (4.9) 
cos -—— cos — 

2 2 


Now making use of (4.5) and (4.9), we write the expression for the total 
effective cross section o of scattering of rotons by rotons as 


2Py uw |Vol? 
= é 4.10 
"Tax 6B, Bil cos oe 
ap ~ 3p, | 





The reciprocal of the mean time f between two collisions of a roton is 
obtained from (4.10) multiplied by the total flux of rotons, and followed by 
the averaging over all angles made by the momenta of the colliding rotons, 
In this way we find}. 








1 @E 08, 4P, u|VoPN, 
—_—_— = Se | N. oO ee". 4.11 
% -|aP  OP,| ” if et 
Here N, is the number of rotons per unit volume given by 
2 P24 bTVW2 e- Aer 
Ni= 2Po (a TY" eo (4.12) 


(222) #8 


The magnitude of the constant |V,|? entering into (4.10) and (4.11) can be 
calculated from the experimental values of the coefficient of viscosity of He II 


T The bar denotes the averaging over angles. 
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(see Part IZ Section 11). It turns out to be of order of magnitude 0-25 x 10-76 
(erg. cm?)?, 

In conclusion, we draw attention to the circumstance that the expression 
(4.10) for the effective cross-section o-diverges when the angles between the 
tracks of the momenta of the colliding rotons are close to x. For rotons having 


a mean velocity 
QT \U3 
5=( ) (4.18) 
He : 


equation (4.10) gives, after substitution of numerical values of the para- 
meters, 7 ; 





ow 5 x lou g7-v, (4.14) 


It should be noted that besides the processes of scattering of elementary 
excitations considered above, processes of emission and absorption of rotons 
and phonons are possible, as a result of which the total number of rotons and 
phonons may change. Thé appropriate assessments which can be carried out 
for these processes of emission and absorption of rotons shows, as might be 
expected, that these processes are less probable than the process of scattering 
of rotons by rotons. This is explained by the circumstance that the creation 
of a new roton demands a considerable threshold energy of the order of 4. 
As for the process of emission and absorption of phonons, we shall devote 
section 8 of the second part of our investigation to this. 


REFERENCES 


_—_ 


. P. Karras, J.H.T.P. 14, 1, 581 (1941), Collected Papers, Pergamon Press, Oxford 1965, 
Voi. II, Chs. 38 and 39. 

. L. Lawpav, J.E.7.P. 11, 592 (1941); Collected Papers No. 46, p. 301. 

. W. Kexsom and McWoon, Physica, 5, 737 (1938). 

. L. Lannav, J.£.7.P. 14, 112 (1944); Collected Papers No. 53, p. 392. 

E. Anprowmasnvins, J.H.T.P. 16, 780 (1946). 

. E. ANDRowmKasevInd, J.#.T.P. 18, 429 (1948). 

. L. Lanpav, J. Phys. 11, 91 (1947); Collected Papers No. 63, p. 466. 

. W.Kessom, Helium, Elsevier, 1942. 

. ¥. Pesmxov and K. Z. Zovovieva, JETP. 18, 438 (1948). 


a1 OB O dO - 


ow 


70. THE THEORY OF THE VISCOSITY 
OF HELIUM II 

Il, CALCULATION OF THE VISCOSITY 
COEFFICIENT 


The kinetic equations for rotons and phonons are solved by using effective 
differentia] cross-sections for the scattering of elementary excitations (phonons and 
rotons) by each other, as obtained in the first part of this work. It is shown that the 
viscosity coefficient of helium II is composed of two parts: one caused by scatter- 
ing of rotons (‘‘roton viscosity”) and not dependent on teraperature; the other, 
caused by scattering of phonons (‘‘phonon viscosity”) and sharply increasing with 
fall in temperature. The experimental values for the viscosity coefficient in helium II" 
appear to be in good agreement with theory. 


5. THe Kinetic Equation 


The expressions obtained in the first part of this work for the probability 
of scattering of various types of excitations by each other permit investigation 
of the temperature dependence of the viscosity coefficient of helium II. The 
kinetic equation for elementary excitations which we have to solve may be 
written in the form: 


oe + (v- Vn) = F(x) (5.1) 
ot 


where n = 1(?, v, ¢) is the distribution function, » the velocity, and J(n) 
the collision integral, the exact form of which is deduced below for each type 
of interaction. 

We will assume that in a fluid there is a macroscopic flow of velocity 2%, 
varying with the co-ordinate in such a way that the velocity gradient is so 
small that equilibrium is almost established in each volume element correspond- 
ing to a given value of the velocity: i.e. in each volume element the distribution 
functions for rotons and phonons are almost equal to their equilibrium values. 
Thus the distribution function » for rotons (or phonons) may be represented 
as the sum of the equilibrium function nm) and a small variation 6 2: 


N= NM + dn. (5.2) 


Since we are seeking a stationary solution of the kinetic equation appro- 
priate to a given macroscopic flow (constant in time), the left-hand term 


JL. i. Waszay u WU. M. Xanarannos, Teopus eackocra renaa II, Il. Barancaenne xoebhunesta 
Baskoctu, Mypnas Oncnepumenmaanod u Teopemunecnot Dusuxu, 19, 709 (1949). 
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Onjét in the kinetic equation should be taken as equal to zero. Furthermore, 
we need only substitute the equilibrium function n, (instead of ») in the 
approximation term (v- ¥x) in question, since this term already contains a 
very small quantity—the velocity gradient of macroscopic flow. 

In a fluid moving with velocity u, the equilibrium roton distribution function 


appears as: 
A (P-P,)® (P-u) 
n= exp |— Po Oukt *  eP " 


Let us choose the direction of the z-axis along the velocity vector « and for 
the sake of simplicity let us assume that the velocity gradient is directed 
along an axis x perpendicular to the z-axis. It is evident that the value of the 
viscosity coefficient required is independent of the co-ordinate system. In 
calculating the first viscosity coefficient we need only consider the case where 
that velocity u satisfies the condition div u = 0. Let us now assume that the 
density and temperature are constant throughout the liquid. As a result, on 
the left-hand side of the kinetic equation we have: 

ON Pv, du 
(vw: Vn) = vy a = N% i? Ga" 


If we use a spherical system of co-ordinates with the polar axis lying in 
the z-direction, the expression obtained may be rewritten in the form. 





(5.3) 


: P ov ou 
—— —— cosé sin@ cos¢,: 5.4 
RM ET 62 1 g (5.4) 
in which it is legitimate to write P, instead of P since rotons possess momenta 
of magnitude close to Py. In accordance with (1.2) the velocity » is given by 


j ap 
pee oe =e (5.5) 
6P # 


The final kinetic equation for rotons becomes: 
Pi(P — Po) Gu 


Ny ak oe cos@ sin®@ cosy = J(n)- (5.6) 


The kinetic equation for phonons may be written in an analogous form. 
In this case, however, allowance must be made for the fact that phonons 
obey Bose statistics, and therefore their equilibrium function for a flowing 


gas is 
a _ 1 
Ny = fexp [|] _ if (5.7) 


Carrying out similar calculations to those given above for rotons, but with 
the distribution function of (5.7), we obtain the kinetic equation for phonons 


a 
Ng {% + ye < cos sin@ cosy = JI (n). (5.8) 
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The collision integrals on the right side of the equations (5.6) and (5.8) are 
dependent on the nature of the interactions of rotons with each other and 
with phonons in the case of equation (5.6), and on the nature of the inter- 
actions of phonons with each other and with rotons in the case of equation 
(5.8). 

The value of the viscosity coefficient evidently does not depend on the part 
of the liquid considered. It is convenient to select a point at which the velocity 
of macroscopic motion is zero. At this point the expressions for the scattering 
function (5.3) and (5.7) are not dependent on velocity, and coincide with the 
corresponding equilibrium functions in a motionless liquid. 

Due to the presence of two types of excitations in helium IT we have written 
two kinetic equations. That portion of viscosity caused by momentum transfer 
by rotons will be conditionally referred to as roton viscosity; and that part 
due to transfer of momentum by phonons as phonon viscosity. Actually one 
viscosity is observed, this being equal to the sum of the roton and phonon 
contributions. 


6. Roron Viscosity 


Provided the processes of their emission and absorption (see section 4) 
are disregarded, the change in the number of rotons in a given phase volume 
will take place in two ways, namely: {a) elastic scattering of rotons by 
rotons (section 4); (b) scattering of rotons by phonons (section 3). 

However, simple calculations show that down to temperatures of the order 
of 0:6-0-7° K the contribution to the viscosity of the scattering of rotons by 
phonons will be negligible compared to the elastic scattering of rotons by 
rotons. This is not only because the number of phonons at higher temperatures 
is found to be less than the number of rotons, but mainly because the roton 
momenta are changed very little during the scattering of rotons by phonons; 
accordingly the momentum fiux, which determines the magnitude of the 
viscosity, is found to be negligible. Since at temperatures below 1°K the roton 
viscosity becomes negligibly small in comparison with the phonon viscosity, 
we conclude that it is sufficient to take into account only roton-roton scatter- 
ing in the kinetic equation. 

The roton kinetic equation (5.6) obtained above cannot be solved accurately. 
However, if we do not attempt an exact calculation of the roton portion of 
the viscosity, but limit ourselves to a determination of its temperature depend- 
ence, the kinetic equation (5.6) may be simplified. For then it is permissible’ 
to replace the collision integral on the right-hand side of this equation by: 


~ nit, (6.1) 


where ¢ differs from the mean time between roton collisions (i,) by a factor 
which is independent of temperature and is of the order of unity. Because the 
time interval t, found in sect. 4 contains the unknown constant Vy, we will 
from now on simply write t, everywhere instead of t, including the factor of 
order unity indicated above within the quantity VY). 


orn 17 
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Thus the kinetic equation (5.6) becomes 


PP —-P.) eu ‘ én 
Sir "Ge cos6@ sin 8 cosg = — a (6.2) 


From this we find the deviation of the distribution function 6x from its 
equilibrium value 


t, P(P — Po) : éu 
253 Se a 8.3 
én aE Ng COS 48 sin 8 cosy ae (6.3) 


‘We will now calculate the momentum flux. In our case only the z-component 
of the momentum will differ from zero, being directed towards z and equal to 


dP 
saan — | Pemsine as 
t, ou fi» Re Pcietatios : 
= ET Panky ra P5(P — Pp)? cos?4 sin?@ cos? nod P- (6.4) 


Comparing (6.4) with the expression for the corresponding tensor component 
and pressure containing the viscosity coefficientt 7, 


ou 
Gy = Mp sT 


Ox 


we find the magnitude of the viscosity coefficient required: 


t 


7 " 27D _. 2 ans?) sin? Zon dP. : 
Np rear | PP P,)* cos*é sin”6 cos’ gy ny d (6.5) 


We carry out the necessary integration im (6.5) over the elements of phase 
volume d P using the distribution function , given by (5.3). The final result is 





t Pe Ves EPS 
° = |—— |1N. = fs 6. 
" (=) 7" 15g AG:6) 


_ The quantity z,, equal to the product f, N’, is independent of temperature. 
And actually, according to (4.11) we have 


4 


“2 
Bag Io. (6.7) 


7=4N,= 





Thus the roton portion of the viscosity coefficient is given in terms of constant 
quantities and is therefore a constant independent of temperature. 


+ The suffix + is used to distinguish the roton part of the viscosity coefficient. 
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7. ESTABLISHMENT OF EQUILIBRIUM OF A PHonon Gas 


A change in the number of phonons in the phase volume element may occur 
in the following ways: (a) through scattering of phonons by phonons (section 2); 
({b) by absorption and emission of phonons due to inelastic impacts of rotons 
or phonons with each other. 

In considering the role of each of these processes in the viscosity, we first 
calculate the relaxation times (or the corresponding free paths) characterising 
the establishment of equilibrium in a phonon gas. 

In section 2 i¢ was shown that the effective cross section of phonon—~phonon 
scattering reaches its maximum importance for small angles between the 
momenta of the colliding phonons. It follows from the laws of conservation 
of momentum and energy that such a process of scattering does not lead to a 
material change in the direction of the momenta of colliding phonons, and 
therefore scattering of phonons by phonons leads mainly to rapid exchange. 
of energies between phonons. However, an exact calculation of the relaxation 
time characteristic of the establishment of energy equilibrium in a phonon 
gas cannot be accomplished for the simple reason that the problem itself 
cannot be precisely formulated. Nevertheless, since the time required for the 
establishment of energy equilibrium in a phonon gas is an extremely important 
characteristic of our system, we will attempt to approach its determination 
from two limiting cases. 

In the first case we assume that by some means there has been produced 
in the phonon gas a change in the number of phonons possessing small energies 
{smadler than the average phonon energy) so that the distribution function 
for the region of small energies does not equal the equilibrium function; then 
we calculate the relaxation interval characterising the establishment of equili- 
brium in such a gas. 

In the second limiting case we assume that in the phonon gas there has 
been a change in the number of phonons having large energies (greater than 
the average energy of the phonons) so that the distribution function in the 
region of large energies does not equal the equilibrium function. In this case 
we calculate the relaxation time characterising the establishment of equili- 
brium in such a gas. Comparing it with the time characterising the viscous 
processes of transfer, we show that the process of establishing energetic 
equilibrium in a phonon gas is more rapid than the viscous processes. 

We start with the first case; that is, we examine the scattering of small 
energy phonons by phonons. In this case, it may be assumed that the momen- 
tum p of the phonon under question is considerably smaller than the momentum 
py, of the phonon with which this phonon collides. As was shown in section 2, 
such an assumption considerably simplifies the expression for the averaging 
over angles of the phonon-phonon scattering. In the case in question, the 


angularly averaged effective cross-section of phonon-phonon scattering is 
ye ale, p,) = Zhe 2) wt 
pe (962 8? 9 ¢)? y 


17% 
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Let us look at the kinetic equation for phonons 
an 


ap + (o- Vn) = J (n), 


‘where the collision integral J(n) for the process of phonon-phonon scattering 
equals 


Jin) =- (22h)? | colp, p,) nn, (n! + U)(mi + 1) — n/ al(m + I (m, 4+ Id py. 
(7.1) 


We are interested in the relaxation of small energy phonons, whose distribu- 
‘tion function equals , with the given equilibrium distribution of the remaining 
‘phonons. Therefore the distribution functions ,, »’ and m, im (7.1) will be 
regarded as in equilibrium, and the deviation of the distribution function n 
from the equilibrium value 7, will be regarded as small and equal to dx. Now 
using certain properties of equilibrium distribution functions, we transform 
‘the expression enclosed in paranthesis in (7.1). 


{lt + 8 2) my (mn! + 1) (my + LD} — w/ mir + 1) (m + 1 + dn) 
= dn{ny(n' + 1) (ni + 1) — 2’ ny (ny, + 1} = dnn’ njy(n, + Vin. (7.2) 
‘Substituting the expression obtained in the collision integral, we have 


J(n) = — (2a ty dn [ nt n! ny(m, + l)co(p, pA Py. (7.3) 


‘Thus the relaxation time for phonons with small energy is determined by 
the relationship 


1 ? : 
aor (2a aya fa n’ n(n, + Loealp, v,)dp,. (7.4) 
sm 


. - In order to simplify the integration of (7.4), let us replace the functions 7,, 
n’, and n, by the Wien function and make allowance for the fact that the 
momenta p and 9, satisfy the inequality p < p,. In this way the combination 
of distribution functions entering into expression (7.4) appears as: ,{n, + 1) 
poke I. Using this and substituting in (7.4) expression (2.11) for o (p, p,), 
-we havet 











g__ miu + 2)4 4 pe 
x (25¢})-3 ——~______ | a: gid 1.5 
. Es ( a4 ) (96x he Oo)” cy [rte + ) Pi Py LP ( ) 
or after an elementary integration 
L (u + 2)*6! keg \S 
= Tash p.tevlank® \ cf @ (7.6) 
tsm (48R Qo) oy (2xk)® \ ¢ 


Automatic allowance is made for the fact that phonons having momentum 
p, possess high energy, since in the integration over dp, a substantial role is 
played by phonons with energy of the order of 647. 


+ Integration over dp, with a zero lower limit results in a certain error, which however is 
not material, since our results are of approximate nature. 
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Let us proceed to the case of relaxation of: high energy phonons. In this 
case the assumption that the phonon momenta obey the relation: 


P <p (7.7) 


permits a simplification of the expression for the angularly averaged prob- 
ability of phonon scattering by a phonon. Substituting p, for p in expression 
(2.11), we obtam 


a(u + 2)* pt 


ae 7.8 
(96x17 0 oy vo 


o(p, P1) = 


in quite the same way as in the case of low energy phonons, we find the 
relationship for the relaxation time ¢, for high energy phonons 


1 
ee (2s ays [ws (ny + 1) n' ny, colp, p,) IP, (7.9) 


which coincides with expression (7.4). This agreement is natural, since in: 
deriving equation (7.4) the assumption about the magnitude of the energy. 
of relaxing phonons was nowhere employed. Let us now make use of the 
assumption about the smallness of the momentum; taking the phonon distribu- 
tion functions n, 2’, and n, as small compared to unity, we may simplity 
the combination of distribution functions entering into expression (7.9). 
We havet ; 


nin! ni(ny + 1) = (n+ 2).~ (7.10) 
Substituting (7.8) and (7.10) in equation (7.9), we have 


l a(u + 2) 
— = (22h)? —______—__ p# lydp,. TALy 
i (22h) (9628 o,)2 0 y 4 [mt + )dp, (7.11) 


Finally, after an elementary integration, we find 


1 (wt 2)4 (LT /o)8 (x2/3) pA aay 
t; (48 R ag)? cy (22h) 5 

The fact that the momentum p, is small is automatically satisfied in expres- 
sion (7.11), because a substantial role is played in the integral contained there. 
by energies of the order of 2k 7. Using the numerical values of the para- 
meters entering into formulae (7.6) and (7.12), we calculate the coefficients in 
these expressions. The result obtained is the relaxation time of low energy 
phonons: 


1 
~2x 10°T’ x, (7.13) 





tem 


+ The assumption of the smallness of functions x, n’, and n,’ is equivalent to the condition 
p B's Dy! > kT ic. 
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and for phonons with high energy: 


Aw 105 Frat, (7.14) 
h 
Here the quantity + is related to the phonon energy by e=xkT. 

In determining the relaxation time of phonons possessing an arbitrary 
energy, an interpolation formula can be selected which would go over into 
equations (7.13) and (7.14) obtained in the two limiting cases. The following 
formula satisfies this condition: 


— = 105 77 x(x + 6). (7.15) 
g 
Scattering of phonons by phonons does not cause a substantial change in 
‘the direction of the momenta of the scattered phonons, but on. the other hand, 
as already noted, this process provides for the establishment of equilibrium 
of energy in a phonon gas. The reciprocal of the calculated relaxation time 
({l/t,) characterises the speed with which their equilibrium is established in 
@ phonon gas. 


8. Viscosity DUE TO THE ScaTTERING OF PHONONS BY ROTONS 
AND OF PHONONS BY PHONONS 


The effective cross-section of various scattering processes enter into the 
collision integral additively, and therefore we rewrite the kinetic equation for 
phonons (5.8) as: 


é 
No{% + Noe = cos6 sin@ cosy = Jy(n) + Jy (nm) + Jy (nm) — (8.1) 


where J; (n) is the collision integral for the process of scattering of phonons 

‘by rotons, Jy (7) is the collision integral for the process of scattering of phonons 
by phonons, and finally, Jpq (x) is the colision integral associated with the 
process of smalk angle scattering of phonons by one other, as discussed in 
section 7. 

The kinetic equation (8.1) as written here determines the distribution 
function for phonons.of arbitrary. energy moving in a given direction. Let us 
make an assumption, the correctness of which will be convincingly shown 
below. Let us assume that the process of establishing energy equilibrium in a 
phonon gas takes place noticeably faster than the scattering of phonons by 
rotons and of phonons by phonons. Then the phonons moving in a given 
direction will be distributed in energy in just the same way as they would 
in complete equilibrium in the absence of a gradient of the macroscopic vel- 
ocity. According to section 7, establishment of energy equilibrium in a phonon 
gas is accomplished by the process of scattering of phonons by phonons at 
small angles. In such a process, the directions of motion of colliding phonons 
and scattered phonons coincide. At each scattering process, the energy of the 
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colliding phonons is conserved. Inasmuch as the phonons themselves do not 
change their direction.of motion, it may therefore be asserted that the total. 
energy of the phonons moving in a given direction remains unchanged. 

Let us integrate the left and right-hand sides of equation (8.1) over the total 
range of phonon energies. As a result of such an operation, the integral over 
ali energies derived from Jy1(n) turns out to be identically zero, because the 
total energy of the phonons, moving in a given direction during small-angle 
phonon scattering, is conserved. Thus after the integration indicated, equation 
(8.1) becomes: 

eo 


e c088 sin 6 cos | malt +1l)spdp= frm +Jy(n)}ep dp (8.2) 


) 


e @ 
kT ax 


(where ¢ = ¢ p). 

A change in the total number of phonons can take place as a result of emission 
and absorption of phonons. The simplest of such processes is the triple-phonon 
one in which one phonon turns into two, or the reverse; this is forbidden 
because of the impossibility of simultaneous fulfillment of two conservation 
jaws, those of energy and momentum. The prohibition indicated does not 
apply to the five-phonon process, i.e. for the process of absorption or emission 
of a phonon when two phonons collide with each other. The calculation of 
the probability of such @ process is theoretically possible but involves extremely 
cumbersome calculations. It is sufficient to mention that the number of inter- 
mediate states for the transfer of two phonons into three amounts to over 50. 
Fortunately, it is possible to avoid these calculations, since the relaxation 
time corresponding to the five-phonon process can be calculated directly from 
experimental values for the absorption coefficient of sound in heliumII. ©” 

These values show that at temperatures above 0-9°K the five-phonon 
process takes place more slowly than the processes of scattering characterising 
viscosity. At lower temperatures, the picture is the opposite—the process of 
emission (or absorption) of the third phonon during collision of two phonons 
becomes more rapid than the scattering processes characterising viscosity. 
This circumstance is likewise confirmed by estimates of the probability of 
the five-phonon process. 

We have estimated the probability of emission or absorption of phonons 
during collisions of rotons among. themselvest. These processes tum out to 
be slower than the processes of scattering characterising viscosity for all 
temperatures below the lambda-point. Let us first examine the region above 
0-9° K. From the above it follows that for the times characterising viscous 
effects at these temperatures, the total number of phonons in motion in a 
given direction may be materially altered. 

Nevertheless, the change in the total number of phonons in motion in a 
given direction does not take place during scattering of phonons by phonons 
at small angles. For this reason, in integrating the left and right sides of 


+ This question will be more fully considered in another paper. 
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equation (8.1) for all phonons moving in a given direction the corresponding 
‘integral from Jy (”) becomes identically zero. As a result we have 
«© Lo} 


c = cosd sin 6 2089 | mal + 1) p?dp = [a0 + Jy (n)} p dp. (8.3) 
0 0 


kT? 


From what has been said above about the relative slowness of the processes 
of emission and absorption of phonons, it follows from equation (8.3) that the 
change in the total number of phonons moving in a given direction is entirely 
determined by the scattering processes characterising viscosity. 

In accordance with our assumption for the times characterising the viscous 
process, the energetic equilibrium for phonons moving in a given direction 
is not destroyed. Thus phonons moving im a given direction have some tempera- 
ture 7’, in general not equal to the average phonon gas temperature, and are 
characterised by an equilibrium distribution function appropriate to this 
temperature. 

Nevertheless, because the number of phonons may change during the inter- 
vals characterising viscosity, the distribution function for phonons moving 
in a given direction will not be simply the Planck function, but will contain 
some function «’ similar to a chemical potential, and dependent on the direc- 
tion of the phonons’ motion. Accordingly, at the temperatures under dis- 
cussion (above 0-9°K) phonons moving in a given direction are described by 
the distribution function 

: n= et tek 2’) rae 1], (8.4) 


where «’ and 7” are functions of the direction of the momentum of the phonon 
in question in the system of co-ordinates selected. 

_ The function «’ may be of either sign, and for this reason the expression 
«’ + (pe/k 7’) will become zero at certain phonon energies. However, as the 
magnitude «’, being proportional to the macroscopic velocity gradient, is 
‘extremely minute, this possibility could be realised only for phonons with 
extremely minute energy « < kV. But the number of such phonons is so 
minute that they play no role at all in processes of scattering characteristic 
of viscosity; for this reason the circumstance mentioned has no influence 
on further calculations. . 

_ Let the average temperatures of the phonon gas be 7; then the deviation 
of the distribution function ~ from the equilibrium value m, is, in accordance 
with (8.4) and (8.7), 


bn = N — Ny = — Ny (M+ fe" -— +} (8.5) 


where 67' is the deviation in temperature of phonons moving in a given direc- 
tion, from the average temperature T(67 = 7” — T). 

. The deviation én of the distribution function from its equilibrium value in 
the temperature region under consideration depends on the two variables «’ 
and 67; to determine them we use equations (8.2} and (8.3). 


CALCULATION OF THE VISCOSITY COEFFICIENT 521 


We will now consider the temperature region below 0-9°K. In this case 
the processes of emission and absorption of phonons take place faster than - 
the processes of scattering characteristic of viscosity. Because of the noticeable 
difference in the laws of temperature variation for the processes mentioned, 
the once comparatively slow processes become comparatively rapid on transi- 
tion through a small intervall of temperatures, so that by 0-8°K the processes 
of emission and absorption of phonons may already be considered rapid. Thus 
in the region of temperatures below 0-8°K the number of phonons moving 
in a given direction will be described merely by Planck’s function, dependent 
only on the temperature J” of the phonons moving in that direction: 


n= [erlr" _ 17-2, (8.6) 


In this case we obtain the following expression for the deviation of the distribu- 
tion function of phonons from the equilibrium value 


pe of 


bn = 1 — ty = Mo (my + 1) Tr P 


(8.7) 


We will use equation (8.2) to determine 6% in this region of temperatures. 
Equation (8.3) has no significance here because the motion of the total number 
of phonons moving in a given direction is not determined by viscous processes 
but by the more rapid processes of emission and absorption of the phonons. 

Let us calculate the phonon portion of the viscosity coefficient for the 
temperature region above 0-9°K. To do this equations (8-2) and (8-3) must be 
solved. Let us begin by a transformation of the collision integral /z(7) appear- 
ing on the right-hand side of (8.2) and (8.3). The collision integral J;(n) for 
seattering process of a phonon by rotons equals 


Jy(n) = — (2x ky* | [edo(p, y) {NaN + In’ +1) 
~ Nn (N¥ + Dn + IjaP. (8.8) 


Here WV is the distribution function of rotons, n is the distribution function 
of phonons, P is the roton momentum and p is the phonon momentum. The. 
functions for colliding phonons and rotons are written without a prime 
and the corresponding functions for scattered particles are indicated with 
a prime. The effective differential cross section do of the scattering of 
phonons by rotons at an angle wy equals, by (3.20) 


Pip? \F(2 
do(p. v) = (5) |; (1 + cosy) cos?y 


42th? oge 


1 Py Vs 8 24 ( Po 
+— 105 (=) ( ples Soosty + costy) + == (<2) a + 2eoety) + atta 0 


{d@ is an element of solid angle). 
OPL i7o 
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Where there is a macroscopic gradient of the velocity u, the distribution 
of rotons and phonons is characterised by non-equilibrium functions. However, 
it may easily be shown that due to the rapidity of the process of scattering 
of rotons by rotons, the deviation of their distribution functions from the 
equilibrium values will be considerably less than the corresponding deviations 
for phonons. For this reason rotons will be described by their equilibrium 
distribution functions in the collision integral J,(z). For phonons, however, 
we will have to substitute non-equilibrium functions as in (5.2). After such 
substitution and integration over the elements of phase volume dP of the 
colliding rotons, the collisions integral J;(n) appears as follows: 


J, (n) = — N, f edo(p, py) {on — dnt, (8.9) 


where WV, represents the number of rotons per unit volume, and the deviation 
én is determined by the expressions in the relation (8.5). 

The left-hand side of equation (8.2) and (8.3) contains a function of the angles 
of the form P,, (cos®) cosy, where P, , (cos6) is an associated Legendre function. 
Therefore equations (8.2) and (8.3) should be solved in such a way that the 
expressions for the deviation én entering into the right-hand sides of expres- 
sions (8.2) and (8.3) should be proportional to similar functions of the angles. 
In future, however, in order to simplify transformations of the collision inte- 
grals, we will use in the intermediate calculations the Legendre functions of 
zero order in P,(cosé), instead of the function P.,(cos@) cos. 

Such a substitution is possible because the spherical symmetry of the scatter- 
ing makes the collision integral insensitive to it. Naturally in the final results 
we will substitute instead of the function P,(cos@) the function P,,(cos@) cosy 
obtained in the system of co-ordinates selected. 

Thus we write the functions a’ and 67/T determining the deviation of the 
distribution for phonons moving in a given direction from the equilibrium 
value in the form 


a’ = o P,(cosé), a B P,(cosé), (8.10) 


where « and # are coefficients independent of the angles. With the aid of (8.5) 
and (8.10) the collision integral Jy(n) becomes: 


J, (nm) = XN, | nol + I}cda(p, vf - a ) {[P,(cos6’)}. (8. 11} 


Let us now use the following result of Legendre’s theorem on the addition 
of these functions. Let there be two directions in space fixed at their polar 
angles @ and y and azimuths » and 9g’; then the Legendre function of zero 
order (depending on the cosine of angle @ between these directions) satisfies 
the following integral relationship: 


Qa 
f P, (cos 6’) dy = 2x P,,(cos@) P, (cosy). (8.12} 
0 
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Expression (8.11) contains an integration over the solid angle of the scattered 
phonons, and aoe applying relationship (8.12) we rewrite the collision 
integral (8.11) a 


Tym) = P, (cos) N, { odo(p, y)[1 — Pa(cosy)] (« 2 Fa) Malm +1). 


From this, after integration over the elements of solid angle d O of the scattered 
phonons, we obtain: 


Jy (n) = - P, (008 6) 9 (my + n(o-F fs in6) (‘s tB) (8.18) 


where we introduce the symbol 


1 N, FPo(k@ je? PL 2 83 (Po\? | 144 (Po . 
t - I B® 09 1s * 35 —2 5 75 \ue a ee) 
The quantity t has the dimension of time. 
Next we calculate = integrals on the right-hand sides of (8.2) and (8.3), 


be) 


J Iy(n) p dp and j "Irtn) sp’? dp. The required integration is carried out 


sae simply by ‘ala as the distribution function n, the Planck equilibrium 
function. Thus we find 


o 


[am pdap= P,,(cos 9) (6! « — 1a(—) =, (8.15) 
0 

r bE : 
[ Jats) op? ap = P, {cos 6) (7! — 8! (= -\= ‘ (8.16) 
0 


We now carry out a transformation of the collision integral Jj; analogous 
to that given above, taking into consideration the process of scattering of 
phonons by phonons. The integral concerned is written as follows: 


Fyy(n) = — (22 bY? f [odo (p, Py, B', Bi) {(m n(n’ +1) (mi + 1) 


— n' n(n t+ 1)(m,+ Didp, (8.17) 


where the differential effective cross-section do(p, p,, p’: p,) is determined 
by the relation (2.9). 

Let us substitute in (8.17) the phonon distribution functions in the form 
of, the sums of the equilibrium functions and small additions such as those 


i7a* 


of (8.5). Evaluation of (8.10) then gives 


Fy (nm) = oc(2 8) | [ edo(p, By, B's Pi) Mo Molmy + I)(Mjq + 1). 
{P, (cos 6) + P,(cos 8,) — P,(cos&) — P, (cos 9})}dp,, 


— (2x nre(aa){ fe do{P, Py, B’, Py) Ry Mq(% + 1) (Mo + 1) 


{p P2(cos 4) + p, P,(cos9,) — p’ P, (cos 6’) ~ p; Pa(cos6;)}dp,. (8.18) 


Here p and p, are the momenta of the colliding phonons, p’ and pj are the 
momenta of scattered phonons, 6 is the angle formed by the path of the 
phonon with the corresponding index and that of the phonon with the given 
direction. We introduce angles y,, y’ and yj between the directions of the 
momenta p,, p’ and p, and the momentum p, and apply the result (8.12) of 
the addition theorem for Legendre functions. As a result (8.18) becomes: 


Ty(n) = Pp(cosd) «(2x by? [ fedo(p, Py, B', i) mq Mo(m + 1)(mio + 1) x 


[i + P.{cosy,) — P,{cosy’) — P,(cosy})] dp, 
¢c 
= Py(0096) 8 oq xy | | ede, py, PB) mo mols + 1 loo + 1) 


{p + p, P,(cosy,) — p’ P,(cosy’) — p; P?(cosy})}d py. (8.19) 


Let us show that the second integral in (8.19) appears even without allowance 
for scattering. Making the obvious substitution for P,{cosy), the bracketed 
expression in the integral may be written as follows: 


3 ; 
= (p’ sin’ y’ + pi sin® y, — py sin? y). (8.20) 


We deduct from the equation for conservation of energy p + p, — p’ — P, = 0, 
‘the projection of the equation of momentum conservation in the direction of 
the momentum p ~ 
Pp + P, Cosy, — p' cosy’ — pi cosy; = 0. 
Our result is 
p(1 — cosyp,) — p'(1 — cos’) ~ pi (1 — cosp}) = 0. (8.21) 


Multiplying the expression obtained by 3 adding the result to expression 
(8.20), we obtain 


3 
“x [pC — cosy)? — p’(L — cos’)? — pi (1 — cosy)". (8.22) 


It is easy to see from equation (8.21) that the expression (8.22) is proportional 
to (1 — cosy,}? when the angles between the momenta of colliding phonons 
are sroall. But in accordance with (2.7) the differential effective cross-section 
‘for the scattering process in question diverges as (1 — cosy)-? in this case, if 
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dispersion is neglected. Thus the second integral in (8.19) remains finite for 
ali angles between the momenta of colliding phonons. 

If dispersion is neglected the first integral in this same expression (8.19) 
diverges logarithmically for small angie between the momenta of colliding 
phonons. 

The caleulation of the integral { Jy (n) p? dp and ft (2) ¢ g? dp, which 


we will not reproduce here due te its extreme cciqvieainess: shows that at 
temperatures above 0:9° K these integrals may be neglected in comparison 
with the corresponding integrals on the right-hand sides of equations (8.2) 
and (8.3) involving J,(”). Equality of the corresponding integrals involving 
“Jz (n) and Jy{n) occurs only at 0-7°K. Therefore when considering the pheno- 
menon oi viscosity in the temperature region above 0-9°K, we will make 
allowance on the right-hand sides of the equations only for effects due to seat~ 
tering of phonons by rotons, these being described by the collision integral Jy{7). 
As shown above, at lower temperatures, the parameter « may be assumed 
equal to zero. Equation (8.2) is used to determine the only unknown para- 
meter £. 
- According to (8.19), im this case integral Jy(n) simply equals 


c 
Tun) = — Paloose) or (Barby [ fedotp, Py, P Bilma mols + 1lme + 2) 
x [p + py P,(cosy) — p’ P,(cosy’) — pi P,(cosyi) dpy. (8.28) 
The calculation of the integral | Jy(n) ep? dp, appearing on the right-hand 


0 
side of equation (8.2), which we will not discuss here, gives the following 
result: ~ 


| (njeprdp = — P, (cos 6) B(kT) (=) a (8.24) 
? 
9 
where t, is a quantity with the dimension of time being determined by the 
relationship: ' exe 9 
et Efe ee (=). (8.25) 
tT 5x W(Qn)s A oFe \ c 


In view of the complete convergence of the integral (8.23), expression (8.25) 
naturally does not contain the dispersion parameter. 

The integrals appearing om the left-hand sides of the equations (8.2) and 
(8.3) can be calculated by elementary methods, and their values are 


wo 


[ natn +)Hepdp= =e er\=t : (8.26) 


G ) 


36 (kT \4 
[ rota + 1) pdp ~=(+ - ) , (8.27) 
) 


We now substitute in equations (§.2) and (8.8) the values for all the integrals 
involved. Eliminating immaterial factors and dropping angular functions, we 
obtain the following pair of equations for the determination of the parameters 
« and @ valid in the temperature region above 0-9°K 


Ou 4n4 1 Gu 36 sf ; 
eee en (Oe eR. ELT: “ee 
Fe ge ee ae te ee eas) 


For temperatures below 0-9°K, by applying the same method to equation (8.2) 
we obtain the equation for the determination of parameter f: 





act Ou 8! 1 
——s Ewe wwe |, .2 
15 Oz a( Tt =| od 


9. Lenertse or tHE Mean FREE Pate CHARACTERISING Viscosity 


We will now calculate the length of the mean free path characterising 
viscosity. The parameters « aud 8, which determine the deviation of the 
distribution function from its equilibrium value, are characterised to a consider- 
able extent by their equilibrium values. With simultaneous change in the 
values of these parameters, the viscosity coefficient changes correspondingly. 
“We will consider « and # as functions of the time ¢. Then in complete analogy 
to equation (8.28) we may obtain two equations 

we dx 36 dp 


Fae ap 7 Oe AS 


3 dé 5 dt 
1 

— — ~~ (Tx — 81 B)—, (9.1) 
t 


determining the law governing change in these parameters in the temperature 
region above 0-9°K. We seek a solution of this system of linear differential 
equations which will be in a form proportional to e-/». The quantity 8, is 
the natural choice for the characteristic time determining viscosity. Multiply- 
ing by the phonon velocity c gives us the corresponding phonon mean free 
path 4,. Determining 0, from the set (9.1) we obtain a quadratic characteristic 
equation, with roots equal to 


16t log 
6!’ 3 6! 





8, = (9.2) 

In comparing the appearance of viscosity under macroscopic examination, 
the largest absolute magnitude of these roots must be choosen. Therefore, 
taking the largest values 6, obtained for the free path of phonons, and applying 
(9.2) and (8.14), we obtain the following expression: 


1 45M, Pi(kTer PL 2 33 (2 2 144 (#2) 
— = ee —— eee je renee | A? a is 
ay al #09 15 7 38°\ne) * 35 Vac)” a) 


! 
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To determine the characteristic time 6, in the temperature region below 
0-9°K, we obtain in analogy with (9.1) the linear differential equation 


40k dp gto 
1s af ~ -6(S +=). a 


In this case A, is determined by the expression: 


1 -( 811) 15 ST! Polk TP PT 2 | 38 (Py\' 
Ay \t | %) aoe Bande? h? Qo 15 -35*@ \ ue 
14A [Py 9-13!(u+ 2) (kT? 
Sees A2lN ——_——_-;—- |} —— |. P 
+795 (=2)+ ] am (27h)? 2? pF c®@\ ¢ ) m2) 


Substituting in the expressions (9.3) and (9.5) the numerical values of all 
the parameters, we finally obtain 





+ = 3-4 x 108 7% eA? PP > 1°K) (9.6) 
? 
sae 1-1 x 108 [#2 e-4#T + 5.6 x 10°F? (7 < 0-8°K). 
c 

Figure 1 is a graphic representation of the dependence of 1//, on tempera- 
turet. The points along the curve of 1/A, were obtained by interpolation for 
temperatures between 0-8 and 1-0°K. 

Let us now apply the results of the present paragraph and confirm the 
validity of the assumptions we made about the velocity of the establishment 
of energetic equilibrium. The expression (7.15) determines the time of establish- 
ment of energetic equilibrium for phonons, t,. From the assumptions made, it 
follows that the process of establishment of energetic equilibrium occurs 
faster than the viscous processes, so that the time ¢, for the phonons, which 
plays a substantial role in viscosity, should be less than the smallest of the 
times 6, determining the relationship (9.2). It can easily be seen from (9.1) 
that the phonon component of the viscosity coefficient depends fundamentally 
on phonons with an energy of the order 7-8 k 7’. Comparing the times ¢, and 
6, for phonons possessing such energy, we can confirm that at all temperatures 
below 1-3-1-4°K the assumption made is fulfilled. 

In examining the question of the velocity of establishment of energetic 
equilibrium it must be kept in mind that the basic parameters, and above 
all the dispersion parameter y determining the quantity ¢,, are known only 
extremely approximately. For this reason the most convincing verification of 
the assumptions made can only be by experiment. The agreement between the 
computed and measured values for the viscosity coefficient obtained through 


f In oll known measurements of the viscosity coefficient of helium II, the size of the system 
has been considerably greater than the length of the phonon free path. However Andronikashvili 
has pointed out in experiments on heat conduction in helium II that in narrow slits the mean 
free path at temperature 1-3°K is already equal to the dimensions of the slits. This circumstance 
considerably complicates the appearance of heat conduction in heliwn II in narrow apertures. 
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the comparisons carried out below convinces us of the correctness of the 
assumptions made. We are inclined to attribute the mutual approach of the 
estimated times f, and 6, at temperatures above 1-4°K to the approximate 
nature of the calculations made. This is indirectly confirmed by an analysis 
of the data on sound absorption in helium IT. Tt should be kept in mind that 
at temperatures above 1-4°K, the role of the phonon component of the vis- 
cosity coefficient becomes relatively slight in comparison to the roton com- 
ponent, and for this reason this question is of no consequence for the temmpera- 
ture region above 1-4°K. 





0S O8 1 12 14 16 18 20 22 
q. °K 
Fic. 1. 


10. TEMPERATURE DEPENDENCE? OF THE PHONON COMPONENT OF 
THE VISCOSITY COEFFICIENT 


Let us now turn to the calculation of the phonon component of the viscosity 
coefficient. First we examine the temperature region above 0:9°K. Let us 
solve the system (8.28) with respect to « and £, and substitute the values 
obtained in expression (8.5) for the deviation én of the distribution function 
from its equilibrium value. Then we obtain 

, t pe\ ou 

6% = —No(Nq + 1) cos sin® al arr (a 2 — 3-44) oe (20.1) 

In doing this we have replaced the function P,(cos@) by P,,(cos@) cosy. We 
proceed in a similar way for the temperature region below 0-9°K. From equa- 
tion (8.19) we find the magnitude of the parameter £, and further, using (8.7} 
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and (8.10), we find én: 
4m4#tt, pe du 


15(8!t, +7) kL de 
The.z-component of momentum, differing from zero in our case and directed 

along x, equals 
Og = — (27 4)? J pc dn cosé snd cosp p2dpao. (10.3) 


6% = — No(% + 1) cos@sin# cosy (10.2) 


Calculating in turn the value o,, which dn gives by (10.1} and (10.2), and 
comparing the result with the expression for the appropriate components of 
the pressure tensor o,, = n, Cu/dx, we find after simple reductions the phonon 
component of the viscosity coefficient: 


_ 0-157 (8? gg c)? 4? [ 2 338 (=) 14.4 (=: 


-1 
ae ae ee ts ee eae iS ee 
te (25 p kT) Ph 15 | 35 pe +5 =") + | even: 


4x \8 2 33 (Py\* 
={——) (# 81 (2s ukT) Pre“ SeF| 4 (8 10.4). 
Ny (=) « eof (2x ekTy "Poe lz + oes (=2) (10.4) 


14A (Py, F 3-13! (a + 2) (EL\8]-} > 
ae (S)+2).e =) (T< 0-8°K). 


Substituting the numerical values of ail the parameters in (10.4), we obtain 
as the final result 


H = 8-7 xX 10-9P-N? eAkT (T > 1°K) 


10.5 
Ny = 78 x 10-10 (7? e-SEP 4 4-8 x 10-6 T%)-1 (7 < 0-8°K). | 8) 

Thus the phonon component of the viscosity coefficient increases as tempera- 
ture falls. At temperatures above 0-9° K, it increases in accordance with the: 
law e4#? T-¥2. For temperatures below 0-7° K, where only the effect of scatter- 
ing phonons by phonons is significant, this jaw is replaced by the law 7-5. 
A more complex law, determined by formula (10.5) governs the intermediate 
area. 


ll. TEMPERATURE DEPENDENCE OF THE Viscosity COEFFICIENT 
or Hexnivm Ji 


In section 6 we calculated the roton component of the viscosity coefficient 7,, 
which turned out to be independent of temperature. In section 10 we set forth 
formulae for the phonon component of the viscosity coefficient, disclosing a 
sharp rise of 7, with temperature drop. The actual viscosity coefficient of 
helium IT is equal to the sum of the roton and phonon components. Since the 
coefficient for helium is the sum of a part that is constant and one that increases 
with fall in temperature, the viscosity coefficient ought to rise sharply with 
fall in temperature. No mention has previously been made of this interesting 
fact. 
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According to (6.6) and (10.4) the actual coefficient of viscosity of helium II 
is given as follows: 


Pet,  0-157(h? 0, ec)? e4*F TF 2 33 /P, 144 /(P “1, 
--08 peuedalel alae eae ets ae ecg a | 
15h (22 w kT)? Ps 15 * 35° we 75 \pe 


(> 4K) (11.1) 


Fes 4n?\3 2 P 
= z ede U2 ps o—dikT 0 
15m (= =) {h? @q0)* {2 (22 wkT)? Poe [= + s(t) 


144 /P, o], 8x 18! + 2 (kT \ ; 
+ 75 (=1)+ 4]. So 918 ( Fi yt (7 < 0-8°K). 


_ Since the roton component of the viscosity coefficient cannot be accurately 
calculated, we determine this quantity by experiment. For this purpose we 
employ Andronikashvili’s! data on measurements of the viscosity coefficient 
down to a temperature of 1-35°K. Subtracting the phonon component calcu- 
lated from formula (10.5) from the experimental values for the viscosity 
coefficient, we obtain for the temperature interval between 1-35° and 1-9°K 
an almost constant magnitude of 1-10-5 viscosity units of measurement. This 
we identify with the roton component of the viscosity coefficient. Thus we 
have 














Pix, iesze 
Ny = = 1x 10° poise. (11.2) 
154 





The values for the constants 1, and V) may be obtained from the resulting 
value of 7,. These constants are roughly equal to 


t 21:5 x 10! sec/em?; Vy ~ 0-5 x 10-* erg/em’. 


. Using now the numerical values of 7, and the expression (10.5) determining 
the numerical value of 7,, we write for the final expression of the viscosity 
coefficient {in poise) 


4x 108 =1+ 8-7 x 104 T-¥ et, (P > 1°K) 


11. 
4 x 105 = 7-8 x 10-3 (Te P 4 4.8 x 10-8 75)-1 (7 < 0-8°K). oe 

The formulae (11.3) determime the values of 7 for both temperature regions— 
i.e. above and below 0-9°K. 

Neither of these two formulae is valid in the neighbourhood of 0-9°K. 
This is explained by the fact that at this temperature, the times characterising 
the processes of emission and absorption of phonons become equal to the 
times characterising the viscous processes of scattering. It might have been 
possible to take this cireumstance into account in equation (8.3). However, 
since this effect is found to be significant only in a small interval of tempera- 
ture of the order of 0-2°K in the neighbourhood of 0-9°K, we will not give 
it special consideration. 
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For purposes of calculation, we use the first expressions of (11.3) in the 
temperature regions above 1°K, and the second for temperatures below 0-8°K. 
We find the values for the viscosity coefficient in the intermediate area by 
interpolation between these calculated vaiues. 

In Fig. i a comparison is made between the values of the viscosity coefficient 
obtained from (11.3) and those measured experimentally by Andronikashvili}. 
The experimental values for the viscosity coefficient disclose some rise with 
temperature in a small region near the lambda point. However, it should be 
remembered that the results that we obtained must not be extended to the 
temperature region in the neighbourhood of the lambda point. In all our 
discussions it has been assumed that the phonon and roton gases are practically 
ideal. Since this assumption is not valid in the region near the lambda point, 
our results are naturally not applicable in this region. 

In conclusion, it must be noted that all the results obtained in the present 
paper are of extremely limited accuracy owing to the extraordinarily crude 
state of our knowledge of such theoretical parameters as dc/d0, d°c/de, 
@A/do? and @P,/de. Of course this remark does not apply to the values 
obtained for the temperature dependence, which has been determined suf- 
ficiently accurately. 

In his earlier papers, Tisza obtained the law 7 ~ T* for the viscosity coef- 
ficient from entirely incorrect considerations. In his last work Tisza? rejected 
this result and obtained another temperature variation 7 ~ T* using an 
arbitrary system of postulates. 

Turning to Andronikashvili’s! latest experiment, and in the same connection. 
to the results of the present paper, one may be satisfied that in reality there 
is nothing resembling the law 7 ~ Z* for helium II. In spite of Tisza’s asser- 
tions to the contrary, helium IZ possesses a viscosity coefficient 4 with a 
derivative dn/d7 negative for all temperatures except for a small region near 
the lambda point. In this respect it does not differ from ordinary fluids. 

The authors express their gratitude to H. Andronikasbvili, EB. Lifshitz, 
and V. Peshkov, for participation in discussions of the questions studied in 
the present paper. 
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71. ON THE ELECTRON-POSITRON INTERACTION 


The wave equation for the electron—positron system is established up to terms 
of order v*/c* with exchenge interactions taken into account. 


1. It is well known that it is possible in classical electrodynamics to describe 
a system oi interacting charges up to terms of order v?/c? (where v is the velocity 
of the charge and c is the velocity of light) with the help of the Hamiltonian 
function depending on the co-ordinates and momenta of the particles and not 
containing the radiation field. In quantum mechanics the Hamiltonian of the 
system of electrons was obtained by Breit! up to terms of order of v?/c?. 

The aim of the present paper is to establish the wave equation describing 
the electron—positron system (also up to terms of order v?/c?). It is necessary 
to consider here, besides the interactions appearing in the Breit equations, the 
particular exchange interaction between the electron and the positron. This 
will be our main problem. As was already noted?, the result of Breit was 
obtained by an unsatisfactory method, in which some terms were artificially 
neglected. Because of this we shall also consider that part of the electron—posi- 
tron interaction which is equivalent to the part considered by Breit. 

Let us begin with the following form for the Hamiltonian operator of the 
system of electrons in the second quantised representation: 

H=> Bak a, +4 ¥ V28 ax at ay dy. (1) 
n nn’ 3s’ 

Here EF, is the energy of the electron in the mth state; 7% are the coeffi- 
cients (the matrix elements) corresponding to the transition of one electron 
from state x to state 1’ with a simultaneous transition of another electron 
from s to 8’; a and az are operators satisfying the commutation relations 


07 Oy + Ay OF = 
in Wye T Wa By = nn’? 


pte oe F 
On Oye + Og Og = Ay Gyr + By Uy = O- (2} 


These operators act on functions of the occupation numbers, which in our case 
(one electron and one positron) have the form 


c(0,...,0,1,,0...;1,1,...,1,0_,,1...), 


ie. one state having positive energy and all but one of the states having nega- 
tive energy are filled. Because of this, in (1), one of the upper and one of the 


B. 3. Bepecrercxati mu JL. 71. clangay, O ssanmmogeticrsun mexpy sxenTponom & LOsHTpOHOM, 
Rypnan Guxcnepumenmasonuot u Teopemusecnot Ouauau, 19, 678, 1949. 
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lower indices of V%'s are related to states with positive energy and the others 
to states with negative energy (we shall denote the latter by a minus sign —). 
Using (2) we can write (1) in the following form 
B= #,0f0,+) E_,at,a,+ ¥ (VR - Veep japatyay, a, (3) 
n 8 nen s 

(Here a summation over positive values of the indices is. implied). 

In order to introduce the positron into these considerations it is necessary 
to introduce the operators: 


b, = at,; be =a_,, (4) 
with a simultaneous transformation of the functions 


COs Lycee By De Ogee) PG A ged O00, 3, 00x.) 


Then 
H=¥SE, (at a, + bf b,- 1 -— Y (Ve - Vath) at bf a,b, (5) 
2 nn’ 8s’ 
{where Z_, = — £,). 
Our problem now consists of finding the coefficients V%--$ and V;%7". If 


they can be represented as the matrix elements of some operator VY acting 
on the co-ordinates {both spatial and spin) of the electron and the positron 


— (VRE Feet) = f why) oF (72) Vag (7s) 04 (Pe) dey ze, (8) 


this would mean that the electron—positron system is described by the wave 
equation 


é 
tha ra, O13 %y: 62) = [Ay (1) + Hy(2) + VI, (7) 


where H, and H, are the Hamiltonians of the electron and positron in the 
absence of their interaction, without any restrictions on the symmetry pro- 
perties of the wave function Y. 

The explicit form of the functions u, and v, is not important here. In par- 
ticular, we can mean by them the wave functions for free particles. This, of 
course, will by no means imply the use of perturbation theory. 

2. The free state of the electron is described by two spinor functions ¢(¢'; 
A= 1, 2) and x(x“) satisfying the Dirac equations 


co. p)g=(E+me)yc(6-p)y = (E-me)¢g, (8) 


where o is the Pauli operator, » is the momentum operator and m is the elec- 
tron mass. In the case of positive values of # when #-— mec? <€ mec? up to 
terms of order of 1/c? one has 


Py 2. 
1- ZS? (1-zEa)o (9) 


2m 4m* 2 
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It is possible to consider, in place of equation (8), one spinor function y which 
satisfies the equation 


p PP 
ee pee ees a meer es 10 
- ( z a) (E ce) {10} 


The wave function ¢ is not normalised, since 
[p+ etgdr=1 


or up to terms of order 1/c?: 


2 
fet + Za) =]. (11) 


If one introduce instead of y the normalised function u 





futude= 1, 


then with the same accuracy 


pe x 
o=(1-sSz)u w= (0+ gSa)e. (13) 


Equation (10) also retains its form for the normalised function 


Hyvu= (# _ m. 07) %, 
where 
Hy = (p?/2m) — (p4/8m? c?). (13) 


In the case of states with negative energy (Z < — mc?) there are analogous 
relations but the roles of » and y are interchanged. Now 


(6 -p) p 

Say Se a et 14 
cg 3 1 4 2 2 ho { ) 

and the normalised function 
a(pep—f i), 15 
uw ( + 8 ra) (15) 

satisfies the equation 

~Hyu= (B+ me*)u, (16} 


where H, is the operator (13). 

We wish to introduce the wave function for a positron, in place of the wave 
function for an electron in a state of negative energy. To do this we write out 
one of equations (8) 


c(p 61) x4 = (E— me’) ¢, 
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and go to the complex—conjugate equation. Since p* = — p and (o1)* = of, 
then 
c(p . of) x, = (-H + me) ¢,, (17) 
where, in accordance with the properties of the spinor transformation, the com- 
plex—conjugate spinors 
Z=('*; G=(e'), =~ P= mH) (18) 
are introduced. (Notice that here 4“ = — (z,)*). 

From (17) it will be seen that the spinors ¥ and © satisfy the same equation. 
as g and x in the case of positive # and thus they describe a particle with posi- 
tive energy and with its momentum in the opposite direction (because of the 
change el(P-*% to e~ Ke-"/?) to that of the momentum corresponding to the state 
with negative energy, ie. they describe a positron. The formula (18) also de- 
fines a relation between the directions of the spins. 

So we define the wave function of a positron in the following manner 

=u, (19): 


where _ 
Uy = — tea- (19a) 


This function satisfies the equation 
Ay, = (E, — mc*)e,, (20): 
where H, is the operator (13). 
3. Let us find, to begin with, the matrix element V7"! in formula, (5), 
corresponding to transitions without a change in the sign of the energy (the: 


Breit interaction). In doing this we may start from the classical expression. 
for the interaction energy of the charges (see, e.g. ref. 3.). 


J otra) era) — (1/20) [O44 s) F(a) + LCT) A 7D LF) A HD} dey Oty 
(21) 


and substitute in this as densities of charge and current the appropriate: 
(7 = r, — r,) transition densities 


ots) = eva (Ty) YalFs); O(F2) = CMe (Ti) Po (Pe); 
H(Py) = C6 vee (Fr) @y Pals H(%2) = CYT (Fr) @ Ye (Fe), 
where y are four component Dirac functions and « are Dirac matrices. Then. 
Wars = | oh (ry) pia (eadlrt — May + a) 
— 398 (@1° 1) (G2 ° 7) Ya (Fs) Yer (%2) dy A T- (22). 


This result can also be obtained by the method of Moller potentials‘. 

The expression (22) is meaningful only up to terms of order 1/c*. Therefore, 
we express the small components of the Dirac functions in terms of the large. 
ones by the formulae (9) and (15), in which it will be sufficient to restrict. 
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ourselves to the first terms. Then 





‘ dt,dat 
Veo = elena K=-s En i 
2 os ex 
+ me [01 - Pr Gar)* (Fy * Bx Gn) Hag Kae! 
dzdt e 
+ Grr Gn (Fn * Pe X-5)* (Oo * Po 9" J + onie :| (Len 61 (1 > Py Pp) 


dz, dz 
+ (64° Br Pn)* Fy Pal (xe, Fa(Fe Po X_g) + (Fn De %-s)* Og Xs" a 


e? 
+ Smee { Lon (61° 7) (61> Py Pn) + (Oy > Pa Pn)* (61° 71) Pal 


ardt, 
ae 


We will not give here the calculations, which are in general simple, connected 
with the transformation (23), and will restrict ourselves only to the most im- 
portant details. In order to reduce this expression to the form which interests 
us, it is necessary to perform an integration by parts. Since, when doing this, 

_ higher powers of l/r appear, it is necessary to separate out the region near 
ry = 0, and the surface integral over the surface surrounding this region can 
give a finite value when r- 0. 

Further, in all terms -but one, one can change ¢, to u, and y_, to u_,, since 
they already contain factors l/c?. The first term must be expressed in terms 
of the normalised functions with the help of the formulae (12) and (16). Lastly, 
the wave functions of the negative energy states are replaced by the positron 
wave functions, according to (19) so that 


x 2, 62-7) (62° PZ) + (62° Po X-4)* (O2°7) x0] (23) 





Ur, TU = —Ur OY. (24) 
Finally we obtain 
Vase f Une (Ty) Up (Fo) Vy Up My AT, Ae, (25) 
where 
2 eh \? eh 1 
7, == -a() d(r) - aanat =| (Graal: 6,) —( [PA PJ - G2) 
2([r “6 2([r a plo e : . jae x 
+ 2([" A pil-62) — 2h A ploy) | — Sosa | — (Pi * Pa) + ys Me Pas Por 
ch (6,°6,) 3(6,-r)(6,- 4) 8a {ek ‘3 
— - I : ; 6 
+()] lad 3 \2mc Oa AaNOn le: 1) 


The last term, which contains a 6-function, arose from the surface integral 
mentioned above. In this formula one may ignore the apparent divergence 
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of the integrals in the last but one term, and, for example, carry out first the 
angular integrations. The other é-functions contained im (26) appeared in 
an analogous way by the substitution of the normalised functions in place 
of the non-Flermitean terms of the type ir-S(r-p).+ (The operator V7, is 
Hermitean.) 

4, Let us go now to the calculation of the second matrix element in (5), 
which expresses the exchange interaction. We shall write it in the form 


Vaee =e f vbr) 1G, a7) — (@ An, MY] pee (PA c en FM, (27) 


where ®, _, and A, _, are the potentials induced by the transition of the 
electron from the state n to the state —s. 

It is not convenient to use for the potentials , _, and A, _, the integrais 
for the retarded potentials, since the retardation factor exp [(i/A c)(H_» — E,) r} 
contains in the exponent a large factor of order 2m c? which makes it impossible 
to use its expansion. We shall, therefore, begin with the equations for the 
potentials. 


VED, = oy aT ae = =4rey*, pein B-oth 
L stA,_ 
Vas = 2 Sent = —4zey*,ay ev iEn-E_ sth (28) 


Since we consider particle velocities which are small in comparison with the vel- 
ocity of light, only wave numbers of order p/h < mej/h play a part in these 
equations, whilst the frequencies are approximately equal to 


(E, — H_,)jh = 2m cfh. (29) 
Therefore we can neglect the spatial derivatives in (28) in comparison with 


the time derivatives. One may, with the same degree of accuracy, use (29) 
on the right-hand sides of these equations. Then 


hk \? : 5 k \? ae 
©, _5= -x() CY Vn bela -2(=-) OP Pat tr Xn) en emer, 


k\ pasa 
Anne = = en(= C yr. 2 Yn a ~iameyne 


4 


A \2 a ts 
-3(—) (90,5 dn t+ Lg F Gn) COMI, (30) 


+ For a discussion of similar questions see ref. 5. 
+ Let us note that the Hamiltonian function of the electron in an external electric field 
= —V@® up to terms of order l/c? has the gil form. 

P eh? 


Pee as ry 
se tara teen qi Ww apr I)+5 tmev®? 


On the basis of (9) and (14) we can conclude ®, _, has the order of magnitude 
1/e® and A, _, also contains a term of order l/c? (with the product of y_, 
by ¢n)- 

Further, when substituted into (27), the term containing ©, _, again con- 
tains the small components of the Dirac functions and will therefore have 
the order of magnitude 1/c*. The term which contains A, _, will retain the 
order of magnitude 1/c?. Thus to the accuracy in which we are interested we have 


Ae ery 
D4 = 0, A, _(?, t) Sarre, =(=) € L's (7) o Pn (r) etme pas (31) 


and AY 
Vale = ae (=) fer, (7) ag CH) [ay (r) ow, (dz. (82) 


In the latter expression we have replaced the non-normalised functions by 
the normalised ones since the expression is a quantity of order 1/c?. 

It remains now for us to express (32) in terms of the positron wave func- 
tions. To do this let us express the scalar product of two vectors constructed 
from our spinor functions with the help of the operator 6, in terms of the scalars 
which can be directly constructed from the four spinors %,, up, Ws, and u_y. 
It is not difficult to verify that 


((u*, o Up) (uz. o U_y)) = (ty Un) (tsa wt) a (lnra wu, (uz, Usa) * (33) 


Introduce now the positron functions according to the definitions (19) and (19a). 
Then ss 


Woy Ue gt = —VUgy Vee = Vy, VE = Vp V,; 
Una Uh = Ug Ve = UY; 
UR Ugey = — UL Vp, = — Vy Uys 
((un, © thy) * (Ug F Ug) = (Ug Un) (OG V,) + (Ue Ue) (OG Un) (34) 
The second term in (34) differs from the first one by the exchange of the elec- 


tron and positron functions. It can be written down using the well-known 
“exchange operator” 


(a, 25) (Oty) = U( 1) of (2) 0, (1) hy (2) 
J 
= = uh (1) OF (2) DL + (- 2)] %q (1) 24(2), (35) 


where the indices in brackets denote the corresponding spin variables (the oper- 
ator o, acts on the spin variables (1) and so on). Now we can write (32) in the 
final form 

Veh = [uh (ry) oF (2) Va tte (ry) % (9) dz, dey, (36) 
where 


1 k \? 
=> “(=-) [B+ (oy. 63) (% = 15). (37) 
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Thus the wave equation of the electron—positron system can be represented 
in the form (7), where 


= V3 + V2. (38) 


Let us note that the d-function appearing in the expression for the interaction 
energy does not imply, of course, the presence of an especially strong inter- 
action. In reality, having the same integrated value, it is spread over a region 
of order i/mc. Therefore, terms containing the 6-function can be considered, 
as for the other terms of order 1/c? as a perturbation on the Coulomb inter- 
action. 

We express our gratitude to I. Ya. Pomeranchuk for a discussion about the 
questions considered. 
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72. THE EQUILIBRIUM FORM OF CRYSTALS 


A discussion is given of the way in which the surface tension of a crystal depends 
on the direction of the face. The results obtained are used to examine the nature of 
the equilibrium surface of crystals. 


Ir is generally supposed that the surface tension « of a crystal is different for 
different faces {crystal planes). Thus two adjoining faces could have entirely 
different values of «. However, in 1915 Ehrenfest! indicated the correct ap- 
proach to the problem, and this has been further developed by Yamada’, but 
many of their conclusions are invalid. The purpose of the present note is to 
attempt a complete discussion of the problem. 

: To simplify. the treatment, we shall consider a two-dimensional “crystal 
lattice” consisting of a plane square grid. The crystal planes are here re- 
presented by straight lines through the lattice points. 

Let a be the ‘‘surface tension” for a face with indices (01). Let us consider 
another face meeting the first at a small angle » and having indices (ix), 
where n is large. The surface of the crystal bounded by this face has the form 

f “steps” whose length » (in units of the lattice parameter a) is large and 
whose height is small}, as shown in Fig. 1, where the broken line is the face (16). 





ed ge AO Ses Me pe ees eb oe fo fee 
Fra. 1. 


. The presence of each “step” leads to the appearance of some additional sur- 
face energy, which we denote by 8. When x is sufficiently large, the steps are 
so far apart that their “interaction” may be neglected, and the addition to 
the surface tension «, is given simply by the product of 8 and the number of 
steps per unit length 1/n a. 

If we use the angle y between the faces (1m) and (01), then for sufficiently 
large n we have y = 1/n, and so the surface tension of the face {1m) may be 


‘SOL. Zl. Jagaay, O paszosecnok gopme Kpuctarsos, Coopwux ¢ weemp 70-cemus A. ©. Hodge, 
Mocxpa 1950, p. 44. 

+ It may be noted that the assumption that the steps have a height of unity is made merely 
for definitenees. The actual form of the steps (and, in particular, their height) is determined by 
the condition of minimum energy and may be different in different cages. It is, however, important 
that for faces close to some given face of a orystal of a given substance the steps have a single 
definite form. 
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written 


w= a+b (p> 0). -Q) 


As tends to zero {i.e. as » tends to infinity), the ratio (« — x))/p therefore 
tends to a finite limit, which may be regarded as the derivative da/dg- 

Let us now consider the face with indices (1) inclined in the opposite direc- 
tion to the face (01). The same arguments again give 8/na@ for the change 
in surface tension, but now y = — Lm, go that 


? 
=P7 (sO); (2) 


and the derivative da/dp = — B/a. 

Thus we see that the surface tension can be written as a continuous function 
of the direction of the face, but the function is a. very peculiar one: for every 
value of 9 it has two different derivatives, one in the direction of the argument 
(angle) increasing, and the other in the direction of the argument decreasing. 

The difference 4(dajdg) between the two values of the derivative at each 
point in an important characteristic of this function. We shall show that 
A(d«/dgy) has the property of decreasing as the indices of the face increase. 

We have seen that for the face (01) 4(da/d¢) is equal to the relatively large 
quantity 28/a. It is also easy to show that for the face (17) with x large this 
difference is zero in the approximation where the “interaction” between the 
“steps” is neglected, and the validity of this increases with n. In this approxi- 
mation the surface tension « of the face (i.e. the energy per unit length) con- 

ists of the energy «) cos@ of the “horizontal” sections of the crystal surface 
(parellel to the face (01)) and the energy (8/a) sing due to the presence of 


Ljaf/n?+1= (1 /a) sing “independent” steps per unit length. But the function 





a(p)} = a oe + £ sing (p > 0) {3) 


is an ordinary analytic function having only one derivative at each point. 
Thus to calculate 4 (da/d¢) in this case we must take into account the relatively 
smali “interaction’’ effect of the steps. 

First of all, it is evident that, in order that the face (1) should be stable and 
capable of existence, it is necessary that the steps should “repel’’ one another; 
if not, they would “coalesce”’}. It may be shown that such a repuision must 
actually occur. Figure 2 shows two steps. Their interaction energy is related 
to the finiteness of the distance cd, i.e. to the absence of interaction of atoms 
on @b with the atoms which would be on de if the second step did not exist. 
The interaction between two electrically neutral groups of atoms at a distance 
is a van der Waals attraction, and so its absence results in a repulsion. 


7 It must be noted that the proof given here applies only to large distances between the steps, 
and does exclude the (unlikely) possibility that every face (1m) is metastable and breaks up, for 
example, into two faces (01) and (10) (if B/a > ap). - 


It is easy to determine the manner of dependence of this repulsion on the 
distance (i.e. on the length x). The Van der Waals interaction of two atoms 
at a distance r is proportional to 1/r¢; summation over all pairs fo atoms 
(which may be replaced by integration over a6 and de) evidently gives a 
quantity proportional to i/n*. This proof, however, depends essentially on 
the fact that the model considered is two-dimensional. In the actual three- 
dimensional case a similar treatment would lead to a 1/n® law (for a face of 
the form (01n)). 

Let the interaction energy of two steps be denoted by 


v=— (A > 0). (4} 





The additional surface tension due to the interaction of the steps is evidently 
_1fA n A A : 
m1 oe ae * (anys 7 (anys 


= 1-2 é . 
ant 

We shall show that the repulsion of the steps results in stability not only 

of {1n) faces but also, for example, of faces of the type (2) with » an odd 

number. Such a face consists of steps at alternate distances of $(n + 1) and 

4{m — 1), and such an alternation is energetically more favourable than a 

breakdown into two faces (1, $(%+ 1)) and (1, 3(z% — 1)): in the former 
case 


(5) 





7 A ] l 2 
1 on [F(n — LP es (Fin + FP ry 


1 1 2 ; 
“ [F(82 — DP - [F(8n + 1)P " (2n)8 i: -} 


in the latter case we have 
A l if 
an eae fee 


inlet lzosust : 
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It is easily seen that the second expression is greater than the first, and this 
proves that the face (27) is stable. 

Let us now calculate the difference between the two values of the derivative 
da/dg for the face (1n) which results from the interaction between the steps. 
A face arbitrarily close to the face (17) is (¥, Nn + 1), where J is a sufficiently 
large number. Such a face has N steps in a (horizontal} distance Nn + 1. 
In other words, this distance has N — 1 intervals of length n and 1 interval 
of length x + 1. The interaction energy of the steps in this distance is equal 
to the imteraction energy of N steps at intervals of 2 {ie. Nnaa,, with a,. 
given by (5)) plus 


A I t 2 2 3 3 
ae ee ae "Bazip Bap” } 


To determine «, this energy must be divided by the length (Nn + 1) a. This 
gives up to terms of order 1/N. 


oa A l i 2 an 
es a ea ee om | 
se a a ss ae Nnal(@iip 2 @naip (nye 


The angle between the faces (1z) and (V', Nn + 1) is dp = F1/Nn*. Hence 
doy he An 1 1. 2 2 n 

ge L@ el Quad Bae | 
Finally, the difference between the two values of dax,jd¢ is 


A da _ An 1 1 2 
‘do. (@tip* mls 


‘a 2 ; 2 4 
(@n+1>" Qn-ip Que} 
This is in fact non-zero. For large n it tends to zero: 
da 12A i 1 2a OA 
4(—] = —-(1+—+—+...]=——:-—, 6 
(==) (0.45 3e ) 15 ant 7 


i.e. as L/w*. It may be remembered that this formula has been derived essen- 
tially for the three-dimensional case, since we have used formula (4). 

The above properties of the function «(y) make it possible to draw certain 
conclusions concerning the form of the equilibrium surface of a crystal. The 
problem of determining this from the surface tension was first solved by 
Wulff. We use a co-ordinate system x, yin the plane of the “crystal” considered ; 
let y = y(x) be the equation of its ‘‘surface”’ (ie. its boundary line). The func- 
tion y(z) is determined by the condition of minimum “surface energy’’, i.e 


minimum value of the line integral fx ds or fa/ (1 + y’*) dz for a given 
“volume” of the erystal, ie. given area Jy dx. Here « is a function of the 
direction of the tangent to the required curve, i.e. a function of y’. 
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Using Lagrange’s method, we seek a maximum of the integral 
le JG + 99) + Aylde 
‘with an undetermined parameter 2. Since the integrand does not involve x 
explicitly, Huler’s equation gives 
ax 
Jl+y"®? 


The constant may be made to vanish by a suitable choice of the origin of y. 
Using as a new independent variable the angle of slope m of the tangent 
(tangy = y'), we obtain 


’ rg ee + Ay = const 
-¥Vl +9? ay Y= bd 





1 d« . : 
= - + («corp - sing). (7) 
We also have 
az = cotpdy= csi (« + oS 
A dg? : 


and hence, integrating (and putting the constant of integration equal to zero, 
as can always be achieved by suitable choice of the origin of =), 


t= : sin g + Ss cose: (8) 
me & SiN G de Pi}. 

Equations (7) and (8) give in parametric form the shape of the crystal 
boundary. Since da/dg has in general, as shown above, two different values, 
for each value of m equations (7) and (8) determine two pairs of values of 
a and y, ie. two different points. Each such pair of points defines the two 
ends of a straight segment of boundary at a given angle » to the axis of z. 
The iength of this segment is 


as=ayna( +), (9) 


and is proportional to the difference of the values of the derivative da/dp 
for a given value of 9. 

Thus the equilibrium boundary of the crystal must have a very peculiar 

form. It consists of segments of faces in all directions, each segment having a 
length proportional to the corresponding value of A(da/dg). On account of 
the above-mentioned property of this quantity, therefore, the higher the 
indices of the face the shorter is the segment correspording to it. 
' Ali the results described can, of course, be generalised immediately to a three- 
dimensional crystal. Its equilibrium surface rust consist of plane areas of all 
the faces, these areas being very small for faces with high indices. The quantity 
A(da/dq) decreases very rapidly with increasing 7, according to formula (6); 
bearing in mind also the weakness of van der Waals forces, we can suppose 
that faces with indices of the order of 10 and higher will not be found in 
practice. 
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The above discussion shows that the equilibrium form of crystals must 
in practice consist of a smail number of plane areas (faces with low indices), 
but these do not meet at an angle; they are joined by rounded areas.} This 
has in fact been observed in rock salt by Lukirski*, to whom the author’s 
thanks are due for drawing attention to the problems here discussed. 

Jam glad tohave the opportunity of contributing this paper to the symposium 
in honour of the seventieth birthday of Abram Fedorovich Ioffe, whose name 
is so well known to every Soviet physicist. 
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73. ON THE THEORY 
OF SUPERCONDUCTIVITY 


The existing phenomenological theory of superconductivity is unsatisfactory 
since it does not allow us to determine the surface tension at the boundary between 
the normal and the superconducting phases and does not allow for the possibility 
to describe correctly the destruction of superconductivity by a magnetic field or 
current. In the present paper a theory is constructed which is free from these 
faults. We find equations for the W-function of the “superconducting electrons” 
which we introduced and for the vector potential. We have solved these equations 
for the one-dimensional case (a superconducting half-space and flat plates). 

The theory makes it possible to express the surface tension in terms of the critical 
magnetic field and the penetration depth of the magnetic field in superconductors. 
The penetration depth depends in a strong field on the field strength and this effect 
will be especially evident in the case of small size superconductors. The destruction 
of superconductivity in thin plates by a magnetic field is through 2 second-order 
phase transition and it only becomes a first-order transition starting with plates of 
@ thickness more than a certain critical thickness. While the critical external 
magnetic field increases with decreasing thickness of the plates, the critical current 
for destroying the superconductivity of plates decreases with decreasing thickness. 


1, INnrRoDUCTION 


It is well known that there exists at present no properly developed micro- 
scopic theory of superconductivity. At the same time there is a fairly wide~ 
spread view that the phenomenological theory of superconductivity is in a 
much more satisiactory state and is reliably based on the equation of F. London 
and H. London! ?: 1 
curl Aj, = — — H, (1) 


where A isa quantity depending only on temperature, j, is the supercurrent 
Gensity, c is the velocity of light and # is the magnetic field strength, here 
identical with the magnetic induction. Equation (1) in combination with Max- 
well’s equation, curl H = 4x j,/c, and the equations div H = 0 and div j, = 0, 
leads under stationary conditions to the equations: 


VH- B/s=0 and V?j,-9,/62=0, where = Act/4a. (2) 


For a plane boundary between the superconductor and vacuum or a non- 
superconductor these equations have solutions: 


c 


H=H,e-* and j, =—— 
o€& na }s 4x6 


H, (3) 


J. A. Laagay u B. JI. Tusaéypr, K reopaa ceepxaposoqumocra, Kypnan Oncnepunenmaonot. 
u Leopemurecnod Dusuxu, 20, 1064 (1950). 
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in which the external field H, is taken as parallel to the boundary, which is 
normal to the z-axis. For a film of thickness 2d in a parallel field we get: 
H = H, cosh (z/6)/cosh (d/6), 


et sinh (2/6)/cosh (4/6), (4) 





B= 
i 
if z = 0 at the centre of the film. 
For a superconductor of arbitrary shape it follows from (2) that the field 
penetrates only to a depth of the order of 6, which is according to experimental 
data about 10-5 cm. Qualitatively, this result is of course in agreement with 
the fact that a magnetic field does not penetrate into the body of a super- 
conductor; quantitatively, however, there is no certainty that equations (1) 
to (4) are always correct. Moreover, this theory throws no light on the question 
of the surface energy at a boundary between superconducting and normal 
phases of the same metal, and also leads to a contradiction with experiment 
concerning the destruction of superconductivity of a thin film by a mag- 
netic field. 
The thermodynamic treatment of the transition of a film of thickness 24 
from the superconducting to the normal state leads? to the following ex- 
pression for the critical field, 4,: 


H, \3 _ 6. 1 d\> 
za) aes) " 


in which #,, is the critical field of the bulk material. This expression is not 
in agreement with experiment. Thus, if at a given temperature the constant 
6 is determined from measured values of (H,,/H,,)? for various values of d, 
according to (5), then this “‘constant’’ 6 depends markedly on d; for example; 
if 7 = 4° then for d = 0:3 x 10-5 om, 6 = 3-4 x 10-5 em, while for ¢d = 1-2 
X 10-5 cm, 6 = 2 x 10-5 em. 

It has been pointed out that the position may be improved by taking into 
account the difference of the surface energy at the boundary of the metal] with 
a vacuum according as the metal is in the superconducting or the normal state ; 
the difference of surface energies, o, — o,, introduced for this purpose must 
be of the order of 6H3,/8x. Now the surface energy is usually equal to the 
bulk free energy per unit volume times a length of the order of atomic dimen- 
sions. Thus here, where the difference of free energies is H?/8x, one might ex- 
pect o, — o to be of the order of 10-? to 10-8 times H?,/8% and not 10-5 H3,/8:. 
An even more contradictory situation arises at the boundary separating the 
normal and superconducting phases of the metal; the surface energy connected 
with the field and supercurrent here as predicted from the solution of equation 
(3), is equal 5% to — 6. H3,/82, ie. is negative. Thus in order to obtain the ob- 
served positive surface energy o,, it is necessary, to introduce a surface energy, 
Ops, of non-magnetic origin, which is given by the equation: 
8H? 
8x 








i 
Ong = Ons + 


18* 


and which is greater than 6 H?,/8x. There is no justification for introducing such 
a relatively enormous energy o,, not connected with the field distribution. 
On the contrary one would expect any rational theory of superconductivity 
to lead automatically to an expression for o,, in terms of the ordinary para- 
meters characterising. the superconductor. 

The theory based on equation (1), even with the additional surface energy, 
does not enable the destruction of superconductivity in thin films by a current® 
to be considered, since this problem is not of a thermodynamic nature. 

The aim of the present work is the construction of a theory free from these 
defects. Incidentally, as we shall see, the theory leads also to a number of 
new qualitative conclusions which may be checked experimentally. 


2.Basrte Equations 


In the absence of a magnetic field the transition into the superconducting 
state at the critical temperature 7, is a phase transition of the second kind. 
In the general theory of such transitions’ there always enters some parameter 7 
which differs from zero in the ordered phase and which equals zero in the dis- 
ordered phase. For example, in ferroelectrics the spontaneous polarisation 

‘plays the role of 7 and in ferromagnetics the spontaneous magnétisation®, 
In the phenomenon of superconductivity, in which it is the superconducting 
phase that is ordered, we shall use Y to denote this characteristic parameter. 
For temperatures above 7',, ¥ = 0 in the state of thermodynamic equilibrium, 
while for temperatures below 7, Y + 0. We shall start from the idea that ¥ 
represents some “‘effective’’ wave function of the “superconducting electrons”’. 
Consequently ¥ may be precisely determined only apart from a phase con- 
stant. Thus ali the observable quantities must depend on ¥ and ¥* in such a 
way that they are unchanged when ¥ is multiplied by a constant of the type 
el@_ We may note also that since the quantum mechanical connection between 
W and the observable quantities has not yet been determined we may normai- 
ise Y in an arbitrary manner. We shail see below how we must carry out this 
normalisation in such a way that {|¥ |? shall equal the concentration, n,, 
of “superconducting electrons” introduced in the usual way. 

Consider first a uniform superconductor in the absence of a magnetic field, 
and suppose that ¥ is independent of position. The free energy of the super- 
conductor is then in accordance with the general theory of second-order phase 
transitions, dependent only on ||? and may be expanded in series form in the 
neighbourhood of 7,. Thus near 7, we may write for the free energy F,,, 


fe ad Pee + oe [|® + £ (P|. {6} 


In equilibrium éF,,/0|¥ |? = 0, 2 F,,/8?|¥|? > 0, and in addition we must 
have that |W/? = Ofor7 27, and |W/?>0 for 7>7,. It follows there- 
fore that a, = 0, 8, > 0, and for T<T7,, «<0. Thus in equilibrium, 
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for T<T,, 
ta WW te 2 rere foe 
PP? = [FI F i ar}, 
and 
ot (T, ~ PY (da? 
Be (ee rng meng a pc 7 
Pry = Fro Ty = Pao (3): (7) 


in which it is taken into account that, within the limits of validity of the 
expansion (6), «{7) = (da/d7), (1, — 7’) and §() = §,; the choice of the sub- 
script oo for ¥ is determined by considerations of convenience which will. 
become evident from what follows. The quantity F,,, im (6) and (7) is evidently 
the free energy of the normal phase. Well-known thermodynamic considera- 
tions show (see also below) that F,, — F,,. = H2,/82, where H,, is the critical 
magnetic field for a bulk specimen and the free energies, as everywhere in this 
paper, relate to unit volume. Thus from (7), 

: 40? 4n(7,—- TY fda? 

a a) (az) 
The form of this expression is well known to be completely confirmed by 
experiment, which therefore provides a foundation for the assumptions made 
above. 

Consider now a superconductor in a time-independent magnetic field. In. 
order to obtain the density of total free energy F,,, it is now necessary to 
add to #,, the field energy H?/82 and the energy connected with the possible 
appearance of a gradient of Y in the presence of a field. This last energy, at 
least for small values of |grad ¥|?, can as a result of series expansion with 
respect to {grad ¥|? be expressed in the form const |grad ¥|?, ie. it looks 
like the density of kinetic energy in quantum mechanics. Thus we shall write 
the corresponding expression in the form 





(8) 


é 





i? 1 ; 
(=) jgrad Y|? = = |- ik grad YP 


in which % (= 1:05 x 10-27) is Dirac’s constant and m is @ certain coefficient. 
We have not, however, taken into account as yet the interaction between the 
magnetic field and the current connected with the presence of grad Y. In view 
of what has been said, and the requirement that the whole scheme shall be 
gauge-invariant, we must allow for the influence of the field by making the 
usual change of ik grad to[— 1h grad — (e/c) A], where A is the vector potential 
of the field and ¢ is a charge, which there is no reason to consider as different 
from the electronic charge. Thus the energy density connected with the pres- 
ence of grad ¥ and the field H takes the form 


TS ody eaee aay 
6a Om gr c : 
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Consequently 
Peep Le tee ea, (9) 
= ——~ +—]-i yy — : 
os anf 8x 2m ef c 





The equation for ¥ may now be found from the requirement that the total 
frée energy of the body, 4 F,zAV, shall be as small as possible. Thus, varying 
with respect to ¥*, we find that 





1 e .\? oF, 
ee PERE pee | Cras 1 
= ( ih grad : ) P+ ve 0 (10) 


and moreover, at the boundary of the superconductor, in view of the arbitrari- 
ness of the variation 6¥*, the following condition must hold: 


(n-[-itgnav-Lav])~¢ ay 


where » is the unit vector norma] to the boundary. 

_ The condition (11) is obtaimed if no supplementary requirements are im- 
posed on Y (natural boundary conditions); if however it is demanded from the 
start that at the boundary with a vacuum ¥Y = 0 then (11) is not obtained. 
But the condition Y = 0 or const is not admissible in the present scheme, 
since then there would be no solution to the problem of the superconducting 
plate except for particular values of the thickness 2d. We therefore impose 
no further conditions on Y at the boundary with a vacuum, and are thus led 
to (11). At first sight this result may appear unacceptable, since it is natural 
to demand that the wave function at the boundary of a metal should vanish. 
The essence of the matter, however, lies in the fact that the ¥-function intro- 
duced above is in no way a true wave function of the electrons in the metal, 
but is a certain average quantity. 

We may suppose that our function Y(r) is directly connected with the 
density-matrix o(r, 7’) = f V(r, ri) V(r, vi) dr;,, where ¥(r, rj) is the true 
wave-function of the electrons in the metal, depending on the co-ordinates 
of all electrons, 7; (¢ = 1, 2,... 27); the 7 are the. co-ordinates of all the elec- 
trons except the one considered, whose co-ordinates at two points are taken 
as r and r’. It might be thought that when [7 — r’| > 0, @ = 0 for a non- 
superconducting body having no long-range order, while in the superconduct- 
ing state 9 — @9(+ 0). It is reasonable to suppose now that the density-matrix 
is connected with our Y-function by the relation e(r, r’) = Y*¥(r) Y(r’). 

' So far as the equation for A is concerned, if we assume that div 4 = 0 
and vary the free energy with respect to A we obtain the usual expression: 





4 Qari ane 
VA= — 5 AE (we grad — V grad?) + —— (PRA, (12) 
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in which the right-hand side contains the expression for the supercurrent: 
ich ; 
eee — (2* grad W — grad P*) — — 


Ww A. 








me 


It should be noticed that an expression analogous to (11) is obtained for the 
quantity in brackets, from which it is evident that at the boundary (j- 2) =0, 
as required. The solution of the problem of the distribution of field and current 
in a superconductor is now reduced to an appropriate integration of equations 
{10) and (12). 

We shall examine below only the one-dimensional problem, with the z-axis 
normal to the boundary separating the superconducting phase (z > 0) from the 
normal phase or vacuum; we shall take the field Has directed along the y-axis 
and the current j and vector potential A along the x-axis (thus #, = dA,/dz, 
or simply H = dAjdz). In the one-dimensional solution it is natural to 
consider ||? as dependent only z, so that Y= e*?@™ Wz). However, 
bearing in mind the gauge-invariance of the equations, we may by a suitable 
choice of A arrange that YW = Y(z)and hencej = — e?/mc |¥|? A (from the con- 
ditions that div j = dj,[dz = 0 and (j- 2) = 0 it follows that 7, = 0). Moreover 
the equations do not now contain the imaginary i (since (4. grad ¥) = 
{Ai-(d¥/dz) k) = 0), and we may therefore consider VY as real. Consequently 
equations (10) and (12) take the form: 


ay lm 
+ —|oal}{1— 








dz? 2 2m c? |x| 2 
d?2A 4ne 
ie mer G2) 


in which equation (6) has been used, with the additional fact that a < 0. 
Let us now determine the surface energy at a plane boundary between the 
norma] and superconducting phases. In the normal phase, the total free energy, 
including field energy, is F,o + H2,/8. In the region where Y + 0 and there is 
superconductivity the energy density is F,, (equation 9), and in addition we 
roust take account of the energy density due to the “magnetization” of a super- 
conductor in a field parallel-to the boundary with the non-superconducting 
phase, in the form: 
(2) — As 


— MB =~ 


: Bobs 


where Yf plays the role of the magnetisation. Thus the surface energy may 
be written: 





H(2) Hy HP a? 
tuo { (tnt - 29 F2 Bean, BB)a, ay 


in which the integration is extended over the transition layer between the 
phases (the z-axis is normal to this layer). It is readily verified that the inte- 


grand vanishes at great distances from the transition layer, for in the super- 
conducting phase H=0 and Fyy = Fo = Fao — «7/28 (see equation (7), 
while in the normal phase ¥= 0, Fyg = Fy. + Hi,/8a and A, = H,,. From 
equations (7-9) 


BY* oa hn? (/dv\2 e @ #8, 

Bay i tape eek ese eat gee gn 
a [ne ae og ma dz) * ome anaes Sx 4n : 
{15) 


From the minimum condition for o,,, which is the free energy per unit area, 
we may of course obtain both the first of equations (13), by variation of (15) 
with respect to Y. and the second of equations (13), by variation with respect 
to A. 

At the boundary of a superconductor with a vacuum in the one-dimensional 
case the condition (11) assumes the form 


2 0. 16 

ad Zz = ( ) 
We shali now introduce the following parameters, H,,, 6) and x and in addi- 
tion new variables, z’, Y’, A’ and H’: 


ye wre e2 A 
Y= 55; Oe A= ey ee el 
eet Fe we TaliB’ V ame lal /2 Hey 5 











We dA’ 1 52 mo B mo i 
ae fg Hy 8 A lal | a (1?) 
4 o* 1 fme e 
2 fa I | PS et 
Hey = Bp = (74) Be tee? 
Equations (13) now take the form: 
d2 
de 7 = @[-(1— A) ¥ + ], 
d? A 
a we A. (18) 


The primes have been omitted from these equations since in what follows, 
unless we explicitly state the contrary, only the new variables will be used. 
With these variables, (15) must be written in the form: 


H?, ce 1 (a? 
oma = iy [1 = 0 — A*) ¥ += + -3(S) 


dA d4\ (da 
tae) (2) (ES) i” 


ON THE THEORY OF SUPERCONDUCTIVITY 553 


H x = 0, then from (18) and (16) ¥? = », = constant, and our equations go 
over into equations (2) with #®&= 2=mcj/4ne?n, (compare equation 
(2) with the second of equations (13). This result is true in general; if we put 
grad Y = 0 in equation (12) it becomes equivalent to equation (2), or, more 
directly, j = —(e?/m c)|¥ |? A, which leads to equation (1). Although for x = 0 
our scheme becomes formally identical with the usual theory it is substanti- 
ally different even in this limiting case. For in equations (1) and (2) the para- 
meter A (= 47 67/c? = m/n, e*) is a constant, independent of field, at a given . 
temperature, while in our theory, even for x = 0, the value of 2 which is the 
same as x, and which determines, as in equation 20, the value of 6, is such as 
to minimise the free energy, and this results in a variation of the penetration 
depth 6 with H in superconductors of small dimensions. 

From the limiting case, x = 0; and from the following discussion it is clear that 
the experimentally determined quantity is the parameter 62{= m c2/4x e? ¥%), 
dy being the penetration depth for a weak field into a bulk superconductor. 
It is just this quantity which enters also into the expression for the dielec- 
tric constant e{=& — 42 e? Y2./m w*) of a superconductor in an alternating 
field of not too high a frequency w (é is a certain constant contribution to « 
from ali particles other than “superconducting electrons”). The parameter 
2 (= n,), which evidently corresponds to the concentration of ‘“‘supercon- 
ductive electrons”, does not appear as a measurable quantity, resembling 
in this way the number of free electrons in the ordinary quantum theory of 
metals. Thus in both expressions we may talk only of the effective number of 
electrons, which may be determined from the values of ¢ or 6§ by attributing 
to m the value appropriate to a free electron. Proceeding in this way we relate 
the concentration of “superconducting electrons” »,(= 2) with the ob- 
servable quantity 4) (putting e= 4-8 x 10-%e.8.u.,m = 9-1 « 10-8 g) by the 
equation: 

. me B 8 2-84 x 190U 


62 = ——____ = 2-84 x 191 = ——_._ em’. 20 
O° 4 e Ja |e | yr? 20) 





From (20) and from measurements of the critical field H.» = (./4x 02/8) we 
may determine « and £. Besides H,, and dy (or « and f) there enters also into 
the theory the dimensionless parameter x: 


2 e2 
ge (=) 2 88 (21) 


which, with e = 4:8 x 107}9 e.s.u., becomes: 
2 = 4-64 x 104 H?, df, (22) 


where 6, is measured in cm and H,, in gauss. From the experimental data, 
discussed in section 4 it follows that for mercury 


_ 


x2 = 0-027; «x & 0-165; Jn = 0-406. (23) 
CPL 28a 
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3. Tue SurEeRcorpuctTine HaLF-spacs 


We shall consider first the case of a superconducting half-space bounded by 
a vacuum (superconducting for z > 0, boundary at z = 0). The solution will 
of course refer also to a sufficiently thick plate whose half thickness d > 1 
{or in the usual units d > 6,). Forz = 0, H = H,, andforz=0,H=A=0 
(the present choice of A (co) = 0 is perfectly natural and moreover possible). 
Further, for < = 0 we are dealing with a superconductor in the absence of 
a field and far from any boundaries, and consequently solution (7) must apply, 
ie. in the new variables ¥2 = 1, dW/dz = 0, Thus for z= 0, 
ay 

yr —_ = = — 

y= il, de H=A=0. (24) 
This solution naturally satisfies the equations (18). As regards the boundary 
with the vacuum at z = 0, condition (16) must be satisfied there; substituting 
.{18) into (24) we see that in the absence of a magnetic field the presence of 
the boundary has no influence on the function ¥ which therefore has the same 
value everywhere: 

WeaY=ol if H=A=0, (25) 


In the presence of a magnetic field solution (25) of course does not apply 
and we must integrate (18) with the boundary conditions (24) for z= 0 and 
the conditions 
dA av 
FO On ae 

The values of A, and Y, are not known beforehand. 

The equations (18) unfortunately cannot be integrated exactly and we can 
indicate only one of their integrals: 





=0 for z=0. (26) 


1 dA\? 1 /d¥\ 
— 42) yr — wa pare oo pes : 
(1 — A’) ¥ i +(S)+o(S) const (27) 
For the case which interests us the constant = 4 because of (24), and thus 
dA\? 1 1/ad¥v\ 1 
2-( TA) 2. 2D. Lf) a 4 se oe, 
H () 5 =(S-) (1 Ane +P (28) 


Turning instead to the approximate solution of equations (18), we now give 
the solution valid for smail values of x (more precisely the solution will be 
valid for small values of the product « H2). In order to find this solution we 
substitute 

Y=uWP,+¢=1+¢@ for |o| <1. (29) 


Then in the first approximation up to terms of order gA and y’, the system 
(18) assumes the form 


a2 aA 
iz = 229+ 4), >=. (30) 
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This system may be integrated at once and its solution may be used for finding 
the next approximation and so on. The corresponding solution, with the 
conditions (24) and (26), up to and including terms in H3 has the form 


2 = 
Y=) Haase —peets — e7¥2x2 ; 
V 2(2 — 2?) 


x He en Extn): 
A = — Hye? - =" _ SAT aa) 
/2(2 ~ 22) rar xa + +/2). 
_ 3 + 3/22 — 8x — 4V2 | 
<= —e~ (31) 
4/ 2x (% + /2) 
For z = 0, naturally, d¥/dz=0, H= Hy, and 
v, = nH? 2 
B(x + 2) 
2 
Avec Hy nla + V2) 9 (32) 
hoaJae 


The biggest of the terms in ¥ neglected in (32) are of the order x Hj and in A 
of the order x? H?. The field H, in the equilibrium state is less than or equal to 
the critical field H,, for the superconductor, which in the new variables is 
1/2 2 (see equation {17)). According to (32), for « = 0-165 (see equation (23)) 
WY, 2 0-974 (the equality applies when H, = Le, 2), and thus the application 
of equation (31) here is completely justified if it is sufficient to determine (¥ — 1) 
to afew per cent. At the present time such an accuracy in the measurement 
of 3, is far from having been reached. 

Since from the experimental data it follows that « < I, and also for a reason 
indicated below the solution of equations (18) possible for another limiting case 
when x— 0 does not offer any intrinsic interest, we shall not discuss it. 

If z = 0, then in the problem under discussion ¥ = 1 for any H—this cor- 
responds to the usual theory based on equations (Ll) with A = const. If x > 0, 
the solution exists only up to a certain “second critical field” H,.. The range 
of fields H,,(= 1/./2) < H< H,,. represents a metastable (superheated) 
state in which the superconducting phase can exist since it represents a relative 
minimum of the free energy but the absolute minimum of free energy is already 
that corresponding to the normal phase. The more detailed investigation of 
this question and a calculation of the dependence of the field H,, on x has 
not yet been carried through. 

Let us now note that for x 2 1 ras 2a peculiar instability of the normal phase 
of the metal occurs. Indeed, suppose the whole metal is in equilibrium, and 
in the normal state, ie. Hy) = 1 es Then it can be shown that for x 2 1/4/ 3 
an instability appears with respect to the formation of thin layers of supercon- 


18a* 


ducting phase in the sense that solution of (18) appear with Y + 0. In fact, 
assuming that Y < 1, we can take H = H, = const and the first equation (18) 
assumes the form a2 yw 


az? 


This equation in its form coincides with Schrédinger’s equation for the harmo- 
nic oscillator and is well known to have solutions for Y which vanish for 
z= t0 if «= 2H,(n + 3), where »= 0, 1, 2,. 

Since for the normal phase Hy 2 14/2 the minimum value of x for which 
solutions can appear is 1/2 2. The point z = 0 chosen in (33) is quite arbitrary, 
ie. a “parasitic” solution can appear anywhere, and indeed there occurs a 
certain instability of the normal phase connected with the fact that when 
“> 1/2 the surface energy o,, < 0 (see end of section 4). 

It has not been necessary to investigate the nature of the state which 
occurs when x > x, since from the experimental data, it is true somewhat 
preliminary and worked out on the basis of equation (22), it follows that x < 1. 
Leaving on one side the question of the true value of x, we must in any case, 
because of the indicated instability of the solution, note that all results ob- 
tained by us are valid only for the case 





= -2(1- BBY. (38) 


We may use the solution (31) to investigate the dependence on field strength 
of the penetration depth of a magnetic field in a bulk superconductor®?°. 
In agreement with the experimental method of measurement! we define 
the penetration depth of a magnetic field in a bulk superconductor in the 
following way: 





i = 7 ob, 
= | Fae a = > (35) 
0 


where H, is the external field (field at z = 0) and in the first expression we 
use the usual and in the second and third the reduced units for H, Hy, Ay 
and z. Substituting the field (31) into (35) we have (in the usual units) 


oof ED a) eels roa) 


dé ate dé,  2(AH,»jA 7) 
oo nag tien gt) fe -  t 


From this it is clear nee the quantity 6), as already mentioned, represents 
the penetration depth in a weak field. The function f(x) grows monotonically 
with xin sucha way that f(0) = 0, f(co) = 1/8, andforx < I f(x) ~ u[4./2. Thus 


for H, = H,,, even for « = 1/2, 6 = 1-07 69, and for x = 0-165, 6 = 1-028 dy. 
Tf, as was the case in (12), measurements of 6 are carried out using a weak 
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and slowly varying field 1 in the presence ofa strong field Hy, then 
(6 — 89)/69 = 3f(x)(Ho/H,»)*, i.e. the effect is tripled. We see “that the expected 
change of 6 with H for mereury, for which according to our estimate x = 0-165, 
is very small and lies outside the limits of accuracy of measurements achieved 
in (12) (the data of ref.11 as regards the dependence of 6 on H are probably 
for reasons indicated in ref.12 not true; this is also evident from the fact 
that in ref.11 for a number of cases 6 varies as H, rather than as H2} since 
it isan even function of H y. As we shall see in section 4 for thin superconductors 
the dependence of 6 on Hy is much bigger than for bulk ones and may be 
observed in experiments of the type described in ref. 10 (thus it is possible that 
the dependence of 6 on @ in ref. 10 is real, which does not contradict. the 
absence of a noticeable effect in ref. 12. 


4. Tae Surnrace ENERGY at THE BOUNDARY 
OF THE SUPERCONDUCTING 4aND NoRMaL Puasus 

For the calculation of o,, we must find the solution of the equations (18) 
for a superconducting half-space limited by a half-space consisting of the 
normal phase of the same metal. Since the only difference between two phases 
is that in the one ¥ + 0 and in the other VY = 0, it is reasonable to suppose 
that the transition between the two phases takes place continuously in some 
transition layer. It can be shown that our equations have just such a continuous 
smooth solution, and do not for instance lead to a solution satisfying the 
conditions of the problem in which the function Y vanishes suddenly at 
some point. Thus the transition from the superconducting phase to the normal 
takes place in a transition layer in which for z = 00 we have the superconduct- 


ing phase and for z = — 0 the normal phase. This means that we must seek 
a ‘solution of the equations (18) with the boundary conditions 
Y= Pi=1l, H= 4=< 0 when z=; 
ay 1 
Yu—=0, H=H,=—=, A=H,z+ const when z=—~— oo. (37) 
dz /2 


In fact, of course, the transition layer has a breadth of the order of 6, (more 
precisely, as we shall see below, of the order of 6)/x), just as the magnetic 
field in a superconductor falls to zero in a distance of the order of 6) although 
strictly speaking it vanishes only at z = 0 

Substituting (28) into (19) we obtain an expression for the surface energy o,,: 


wee 





ong = 


I 1 
#3, | J>-a~ aya sye— Hyahas 
_# ffi avy, 
= om af io(S + - Ha dz, (38) 


+ Even in weak fields, where it must necessarily very as HZ. 
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where the relation (28) has been used, Hy has been put equal to 1 bf 2 and all 
quantities under the integral sign are expressed in reduced units. 

In view of the fact that the general case involves the sclution of equations 
(18} we can give an analytical expression for o,, only for sufficiently small x. 
In this case in the superconducting phase for large z (far from the transition 
region) Y = 1 — const e-2*? (see equations (30) and (31)), i.e. changes only 
slowly with z. Consequently we shall seek a solution of the second equation (18) 
in the form 


A = exp{— [ vael. (39) 
It is easy to see that this solution is valid for 
d/l 
dz\¥ 


Substituting (39) in (28) we find that d¥/dz = x(1 ~ ¥2)/,/2; ie. 


A) 
provided that the origin of z is suitably chosen. It should be noted that the 
solution (41) is at the same time the strict solution of equation {18) for Y(z) 
in the absence of an external field and subject to the condition that (oo) = 1 
and ¥(0) = 0. From (40) it is evident that the solution (41) in the presence of 
a field applies as long as the inequality 


x < /2sinh? (=) (42) 


<1. (40) 








Pa tent ( (41) 


is satisfied. With this condition, and taking into account (39) and (41), we 
find that 


A= exp{- t fvad| = C exp | ae cosh (= )} (43) 


and Ha on 84 = Atom (7 5), 
dz J2 
For «2 <1, 
MPo—=, A= Cor - Sa) x2@> i, (44) 
2 2J 


where the inequality xz? > 1 is ootained from (42). It is evident that the 
approximation (44) is valid if I/k>z> uf 2; these inequalities may be 
satisfied if x is sufficiently small. For an estimate of the constant C in (43) 
and (44) we take account of the fact that H < H,(= 1/./2), and consequently 
JAIS 1)./2 tanh (x 2!./2), or, if xz <1, |A[| ~ l/xz in the region where 
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Hw~ Lif 2. From this, taking into account that equation (44) still applies as 
regards order of magnitude for z ~ «+, we find that C ~ x-#. Thus at the 
boundary of the region of validity of the solutions (41) to (43) 4 > 1 (since 
% <1). But if A > 1 the equations (18) simplify and assume the form 

aby : d?.A 

= 22 AW, = Y24. 

re 2A az ye 4 (45) 
Introducing the variables ¢ = z./z,¢ = ¥J,/ z,and B= A Sx, we obtain from 
(45) universal equations 








a? aB 

f= pB; ye (46) 
which likewise cannot be integrated analytically but must be solved numeric- 
ally once and for all. However, there is no need even to do this since it is easy 
to see that the contribution to o,, from the region where equations (45) and 
(46) are valid, i.e. the region — 0 < z< x-¥? is of the order x". Similarly 
the contribution from the region x-¥* < z < 00 is of the order of x1. Indeed, 
substituting into (38) the solution (41) and (43) it is easy to see that the contri- 


bution to ¢,, from the terms H? — H, H under the integral sign is a quantity 
ao 


1 = 
of order »-1/? while i — (dV jdz)? dz = ./2/8x + terms of the order x-U?, con- 
7) 





lx 
nected with the lower limit of the integral. In this way, apart from terms 
of the order of ~-¥*, we have 


6, H? 6, 1-896, 
Om, =,” oo eS 8 if hel (47) 
3/20 obi O2 % 


It is especially important to emphasise that, for small values of x, o,, > 0 
which is absolutely necessary, and the attainment of which was our main 
ain. For sufficiently large x, on the other hand, o,, < 0 (this is apparent immedi- 
ately from (38) since H? < H, #), which indicates that such large values of « 
do not correspond to the usually observed state of affairs (as a result of a 
numerical integration it turns out that o,, = 0 when x = 1/./2). The value 
(23) assumed by us for mercury is very small from all other points of view but 
insufficiently small for the applicability of (47), since in this case af % = 0-407. 
The numerical integration for x = 0-165 leads to a value of about 66, for 4, 
while according to (47) 4d = 11-445. 

The thickness of the transition layer is evidently of the order of d5/x, ie. 
about 108). 


5. SupERcoNDvoTING PLatzes (Fizms) 


The solution is one dimensional for plane plates and films as well as for a 
half space. Here it is of interest to calculaté the critical magnetic field, Z,, 
for destruction of superconductivity in films and the magnetic moment of the 
film in an arbitrary field 4,; moreover when there is a total current J flowing 


through the film we have to find the critical value of the current J, to destroy 
superconductivity, and also the dependence of J, on a superimposed field Hy. 

The critical field H,, as is shown by thermodynamic considerations®? is 
determined by the relations 


BG rt He, 0; 
8x 8x d° 
a 
-((=2 _ eH) ar)ae, (48) 
8x 4x 
0 


in which the thickness of the plate is 2d, the z-axis is perpendicular to the 
plate with z = 0 at its centre, H,, is the critical field for a bulk superconductor 
and AF is the contribution to the free energy density of the superconductor 
resulting from penetration of the magnetic field. In the theory based on equa- 
tion (1), 4F = Ajz/2, and substitution of equation (4) into (48) leads to 
equation (5), if surface energy is ignored. In our case we obtain from (9) and (7) 








(dw \2 x 
. = 2 af aan 2 i 
APF = Fy, + « B2 + 6 P42 + —( ) + 7 yr (Fae =), 


dz 
and thus 
_ Be cA (i (1 — A?) ¥24 — se+o(S)+ H- 2H.Hh de, 
4x dz 


0 
(48a) 


in which the new units are used in the integrand. The quantity (48a) is denoted 
by o since it is clear from (15) that it is equivalent to the surface energy inte- 
grated with the proper limits. 

The magnetic moment of the film per unit area in an external field Zp, 
parallel to the film, is given by 


a 
2 i #@M-% (A(d) — H,(d)) (49) 
x 2% 


where in the transition to the second expression it has been taken into account 
that for a film without a et eurrent in an external field H(z) = H(~2z). 
A(d) has been substituted for i H(z) dz, since the potential A will be chosen 


‘below in such a way that A(0) = 0. Equation (49) can be obtained either 
from the fact that the work of magnetisation of the film is given by 


H, 
—p#H, = real — H(2)) dz 
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or directly, from the fact that the field H(z) plays the role of magnetic induc- 
tion B(z), and thus the expression (H(z) — H,)/4a is equivalent to the magneti- 
sation M = (B — H)j4z. 

For the determination of H,, u and J, we must find the solution of equations 
(18) with the boundary conditions 


d 25 
=o, H=H,+4H,, Hy =—J, when z=+d. (50) 


Here #, is the cere magnetic field directed along the y-axis, J is the total 
current [J = fi dz, where j is the current density | flowing along the film 


in the dineetion of the negative x-axis, and 2H;(= 4xJ/c) is the difference . 
between the values of the total field on both sides of the film due to the current J, 
If the current J and the field H, are not mutually perpendicular then there 
are two non-vanishing components of the potential A (in fact A, and A,) 
instead of the single component A, in the case considered above. We should. 
then have instead of (18) a system of initial equations of the form 











aky ‘ 
a = “{—(1 — A? =A) Y + 2}, 
d? A, ad? A, 
= 51 
“de oe dz (51) 
These equations have to be solved for the conditions 
A, = Hy», Hy= Fy a H;, 
2 
Pt, Bee “eh pees. (52) 
e az 


The axes have now been chosen in such a way that the total current has a 
component only along the x-axis and consequently the field H; is directed 
along the y-axis; H,, and Hy, 9 are the components of the external field along 
the x and y-axes. 

For sufficiently thick plates, ie. when d > 6,, the value #, may be immedi- 
ately obtained from the results of section 3 by allowing d to tend to infinity 
in (48). Thus substituting the solution (31) into (48) we have, for d > 69, 


ie js 1 
Sina ee nae z) }. 53 
As 14+ 35(1 +5 160) Pa 


Here f(x) = x(x + 2,/2)/8(x + ./2)?, the same function as in (36); equation 
(53) is valid up to terms of the order (6,/d)*. To the same approximation in 
the usual theory 2 we should obtain the expression (53) with x = 0 (see 


equation (5)). Taking (36) into account, equation (53) may be written in the form 
H, & Ad 


See ee ee 54 
Ho og ag iPr 





where 46 = 6(H,3) — 69. 

For films of arbitrary thickness the solution of (18) must be carried out 
again. The solution of (31) suggests that for thin plates as well as for thick 
ones the function Y changes only slowly with z, if x is small. Starting from 
this supposition, which is subsequently justified, we suppose that 





Y= +o, lol «<«%, and p=0 when z=0. (55) 
Then equations (18) in the first approximation assume the form 
a2 
SE = 2 (¥} — Wy + BYE- ge + APY), | 
d?.4 so 


From the second of the equations (56), taking account of the boundary 
conditions (50), we find the values of A and H to be 


_ AosinhYyz Hy cosh ¥yz 
~Y, cosh¥,d * Py sinha’ | , 
ya SA _ Hocosh¥o2 | Hysinh Py2 en) 
dz cosh ¥, d sinh¥yd ~ 


Substituting (57) in the first of the equations (56) we find y, and from the 
requirement that for z = +d, dgjdz = 0,we obtain a transcendental equation 
determining ¥. 

' As we shall see in practice we may with sufficient accuracy put x = 0. 
We shall therefore give the expression for g and the equations for ¥ for the 
case x + OQ only when H; = 0, i.e. for a film in an external field. In this special 


case 
we-1 
g= — en — coshx 2/ 3¥2 — 1} 
ae 
» He [A sesh Ser i 
2w2./3w? — 1 cosh? Y, d nf 3¥2—1 


nJ/3¥2 — 1 (coshx/3¥2 — 1z — cosh2¥% 2) ig 
402 — (3 WF — 1) 
snh2¥,d  xd/3¥?—1 | 
2% d sinhxnd/3¥? — 1 
cosh? Yd {4¥5 — «2(8¥% — 1} 


2s - 


21s (59) 
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In the limiting case x = 0, for arbitrary H, and H,;, naturally » = 0 and 


H3(1 | #3(1 i oe 
l-- Cw a v “oy q 


Bee et ON de NEO en Fey 
Faroe! 2cosh? ¥, d Qsinh? Y, d So 


Let us note that for x = 0 the equation for ¥(= Y, = const) may be imme- 
diately obtained from the condition of minimum free energy, ie. from the 
condition: do/d= 0. It is clear from (48), that this condition gives 


@ 
on ees A? dz 
0 d 2 
0 


which leads to (60). 

Let us now discuss in somewhat more detail the destruction of super- 
conductivity in a film by an external field in the absence of a total current. 
If x= 0, then ¥ = Y, = const and the solution (57) applies with A, = 0. 
Substituting this solution in (48) we easily find {in the usual units) 


ey. v3 (2 — ¥%) Yd 


, where = : (61) 
4, b 4 5o 





= 1 
1 — —tanhy 
q 


In this case (x = 0, H; = 0) equation (60) becomes, when H, = H,, or in the 
usual units when Hy = H,|.f2 Ai, 
( H, y _ 45 (¥5 — 1) cosh?y wd 








= 62 
Bis Le (sinh 2)/2% r wneee i 55 ( ) 
From (61) and (62), from the measured values of H,/H,, and from d, we can 
determine ¥, and 6y. It is easy to see that for small values of 7 and for H = H,, 
¥, = 0 and 
x, oe 8 
— = /6—. 63 
aaa ha (63) 
Thus in this case we have a phase change of the second kind; with growth of 
the field ¥) decreases and at the transition point Y, = 0. As is evident from 
(60), for H; = 0, up to terms of order d? (taking into account that H3d? may 
be of the order unity) we have 
ya. 1 = (Hol Has)? (#1883) 
5) a 
1 — S (HolHtea)*(a*/68) 


The transition to the normal state is one of the second kind for d S d,, where 
it is easily shown from (61) and (62) that 


dy = «/5 doi2. (64) 


The point d = d, is a kind of critical Curie point’, and for d > d, we have a 
transition of the first kind; ie. for H, = H,, %y > 0 and there is a latent heat 
of transition (for d < d, and for Hy, = H, we have a jump in the specific heat; 
the specific heat of thin plates evidently depends on H,). 

The penetration depth of the field is clearly from (57) the quantity 


Pact (65) 


and we see that for sufficiently thin specimens the penetration depth may 
be appreciably larger than for the bulk metal when 4, ~ H,. Here (see 
equations (49) and (57) with H; = 0) 


Hyd 6 d H,d\(1/d\? 2 fd\4 
nena (1pm t)=- (FEES) a, Pea 


From measurements of «4 we may find the penetration depth 6 which according 
to (65) and (60) depends on A). 

For x + 0 all the expressions become exceedingly complicated in the general 
case. However, for smal] values of x, which are the only ones which interest 
us, and for not too large values of d, we may expand all the expressions as 
series in x d. The result is, that in the range of thicknesses for which the transition 
is of the second kind, equation (63) must be replaced by the expression: 





A? 5) \2 7 13) a \? 
cea 2) Veena, ¥ Gan (enmn e eceaary” nical aE 67) 
(s) ($) 10” * 1400 (+) (67) 
The value of d, is then given by 
, 5 7 
ast - at) a. (68) 


If we take for x? the value (23) then in practice it is hardly necessary to take 
into account the term in x? in (67), (68) and in the analogous expressions. 

The only experimental data on destruction of superconductivity in films by 
an external field suitable for a quantitative dicussion are those given in ref. 4 
and refer to mercury. The scatter of points, however, even in these measurements 
was rather large, and moreover in the absence of tables the values of H,/H,» 
had to be taken from graphs; nevertheless the chief source of error is due to 
the fact the thickness of the films indicated in ref. 4 is some sort of average 
value and may, especially for the thin films, differ considerably from the thick- 
ness d@ entering in our formulae in which it is assumed of course that the 
film is ideally uniform. 

In Table 1 we reproduce the values of 6, obtained with the aid of (63) on the 
basis of the data for #,/H,, as a function of d given in ref. 4; the values shown in 
brackets are those for which the calculation from equation (63) is already invalid 
since @ > d,. Underneath these values in brackets are put the values of 5p 
obtained directly from equations (61) and (62). 
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TaB_E 1. Values of 6, for mercury (6, and d in units of jo-s ex) 
















pis 10-880 |2d, = ./55y ata 

£13 | 513 | 461 | 407 | 417 | 380 | 337 | 3-08 | (3-72) 69 
3-56 

412 | £12 | 406 | 347 | 336 | 327 | 312 | 272 | (3-52) 61 
3-30 

410 | 347] 338 | 287 | 302 | 279 | 253 | 228 | (321) 51 
2-50 

405 | 266 | 262 | 232 | 227 | 208 | 1-96 | (1-80) { (2-86) 40 
1:30 | 1-95 

400 | 228 | 231 | 192 | 182°] 1-76 | 156 | (1-57) | (2-72) 35 
157 | 1-70 

380 | 169 | 162] 140 | 128 | 124 | 1-10 | (1-31) | (263) 25 
115 | 139 

3-60 | 1-27 | 1-24 | 1-08 | 0-99 | 0-98 | (0-87) | (1-23) | (2-50) 1-95 
0-87 | 0-99 | 1-16 

3-00 | 1:10 | 110 | 0-92 | O84 | (0-88) | (0-77) | (1-16) | - 1-61 

0-83 | 072 | 0-84 
2:50 | 0:92 | 0-94 | 0-86 | 0-80 | (0-75) | (0-73) | (1-18) | (2-45) 1-48 


0:75 0:66 0-78 10 


In the last column are shown the values of 2¢, obtained from equation (64) 
with the help of the minimum values of 4, in the corresponding line. From Table 1, 
as also directly from the graph given in ref. 4, showing the dependence of 
In (H#,/H,») on In 2d, it is clear that there is a sharp break in the course of this 
dependence which sets in as d passes through d, (in Table 1 the single values 
of 6) and the values in brackets according to (63) are simply quantities propor- 
tional to (H,/H,,) d; this product falls as d rises to d, and for @ > d, the sharp rise 
begins). We are inclined to regard this behaviour as confirmation of the con- 
clusion that the character of the transition is different for d < d, and d > d,. 
The fall of the values of 6) with rise of d, clearly evident from Table 1 for 
d>d,, may be completely explained by the already mentioned difference 
between the values of @ indicated in ref. 4 and the effective values dg. Alter- 
natively it is evident that the thinner the film the more will d,, depart from d, 
and that djs < d. The observed dependence of 6, on d ford < d, isin agreement 
with this picture; but we can see no reason for the increase with d of the values 
of d) calculated according to (61) and (62) when d > d,. 

We must however bear in mind two considerations. First, the whole of 
our scheme based on the expansion of F,, and (10) in powers Y? up to the 
terms in ¥ is generally speaking valid only in the region close to 7’, in which 
the relation (8) and the equation 


2 _ dbo 
oO =—— = ——— (69) 


are valid, where do, is a certain constant (see equations (20) and (7)). For mercury 
the region, where (8) is valid and therefore (69} should be applicable lies between 


T,and 7 ~ 3-80-4-0°K. For smaller vaiues of 7 we must in generai take into 
account higher terms in the series expansion of F,, (i.e. terms in Y ete. in (18)) 
and the application of all the formulae obtained without the substitution 
of |x|/8 by (d«jdT), (2, — T)/8, is possible only if the non-linear dependence 
of [x|/f on (Z, — ZT) is more important than the influence of terms in ¥* etc. 
Such a situation is possible, but it could not be assmmed to occur unless it 
were demonstrated by an analysis of sufficiently extensive experimental data; 
this is not possible at present owing to the absence of the latter. In view of 
what has been said, the data of Table 1 for 7 < 3:80°K may be distorted. 

The second consideration which we must bear in mind is that 7, varies 
considerably from film to film ; in ref. 4 all the data were reduced to 1, = 4:167°K 
and this operation, evidently inaccurate for 7 = 4:12°K and JT = 4:13°K, 
may also influence the data in Table! at lower temperatures. The whole question 
clearly requires a more detailed experimental investigation; for the moment 
we shall take for 6, the lowest of the values in Table 1 and compare them with 
the data obtained by other methods!12, In doing this we must consider 
the fact that in ref. 12 the quantity directly measured was only 6) — 69(2-5°), 
and that 6) was calculated by means of an extrapolation which does not appear 
@ priori valid. The values of 6, obtained in ref. 10 are based on the previous mea- 
surements with the colloids and are likewise inaccurate ; here also the measured 
quantity was 6, — 6)(2-5°). As can be seen from Table 2, in which all the quan- 
tities must be multiplied by 10-5 em within the limits of the accuracy achieved 
up to the present time the data of Table 1 coincide with those obtained by 
other methods (we must especially enaphasise that the data of ref. 12 relate to 
bulk specimens). 


TaBLeE 2. 








3 5 
0 po 89 — 6y(2-5°) f py ~ 5p (2-5°) 5p — 59 (2-57) 
TK | trom Table 1 | from Table 1 | =O | som ref.10] BO", | som ref. 12 
413 3-08 2-42 408 3-28 2.28 1-82 
412 273 2-06 3:57 277 2-04 1-58 
4:10 2-28 1-62 2-80 2:00 1-72 1-26 
4-05 1-80 1-14 2.34 154 1-31 0-85 
4-00 1-56 0-90 1.95 118 1-10 0-64 
3-80 1-10 0-44 1.38 0-58 0-77 O31 
3-50 0-87 0-21 a a 0-61 0-15 
3-00 0-72 0:06 a 0-50 0-04 


0-66 0-00 0-80 9-00 





Assuming for dy the values indicated in the second column of Table 2 we 
may calculate « with the help of (22) taking also into account the fact that 
for mercury.close to 7,, H,, = 187 (7, — 1). Thus if we use the most reliable 
value of dy at 4°K we obtain the result (23). Using the value of 6) indicated 
in ref.12 for mercury and for tin we obtain « ~ 0:15. 

Let us now turn to the question of the destruction of superconductivity 
of @ film by a current. For « = 0 the function Y% in the presence of a current 
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is given by equation (60), which for d < 1 takes the form 





: Hee  #? 
a a = Rae (70) 


The field H, as a function of ¥, becomes zero for ¥, = 0 and for some non- 
vanishing value of Y, (if H, = 0 then H,; = 0 for % = 1); between these 
two values of %, H; exhibits a maximum. In other words the function ¥, 
for given H, may according to (70) have two values. It is easy to see that the 
superconductivity of a film is stable only so long as the field H, of the current 
grows with decrease of Y, (in this case the free energy is less than that corre- 
sponding to the same H, but a lower value of ¥,). The critical field H,;, is 
determined from the condition dH,/d¥, = 0, which leads to the relation 


‘H, 22 a H, vi ay 
ee 34/3 5p Hy ; 


where H, is the critical field of a given film in the absence of a current, Hy 
is the external field and J, is the critical current (4;, = (2s/c) J.) In the 
absence of a field Hy we have = 

7 € 2 /2 ad 


i, ~ 3/3 Op. 


For the case of arbitrary relative orientations of 2, and H,, where we must 
use equations (51) with the boundary conditions (52), it is easy to see that we 
obtain the previous equations (60), (70) and (71) with H2 = Hz) + H}, (the 
current J is directed along the negative x-axis, the field H, along the y-axis). 
It should be noted that it follows from (63) and (72) for sufficiently thin films 
that 








2 £ Ht, (73) 


3 
Thus although the values of H, and H,, for thin films may be greatly different 
from H,,, the product H, H;,, which is equal for a massive specimen to H?, 
is multiplied by a factor 4/3 for the very thinnest films. Relations (71) and 
(72) are in qualitative agreement with experiments from which, however, 
it is impossible to draw quantitative conclusions. 

Summarising we may indicate that for an experimental verification of the 
theory there is a whole number of possibilities: measurement of the critical 
field and current for films (equations (61), (62), (63) and (72)}); measurement 
of the influence of field on the critical current (see equation (71)) ; measurement 
of the magnetic moment (see equations (65) and (66)); measurement of a,, 
and, finally, measurement of 6(H,) for bulk superconductors (see equations 
(36) and (53)). However, working with films a direct determination of x (if it 
is really smail) is in practice apparently not possible. Thus for the determination 
of x not using (23) we must either determine o,,—a quantity which is partic- 
ularly sensitive to x—or carry out exact (~ 1 per cent) measurements with 
bulk superconductors of the influence on 6 of fields of the order of #,,. 
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74. ON MULTIPLE PRODUCTION OF PARTICLES 
DURING COLLISIONS OF FAST PARTICLES 


]. GENERAL RELATIONS 


Collisions of ultra-fast nuclear particles can be accompanied by the appea- 
rance of a large number of new particles (many-pronged stars in cosmic radi- 
ation). Fermi? propounded the ingenious idea of the possibility of applying 
statistical methods for studying this process. However, the quantitative 
calculation given by him appears unconvincing to us and incorrect at several 
points (in particular, in regard to distribution in energy and angle). 

Qualitatively the whole process of collision has the foliowing appearance. 
At the moment of collision there appear a large number of particles} concen- 
trated in a volume whose linear dimensions are determined by the range of 
the nuclear forces and by the energies of the colliding particles (concerning 
this, see below); it must be emphasised that we can speak of the number of 
particles at this moment only in a limited sense, since for a system with such 
a high density of strongly interacting particles (mesons and nucleons) the 
concept of the number of particles has in general no precise meaning. The 
“mean free path” of particles in such a systera is clearly very small compared 
to its dimensions. In the course of time, the system expands, but the afore- 
mentioned property of the free path must be valid also for a significant part of 
the process of expansion. This part of the expansion process must have a hydro- 
dynamic character, since the smallness of the mean free path permits us to con- 
sider the motion of the matter in the system in a macroscopic hydrodynamical 
fashion as the motion of an ideal (non-viscous and non-heat-conducting) 
liquid. Since the velocities in the system are comparable to the velocity of 
light, we are dealing, not with ordinary, but rather with relativistic hydro- 
dynamics. 

The total “nurober of particles” in the system is not at all constant during 
the course of the hydrodynamic stage of the expansion. Therefore, the number 
of particles in the resulting star is determined, not by the number of particles 
which appear at the very moment of collision (as Fermi mistakenly assumes) 
but rather by the number of particles in the system at the moment of transition 
to the second stage of the expansion—the stage of free separation of the par- 
ticles. This essential point was first made by I. Ya. Pomeranchuk’. 


di. 2. Tlauyay, O mmoxecrBentom odpasoBaHHE YacTa Oph cTOAKMOBeuuAX OLICTPMX YacToN, 
Hseeemua Axademuu Hayx CCCP, Cepua Susuvecnas, 17, 51 (1953). 

ft In fact, the appearance of a large number of particles is the condition for the applicability 
of the method for treating the problem which is presented below, and of the associated formulas. 
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The transition from the first stage to the second occurs when the free path 
of particles in the system becomes equal to its linear dimensions. A very essen- 
tial point is that at that moment the order of magnitude of the temperature 
of the system is 

4 T.~ pe (1) 


(uw is the meson mass; the temperature in always given in energy units), 
practically independent of the properties of the system, i.e. of the energy 
of the colliding particles. In fact, for values of the temperature substantically 
lower than « c?, the density of the equilibrium number of particles falls ex- 
ponentially with cooling (as e-*“!*) so that the mean free path rapidly becomes 
equal to the dimensions of the expanding system, even when the latter are 
relatively large. Formula (1) for 7, (with the x-meson mass substituted for 1) 
is also valid when, in addition to mesons, other heavier particles are formed, 
since in order for the free path of all particles to be small, it is already sufficient 
that there be a high density of x-mesons in the system. 

For the hydrodynamic considerations, it is necessary to have an equation 
of state for the matter in the system. As equation of state of highly compressed 
matter for temperatures 7’ > uc? we use: 


é 


P=3° (2) 


where is the pressure and ¢ is the energy density. Although we have not at 
present any rigorous proof that this must be the equation of state for arbitrary 
matter in the ultrarelativistic case, nevertheless in our opinion this assumption 
is highly plausible. 

Since the number of particles in the system is not fixed, but is rather deter- 
mined from the conditions of statistical equilibrium, its chemical potential 
(just as for black-body radiation) is 


f=e—-Tst+p=0 


(s is the entropy per unit volume). Then 


4s 
EPL ES PS 


so if we take into account also that for fixed volume (equal to unity) ds = Tds 


we find the relations: 
Sw Flt, Pw elt (3) 


which, as expected, coincide with the relations for black-body radiation. 

The computation of the total number of particles appearing during the 
break-up is greatly simplified if we consider the motion of the ideal fluid to 
be adiabatic. The only thing that could destroy the adiabaticity would be 
shock waves, and it is hard to imagine how they could be formed during the 
expansion process. Therefore, the entropy of each of the individual regions 
of the system remains unchanged during the expansion. 
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Let us break up the system into a set of regions which are macroscopically 
small, i.e. practically uniform, but which still contain a sufficiently large num- 
ber of particles ; lets, be the entropies of these regions. Also let 2, be the number 
of particles in the «-th region which have been produced at the time of the start 
of its free separation. This time may not be the same for the various regions, 
since the system as a whole is highly non-uniform. The quantities s, and n, 
individually depend strongly on the temperature (for T < ywc?, they vary 
ase“) but the ratio s,/n, depends only slightly on temperature, so that, 
since J, in turn depends little on the properties of the system, we may consider 
that 

Ny. = const - &,, 


where the constant ratio is a universal constant [if we measure entropy in 
dimensionless units, dimensional arguments show that the constant is of 
order (uc/k)*]. Summing this equality over all domains, we find that 


N = const: 8, (4) 


where WV is the total number of particles in the star, and S is the total entropy 
of the system. Since the entropy stays constant during the whole course 
of the hydrodynamic stage of the expansion, we may consider J to be the en- 
tropy of the system at the initial time—the time of the collision.f Formula (4) 
enables us to determine the total number of particles appearing during the 
collision, without a detailed examination of the motion of the system. 


2. Tora, NuMBER OF PARTICLES 


Let us first consider “head-on” collisions in which the particles pass each 
other at distances comparable to the range of interaction, as distinguished from 
peripheral collisions where the impact parameter is large compared to the 
range cf force. 

We stars with head-on collisions of two protons, and determine the energy 
dependence of the total number of particles formed. Let #’ be the energy of 
each of the protoas in the centre of mass system (c.m.s). The total entropy 
of the system, S, is proportional to <*/* V where Vis the volume over which the 
energy is distributed. In the c.m.s the matter is at rest at the moment imme- 
diately following the collision. Therefore, « = #’/V, and so the entropy, and 
consequently the number of particles, is proportional to H’%/4 Vu4, 

The transverse dimension of the system, a, is of order of magnitude of the 
range of nuclear force, i.e.a@ ~ &/u ¢. The longitudinal dimension (in the c.m.s.) 
is shortened by the Lorentz contraction in the ratio ~Mc?/E’ (M is the 


+ More precisely, after the passage of shock waves, which can arise at the moment of collision; 
the passage of a shock wave is accompanied by a compression of the matter, after which the 
expansion stage begins and proceeds adiabatically from then on. 


proton mass). Thus the system is in the form of a highly flattened disk, and its 
volume is 
V~oe@Ucz’. 


So the number of particles is 
Nw B48 yt . JSR 


or, going over to the energy # in the laboratory system in which one of the 
protons is at rest, using the formula 2Mc? = 2H", we finally get: 


Nw~ #4. 


This formula coincides with the one obtained by Fermi, but his reasoning 
appears to us to be completely unconvincing. From dimensional arguments 
(and taking account of the fact that the ratio of masses of proton and z-meson 
is fairly close to the unity) we may write: 


: E \v4 
we «(sara) @ 


where K is a constant of the order of unity. 

Now let us consider the collision of two identical nuclei of atomic weight A. 
Jt would be completely erroneous to treat such a collision as a series of 
collisions of nuclear protons and neutrons. In fact, since the distance between 
nuleons in the nuclei is precisely of the order of their range of interaction, 
we must look upon the result of the collision as a process of meson formation 
involving as a unit the whole space occupied by the nuclei. 

Suppose that the speed of the incident nucleus is equal to that of the proton. 
in the preceding problem. Then its energy will be A times as large. Since the 
mass density in a nucleus is approximately the same as that of the proton, 
referred to its sphere of interaction, the energy density immediately after 
collision is the same as in the previous case. Since the Lorentz contraction 
is unchanged, the number of particles formed is simply proportional to the 
volume of the nucleus, i.e. to A. Thus we finally obtain: 


; EB 4 i EB U4 
es ee ala 
s -x4(sr5) mae zz) : (8) 


For a given energy, the number of particles is proportional to 4‘/*. We note 
that according to this formula, heavy nuclei are much more effective in par- 
ticle formation than protons: two nuclei with energy # give as many particles 
as two protons with energy H.A*. 

When the two nuclei have different weights the problem becomes more 
complicated, but elementary considerations related to the fact that in collision 
the lighter nucleus pulls out only a part of the heavier one, show that the 
number of particles is determined essentially by the mass of the lighter nucleus, 
and depends only slightly on the mass of the heavier one. 
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Jf we are dealing with collisions of a meson with a nucleon or nucleus, it 
follows that we should expect relatively little difference from the case of a 
nucleon. 

Determination of the constant K from existing experimental data gives 
the value 

K~2, 


As for peripheral! collisions of the nucleons, at first glance one might conclude 
that the average number of particles produced should decrease rapidly with 
increasing impact parameter. A basis for this conclusion might be the fact 
that the rest energy of the matter concentrated in each individual region of 
the meson field of the colliding nucleons decreases rapidly: (exponentially) 
with increasing distance from their ‘“‘centre”. However, the incorrectness of 
this derivation is clear from the fact that it leads tc a contradiction with the 
quantum uncertainty relations; the rest energy of a portion of the system 
would turn out to small compared to the uncertainty 


AEB ~ hcA, 


where A is the thickness of the region, compressed by the Lorentz contraction 
just as for central collisions. In fact, this relation means only that the quantity 
which is small is not the actual energy of the system (in those cases where 
such a system occurs at all) but rather its mathematical expectation. In other 
words, it is not the number of particles appearing that decreases, but only 
the probability that such a collision shall occur. 

Thus for collisions of two nucleons it is in general meaningless to distinguish 
between central and periphera! collisions; the effective cross-section for collision 
with production of a many-pronged star is determined by the “radius” of 
the nucleon, 2/u ct. The picture is somewhat changed in the case of a collision 
of two nuclei. It is clear that as we vary the impact parameter from zero to 
the sum of the radii of the nuclei, the number of particles formed must decrease 
from the maximum value given by formula (6) to the value given by (5) and 
corresponding to the collision of two nucleons. 


3. DISTRIBUTION OF PARTICLES PRODUCED in ENERGY AND 
DIRECTION 


A study of the angular distribution of the particles formed, and their distri- 
bution in energy, requires a detailed consideration of the hydrodynamical 
motion of the matter in the system. 

The relativistic hydrodynamic equations are contained in the relations 


are (7) 
oat  ” 


+ This result was clarified in discussions with E. L. Feinberg. 
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where T** is the energy-momentum tensor of the matter: 
Tt = pg + (e+ p) uur (8) 


(v* is the four-velocity; g! = g?? = 9? = 1, g = —1; from now on we set 
e= 1). 

As we have already indicated, at the moment of collision the system has 
the form of a highly flattened disk. This shape is maintained throughout a 
significant part of the hydrodynamical stage of the expansion. During this stage, 
the motion of the matter can be considered to be one-dimensional, along the 
short axis of the disk (x-axis). Then the equations of motion are: 








oTro 67x 6701 6711 
tine af — 0, SEE = 0, 9 
at Da ae (9) 


where 
TOO = e(u)? + p(w), P2= (e+ p)wut, T4= e(ut)? + p(w )?, (10) 
and u? and u} are related by the equation: 

(uw)? — (wr = 1. (11) 


In the c.m.s. the “disk” expands symmetrically to both sides. We choose 
our co-ordinate origin in the median plane and shall consider the motion in the 
half-space expanding along the positive z-axis (so that x > 0, ui > 0). 

Let us call the initial thickness of the “disk” 4. We consider some instant 
of time ¢> 4, when the expansion has already progressed significantly. 
Neglecting the initial thickness of the disk we can assert that all the matter 
will be in the region 0 < x < #, since the velocity cannot exceed that of light. 
Most of this space will contain matter which, though moving with a speed. 
comparable to the light velocity, is not ultra-relativistic; only in a thin layer 
t— a <i will there be matter moving with a velocity close to that of light. 
As we shall see later, in this last region there is concentrated only a small 
part of the entropy, but a large part of the energy of the system. Therefore, 
the examination of this small-sized ultra-relativistic region is very essential. 
To do this we replace the variable x by & = ¢ — w. Then the first of equations 
(9) takes the form: geo a(7oo _ 711) 





a ee ey, 12 
at ag (12) 
and, subtracting (12) from the second equation of (9) we find: 
) ] 
— (700 — Pil) 4. (Poo. 9 701 4 711) = 0. 13 
a jae + 7) (13) 


In the ultra-relativistic case both components u°, u} of the four-velocity 
are large compared to unity and almost equal (we recall that u° = 1/./1 — 2? 
wi = v/./1—v*, where v is the ordinary velocity (in units ¢ = 1). Later we 

- shall denote by x (in first approximation) either of the quantiies uw and wl. 
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According to (10): 


Onw=u>ri, w—-—-wre—. 
2u 


Using these equalities and the equation of state (2), we obtain from (10): 
4 
T° w (se + p) a a 


& 
T00 = TO os (é 4? poe pu) (uw? << uw) A 3° (14) 


Poo _ 9701 4 711 = (6 + p) (u® — wh)? w 





é 
3 uy? J 
after which equations (12-13) take the form: 


(15) 


We shall lock for solutions of these equations in the domain of values? > & > 4. 

A solution satisfying all the necessary requirements can be obtained as 
follows. Let us make the assumption, which we later show to be valid, that 
the function u(é, f) is such that 


t 
w= f—, 16 
f F (16) 
where f is a slowly (logarithmically) varying function of ¢ and t. Neglecting 


the derivatives of f, we then obtain from (15) 


é ds ee é 
res ie ~ 3 4). 


7) 
—ileth=- 
i (et 
Next we introduce the new variables 
(17) 
and in place of e, a new unknown function » according to the relation 
e=e*, (18) 


From the two equations thus obtained, 


a L 28 a a 
(a+32)--2-42 and pe--(+ 2), (19) 


we eliminate f and get: 


ap 8 P 
tp eg ath (20) 


Following the general procedure for obtaining the general integral of a partial 
differential equation of first order, we first form the complete integral: 
4(1 + A) 
4+3A 
containing two constants A and B. The general integral (containing one arbit- 


rary function) is obtained from the complete integral if we consider B to be a 
function of A, determined by equation (21) and the equation 


gp=An- + B, (21) 


4 
G@+saptaa~” = 
obtained by setting the derivative @p/éA equal to zero. 

Since we are looking for a solution of the equation of motion in the region 
of values § > 4, > A, the “initial moment” of the motion corresponds 
to valuest~ 1,7 ~ 1. At this “moment”, the system in the domain under 
consideration can be regarded as still uniform, so that the function ¢ is prac- 
tically constant and equal to some value ¢» (the logarithm of the initial energy 
density ¢)). Thus the initial condition for our problem, to within the logarithmic 
accuracy we are using, is: 


q 


p-—@~l1 for g~l, tril. (23) 


A solution satisfying this condition is obtained from (21-22), if the arbitrary 
function B({A) is chosen so that 


B-gy~l, Biwi. 


Then we can omit B’ altogether in (22), (since 7 > 1, t > 1), and can set 
B® go in (21). We then have from (22) 


4434 ie 

20 N49 
(we choose the positive root, since in the other case the function f in (16) 
would turn out to be negative, which is clearly impossible), after which (21) 


gives: 
P= % -Fn +t ~VJt7), 


é= coexp| - slr +7 - ven) 


(24) 
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When £ becomes of the order of é, formula (16) as expected gives wu ~ 1. 
From formula (24) it follows that in this region (y ~ £): 


ANH 
g = 6, 0723 = ey (+) , 


Even though the domain & ~ ¢ is outside the region of ultra-relativistic motion, 
this result should be correct as to order of magnitude. 
The function f is found from » using either of the equations (19): 


In accordance with our assumptions, it is a slowly varying function of ¢ and é, 
of order unity. - 

Using the formulas we have obtained, let us see how the energy and entropy 
are distributed throughout the thickness of the “disk”. The energy density 
is given by the component 7 ~ <u? of the energy-momentum tensor (we 
recali that for each element of the matter e is the energy density in the 
“proper” frame of reference, in which that element is at rest). So for the 
energy d# located in a slab of thickness dé we have: 


doP~c@wdé= ca widn, 
where a is the radius of the disk. Setting u? ~ t/£, in accord with (16) and using 
equation (24) we obtain: 


dE w~ exp| - slvr - on) |ae. (25) 


From this it is clear that the energy distribution has a maximum at 7 = t/a; 
this means that the energy is concentrated mainly in the region 


Em t/FA® 


For t > 4 we get & < t, so that this region is at the limit of applicability. of 
the one-dimensional solution we are considering. 

The entropy density is given by the fourth component s° of the four-vector 
of entropy current density s* = su’. Since s ~ «*/4 (according to (4)), 5° ~ u «8/4, 
and we find for the entropy associated with a slab of thickness dé: 


aS~su@dén~ a@suédn, 
or, using formula (24): 


dS ~ exp] - (Ve - Va) ]an. (26) 


This distribution has a maximum for 7 = ¢; i.e. the entropy unlike the energy is 
concentrated mainly in the region & ~ 6. 


OPL 19 
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The solution of the equation of motion which we have obtained is applicable 
so jong as the angle of flight @ (the angle which the trajectory of a given ele- 
ment of the matter makes with the x-axis) is sufficiently small. This is necessary 
in order that the distance ¢@, which the element travels during the time ¢ 
in the transverse direction, be small compared to the transverse dimensions 
of the system, a: 

t0 <a. (27) 


To evaluate the small angle 6, we use the transverse components of equa- 
tion (7}, which we have as yet not considered. Thus we get: 
gyo2 = ayaa 


ét ey 
or, to order of magnitude, 
qoz = pan 


ow > 


t a 





so that substituting 7° ~ <u? 6 and T?2 ~ « (the transverse component of the 
four-velocity is u¥ ~ u 6}, we get: 


t 
wew—. 
a 


Finally, noting. that u* ~ t/§, we find: 


é 


Combining this formula (27) we see that the condition for applicability of 
the one-dimensional solution is: 


té < a. (29) 


We note that the limiting time for the one-dimensional solution is the greater, 
the smaller the value of &. For the central region, € ~ ¢, and the limiting time 
is t~ a. 

Starting at the moment 


a \ 
ty = ‘=. (30) 


a significant sideways motion appears in the hydrodynamical motion; we shal] 
call the resulting motion of the matter conical hydrodynamic flight. As we shall 
see later, in this stage of the motion the velocity approaches that of light so 
quickly, that for each element of matter the quantity ¢ remains practically 
constant in time. In addition, one can show that all derivatives of hydrodyna- 
mic quantities, both with respect to the direction of & as well as with respect 
to the transverse direction, can be neglected in the equations. Thus, in parti- 
cular, it follows that, because of the smallness of the sidewise forces, the direc- 
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tion of motion will remain unchanged, ie. the flight will proceed radially 
(conically). 

Furthermore, in view of the smallness of the forces during conical fiight, 
the energy flux traveling within any cone, § = const, must remain constant: 
the same is true for the entropy flow. The cross sectiona! area of such a cone is 
proportional to #, so the conditions of constancy of flow of energy and entropy 
are: 


ew =const, sui? ~ cut? = const. (32) 
From these two relations we find: 
i F 
unt, ~_—, 32 
ew (32) 


which give the law of variation with time of u and ¢ during conical flight. 
From. (32) we see that in this case the velocity actually approaches that of 
light faster than during the preceding stage. The change in the co-ordinate 
& of the moving element of matter is given by the formula: 

dé mar: l 

Sermo = ul - wy 1 ao Me ~ 
from which it is clear that during this stage of the flight, the quantity 
approaches a constant value more rapidly. 

For ¢ ~ t,, the solution (32) must agree to order of magnitude with the 
one-dimensional solution considered earlier. For the “joining” of the two 
solutions, it is convenient to introduce the symbols 2 and L, according to the 
equations: , 





Sg. Sat 
es =e," Fi =e . (33) 
Then 
é 
=In—=L-2, 34 
le ( ; ) 
while the value of the variable + corresponding to the moment ¢, is 
t a2 
=ln— =mn—=L 
n rr In Fd +A. (35) 


Substituting this value in (26), we find that the entropy distribution is 
given by 
dS. ~ evi=F dA. 


Since each element of the matter now moves with é = const while its entropy, 
by virtue of the adiabaticity of the motion, remains constant, the same for- 
mula gives the entropy at the moment of break-up of the matter into individual 
freely moving particles. The number of particles produced will be distributed 
according to this same law: 

aN = Cevr-# da, (36) 


i9* 


where C is a normalising factor. The angle of flight 
geet (37) 
a 


remains constant along with ¢ for each element of the matter, and consequently 
for each particle. Consequently, formulae (36) and (37) determine in parametric 
form (parameter A) the angular distribution of the produced particles (in the 
e.m.s.). The constant L which appears in the formula is related simply to the 
energy of the colliding particles. In fact, the ratio 4/a is the Lorentz contraction 
of the system and is equal, in the notation of section 2 to 


——_———_ 
’ 


MAC _ pee 
Ee NE 


(where J A is the mass of the particles). Therefore 


1 # 


2 aa IMAC 


(38) 

The distribution (36) shows that, although the angle of departure in the 
¢.m.s. is of the order of unity for most of the particles, there also occur much 
smaller angles. It is easy to see that the angular distribution does not at all 
show spherical symmetry, as Fermi assumed, but that dN/do, referred to 
‘unit solid angle, increases rapidly with decreasing @. 


Formula (36) is easily written in explicit form. In order to take into account 
angles of the order of unity, we define A as 


8 
a= ~Intan >. (39) 


With this definition, the smallest value 2 = 0, corresponds to the largest 
possible value 6 = 2/2. Formula (36) then becomes 


: ‘6 @; do 
dN ~ ex | L? - inttan | ante” (40) 


This formula agrees well with the experimental data’. For practical purposes, 
formula (36) can be written to sufficient accuracy in the form: 





As 
GN ~e Fzda. (41) 


Thus the angular distribution can be written as a Gaussian distribution, if 
we choose as variable the quantity 1 = —In tan@/2. In view of the logarithmic 
dependence of A on 6, the actual distribution curve of the particles with 
respect to the angle 6 itself must have relatively very straight tails on both 
sides of the maximum. 
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‘We note that the largest value of 4 which it is still meaningful to consider 
must correspond to the condition: 


Aa=Zk 
J aN~t 
4.= may 


or, substituting (36), to logarithmic accuracy, 


BoB, 


Ce 


Xm], 


According to formulae (5) and He) the total number of particles is N ~ e%/?; 
therefore . 
tak 
Ja dN ~ce® ~ ce, 
a = = 0° 


Thus C ~ e4*, and-we obtain for Apax: 
Avias = L. (42) 


For determining the energy distribution of the particles, we consider the 
quantity «, which is proportional to the energy of the particles (the energy 
of a particle is the time component of the four-vector wut: pu > pu). 
During the stage of one-dimensional motion « ~ \/#/é, and at the moment 
t = f, it reaches the value wu ~ ./t,/f. Therefore, “tacking on” the one-dimen- 
sional motion to the solution (32), we find that during the stage of conical 


motion: 
lt, ¢ ¢ 
a er a - 


In similar fashion we match the laws (24) and (32) of variation of the 
“proper” energy density «. For ¢ ~ t, the quantity « reaches the value: 


4 —————_. 
ge eoexp| — = (2 pies a) 
Determining from this the coefficient of proportionality in (32), we find: | 
t 
& -«(2) exp [-$2- -J/T- B-7]. (44) 


The start of the free separation of the particles corresponds to the moment 
f) when s, decreasing; reaches the value s, corresponding to the criterion (1). 
From (44) we find: 


& \¥4 1 
b~a(S). exp[ - 5 (22 - ~J/BP-i #7). 
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Setting ¢ ~ t, in (48) and substituting for ¢, from (35), we find the following 
expression for the energy yw’ of the particles at the moment of their free 
separation : 


t, le 
bun Be = const exp| + =VE - i]. 


We note that the energy of the outgoing particles is measured by the ratio of 
the time (or the distance from the origin) at the moment of decay into particles 
to the characteristic time a/c of the system. The constant coefficient im the 
expression for uu’ is determined from the obvious relation: 


fawaN =2'~JEMA ~ MA, 
and we get finally: 


1 
aw ~ Mesp|-5 +24 VB—#l. (45) 


3 


Formulae (36) and (45) give in parametric form the energy distribution (in 
the c.m.s.) of the particles produced. From (45) we see that most of the particles 
(4 ~ 0) have energies pu’ ~ M e%!§ ~ M (E'/A M™“®) only slightly exceeding VU. 

We must still go over from the c.m.s. to the original laboratory frame of 
reference in which one of the nucleons was at rest before the collision. The angle 
x of the outgoing particle in the laboratory system is related to the angle @ 
in the c.m.s. by the transformation formula: 


vJ/1-— V2siné 


v' cos0 + V 


2 


tany y7= 


‘where v’ is the velocity of the particle in the c.m.s., and V is the velocity of 
the c.m. relative to the laboratory system. We may immediately write v’ = 1 
in the numerator, and in the denominator, write: 


1 
v’ cos@ + V w v'(1 + cos8) + rs (V? — v'%), 
or, since V is closer to unity than v’: 


l 1 
e: ~ ss — 7/2) —]° Wintsamae 
voos6 ++ Vel + cosd+ > (1 v’?) a eas OH 


The last term on the right can be neglected for all cases except when @ is too 
close to x. However, it is easy to see that the angles we have found satisfy 
the inequality @, x — 9 > 1/u’; this is equivalent to the mequality: 


l ees 
op{y- GV al « if 
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(according to (39) and (45), which is actually satisfied for all 2 < Apay. Thus we 
can set v’ cos® + V + 1 + cos@, and the formula for transforming angles to 
the laboratory system takes the form: 


yaV1—Fiten<. (46) 


In this connection we note the following curious fact. Independently of 
any detailed computations, the distribution of outgoing particles, for a collision 
of two identical particles, is symmetric in the c.m.s., i.e. angles @ occur just 
as often as a —~ @. Since tan (x ~ 6)/2 = Titan (6/2), it follows automatically’ 
that, upon averaging over all particles, : 


Ing =InJ/1—V2=—L. (47) 


In other words, the geometrical mean of all the angles of separation gives 
just the value of the velocity of the c.m. and, consequently, the velocities 
of the incident particles (for a collision of two identical particles). 

Substituting the value tan (6/2) = e-* and tan (x — 6)/2 = e-? in (46) for par- 
ticles moving in opposite directions in the c.m.s., we obtain: 


4 = Qo BF, 


This formula has the special property that when we change from particles 
going to the right in the c.m.s. to particles travelling to the left, there is merely 
a change in sign of the quantity 4. We can therefore write 


X= a (48) 


and consider formulae (36) and (48) as giving the angular distribution of all 
particles in the laboratory system, where 2 can take both positive and negative 
values. 

For the transformation of the energy of particles moving to the right, we 
have 


a the $ 
eye 


and for particles moving to the left we get (noting that @ > 1/u): 





Od er- Bh 
a 1 
Substituting (45), this gives: 


pom Mom) tas eval, 


584 COLLECTED PAPERS OF L. D, LANDAU 


This formula too has the property that it describes particles moving to both 
the right and the Jeft in the c.m.s., if we write 


si 


wu ~ Mesp| => 4442 —V EB - at, (49) 


and give 4 both signs. 

Formulae (36) and (49) give the energy distribution of the particles in the 
laboratory system. The coefficients in these formulas can be made more precise 
if we use the obvious relations: 


fav=N, [oud = 2. 


In the integrations we can, to the accuracy we are considering, expand the 
exponent in a series in the neighbourhood of the maximum. We then get 


dN = a evr-# di, 
22k 


or, taking account of (6) and (38), 


dN =e a (50) 





‘It is understood that the coefficient in this formula is actually a slowly varying 
‘(non-exponential) function of the ratio 2/£. For the energy we get: 


RE ah i SS ee a. (51) 


Here the same remarks apply to the coefficient as were made in the last case. 
‘From formula (51) it is clear that most of the particles have an energy of 


order 
: BE VMs 
Me (raz) 
m the laboratory. system. 


We note that both the angular and energy distributions of the particles 
are close to Gaussian if we use the logarithm of these quantities as variables, 
consequently, they have quite straight tails on both sides of the maximum. 
The results of a computation based on (51) are shown in Fig. 1. 

In conclusion, I should like to thank E. M. Lifshitz, I. Ya. Pomeranchuk, 
and E. L. Feinberg for discussion of the questions touched upon here, and also 
L. I. Saruchev for permission to.use the drawing of the spectra which he cal- 
culated from formula (51). 
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Differential energy spectra of secondary particles during nuclear interactions at high energy 
(for varying energies Hp of the initial particles). The areas under the curves are proportional to. 
the total number of secondary particles (mesons and nucleons). ' 
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75. THE LIMITS OF APPLICABILITY 
OF THE THEORY OF BREMSSTRAHLUNG 
BY ELECTRONS AND OF THE CREATION 

OF PAIRS AT LARGE ENERGIES 


THEORETICAL analysis! by the methods used in obtaining the Bethe—Heitler 
(B-H) equation? for Bremsstrahlung and the formation of pairs, leads to the 
conclusion that these should be applicable right up to any energies, however 
great. This conclusion, however, refers to a radiation process taking place at 
a single isolated atom. If we consider radiation processes occurring in a medium, 
it may be shown that for sufficiently large energies the Bethe—Heitler theory 
will not be valid. 

In order to discuss in the simplest possible fashion the question, we consider 
initially the emission of quanta possessing an energy » much smaller than 
the energy # of an electron. In this case classical concepts are valid, and lcad 
to the following expression for the energy supplied by radiation in an element 
of solid angle dz and within the frequency interval dw: 

e 
4a? 

The Bethe—Heitler formulae for low values of w are obtainable from (1) if 
it is supposed that V changes abruptly during the collision of an electron 
with a single atom: that is, V = V,, V, = Vy, when ¢ < 0, and Y= V, when 
i> 0. Multiplying (1) by the probability of the given electron dispersion, it 
‘is possible to obtain the Bethe—Heitler results?. We now proceed to consider 
the integral 0 * 

{na Vy] j atel@-eM + In a Vali deele oH, 





dIny = wo deo| [tm A arels-& OP dra Viijdt, k=nw. (1) 


-a 


(8-1) =b7,,(1- 5) + 0-979, (2) 


where # is the angle between k and the z-axis. 
_ For low values of & (effective 9 ~ m/H, where m is the rest energy of the 
electron), the essential time interval is found to be of the order: 


fp ~ B2Jm? oo. (3) 


el. Taunay ao WH. Lomeparzyr, Ipepenu apasermmocra reopnu ropmossoro menyienaa azeK-~ 
TPOHOB uw O6pasoBanla nap Apu SomBMEX enepruax, Jonandu Anadenuu Hayx CCCP, 92, 536 
(1953). 
Ti=ac=l 
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With increasing #, t, increases very rapidly, and, m consequence of this, 
the distance of the electron from the nucleus, which considerably exceeds 
atomic dimensions, plays an important role. 

Starting from # = (m? LZ w)*?, where L is the shower unit of length,* the 
separation will be of the order Z. Under these conditions it is quite evi- 
dent that the Bethe-Heitler results cannot be valid, since electrons, posi- 
trons and quanta are substantially absorbed over this length. The Bethe— 
Heitler formulae, however, are infringed at considerably lower energies, 
because of multiple Coulomb scattering over the separation ¢,. Taking account 
of this distance, we have: 


(%-r(t)) = F(ok(a — =){Q - jars e(o -[e.ae), (4) 


where @ is connected with V in the following manner: 
V(t) = V(0) +0, (V(0)-6,) = 0 (5) 


and @ is due to the multiple scattering. Inserting (4) in (1), we assume for 
simplicity that = 0. Because of multiple scattering there occurs in the 
exponent of (1) a term 


I 
5H wae (6) 


To estimate the effect of this we replace 6? by &, obtaining the latter from the 
theory of multiple scattering®. (6) then becomes, as to order of magnitude: 


wo BP eH DL. (7) 
Replacing ¢ with the quantities in (3) we obtain: 
E? B34 w L. {8) 
When # = #,(w#), where 
mf mo 


m 
Hola) = ob= E, V 422n &ln (191 Z-*) (9) 
(n being the number of nuclei per cm*), there appears in the exponent of (1) 
an additional term of the order of magnitude of unity, and, consequently, 
the Bethe-Heitler formulae will now become applicable for radiation of 
frequency o. 

If » is approximately equal to #, the classical consideration is still valid 
as to order of magnitude, and we obtain from (9) 


mL ms 

BE? 4B? 2? ne ln(191Z- 2) © 
Since (£#,/m)* = 1700, it follows that Hy) = m? L/2700. For lead this gives an 
energy of 5 x 102eV; with elements at the end of the periodic table Z, 
19a* 


2, (2) = Ey = (10) 
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diminishes to 2 x 10% eV. When # is greater than H,, radiation of almost 
ali quanta infringes the Bethe-Heitler formulae. The same is also true with 
reference to the formation of pairs. For lower energies very large deviations - 
from the Bethe—Heitler formulae would be expected for small values of a, 
corresponding to the inequality: 


oS BYE,. (11) 
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76. ELECTRON-CASCADE PROCESSES 
AT ULTRA-HIGH ENERGIES 


Ir has been pointed out! that the Bethe-Heitler (B—-H) theory of Brems- 
strahlung of electrons and positrons as well as their theory of electron—positron 
pair production by y-quanta is not applicable at sufficiently high energies 
because of multiple scattering of electrons and positrons in matter. In ref.1 
only the order of magnitude of the energies at which noticeable deviations 
from B-H formulae occur was estimated. Now we shall consider radiative 
processes under conditions where the B-H theory is not justified. 

First, let us consider the radiation of low frequency quanta (w < #). The 
energy radiated into the solid angle element dm and in the frequency interval 
dq is given by formula (1) of ref. 1. 

In order to get more accurate expressions we shall integrate (1) of ref. 1 over 
all directions of the quanta. The energy dJ lost in the interval dw is equal to: 


di = 





re “self ([2 A dry]: [m a dry] fe“ edn 





= = utao| [fete —*) (dr, da) — (nd) (n-dr pew i@- 1-2 dg 


2 . 
= < wtdel (tar, -dr,) + (ar, - V,) (dr, V,) eile (3) 


g = o{r, — 2). 


Because the effective vaiues for g are large compared with unity in (1) we 
can neglect the differentiation of l/g: 


+o 
2 ica (t, — ta) V.- — 7) (Va:%5— 
arses {[asan<—— [om vy Steen acFam Melati “2 | sing, 
7% Iry — 7, | 


(7, — 2)? 


(2) 
where 
aot, 


r= i Vicjde =f V(t, +z)dz (3) 
it) 


JI. Laspey u WM. Tomepanryr, Onexrponwo-naBugune UpOmeccH MPH CREPXBHICOKUX PHePIMAx, 
Horaadu: Axademuu Hayxn CCCP, 92, 735, 1953. 
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V(t, + t) is expressed in the following form: 
@2 
VR+ t= v(1 =) +9, (V,-@,) =0, (4) 


6, is the angle of multiple scattering at time rt. 
(3) and (4) give: 
fr—bs om by 
1 
r,—1, = V,(t, —t,) — =” dt +f 6dr. 
0 
Using the smallness of @ and introducing the variables 7 = t,, t, — t, =i, 
‘we can bring (2) into the form 


+o 0 





aga e [er [fe 
x 
-0 “~@ 
[(jna) (ojoas)] | fear crane] 
Jo.ar} (o. jo.) (edz 2 
P(e ee aa ied Ne eerie GN one cig Le . (8) 
2 t 2 2t 


The bar signifies averaging overall angles 6,. If 0, is neglected under the sine 
symbol, then from (5), using multiple scattering theory”, we get the usual 
B-H formula in the region w < #. 

The energy lost per unit time in the interval dw is equal to 





Pa 7 
ara 2 O82 [Sen 
fd t 
(fo.as] G Jaa eae ({e as} 
BNO a a | ae kg At og 
x 7 ; sinw| Vt 3 + ry, (6) 


To perform exactly the averaging in (6) is difficult in view of the fact that 
the averaged quantity 6, appears under the sine symbol. Because of this, for 
an order of magnitude estimate, we shall replace all terms in (6), separately 
by their mean values, using? , 


“£82 <7 = © yk NY to CO 

Ett] ; E? t|:| 
[eae = ORT 8, [eas = [(0. +9.0)a2= [star = SRL’ 
6 9 0 6 


72 tot t 
aso es E; |? 
6.dt =2]dr (8,-9,) dv = 2 O(t — 2) dv = Saar (7) 
0 0 9 


0 
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Using (7) we have 


-t 
2 a 2 §e. 
Giese Oe* wi atcosotsina 7(+—- SE) 
0 





3am? DL EL 
w 228? E2? w 4dw ex" 
t —V)ot ; = 
oo fa sa/( yee arr | aL $e fare n(X+ 550) 
0 

wd (8) 
fy = — 
0 EE 


Now let us consider the case, when w < EH?/H,. The integra], appearing in (8), 
is equal to (1/2)./2/2./3H, w/H*, then dI proves to be of the order: 


2x ee 
dix .;——, /—. (9 
3. 


From this the number of quanta emitted per unit time in the frequency 
interval dw is determined by: 


l= {[{—_$$—= , | ——. 
oP J 3 Sa J PL ao 


Since the condition w < H*/H, is always going to be satisfied for quanta of 
sufficientiy low energy, it follows from (10) that the infrared catastrophe 
never takes place in bremsstrahlung, for when w —> 0 the spectrum changes 
from dw/w into dajr/ w. By this very fact the total number of radiated quanta 
is shown to be finite. 

Going over to the case when w ~ # it is necessary to use a quantum treat- 
ment. An exact calculation is associated with calculational difficulties. Because 
of this we shall limit ourselves only to estimates as to orders of magnitude. 

In the matrix element which determines the radiation the following expres- 
sion enters as an essential factor: 


eae aa (11) 


where p is the momentum of the electron before, p’ the momentum after 
radiation, K is the momentum of the quantum. Taking into account the 
smallness of the angles between K, p, p’, let us consider first the case where 
they are all parallel. “The difference p — p’ — Kis equal to m* K/2HE’. Because 
of this rg is of the order of 

EE jm? K; (12) 


Pp, p’ are changed because. of multiple scattering. The components of p, p’ along 
the direction K at a distance rg are changed by an amount: #(H?/E?) (r./Z) 
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E' (B/E) (r¢/L), respectively. Taking this into account (11) assumes the form 


mr or Be K 
i——__-- i 13 
°=P E sam * +} aT oe 
Teg equals: 
} a HE’ 
LEE a= as 


Bx ~ wk 


if E,K/EE’ < 1, and equals (12) if #, K/HH’ > 1. In that manner if H’ < #, 
end K ~ #, then the corresponding process of radiation will be in accordance 
with B-H. In the opposite case the matrix element would be smaller than in 
the B-H theory: 





EK 
HW = : 15 
M = Mz_y.!- EP (15) 
The probability of the emission of a quantum in a given direction has the 
form: EK 
| W= —., 16 
Wea (16) 


However, the solid angle within which quanta are emitted increases. If 
the angle between K and p is equal to # then in (11) the factor e!"*!? appears. 
According to (14) this factor will not diminish the radiation until 5? is of the 
order 


mt [BE [ae ae 
BEV KB, ==V EE, ui 


(The expression for $$ y is easily derived from equation (12).) 
Therefore the probability of radiation, which is integrated over all directions 
of quanta, has the form: 


AadK= aK pn | on et 9 eT (18) 


The differential number of quanta has its minimum at K = H/2. When 
-E-~K~ #,, A goes over into the B-H expression. 
- The total number of radiated quanta per unit time is finite and equals 


E 
Ey 
[4ax- a, — : ae! a,~ 1. (19) 
6 
The energy J, radiated per unit time is: 
zB 
a E 
=|KAdK =— = =, bnl. 2 
{ 7 VER- oe (20) 
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From (20) we conclude that the distance through which an energy of order 
# is emitted, increases with increasing energy proportionally to Jz. Losses 


in energy per unit length are proportional not to #, as in B-H, but to \/H#. 
The penetrability of electrons and positrons increases when H > H,). The 
probability of pair formation by y-quanta according to (18) is equal to: 


E 
a4,-% | ™ _az,; a~l; B,,B_ > By. ) 
2. 


If H_, #, S Ey, then dA, becomes the B-H expression. 
Integration of (21) gives the total probability of pair production A, per 


unit time: 
% a, re 9 
ao a, 93 
ay LE E 22) 


The mean free path of quanta also increases proportionally to the square- 
root of their energy. 

According to (20) and (22) when #/#,, K/H, ~ 300-500, then the mean 
free path of the “‘soft component” in materials like lead becomes 10-15 cm 
and is comparable to the mean free path of high energy nucleons. At ultra- 
high energies the soft component takes on properties of the hard component. 

Since the infrared “catastrophe” is absent the expressions for the radiation 
corrections of different processes (elastic scattering of electrons by nuclei, 
Compton effect, electron—electron scattering) should be changed. For these 
processes the existence of the infrared catastrophe would be important. 
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77. EMISSION OF y-QUANTA DURING THE 
COLLISION OF FAST 2-MESONS WITH NUCLEONS 


For the determination of the bremsstrahlung spectrum of y-rays occurring during 
the collision of high-energy x-particles with nucleons or nuclei, it is sufficient to 
know the wave function w of the z-meson outside the nucleon. Proceeding from the 
assumption that the nucleon is “black” in relation to z-mesons, the external y-func- 
tion is found in the form of the sum of a plane wave and the wave diffracted from 
the black sphere. By means of this function, the determination is made of the 
emission cross-section of the y-quanta originating during the diffraction of z-mesons 
and during their capture by the nucleons. At high energies of n-mesons, differential 
cross-sections in the area of small angles reach very high values. The effect of the 
size of s-mesons on the emission of y-quanta is revealed. The form factor of the 
z-mesor is introduced in the emission formulae. An experimental study of the brems- 
strahlung y-spectrum of zt-mesons could make it possible to determine this form 
factor. 


Srrona@ interactions between high-energy z-mesons and nucleons result in a 
great probability of such collisions between them when the x-particle and the 
nucleon are united into a highly excited short-lived system! which disintegrates 
further into several mesons and, probably, into a certain number of nucleon 
pairs. Such a progress of the collision of x-mesons with nucleons cannot be 
described by the methods of perturbation theory, in so far as it is a case of a 
very strong interaction. Under these conditions, the nucleons (or pairs) re- 
present, in relation to the z-meson, a black body whose radius & determines 
the cross-section x #?. The wave function y of the a-meson outside # will, 
evidently, be a superposition of a plane wave and a wave diffracted from the 
“black” nucleon. It is found that, under relativistic conditions, it is sufficient 
to know y in the exterior region in order to calculate exactly the bremsstrahlung 
of y-quanta of almost any energy if these quanta are flying in a direction 
which differs little from the direction of the incident 2-particle. This situation 
resembles the one which occurs during the bremsstrahlung of electrons by 
Coulomb forces, when under extreme relativistic conditions the emission takes 
place at great distances from the nucleus. The physical cause of such pheno- 
mena is the same and lies in the fact that the conservation laws during emission 
require smaller and smailer momentum transfer from the radiating particles 
to the foreign body. 

The theory which is set forth below may be applied not only to a “black” 
‘nucleon (or nucleus), but also to a “grey” one which only partially absorbs 
mesons. We shall first consider the first case which is a simpler one. 


JL. O. Wannay 2 LS. Comepansyx, Wenyyenne y-keanros Up cromKHoBeHEE SricTpHX O-Me- 
80HOB ¢ HYRNOHAME, Aypuas Oxcnepuuenmarenod u Teopemurecnot: Duasuxu, 24, 5035 (1943). 
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The wave equation for a particle with spin 0 (x-meson, ref. 2) outside the 
nucleon (nucleus), with the required exactness, has the following form 
(k =c = 1): 


oe 
— — V2 + 2 ee eave ; 
(F +)y ne 


2% 
A= x a i (a,, eillf.r) ~ a} + a, e 7 G-7)~ of) , (1) 
iNT 


Let us apply perturbation theory to (1) considering that the right-hand 
side is smail and substituting there y for yp which is equal to the sum of the 
initial plane wave and the outgoing diffracted wave: 


Wy = By (x) e717", 
Let us find a solution in the form of a series 
Y= Yo t+ YG, e784, 
oo 


where 20 = 
CPPS MET TEI MACS, 


(the sum is taken over the directions of f) 
The component , which corresponds to the emission of the given quanta, 
is equal to log 


@,, ~ [600,*9 vr’) — ze =o G-VB)etF Made, (3) 


where @ is the Green function of equation (2), 
p? = (E- fr — we. (4) 


The emission of y-quanta may take place either during the absorption of 
the z-meson with a subsequent emergence of many particles, or during the 
diffraction scattering of z-mesons. Let us first consider the second case, in 
which at the end of the process there is the y-quantum and the scattered. 
z-meson, and the nucleon (nucleus) receives a small recoil. 

The function G, which is included in (3), should account for the diffraction 
near the nucleon, and, therefore, it is equal to®: 


p ei?’ ir’ -s] ei?Ir-s| e 
G(r, r’) = —— | —_—__- —_———__d8 ss. 

(rr) Z| lr.—s] 4x|r—s| (8) 

Integration over s may be done, for example, over the part of the plane 
perpendicular to vector »— 7’ and passing through the nucleon which is 
“outside” the nucleon (Fig. 1). Complementing the s-integration range with 
the interior part of the nucleon, we shall obtain 

fF ir-7'] 


St) gage = oe (6) 


where G, has the form of (5) differing only in the fact that the integration 
range lies inside the nucleon. 
Let us substitute the first term of (6) into (3): 


cies. ei?’ In~r'l 
v Vainio. 


In order to find the diffraction emission it is necessary to determine the 
flux of diffracted particles which are accompanied by y-quanta. For this it is 
necessary to find S at roo. Then (7) is simplified (p’ = p’(r/r)): 


ele VG )eTl dr’. (7) 


eel?’? 
-V2nfQir 


i(p’+r) 
[ote7g- roe ae = ee ae i — | ByeidtP de, 


V2nfOr 
(8) 





Instead of S,, let us substitute?: 
@ = i{g-7) P enlre) 
S 2xt} [r—o| 





d*g. (9) 


. The second term represents the diffraction in the initial state of z-meson 
(outgoing wave). The vector 9, which is perpendicular to p, lies in the plane 
passing through the nucleon and satisfies the condition 9? S R?. 

The first term in (9) gives zero due to the conservation laws. Instead of 
(8) we have: 


eet ? eiPir’ -o] ; 
_ (la Woe ee 
Season” 





~A nie, Gp [etre d?a 
V inf Qr p-l|p' +l 


Qn eT (F-p’) prllf8 + 7'6'| R) 
fQ + p—\|p'+fl 1f8 + p’ 0’! 





(10) 
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In calculating (10) we made use of the condition of the smallness of the 
angles @ between f and p and of @’ between p’ and p. 9 and @’ are two-dimen- 
sional angie vectors: 


0; ——p+78 


,_ (pp) na (f' p) 
Bo P+Pp f= cs {11) 


Let us now calculate the term containing G,: 


2x 1 sheet, 
“ey 757 lee. PYF VO) eKE ds! 


Bye. 2. 


G,, which is considered as a function of 7’, is different from zero only in the 
area of the geometrical shadow in relation to the direction *, i.e. in the hatched 
area of Fig. 2. Since we are interested in points r, which lie within the limits 
of the narrow diffraction cone, these 7’ lie where the incident wave has not 
yet reached the nucleus and, therefore, is not yet distorted by diffraction. 
Therefore, D) coincides here with the plane wave e*°*). Making use of (6) 
and (5), we have at ro, 


(3° — rye gg 


é (j- (G-p) sige ei?’ |r’ —s'[ti@e-rr) ; 
Tv yp Yd B 2 
Veo : ca or 3] ais’ dt 


ip’r 
Plea ari i gig (12) 
VinfQ 7 p’—\|p—fi 


s’ is perpendicular to p’ and its magnitude is less than or equal to #’, where 
R’? is the interaction cross-section of the diffracted x-particle with the nucleon 
(R’ need not coincide with 2). 

Equation (12) contains the Fourier component of the diffracted wave in the 
final state: 


(5: P) spr yes Lp Juline’ — #0’ -8)1F) Ps 
o> ° NFOP-[p—n” Ip 10 —6)| a 


lox 
20 |= 
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Adding (10) and (13), we find ©, (r - 0) 


aia so G- p’) 
r NV FQ [pO + f0| = p— |p + fl 
R' J,(\p 0 — f(0'—8)| FB’) Gp) } 
|p0’— f(0'-8)| = p'- |p Fl 
The flux of the diffracted particles per unit of solid angle is equal to: 


(14) 


2 
7g Pe 


(Here, the factor 2p’ appears in calculating the flux of particles of spin 0). 
Dividing it by the flux density of the incident particles 2p and multiplying 
by the number of the quantum states, we obtain the differential cross-section 
of the emission of a quantum with frequency f, accompanied by a-particles: 
Be |RI(p' +f0|R)_(i-P! 

E 472 \p'e’' + fo] p—|p'+f| 


R'I(\p0' — f(@'— 9)| RR’) (i-p)_P 
|pe’— f(e’-6)| »'—|p—F| 





05(j) df.de de’ = 


dfde de’. 
(15) 


Let us note that (15) can also be obtained by examining the radiative 
transitions from the initial state taken in the form of a plane and outgoing 
diffracted wave into the final state described by a plane and incoming* 
diffracted wave (which has a shadow in front). 

In calculating (10) and (13), the most important were distances from the 
nucleon of the order of 

: : 0=60-0' 
«© — FF = SS: =6- 0’. 
e p—|p +f] p—p—ft (pf 0/2) 


Let us make use of the energy conservation law to transform p — p’ — f: 
we 


JB pe -J@-fP—e-p=n-“-e-p+s fs 


res f) 
ge ag 2 a 
2(H-f)E p'p 


Test ~ 2p’ pif (u? + p'?8?). 


It follows from (16) that, for H > w and 8 S y/E, ry > E/p? > R, which 
justifies our disregarding the area inside the “nucleon” under these conditions. 
Let us note that the nucleon is “black” only for E > yu. 
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The expression for the emission probability (15) was obtained on the basis 
of the wave equation (1), in which the interaction of the z-particle with the 
electromagnetic field is considered as if the z-particle were a point particle. 
However, a strong interaction of the x-particle with the nucleonic background 
should lead to a ‘‘smearing out” of the x-particle charge in a certain area of 
the order of 1/u in size or smaller. If condition (16) is fulfilled, the entire emis- 
sion takes place at a great distance from the nucleus. Therefore, the effect 
of the electrical dimensions of the z-particle on the emission of quanta should 
Jead, under certain conditions, to the appearance in (1) and in all subsequent 
formulas of the “form factor” of the z-particle #. It is a function from the 
invariant quantum frequency in the system of rest of the z-particle; 


Ef—(p- 
ror(= 2p) (17) 
fE> p, 0 <3, then 
If F > pw, 6 < i, whe Re aes ” 
ac \2H 22 , 3) 


When the argument of F is small, F = 1. At large values of the argument, 
F-—0. The following three facts should be stressed when F is introduced. 

(1) Emission does not depend on the details which characterise the collision 
of the z-meson with the nucleus. It is only essential to know the y-function 
at a great distance from the nucleus; therefore, the nucleus cannot seriously 
affect the properties of the nucleonic vacuum which surrounds the z-particle, 
and, consequently, the emission shows the structure of an unperturbed 
a-particle. 

(2) In the case of diffraction radiation, it is necessary for the invariant 
frequencies of the quantum in the rest system of the incident and the diffracted 
mesons to differ little from each other. This results in the following condition : 

Ef-(pf) Bf-@'N _P-@w-P'h ., 
| ie: ye 

When @ and @’ are small, we have: 

CH — (0-0)? B — (wf/EE’) 
2? 


(3) Even when (19) is fulfilled, it is apparently, necessary for the z-mesons 
not to suffer very high accelerations in the process of diffraction; otherwise 
these accelerations may effect the “form” of the particle. Mathematically, 
this means the dependence of F on the invariant p p’ — yp? = EE’ — (p-p’) — 22, 
at small values of which F is only the function of the invariant frequency. 
Thus, the introduction of the form factor for the z-particle which suffers low 
accelerations imposes the following condition: 


£ EE'6? 
2BB * Qu 


fl <1. (19) 


<i. (20) 
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It follows from this and from (19) that: 


f[<#, OP <p/2E, 0< pw /EfO'. (20a) 
The form factor here appears to be dependent on fé? 
F = F (ESP 247). (20b) 


When (19) is satisfied, but (20) not, then a more complicated form factor 
appears (in relation to the emission process under which the z-particle suffers 
the given acceleration). 

If (19) is not fulfilled, then the simple concept of form factor loses its mean- 
ing. Instead of it, a more complex value will appear in the formulae for the 
radiation intensity which is connected with two invariant frequencies of the 
quantum and which reflects the effect of acceleration, i.e. contains the in- 
variant (20). 

Thus, when conditions (19) and (20) are fulfilled, we obtain the-fcllowing 
instead of (15): 

7 2, FD . 2.7’ 
of(j)afdede = sel (= s salen) : ou) Peer ca 
4x |p’O’ + fo| — |p’ +F| 


RF’ J,(ip0" — 7(0’ — 8) oe ae oe 
|p6’ — #{8’ —8)| —\p—fi 
Since » —} * op’, the argument of the Bessel function contained in the 
second member of (21) is equal to |p’ 6’ + {9| R#’ and at #’ = RF concides 
with the argument of the Bessel function contained in the first member. 
Therefore, if R = R’, a simpler expression for of (j) will be obtained: 
Ee RI (\p'0' + fOlR)| Gp’) + (3: P) 
Ean’ [pe + fer 


2 
dfdgde’. (21) 





2 


4 


o9(j) = iPP. (22) 








—Ip'+fl p'-lp-Fl 
The most important role is played by small @ and 6’, at which (22) becomes 
substantially simplified 


Ei @& RF J*(|B'0' +70) R) (3°?) z 


009) = E 4x2 |E'@’ + fo, ae + (8 — 0’)? E 
(j-p) EP 
~ mea PM 





The condition #, #’ > » is also used here. However, if # + FR’, then, at small 
8 and 0’, (21) gives: 


x @& @lF|? (7° P’) E AIH 0 + 78) B) 
Ew 7 \(@/E)+@—O8)2E |H'0'+ fel 
_G-p) # R J,(\E’ @’ + 70) ROP 


o6(3) = = 


~ (2/2) +8 E |Z’ 6" + 76] (34) 
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Summing in (23) over the polarisation, we obtain: 


2_@ 1 BE ,, Fee + 761 B) 





oO Ff EB (Be + for 
|(8 8’)? E(e-6’-8) 1 Ee 
Fa | + — | Se. 
aR eae a wie? + (8-8)? 8 (u2/B*) + oe 
(25) 


The first term of (25) resulted from the polarisation of J, =[p afi/E#9, 
and the second from j, =[fa(paf]/#f6@. Formula (25) may be r-ewritten 
in the following way: 


, eB. Fi(\E' 0+ f0|R)( B26 

ep Ee pe 

oe EPS res fer UG ep 
#2 (8 — 6')* E E'(®-98 -0’) 


(e/E?) + (0—e)P eR hi ec (26) 


In order to obtain the spectral composition of the radiation, it is necessary 
to integrate (26) over all @ and 6’. In a general form it jeads to complicated 
expressions. 

Let us first consider the collision of z-particle with heavy nuclei, when 2 
may be considered large in comparison with 1/4, which results in substantial 
simplifications. If @ and 6’ are small in comparison with u/#, w/E’, then the 
value within the braces in (26) is equal to: 


12 Be 


EB 
{}= a 170 + Be’. (27) 





Thus, when 6 < u/E, | — 0'| < u/E’, of is equal to: 


2 He’ = R ££ 
of = — —_J2|B'0' + (|B) 


E? 
a ae \FP (28) 


2 
us 





If R > 1f/u, then the comparison of (26) and (28) shows that in the integral 
over @ and ’ the main role is played by such 6 and 6’ for which J} can be 
replaced by its mean value 


1 ] 


ee el arar CreT py 
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This mean value is obtained when the quickly oscillating factor 
cos*(|Z’ 8’ + £0) R — 3x/4) 
is replaced by }. In this case 


e HF R \Fl | £6 EE’ (8-3 — 8’) 


je ae ae | ee 
(E+) Ze 0-or 


B?(8~0')? 





| eso (29) 
Brew 
Let us introduce variables s and 4 instead of @ and @’: 

B I B 1 
=——S$=~—s; 6-@ =—y=— 79, 30 
E> ms s Dn we (30) 

in which case (29) will assume the following form: 

ee fF Ri 1 s 4 \ ee ; 
fate pout —— [st +1] || dsdn: 
o68d6 a ara saar Tee tree) r(sbieen sdn 








In integrating over s and y, the main role is played by s and 7 ~ 1. In 
this case, |#'6+ /6|R ~ «wR > 1, which justifies the use of an asymptotic 
expansion of J,. Moreover, according to (30) and (16), the entire radiation is 
determined by the area outside of the nucleus. Integrating over s and », we 
determine the cross section of the emission of the quanta of the given fre- 
quency in the case when # may be assumed to be equal to one: 


ae Bi Rf da Qo Bir 
te et noth Get 2 
a a j ee " ae a ar ran 





Thus, the effective cross-section of the emission of the hard y-rays caused 
by the diffraction of x-particles is proportional to the radius of the nucleus R, 
Le. it grows slowly with the increase of the atomic number (~ 4/4). According 
to (32) the emitted spectrum has a simple dependence on the frequency. The 
angular distribution of the quanta is given by formula (29). 

Let us now determine the total energy radiated during the collision, assum- 
ing that F = 1. As to order of magnitude it is equal to 

E 


[eres ~ rae [> dj= set EB. (33) 
B E it 


The total emission cross-section for quanta of frequency larger than } is equal 
to (F = 1): 


B #E 
[enar-2-se= [ts FS], wR> 1. (34) 
f 
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If A ~ 1, then # S 1/u and in the general case the integration of (26) over 
the angles is difficult. 
In the variables s and 7, (26) has the form 


e HY Re 1 


oi d6d0’ = —— 
we E f [s+aP 


Ji(uR\s + 4!) 








Ge er? (Gel dsdy. (38) 
When f@& <1, then (26) is simplified 
we a Fp HEeD | a @-0-8)z 
f £ g"? Orta ay (y-? + 6) [y'? + (0 — 6')?] 
(8—8')? EP 
* Eps @- ae 


This expression coincides for small f{f < #) with the classical radiation 
arising from a “sudden” change in the momentum of the z-particles as a 
result of diffraction. Under these conditions a general connection between the 
cross sections of the elastic and the inelastic collisions is preserved’. Inte- 
grating (36) over ali directions 6 of the photon and assuming that 7’ = 1, we 
shall find the total cross-section of the emission of quanta with frequency } of 
any directions at the given angle of diffraction 9’, when / < BH: 


2 £ RI2(ER 6) 1 + (y? 62/2) 
[eae a CLO TES ai 


12 
a(S +[2 + rye = 1) (37) 


Integrating (36) over all angles of diffraction for a given direction @ of the 
quantum, we determine the cross-section of the emission of the quanta of 
frequency { which are accompanied by arbitrary diffracted x-particles: 


e J? (wk b) 2+ 8 i 
d0' = ne 2 1 iv db 
[e | ge b i + 8? [(L + 52 + 02)? — 452 B2p? 





1+3+4+ 6% I 
[(1 + 8? + 82)? ~ 4e2 Be? (1 + 82)? 


Let us integrate (37) over all angles of diffraction 6’. We shall obtain the 
total cross section of the emission of photons of frequency f(f < #) 


Ji(2u Rb 2b ae 
Af) = eR wf 2222 4 Leen e+ View -a)] (39) 
0 


3 8 = (H/u) 8. (38) 


The main role is played here by 5 ~ 1, ie. diffraction angles of the order 
of L/y. If 24 > 1, then (32) follows from (39). 
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When / ~ #, then formula (35) (F = 1), when integrating over the angles @ 
and 6’, gives the following expression for the tota} cross section for the emission. 
of the quantum of uonaes f: 


EB’ Re P 72(2p Rq) 2g +1 —— 
(f) = EY 7 |r me Ing +V@ + 1) | 
. E' 3 
=A PT RIUR). (40) 


The total loss of energy connected with diffraction radiation, according to 
(40), is equal to: 


[fet (hat =2bR er (uk). (41) 


The integral cross-section of the emission of quanta having a frequency 
greater than f is equal to: 


E 
[- df= seR(In + $)4 WR (42) 
ef £ ; 
0 
If »& > 1, then the expressions (40), (41), and (42) change imto (32), (33), 
and (34). 

. Let us now turn to the radiation which accompanies the capture of z-par- 
ticles by the nucleon (nucleus). It may be called “stop” radiation. In order to 
determine the probability of this process, it is necessary to find the flux of 
z-particles per nucleon when there is a quantum at infinity. This requires the 
knowledge of ©, at r= FR. But the waves come to the surface of the nucleon 
from the area lying in front of the nucleon (Fig. 3), where G and ®, are equal 
to 
; - ei? 'It-7') 3 ass a 

— 40 |r = | 2 o7 a ( ) 
Therefore, 





e [r—r’| 
,, (¢r~ RB) = F oy eld ») | —— is el(e-F-9) dz! 
VJ3af2 |r 
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From this we find the flux of particles 
4 (j- py? aR 
Sail ie eel ee aD 
2 p® . (p' — |p — FI) 
Dividing it by the flux of incident particles 2 and summing over f, we find the 
differential cross-section for a given polarisation f: 
: e G- pPlFl? 
6o-(7) df d® = —— 2? ——__________ 
roe an (p' — |p— fl)? pp’ 
Since @ is small, (45) simplified to 


fafde. (45) 





bee ee Gj- py |FPE 1 
Soe (J) = — Pe ae 46 
re i a Ta a 
Summing over the polarisation, we have 
e e  B-~f 1\_/fe 2) 
=— R fe ——-}|. 47 
une Paar Tae) a 





If f < #, then (47) corresponds to the classical “stop” radiation originating 
at a sudden stopping of the change when its stopping time is small. 
The cross-section integrated over f 2 fnin, and 6 S Ons, with F = 1 is equal 


to: 
2 2 
om[in tee lin - 1] as) 
ze 


froin 








Unlike the differential radiation, in which the most important role is played 
by angles 6 of the order of 1/y, considerably larger angles occupy an important 
place in the “capture” radiation. However, for 6 > ./2y*/H#}, in accordance 
with (20a, b), the form factor may begin to limit substantically the intensity 
of radiation. Therefore, the total probability for the “stop” radiation, taking 
into consideration the finite size of the z-particle, will be obtained by inte- 


grating (47) from FP =1 to 6~ f2y/Ef 





zB 
d 
Gog AF AO = e? RP [fs 


foin<f<Z Jmin 


Rn, (49) 


if f ~ E, then (49) is true only as to order of magnitude. Comparing (49) 
with (42) or (84), we can see that the “stop” radiation is somewhat greater 
than the diffraction radiation. The total radiated energy in the case of “stop” 
radiation under the conditions considered is equal, as to order of magnitude, 
to: e 

wa E Rd = 
al Fin ak (50) 
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It should be mentioned that although the integral cross-sections of y-quantum 
radiation are small in comparison to 2’, the differential cross-sections of 
radiation at small angles increase fast and at angles of the order of u/# reach 
very great values when # increases. 

If 6 = p/#, then the “stop” radiation has a differential cross-section which, 
according to (47), is equal to: 


e E\tH-j; 1 
oy «oe, ana es 
an (=) EY sia 


When E/u = ./4n/e? » 40, the differential cross-section is found to be equal 
to: 





(52) 


and corresponds to the nuclear cross-section. 

To the “stop” radiation discussed here, which is caused by the capture 
of a z-meson by the nucleon or the nucleus, we should add the radiation which 
results from the resultant movement of the nucleon or the nucleus as a whole, 
as well as the y-radiation from the secondary mesons and nucleons appearing 
during the capture of the primary z-meson. y-radiation from the movement 
of the nucleon or the nucleus is relatively small because of the large mass of 
the nucleon or the nucleus as a whole. As for the y-Radiation from secondary 
particles, these particles, first of all, are distributed in a comparatively broad 
solid angle®, and, secondly, their energy is considerably smaller than the energy 
of the primary particle. Therefore, even in the direction coinciding with the 
direction of one of the secondary particles, the intensity of y-radiation will 
be small in comparison with the intensity of radiation in the direction which 
is close to the direction of the primary z-particle. 
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78. THE REMOVAL OF INFINITIES IN QUANTUM 
ELECTRODYNAMICS 


Tue solution of the majority of problems in quantum electrodynamics is well 
known to lead to infinities. Although means exist at the present time of remov- 
ing these infinities (regularisation), which undoubtedly lead to correct results, 
there is something artificial about such procedures. Infinities arise in the theory 
of point interactions which are described by 6-functions (the operators of the 
interacting fields are taken at one point). The present work aims at develop- 
ing the idea that the origin of the infinities does not lie in the point nature of 
the interaction but in the fact that a description of the interactions by means 
of 6-functions is not permissible. 

The general method must consist in the following: when considering an 
interaction with no matter how small a finite radius a, the coefficient of the 
corresponding expression should be regarded as a function of the radius of 
interaction and not as a constant. In the general case the dependence of the 
coefficient on a must be defined in such a way that, as @ decreases, al] the physi- 
cal results tend to finite limits. 

This means, in the case of electrodynamics, that the charge e, in the expres- 
sion for the interaction between an electron and the electromagnetic field must 
be regarded as an as yet unknown function of the radius of interaction. 

No use can be made of perturbation theory when carrying out this pro- 
gramme, since, as was first pointed out by Edwards!, one of the source of 
infinities is the solution of equations by successive approximations. If we 
have an equation {+ AJI(f/) = f), where J is an integral operator and A is a 
small quantity, it can have a finite solution even when J(f))) = ©. In this 
case AZ(f) does not tend to zero as 2— 0, so that this term plays a part even 
in determining the zero approximation for j. 

Let us aim at obtaining the zero approximations for the fundamental 
quantities of quantum electrodynamics. In this case we only need to consider 
those diagrams in which the integrals compensate the small coefficients (powers 
of e%) standing in front of them. As is well known, all the divergent integrals 
in electrodynamics are of a logarithmic typet. 

It is clear from the foregoing that such a logarithmically divergent integra] 
is in reality of order 1/e}. Since we are interested in the zero approximation, 


ol. X. Jaggay, A.A. AGprxocos 2 VW. M. Sazaramnos, 06 ycrpanenum Gecxonermoctek & 
KBAHTOBOL saeKnTpupmBamMKe, Loxsadu Anademuu H. ayts CCCP, 95, 497 (1954). 

} As regards the more strongly divergent so-called ‘‘self mass” of a photon, it must be equal 
to zero byt virtue of the law of conservation of charge. This implies that the interaction must be 
smeared out in such a way that this requirement is satisfied. 
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it is sufficient for us to consider only those diagrams in which the power of 
the logarithm is the same as the power of é. 

Dyson? has already obtained exact equations connecting the Green func- 
tions G and D,, corresponding to electron and photon lines with the vertex 
part I,. We shall show that, in the zero approximation, closed integral equa- 
tions can be written for the JI,. 

This is done by using the fact that the addition of a photon line enclosing 
two vertices does not yield a divergent integral. This means that, in the dia- 
grams representing the successive approximations for the vertex part, we do 
not need to consider lines representing interference of vertices, which lead to 
logarithms to lower powers than the orders of perturbation theory. In parti- 
cular, we need not consider diagrams with intersecting photon lines. More 
complicated diagrams can be eliminated in the same way. All the diagrams that 
remain must form a ladder, in which each vertex must be furnished with a 


, 





zE qt 
Fie. 2. Fra, 2. 


similar subsidiary ladder. It is understood here that the photon and electron 
lines are summed over all approximations, ie. they are represented by the 
true functions D,, and G. The summation of such a scheme can easily be 
carried out, given the assumptions indicated. In fact, the total sum of all the 
higher approximations for diagram I (see Fig.1) is the same as diagram II 
(Fig. 1), in which all the higher approximations are included. We obtain the 
following equation from thist+: 

2 


a 


Pp b= 1+ [Te pb )G@-HTp— bp b- ED 


x G(p—k-)T(p-—k—-1, p — 1; — b) D,,(k) atk. (1) 





{7 We use Feynman’s notation®; in particular, y1¢ 5, = Bo, 2,93 Yo = 63 Ath = (22) * dhy 
ak dk, dks. 
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The equations for G and D,, are added to this equation. These equations were 
derived by Dyson by summation of diagrams, no terms being neglected in the 
present case. This is done by equating (in the case of @) the sum of the higher 
approximations for diagram I (see Fig. 2) to the total sum of all the approxi- 
mations for diagram II (Fig. 2). Here, in order to avoid considering higher 
order diagrams more than once in diagram II, the extra photon lines must 
only be added to one side of the diagram. This gives 


G(p) = G°(p) + a 


zi 





G(p) | P,(p, p — ks B) Gp — B) y, Deol) OK G(p). (2) 


Here, G, is the electron line to the zero approximation of perturbation theory: 


Gos (3) 


? 
P-™ 


where m, denotes the “‘self-mass”’ of an electron, which it would have “in 
the absence of charge”. This equation can be written as 


G(n) E ee | i.@p- hee Hyd. ® ase =1. @ 





2 
& 





an 


Similarly, we get the equation for D,,: 


Dyp(t) = Dpulb) = Dyalt) Ba] [ @(H) Pye, p ~ 8 


x Gp — Hy, dt ?| DS, (k). (5) 


Di, is usually assumed equal to 6,,/k*. However, this is not the most gene- 
ral, or, as we shall see below, the most convenient definition. In view of the 
gauge invariance, the “longitudinal” (in the four-dimensional sense) photons 
do not interact with the charged particles, so that the longitudinal part (pro- 
portional to k, k,) of the tensor D,, can be chosen arbitrarily. Morever, for 
the same reason, it cannot vary under the influence of perturbations. This is 
in complete accord with the fact that the integral term in (5), corresponding 
to the Dirac current, is always transverse. Hence, given any choice of the lon- 
gitudinal part of D?,, we can replace D®, in it by 6,,/k° without changing 
the result. The following equation is finally obtained for the transverse part 
Di, (Dh, % = 9) of the tensor D,,: 


2 
Dyfi? b+ Ts [ee Tio. 2 — 1s Ge — 7. ao} 


4 Su» "Fs, are (6) 


We shall be occupied with the solution of equations (1), (4) and (6) in subsequent 
articles; for the present, we shall indicate some important properties of the 
integrals featured in these equations. An annoying feature is the integration 
CPL 20 
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over four-dimensinal pseudo-Euclidean space. Let us show that, provided 
we confine ourselves to spatial vectors, the integrations can be carried over to 
four-dimensional Euclidean space. An important factor here is that all the 
functions encountered in the equations reduce in the long run to scalar func- 
tions of expressions of the type (k — a)}?, (& — 5), ete. where a, b, ... are con- 
stant vectors, and & is the variable vector over which the integration is per- 
formed. The definition of these functions is such that, when (& — a)* changes 
sign, they have to be analytically continued via the upper half-plane, in which 
they have no singularities. Since we are starting from a “‘smeared-out” inter- 
action, I,, and hence also the integrands, must vanish as k > 0. 

Let the constant vectors a, 6, etc. in the integration have time components 
equal to zero. The integration over the time component Xk, can now be written 
as: 


+o nm ee 
{ (ko) d ko | (x) ue 


{of course # also depends on the other components of the vector &). Since 
F(x) has no singularities in the upper half-plane and vanishes at infinity, we 
have identically: 


oO 


r P(x) i dz 
dei | Pree. 
i x=il| F( ay 


0 0 


This is in accordance with the fact that we can replace ky by ik, in ail the four- 
dimensional integrals in the present case, after which the integration reduces 
to integration over four-dimensional Euclidean space. 

In conclusion, the authors express their sincere thanks to A. D. Galanin, 
I. Ya. Pomeranchuk and B. L. Ioffe for discussions and useful suggestions. 
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79. AN ASYMPTOTIC EXPRESSION 
FOR THE ELECTRON GREEN FUNCTION 
IN QUANTUM ELECTRODYNAMICS 


In a previous paper! we have obtained equations for the fundamental functions 
of quantum electrodynamics. Since we set ourselves the task of obtaining 
an exact solution of these equations, we were unable to make use of the usual 
expressions for the values of G, D,, and I’,, even with re-normalized coef- 
ficients. 

In view of the analytic character of the functions D,, and G, it is sufficient 
for our purpose to determine them for negative values of p* and k? (space 
vectors), after which they may be analytically continued through the upper 
half-plane to positive (time) values. Using the transformation indicated 
in a previous work!, we may convert the integration in the equations for G 
and D,, into Euclidean four-dimensional space. It follows that an important 
part in the determination of G and D,, is played by J, from pure space vec- 
tors. By carrying out the same transformation in the equation for I, we 
see that such “special” quantities G, D,, and I, constitute a closed system 
of quantities which do not require consideration of I, in other regions of 
momentum values for their determination. In the present paper our limited 
objective is the determination, in addition to G and D,,, of “spatial” values 
of ©, and of those values which may be.obtained from their analytical. conti-. 
nuation. 

In solving the equations it is of fundamental importance to know the beha- 
viour of all the functions for large values of the momenta, » > m, and k > m. 
We shall seek the functions G and D,, in the form: 








B(p*) 
G =) 1 
(p) 3 (1) 
D,,,({k) = . [ace (4. oe “ee Jas d, (k*) + hy fe =|, (2) 


where the functions f(y*), a, (k), d,(K*) are slowly varying functions of p?* 
and &. With respect to I’,, we shall show that the equation for this satisfies 
an expression of the form: 


LF, (p95 2 = 7, «(F*) (3) 


JL. &. Wasgay, A. A. A6pukocos uw W. M, Xazarmaxos, Acummrommieckoe Bipawkeuue DIA TpUHOB- 
ckok Oyakuun oxentpowa B KBanTOBON sTeKTpo_uBamuKe, Jonsadu Anadenuu Hayx COCP, 95, 773 
(1954). 
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where «(f*) is a slowly changing function of its argument; /? represents any 
of the quantities p*, g? and 7, when these are of the same order of magnitude. 
In the case when one of these quantities is small compared with the two others, 
we choose the largest as f*. Since we are evaluating the “spacial” I, for 
which (— p*)*, (—q?)* and (— 7)? represent the sides of an ordinary triangle 
(that is, they satisfy the inequality that (— 9°)? + (—?)* is greater than 
(— p?)?, ete.) we are able analytically to continue the solution obtained only 
for those non-purely spatial I for which either p?, g? and 7? are of the same 
order of magnitude, or, when one of these is small, the two remaining ones are 
sufficiently close to one another. 

_ We now insert expressions (1), (2) and (3) into equation (1) of our previous 
paper!. It is easy to see that the integral on the right-hand side, with the ex- 
ception of the slowly changing functions, diverges logarithmically when 
[k?| > |p], and when [%*| > |g¢?|. Correspondingly, this region of the integra- 
tion plays a decisive role in the integration. Within this region it is permissible 
to neglect p, g and 7 in comparison with &, so that all the expressions standing 
within the integral are functions of & only. After averaging over the direction 
of the vector k, y, may be taken outside the integral sign, confirming equation 
(3), and a scalar expression remains within the integral. In order to convert 
the integral over d*k into a simple one over dk?, we use the change of ky 
to iky indicated in the previous paper. When d*k is changed into i(22)2 42, 
where d2 is an element of volume in the four-dimensional Euclidean space, 
and may. be written in the form 2x7R°dR, where F is the radius, which in 
the present case is equal to (— k*)§. We thus obtain: 


i ' 
Bk > (— be) d(—#)- (4) 
‘Introducing a new variable: é = In(— p?/m?), we obtain finally: 
e 7 
« (€) =1+ Zoe - {2)d, {z) dz. (5) 


é 


We may note that the quantity d, does not appear in this equation. 

We now pass to equation (4) of the previous paper!, for @. It is easy to see 
that the integral in this expression diverges for large values of k > p. Although 
this divergence is at first glance of the first order with respect to k, averaging 
over directions leads, as is well known, in view of the vector character of the 
quantity k, to a logarithmic divergence once again. This means that, in ex- 
panding the integrand in inverse powers of k, we ought always to take into 
account the terms of-the next order of smallness. Such terms in @ are found 
directly from equation (1), where we may clearly, in view of the slight depen- 
dence of $ on 7°, restrict the expansion in a series of denominators; that is, we 


may write 
2 1,1 
ay- he -F- pence (6) 
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It is, however, also necessary to take account of a correction of the order 
of pik in D(p, p — k; &) also. For the determination of this correction we 
must again return to the equation for J7,. Since we are concerned only with 
small corrections, arising in passing from » = 0 to the final value of », we shall 
consider the change in the integral on the right-hand side as the changes oceurr- 
ing in each of the terms within the integral. Evaluation of the expression 
obtained in this way shows that when k > J, the function within the integral 
is inversely proportional to £5: that is, the integral converges for large values 
of &. The integral assumes a logarithmic form, however, in the region where 
1 > k > p, which should thus be found also in the main region of the integration. 
For greater and for smaller values of k, the integral gives relatively smali 
corrections, which may be neglected within the accuracy under contemplation. 

Within the indicated region of integration, it is evidently sufficient to take 
account only of the correction p/k, since these are much greater than p/l. 
It may be shown that it is sufficient to limit ourselves in the expression for 
I,(p, » — t; 1) to corrections of the form: 


[Ay(p2, PVE y, + 49 (p%, B) ved es (7) 


and it is not difficult to show that corrections of other forms do not arise 
from G in the form given in (6), which when inserted into the integral again. 
give an expression of type (7); and therefore, when comparing the left-hand 
and right-hand sides of the equation are seen to be equal to zero. 

By inserting (6) and (7) into the equation for I’, (equation (1) of ref. 1), and using ° 
the transformation (4), we obtain the following equations for 4, and 4): 


e 
ey 


4, (, n) as 





 & (n) afr (4, (8, 2) [hi (2) — 4, (2)] 


+ [4a(é, 2) + (a) (d,(z) + d,(2)]} dz; (8) 


2 
As(6, 2) = atin ln) {Be (4a(6 2 (Ce) + 4) 
é 


+ [Ae(E, 2) + «(z)] [4 (2) — 4, (2)]} dz, J 


where & = In (— y? of), and 9 = In (— ??/m?). 

Inserting expressions (6) and (7) in the integral of equation for G, in which. 
the main part of the integration concerns the region p < k < 0, we obtain, 
after similar transformations: 


1 2 F 
Fo 7 ** ral (oz) + Ay (E, 2) + Ar(é, 2] B(z) & (2) dz. (9) 
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Adding together the two equations in (8), we obtain for the sum of A, 
and As: 
2 


Ay(, 9) + 42 (8, 9) = ae aw ‘eto d,{z) [Ai (€, 2) + 42, 2) + o(2)} dz. 
(10) 


We should note that in this equation, and in equation (9), the quantity 
d, has again been eliminated. Thus, the equations for the determination of I, 
and & may be solved independently of the evaluation of the photon function 
D,,. The linear part of d, is, as has already been indicated, an arbitrary quan- 
tity, which we preserve in the equations as an index of their gauge-invariance. 
It is clear that the dependence of G and I, on d, in no way contradicts the 
gauge-invariance of the equations, since these quantities do not remain un- 
changed during a gauge transformation. 

We now introduce the notation: 


AL, 7) > Ae (é, n} 
, &(n) B(n)- 


when q(f, 7) satisfies the equation 


= 9(&, 7): (11) 


e 
ey 


g(é, 9) = 





alec 6? (z) dy (z) a, “ dz + Hf B(2)q(z)dz. (12) 


é 


Equation (9) may now be xe-written in the form: 


1 
—_— = ]l+ é, co). 13 
B®) ee) ve 

Equations (5), (12) and (13) provide the possibility of an unambiguously 
determination of « and %. After differentiation of equations (5) and (12) (the 
latter with respect to 1), we a 


da 


S--areoae: (14) 


éqté, . 
SOD FS o8(n) 60) ln) 4160 (as) 


To this it is necessary to add the boundary: conditions from the integral 
equations: 





x-+1 when Eo; g=O0 when &=y. 
Introducing a new function r({é, 4) = x(n) ¢(é, 7), we have: 


ar é, i: >) d. 
“2 = Lon) Be) dn. 
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ér (&, ») > 


Fs ee Oe@ ae). 


8 R 
(6s) = 2 [ae B(2) &(e) de, 
é 


When 7 > ©, we have from pe that r(&, 0) = [1/8()] — 1, from which: 
se HF) BE) 0, (6). 


It follows from this equation and from (14) that « 8 = constant, or, taking 
account of the gauge conditions: 


o(é) B(g) = 1. (16) 


It is easy to see that this condition follows automatically from the Ward 
theorem? : 
8G" *(p)- 

ap, ~ 
if account is taken of the fact that the slowly changing function 8 gives, on 
differentiation, a term of higher order. 

After the insertion of (16) in equation (14) we obtain finally, taking account 
of the boundary condition: 

ct é Q ? foo’ 


OS ay L[aeael, 6@)=exp)-[ae@ae). an 


LP; P; 0) fag 





s . 


Equation (17) expresses essentially the gauge transformation of the quan- 
tities G and I, (for slowly changing values of d,). The most convenient choice 
is evidently that for which d,= 0 (in contrast with the usual.supposition 
that d, = 1). With this there is usually no divergence of J, and G, and these 
quantities (for J), within the limitations indicated above) are equally simply to 
their zero values. We should note that this normalisation consists essentially 
of the Lorentz condition that 0.4,/éx, = 0. 
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80. AN ASYMPTOTIC EXPRESSION FOR 
THE PHOTON GREEN FUNCTION IN 
QUANTUM ELECTRODYNAMICS 


‘We obtained in earlier articles!-? the zero approximation general integral 
equations of quantum electrodynamics and asymptotic expressions for the 
electron Green function G and the vertex part I’,. We shall now use the results 
obtained for finding the photon Green function D,,. 

The integral in equation (6) of ref. 1 for D,, diverges quadratically in this case 
for large ». However, since the integral must be zero at k = 0 because of the 
law of conservation of charge (transversality of the Dirac current), we only 
have to consider the difference between the integral and its value at k = 0. 
Noting that the terms containing p* in the denominator yield zero, on averag- 
ing we again arrive at an integral of the logarithmic type. The region p < k 
‘can easily be seen. to provide an insignificant contribution to the integral, 
so that we can confine ourselves to the region p > k. 

We naturally have to take into account terms of the second order in k/p 
in I, (p, p — kh; k) when evaluating the logarithmic integral, just as we did 
in our previous article. These terms are found by using the equation for I, 
{equation (1) of ref.1), and changing the variable of integration from & to 
k’ = p — k in the integral that results. This now takes the form 


[Dum - B) Typ. Bs p — b) G(R) (Hk 1,0 6(e - 0) 

x Gk -bLp—l, kh — p)dtk. 
it 3 is assumed -here that » > 7. The expansion of G(k’ — t) in powers of Uk’ 
evidently actually gives rise to terms of the second order in /, leading to an 
integral which is logarithmic in the region » > k’ > 1. No. first-order terms in 1 
ean appear, since they contain k’? in the denominator and vanish on integration 
over the angle. Terms of the type described can appear both from G(k’ — 1) 
and from I, {k’, k’ — 1; ). The dependence on 7? in the final I, yields terms of 
order 22/p?, and not of order /?/k’®, and these can be neglected. 

We start by finding the additional terms produced by G(k’ — 1). The re- 
quired expression is found to be 


e ly, t-P Wee PDy.p — plytp 
pi a eat 0 3 ee ae Se 
aa 2 a, (&) - eine) ¢ (F)] ro 


x a (8) f o(z) (2) dz. (1) 
” 
Here, £ = In(— p%/m*), 7 = In(~P/m?). 
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bynxngzz hotoka B KBawTOBOL emeRTpoAMBaMuKe, Joxrady Anadesuu Hayx CCCP, 95 1177 (1954). 
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It turns out that it is sufficient to seek the correction to I, (pv, p - 1; 2) 
in the form 


iy,l-Py b byt 
a(6, nate) {2a, ttre ae a ey DEBS Bde (2) 


On substituting this expression in the integral and equating terms on the 
left and right- -hand sides of equation (1) of ref. lk for I’,, we get the following 
equation for s(&, 7): 


sin = Zi [ee Pease nade+ [ahead 6) 





On substituting expression (2) for the correction to I’, in equation (6) of ref. 1. 
for D,,, we get . 
L L 


[at (2) 8° (2) d, (2) s{z, 


% n 


2 


a, () = 1 — saon| - a {z) B*(z) dz]. (4) 
L 





Here, Z denotes the upper limit of the values of » that we consider, this being 
determined by the radius of “smearing out’ of the interaction. In accordance 
with our accepted scheme of “‘smeared-out interactions’, the magnitude - 
of the interaction must fall rapidly when the momentum exceeds a critical 
value P ~ l/a, where @ is the range of interaction. The condition » > P trans- 
forms in the logarithmic scale simply to > L, where L = in(— P#/m*), since 
an appreciable variation of » corresponds to a fairly insignificant change in 
In (p?/m2). The fact of smearing out therefore implies that all the integrals 
connected with the interaction must have the upper limit LZ. Let us emphasise 
that, in accordance with our fundamental scheme, the constant e, is in fact 
a function of the “radius of smearing out” a, ie. of Z. There is no need 
for us to make use of the smearing out when finding the functions G and I, 
in (2), since the divergence was determined there by the function d (4), 
which is arbitrary and not connected with the nature of the interaction. 
However, if we introduce a smearing out, we must automatically replace 
infinity by Las the upper limit in the integrals appearing in the exponents « 
and £. 

Notice that now $(£) = 1. This is in accordance with the obvious fact 
that, for momenta » > P, the interaction disappears and an electron must 
behave as though free and not interacting with the field. 

Comparing (4) with (3), we get 


— =l+ Ln). 5) 
Zw 8s(L, 4) (5) 
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Differentiating (3) with respect to $ and using the relations « = 1/8 and 
AB(E)/d E = (ef/4ax) dy (£) B(E)*, we get 








as(E,n) _ 1. apg) | 4 
aE PE Nae dé + 33, Bt) (6) 


‘whence 





and, taking into account that s = 6 for = y, by equation (3), 


et 
(E — 0) BIg). (7) 


24x 





s(n) = 


On substituting € = Z in this and using the fact that @(£) = 1, we finally 
obtain from (5): 





1) =e (8) 
14+—-L——-n 
3 Ber 


Notice that this expression, unlike those for G and I,, does not contain the 
arbitrary function d,, a8 isin fact required by gauge invariance. 
This formula is applicable for |k?| 2 m*. When 2 ~ m?, it yields 
1 
ay (9) 
1+ ak L 

350 
Since, when & is small compared with m, the integration is carried out over 
p> m, and not over p > k, (9) also holds for & < m, and in particular, as 
k> 0. 


Fic. 1. 


We can now find the connetion between the constant e, and the true charge 
of an electron. We do this by considering, e.g. the scattering of an electron 
by an electron. It is illustrated diagrammatically in Fig. 1. The free ends cor- 
respond to »? = m*. In order to be able to apply the formulae obtained for 
I, in ref. 2, it is necessary that the momentum of a photon on a photon line be not 
very large compared with m. In this case we can neglect 7 in the denominator 
of (8}, i.e. replace d, by d?. According to Dyson’, each free end corresponds 
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to an additional multiplication by Vv, = a> m) Gp), which in our case 
is equal to SBE = = 0). 

Noting that Fig. 1 contains 4 electron free ends, ¢wo vertices and one 
photon line, it-may easily be seen that the net result is to obvi the ordinary 
formula for the scattering amplitude, with the product ¢? «?(0) 82(0} d? in 
place of the square of the charge. On. substituting the relevant eapresiota, we 
finally get 


The same formula is naturally obtained if we consider any other effect. 
As was to be expected, it satisfies the requirement of gauge invariance. On 
expressing ej in terms of e?, we get 


: e 
a oi (10) 
1—-—- 
BE-7 


It is clear from this equation that, given e?, e? increases as Z increases and 
becomes of order unity for L close to oi e?. Since our fundamental equations 
were derived on the assumption that ¢ < 1, our expressions (including (10)) 
cease to be applicable for L > 3x/e?. “This means that our entire theory is 
only applicable for & < 3x/e?, and it cannot be used to consider smaller dimen- 
sions and larger energies. 

In actual fact the theory becomes invalid much sooner, due to gravitation. 
The gravitational interaction becomes of the order of the electromagnetic 
one when p? ~ e?/K (K is the gravitational constant). This corresponds to 
pr~2x loeg ~ 10%? eV and £ ~ 100. 

The expression for d, can now be written as 


4,(k2) = — ————-~. (1) 





(ior & > m). Discounting a “‘re-normalisation” factor, d, proves to be ndepen- 
dent of the radius of “smearing out”’, as was to be expected. 

An important point as regards the derivation of {11) is that we have not 
been considering any charged particles other than electrons. This is no doubt 
justifiable in regard to particles (such as ~-mesons or nucleons) which interact 
strongly with non-electromagnetic fields, since these have a finite “radius” 
thanks to specific interactions, and their interaction with an electromagnetic 
field decreases more rapidly with increase of the wave vector than is the case 
in (11). 

On the other hand, it is possible that particles exist in nature that are not 
capable of strong interactions (u-mesons?). In this case the denominator of 


20 s* 
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the formula for d, will contain, instead of the second term, a sum of similar 
expressions for different sorts of particles. Since the product of e2/32 with the 
logarithm of the mass ratio is always small, this amounts in practice to multi- 
plying the second term in the denominator by an integral factor, equai to the 
number of varieties of this kind of particles. 
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81. THE ELECTRON MASS IN QUANTUM 
ELECTRODYNAMICS 


Ons of the most interesting problems of quantum electrodynamics is that 
of the mass of an electron, and in particular, of the roles of the electromagnetic 
and “self” mass. The behaviour of the Green function for an electron G(p) 
when » ~ m is of fundamental importance for the solution of this problem. 
We obtained in ref. 2 an asymptotic expression for the Green function foranelec- 
tron, valid for » > m. We cannot solve the problem of the mass of an electron 
simply by taking the value of this expression for G(p) with » ~ m, and means 
of correcting the expression have to be found. 

Suppose that the function G(p) has the form 


2 

p — m(p*) 
where (p*) is the function introduced in ref. 2, and m(p?) is anew slowly varying 
function of p*. When » is large the ratio of the second term in the denominator 
to the first becomes quite insignificant, and always far less than the inaccuracy 
in the function §(p?) that we have defined. In spite of this, such a term can 
validly be considered, since in contrast with the first it is an even function of 
the vector p, so that the error in determining 8 cannot affect its value. When p 
is large, G(p) can be written as 


B(p?) a B(p*) m(p*) 
p 


(2) 


G(p) = eae (2) 


r 
the first term here is an odd function, and the second an even function of p. 
We write the equation for the function G:2 


. 
G-\(p) = p- My + [ryt p- k; k) G(p = k) Ve D,,{k) dk (3) 


and separate out on both sides even functions of », which must be equated. 
to one another. To find the even part of the integral on the right-hand side, 
we change the sign of p and at the same time change the sign of the variable 
of integration k. The even part of the integrand will now consist of the product 
of the even part of I (relative to a change of sign of all the variables appearing 
in it), with the even part of G and the product of the odd part of I), with the 
odd part of G. In the first product, it is sufficient to take the expression « (k*) 


a. ol. clangay, A. A. A6paxocos a HW. M. Xanaraunos, Macca a1ekrpona 8 KBawroRol sxexTpo- 
quxHamnKe, Loxsadn Axadeuuu Hayx CCCP 96, 261 (1954). 
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for F,, and the second term of (2) for G. In the second product we take G in 
its earlier form $(p*)/), whilst the odd part of J), has to be determined from 
equation (1) of ref.1 for I. 
When equating the odd parts of the two sides of the equation, we change the 
.signs of » and 1 and again simultaneously change the sign of the variable of 
integration k in the integral on the right-hand side. After this, the odd part of 
the integral expression will contain either the even part of one of the & or the 
odd part of one of the J/,. The other variants lead to higher order terms. We 
first consider the effect of the even correction to G. Let p < 1. It is easily seen 
that the principal term of the expression is now produced by the odd correc- 
tion to G{p — k). The corresponding integral is logarithmic in the region » < & 
<1 and is rapidly convergent beyond this region. Direct evaluation gives us 
for the integral: 


- fk ee feat m(e) (B4,(e) + ay(e)) de, 


where, as before, § = In(— p?/m?), 7 = In(—P/m?). 
We shall now seek the odd part of I’,{v, p — 1; 2) as (1,/l7) «8 (9) B(y) t(E, 9) 
and substitute the corresponding correction in I,(p, p — &; &). It can be shown 


that the corrections to the remaining I yield expressions of a higher order of 
smallness. After this. we get the following integral equation for {é, 9): 


2 
t(é, 4) = Zee 8? (z) dy (z) t(&, z) dz 
g 


Z 


-=| w(z) B(2) mle) [Bd(2) + dh (2)] de. (4) 
&§ 


On substituting in the integrand in (3) the expressions for the corrections 
to G and I, we finally get ‘for the even part of (3): 


@ 





- Fea -mt Zfeo Be) de) 16, 214 
2 R 
— [ate 80) mee) AL) + le Ae. (5) 
é 
m(&) = B¢E) fm — 48 ZI]. () 


On differentiating (4) with respect to 7 and using the equations « § = 1 
and df/dé = (B/4n) ba, we get 


dt{é,n) 1 Bly) 
én B(n) dn 





t(. 4} — mia [3d,(9) + &(m)I, (7) 
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whence 





é(E, 2) e m(n) 
—- ——— [3d . 
al B(n) iS tn Bay Oe + als 


noting that, by (4), (6,7) = 0 for é = 7», 
t{é, 0) * m(z) 2) 


=—-— d, d 
Bn) 2) sz, 184, (2) + &@)] dz, 





whence differentiation with er to & gives 
1 até, n)- cee 
—_— = 3d, §) + 
Bey ae ae Bq EOE + ABM 
On substituting 7 = ZL in this, we obtain (noting that, from (6), 8(Z) = 1) 
d m(é) e m(é) 


eee SS ee 


dé p(é) 4x 8(&) 
or, on using the relationship df/dé = (e2/4x) 8 dy, 


dm (EF) 3e 
We nl) m(é). 


On substituting for d, the expression obtained in ref.3, we finally get 


Of 
m(é) = m(o)(2 - 8) (8) 


(34, () + 4,(8)]. 





where the constant m(0) is the value of m(£) at & = 0, i.e. the observed mass 
of an electron. © 

This formula ouly holds provided there are no particles in nature other than 
electrons that only have a worthwhile interaction with electromagnetic fields. 
Tf all particles of this kind have spin 3, the above formula becomes 


3 sae 
mg) = m1 - Tal : 
32 


where » is the number of types of ae Equation (8) becomes, in the usual. 
notation, p? \y" 
2) = mpl — ey -— < 9 
(pt) = m[ 1 - 2 tn(- 2) ) 


Equation (8) determines m(p*) when |p?| > m*. The case p? < m® is no 
different from p* ~ m?, i.e. it corresponds with our accuracy to m(p*) = m. 
When p? = m? the denominator of (1) vanishes, so that the case of p? very 
close to m? (e? In [m2/(p? — m?)]~ 1) requires special consideration. 

As was to be expected, (9) proves to be gauge invariant, and the “smearing 

ut” radius does not appear explicitly in it. It follows from (9) that the mass 
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of the particle falls as k* increases. By (6), m, is equal to m(L), i.e. corresponds 
to the value % referred to the “‘smearing out” radius, 


e oe 
a ~ m() : 
4 


At the limit of applicability of the theory ¢, ~ 1 and m, ~ m e®, ie. a very 
small quantity. As indicated in ref. 3, this region is not reached because of the 
need to take gravitational effects into account. It can evidently be supposed 
that we shall have m(co) = 0, i.e. the mass of an electron is of wholly electro- 
magnetic origin. 

Thus analysis shows (see also refs 1-3) that it is possible to find nm quantum 
electrodynamics expressions for the fundamental functions, which directly 
satisfy the equations, in such a way that regularisation simply amounts to a 
‘change of notation: 








L 
ei 
1, = exp) 2h {aie ae} Ze 
6 
, 2 
G = exp| — a fawas oO, 
43 
0 
2 
p= DD 
gq 


where I, G’ and D’ are functions that transform when 7? is small to functions 
for free particles. At the same time it is possible to obtain asymptotic expres- 
sions for momenta e” In(p?/m?) ~ 1, which cannot be obtained by using ordinary 
perturbation theory. 

' The applicability of the formulae obtained is limited by two factors: firstly 
there is the role of gravitation, and secondly, as already mentioned in ref. 3, when 
gp? increases the effective charge increases and becomes of the order of unity 
when yp? is sufficiently large, thereby destroying the conditions for validity 
‘of the theory. The latter factor is of great fundamental significance, since in 
all probability it refers to other interactions, and not merely to electrodyna- 
mics. It seems that, when p? is large, we always arrive in the region of “strong 
coupling’, even though we have weak coupling in the region of moderate 
energies. 

As applied to processes at ordinary energies, the formulae obtained naturally 
yield the results of the first non-vanishing approximation of perturbation 
theory. The scattering of light by light is an exception to this. In ordinary 
perturbation theory such scattering is described by a diagram in the form 
of a square of four electron lines with four photon tails. It is easily seen that 
joining of two squares by two photon lines (so that four free tails again remain) 
yields an effect differing by.e*, but containing the second power of the logarithm, 
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i.e. of the same order of magnitude from the point of view of our theory. Hence 
the solution of the problem must be given in this case by a summation of dia- 
grams with an infinite set of squares, joined by photon lines. 

As regards effects at large energies, their evaluation on the basis of the pro- 
posed theory requires an additional evaluation of the quantities I,(p, g; k) 
for cases when one of *, g?, or K* is large by comparison with the other two. 
Furthermore, it can be seen that, in a number of cases (e.g. the Compton effect 
at very large energies), the outside photon lines yield an effect of the same order 
of magnitude from the point of view of our theory, which requires the formation 
of new integral equations in accordance with the same principles. 

In conclusion, we express our thanks to I. Ya. Pomeranchuk, A. D. Galanin 
and B. L. Ioffe for valuable discussions. 
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82, ON THE ANOMALOUS ABSORPTION 
OF SOUND NEAR A SECOND ORDER 
PHASE TRANSITION POINT 


Tre general theory of phase transitions enables us to consider the phenomenon 
of sound absorption in the vicinity of a A-point. We shall show that in the 
‘vieinity of a 2-point, an anomalously large absorption of sound should be 
observed. 

In the vicinity of 2 second-order transition point, the thermodynamic 
potential © can be represented in the form 


O(p, T,n) = Oo(p, T) + Alp, P) ny? + Clp, Ti t...- (1) 


Here C>0; 4A <0 in the low temperature (asymmetrical) phase; A > 0 
in the high temperature (symmetrical) phase; the transition point is determined 
by the condition A(p, 7’) = 0. For a given pressure in the vicinity of the tran- 
sition point, the function A(p, 7’) is expanded in a series in the difference 7 — T, 
(7, is the transition temperature) 


A(p, T) = a(p) 7 — 7%). (2) 


The parameter 7 characterised the degree of asymmetry. In the symmetrical 
phase 7 = 0 and in the asymmetrical phase the parameter » is non-vanishing. 
The dependence of 7 on temperature in the vicinity of the A-point is determined 
from the condition of minimality of the potential 6. We shall find the non- 
vanishing value of 72 from the condition 6 O/@y = 0: 

A a 


= Hae og aD): (3) 


corresponding to some equilibrium state of the asymmetrical phase. Suppose 
that a system found in the asymmetrical state is split off from the equilibrium 
state. The rate of approach of the parameter 7 to the equilibrium value n, 
is determined by the transport equation 


j (4) 
‘y is a transport coefficient which we shall assume does not possess any singulari- 
ties in the vicinity of 7,. Expanding the derivative 0 ©/d y in a series in the 


II. 0. Waugay a li. M. Xanarankos, 06 agomansnom Donromesad eayka BémMeH TOYeR haz0Boro 
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difference 7 — yo by means of equation (4), we find: 
dy 1 
“sp = 27 O 10(n - no) = — 9 — 1) (5) 


Hence, it follows that the relaxation time +, which characterises the establish- 
ment of equilibrium in the asymmetrical phase, is equal to 
1 
t= -——. (6) 
20 y 19 
In the vicinity of the j-point we have 


1 
~ FaP, — 7)" 7) 


Consequently, the relaxation time in the vicinity of the transition point 
increases rapidly according to the rate of approach to the 4-point. Establish- 
ment of equilibrium in the vicinity of the A-point thus takes piace extremely 
slowly, and this should lead to a noticeable attenuation of sound. Quite ob- 
viously, this anomalous attenuation of sound will be observed only in the asym- 
metrical phase, ie. below 7, (for a given pressure). In the symmetrical phase, 
however, the parameter 7 is identically equal to zero in all states, equilibrium 
as well as non-equilibrium, and consequently there will be no anomalies of 
sound absorption. 

Suppose that in the system we are considering, a sound wave of frequency 
© is propagated, ie. adiabatic periodic compression sand rarefactions take 
piace in the system. According to M. Leontovich and L. Mandelstamf, the. 
square of the velocity of sound in the low temperature phase will be 


1 
e = ——_—_[¢2, -iare ]. (8) 
l-—iwt 
Here, ¢,, is the velocity of sound for a process so siow that the system is at 
all times in equilibrium. This velocity in our case, is obviously equal to the 
equilibrium velocity of sound c¢, in the low temperature phaset. 


= Gy. (9) 
The velocity ¢, is the velocity of sound for a process so rapid that the para- 
meter 7, as a result of propagation of the sound wave, remains constant. In the 
vicinity of the A-point, the velocity ¢, is equal to the equilibrium velocity of 
sound in the high temperature phase 


Cy = Cy. (10) 
‘Thus, we have finally 
i : 
CO = [er — io rag). (12) 


t See, for example, ref. 1. 
+ We denote the value of a quantity in the low temperature phase by a Roman numeral I, 
and one in the high temperature phase by a Roman numeral I. 
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The value of the coefficient of sound absorption « is equal to the imaginary 
part of the wave vector 


7) l-igt 
ee ee (12) 
; c Gy — Cyiwt 


Assuming that the difference in the values of the velocities oq and c is 
small in comparison with c;, we find}: 


wt 1 
1 + wt? 23 


a=Imk= (ct — iy). (18) 
The relaxation time in the vicinity of the A-point is determined by formula (7)° 
It increases rapidly on approach to the 4-point. According to equation (13), 
on approaching the j-point (for a given frequency of sound, w) the coefficient 
of sound absorption also increase. However, in the immediate vicinity of the 
A-point (w+ * 1), the value of « attains a maximum, and then commences 
to decrease. Such is the general picture of the phenomenon of anomalous 
absorption of sound in the vicinity of the 4-point in the low temperature phase. 
In the high temperature phase, however, there should be no anomalous ab- 
sorption of sound whatsoever. 

The magnitude of the change in the velocity of sound at the 4-point, ¢;; ~ ¢z, 
which enters into the formula for «, can be expressed by the usual well-known 
value of the change in specific heat at the ?-point. 

Bearing in mind that later on we shal! apply the results to the case of the 
A-point in helium II, we shali obtain the unknown relationship for the transition 
into liquid. We know that the volume V and temperature T at the transition 
point are continuous (as independent variables, however, we choose the pressure 
py and the entropy S) ie. their rates of change JV and AT are equal to zero: 


AV=0, 47 =9. (14) 
If we differentiate these equations with respect to entropy along the tran- 
sition curve, we have e 
: V 
pee Foe LG. (15) 
aS aS” ép 
of dp af 
— + 4— = 0. 16 
45 +794 oF (16) 


Taking into account the equality of the derivatives, 6V/OS = éT/dp we 
eliminate the quantity 4¢V/0S from both equations: 


av aT /as\2 
— = 4—_| —_]. 17 
: ap . aE (ap) a 


t P. E. Stepanov? made use of a formula similar to (13), for analysing the data concerning 
the absorption. of elastic vibrations in f-brass in the vicinity of the Curie point. The author, 
however, did not take into account the existence, in the vicinity of the phase transition point, 
of the temperature dependence of the value of the relaxation time. 
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Hence we obtain the required relationship~connecting the rate of change 
of velocity of sound and the specific heat at the 2-point: 


1 T 1 as\2 
ae (4 z) (a5) ae 


The derivative d S/d along the curve of phase equilibrium can be expressed 
by the coefficient of thermal expansion @V/@7 and the derivative 67,/@p: 


as /ds as\ a7, _ (a7) |, dln, ‘a 
ap \dp)y*\ar), dp \at},~ dp ( 


The results obtained above relating to the absorption of sound in the vicin- 
ity of the 2-point are applicable in all cases of second order phase transitionsf. 
We shall use them for analysing data on the absorption of first (normal) sound 
in the vicinity of the A-point in helium TIT. Chase? observed the anomalous 
increase in the coefficient of sound absorption in helium II on approach to 
the A-point. Above the /-point, however, no anomalously large absorption 
ofsound was observed. By using the data of ref. 4 for c, and dV /d7' and those of 
ref.5 for the dependence of 7, on the pressure, we find, by means of equa- 
tion (18), the value of the change of velocity at the A-point: 


Cyr — Cy © 12-5 mjfsec (20) 


Further, comparing the experimental values of the absorption coefficient at 
different temperatures (the frequencies used in ref. 3 were equal to 2 and 12-1 
Me/s) we find the value of the relaxation time +. The experimentally-obtained 
value of the relaxation time follows very well from the temperature dependence 
given by formula (7): 

4x 107% 


‘ithin the temperature range in which the measurements were carried out, 
the value of w z did not exceed 10-?. Consequently, the term ? +? in the deno- 
minator of expression (13) need not be taken into account. The term mentioned 
should have an effect only at 7, —- 7 ~ 3x 10°°K (for the frequency of 
sound considered). Above this value of 7’, a reduction in the value of the 
sound absorption coefficient « should be expected. 


sec. (21)- 


REFERENCES 


. L. Laxyvat and BE. Lurscmrz, Mechanics of Continuous Media, 1953. 

. DP. S. Stepanov, Dokl. Akad. Nauk SSSR, 74, 217 (1950). 

. C. Cxase, Proc. Roy. Soc. 220, 116 (1953). 

. W. Kezsom, Heliwm Elsevier, Amsterdam (1942). 

. W. Kezsom and K. Ciusrus, Leiden University, Phys. Labor. Comm. No. 216b, 1931. 


BH Go do = 


{ In particular, they should be applicable for transitions from a normal into a super-conduct- 
ing state, where the anomalous absorption of sound in the vicinity of the transition point has 
not yet been experimentally observed by anyone. 


83. A STUDY OF FLOW SINGULARITIES USING 
THE EULER-TRICOMI EQUATION 


WE consider the reflexion of a weak discontinuity (discontinuity of the first 

derivatives of the velocity with respect to the co-ordinates) from a sonic line. 

We take their point of intersection as the origin of the z, y co-ordinates, and the 

“e-axis along the direction of the velocity at this point; it now corresponds 
to the origin in the 7, 6 plane of the hodography. Let the incident discontuity 

correspond to the characteristic Oa (see Fig. 1) in the plane of the hodograph. 

Continuity of the x, y co-ordinates on the discontinuity implies continuity 
of the first derivatives @,, ®,. On the contrary, the second derivatives of 
@ (n, 6) are expressible in terms of the first derivatives of the velocity with re- 
spect to the co-ordinates and must therefore have a discontinuity. On the other 
hand, the functions ® themselves do not need to have any singularities on the 
characteristic Oa in the regions 1 and 2 on either side of it. Such a solution of 
the Euler—Tricomi equation ©,, — 7 Gs) = 0 has the form 


13 19 
=—-Ano— WG x2 Ppl Tg. 
@ Aq — Be oF(S. 12” 2:6) (1) 


8 





Fis. 1. 


in the domain 1, and the same form but with a different constant C instead 
of B in domain 2. The first term here is the particular solution of lowest power 
in @ and y, which leads to no singularities of the flow in the physical plane 
(cf. ref. 1, section 111). The second term does lead to a jump of the second deriv- 


J. 2. Jasgay 2 BE. M. dudmnn, Uceneqosanne ocobeasoctelt revenma DpH LomoMa ypasaeRns 
Siiaepa — Tpuxonn, Zonsadu Anademuu Hayx CCCP, 96, 725 (1954). 
+ The notation is the same as in ref.1, Sections 110 and 111. 
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atives of © when the first are continuous (this is the second term in ref. 1 
(110.6) with & = 11/12). The notation ¢ = 1 — (473/96*) is introduced in (1). 

The second characteristic Ob corresponds to the discontinuity reflected 
from the sonic line. The form of the function © close to it is established by the 
analytic continuation of functions (1) in accordance with formulae (110, 
11-13) of ref. 1 {in which we have to putk = 11/12 + e, then let e tend to zero). 
The following expression, in which terms up to and including order ¢? are re- 
tained, is obtained after some calculations for the function © in domain 4 
close to the characteristic Ob: 





B 29 x 3f 288 
= —~Abn + —(— 9b 272], —- ——_ + — = 
7 ma ) | nie] aes a 
2781 17 13) ) 
Zy — 21n2 —}+ w} — 
+|2 21n2 + 770 (F)+(F } 
B WG 6-2 
= —dAby +—(-6)" {2 In| f}— 108 + 41-16 + 4-86 C2} {2} 
ze ; 





Inc. Refi. 
discent} discont, 


Fre. 2. 


(y(z) = I(z){I"(z), y is Euler’s constant). A similar transformation of the 
function © in domain 1 from the neighbourhood of Oa to the neighbourhood 
of Ob yields the same expression (2) with 4C instead of B. The condition for 
continuity of the x, y co-ordinates on the reflected discontinuity therefore 
leads to the relationship C = 2B. 

The condition for the Jacobian A = &(x, y)/8(8, n) to be positive is auto- 
matically fulfilled close to Oa (where A = A?), whilst the evaluation with 
the aid of (2) gives, close to Ob, 


U6 
Az -= (3) ABy* In |Z]. 
az \2 

Since In|{] ~ — © on approaching Ob, the condition 4 > 0 leadsto AB > 0. 
On the incident discontinuity {characteristic 9 = + (2/8) 73/*) wehave x = ©, 

= —A6, y= @, = — Ax. Since the gas velocity is along the positive direction 
of the x-axis, the discontinuity, in order to be “arriving” relative to the point 
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of intersection, must lie in the hali-plane « < 0. it follows from this that the 
constant A, and hence B, C also, are positive. The equations of the line of 
discontinuity in the physical plane will be 
3 2/3 
-y= (5) AY (— 7) — 1-31 AB (— x), (3) 

The equation of the reflected discontinuity is obtained by differentiating 

function (2) with respect to @ and 4, and reads 
—y = 131A? 28 + 115 BAW 6 256 (4) 
where the correction term, absent in (3), is retained. 

The shape of the transition line is determined with the aid of the analytic 
continuation: of the function {1) in the region close to the 7 = 0 axis. Close to 
the upper half-plane, we get 

@=—Ayns—-B [ps 27@) 
= fl _ 0 
r@ rg 
and close to the lower semi-axis, the same expression with ,/3B instead of B 
(only the terms of lowest powers in 7 are retained here). On differentiating 
with respect to § and 7, then putting 7 = 0, we get the following equations 
for the two branches of the transition line: 


y= —1 4 BAT (x8 y = 1-4/3 BAW 16 958, (6) 
The relative disposition of all the lines is shown in Fig. 2, where the same nota- 


tion is used for the lines and domains as in Fig. 1. 
Discontinuity of the derivatives of the velocity on the incident discontinuity 


= —An6 — 6-25B |6[*, (5) 


can be characterised by a jump of the derivative (6 n/@ x), = — Gee/4. Evalua- 
tion with the aid of (1) gives 
én\ 7 3\6 B 
_ = §{/— yn = 8-56 BA 74 - {4 7 
ira) ea) ae ee 4 


On a reflected weak discontinuity, the derivatives of the velocity do not in 
general have a jump, though the velocity distribution has a special type of 
transcendental singularity. Having found the co-ordinates x, y from function 
(2) (retaining only the first term in the brackets), we can write the dependence 
of 4 on x for a given y in the following parametric form: 


_ [yl 7 ames) i iyfz 
WAS Aly) 6a ee 

i : 8 £2 \5I6 Biy|"* : : 

ty = ely - (=) gir FB lel, (8) 


‘where ¢ plays the role of parameter, and x, = x)(y) is the equation of the line 
of discontinuity in the physical plane. 

The Euler—Tricomi equation should be applicable to the problem of the pos- 

sible termination of a shock wave from below relative to the flow, when it 
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intersects with a sonic line (the point O on Fig. 3a, with respect to which the 
shock wave is “‘arriving’’)f ; the intensity of the shock wave would be small close 
to such a point, i.e. the flow would be near-sonic. We have considered different 
variants of the flow picture, differentiated in particular by the number of 
characteristics terminating at the point O (it needs to be remembered here that 
there need not be any singularities on the “arriving” characteristics, since 
these could only be produced by extraneous factors, having no relation to 
the termination of the shock wave). However, on none of these variants did 
it prove possible to construct a solution of the Euler—Tricomi equation which 
would satisfy all the necessary conditions. It would also seem that no solutions 
exist that would correspond to the termination of the shock wave along with 
the sonic line at their point of intersection (Fig. 3b). We suppose therefore 
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Fia. 3. The full-drawn lines are the shock waves, the dotted line is the sonic wave. 


(though we have no strict proof of this assertion) that a shock wave cannot 
“terminate” and must consequently either carry on to infinity or bend round, 
as illustrated in Fig. 3c, in such a way as to be “issuing” relative to both its 
ends. This last case must always hold for a shock wave originating in a local 
supersonic zone. 

Some remarks may also be made regarding the shape of the local supersonic 
zone formed for a flow with Mf < 1. Up to the point where a shock wave 
appears, this zone must wholly border on the surface of the body in the flow. 
Otherwise the sonic lime, passing behind the body, would be perpendicular 
to the current line at at least one point, with its concavity turned towards 
the supersonic zone; whereas the sonic line can only be concave towards the 
subsonicregion at such a point (see e.g.ref. 1, section 111). On the other hand, if the 
supersonic region passed behind the body (which must always occur for values 
of Mf sufficiently close to 1), this boundary must be made up both of the sonic 
line and of that part of the shock wave intersecting it (though the intensity 
of the shock wave is by no means zero at the points of intersection). 
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+ As regards the “start” of the shock wave, it can only occur at a point of supersonic flow, 
and the investigation of its properties does not present any particular difficulty (cf. e.g., ref. 1, 
section 107). 


84. ON THE QUANTUM THEORY OF FIELDS 


In the last seven or eight years, owing to the notable work of Schwinger, 
Feynman, Dyson and others, quantum electrodynamics has made very 
great progress. Perturbation theory has been reconstructed in a relativistically 
invariant way, and it has been shown that this can be used as a foundation 
on which to develop an unambiguous procedure leading to finite expressions 
for the effects for which infinities were previously obtained. Moreover, by 
means of the same procedure it has been possible to calculate, in closed form, 
the corrections to any order. The striking agreement between the results thus 
obtained and experiment has fully confirmed the correctness of the methods 
which have been developed. 

' Thus an electrodynamics, based on the concept of a point interaction 
described by the product of operators at one and the same point in space, 
could be freed from infinities, and in consequence its field of applicability 
was extended in a remarkable manner. 

The situation in the theory of x-meson interaction is very different. For some 
types of interaction (in particular, pseudovector coupling), the removal of 
the infinities in the same way as for electrodynamics was found to be quite 
impossible. In the case of pure pseudoscalar coupling, where the plan could 
be formally carried out, a comparison with observation has shown that the 
value of the coupling constant renders impossible any application of pertur- 
bation theory. On the other hand, the existing theory offers no possibility 
of calculating quantities except in the form of series in perturbation theory. 
These are most probably asymptotic, and so, for large values of the coupling 

‘constant, they give no information concerning the quantities they represent. 

However, even in electrodynamics, the method at present existing for the 
removal of infinities has retained, to a considerable extent, the nature of a 
recipe, and this is a serious obstacle to the further development of the theory. 
We shail therefore attempt, first of all, to explain the existing theory without 
using quantities which-are actually infinite, and we shall thus be able to deter- 
mine, at the same time, the limits of applicability of this theory, which is 
usually, but unjustifiably, assumed to be unrestricted. 

Since the consideration of a point interaction leads at once to infinities, 
it appears reasonable to regard it as the limit of some “‘smoothed-out”’ inter- 
action with a finite radius, as this radius decreases to zero. In doing so, we have 
no reason to suppose that the constant ¢,, which appears as a coefficient in 
the interaction and is the “intrinsic” charge of the electron in quantum electro- 


_ L.Landau, On the quantum theory of fields, Niels Bohr and the Development of Physics 
(ed. W. Pauli), Pergamon Press (London, 1955), p. 52. 
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dynamics, is independent of the radius of interaction. Furthermore, the depen-. 
dence of this constant on the radius of interaction should be so defined that the 
final result of the theory (the expressions for physica! effects) is independent 
of the radius of interaction, since this was introduced as an auxiliary quantity 
and is therefore devoid of physical significance. 

An approach of this kind means, essentially, the rejection of any unjustified . 
consideration of point interactions by means of a 6-function. 

All the divergences in electrodynamics are logarithmic, as is well known. 
The only exception is the quadratic divergence in the intrinsic mass of the. 
photon. This latter fact, however, is not a serious objection, for it is easy to 
see that the appearance of a mass of the photon, under the influence of its 
interaction with charged particles, contradicts the law of conservation of. 
charge. If the “smoothing-out” is effected in such a way that tre law oi.con- 
servation of charge is not thereby violated the corresponding expressions should 
reduce to zero identically. 

The logarithmic divergence of the integrals in perturbation theory, which 
are taken over the momenta of virtual particles, always occurs in the range 
9 <k <A, where k is the variable of integration, 4 ~ 1/a is the upper limit 
of integration, a being the order of magnitude of the radius of the “smoothed- 
out’ interaction, and p is the order of magnitude of the four-dimensional 
momenta considered, if it is large compared with the mass m of the electron. 
Ii |p?] < m?, the lower limit of the logarithmic range of integration is m. If 
p” for the electron is close to m?, an additional logarithmic range occurs, 
connected with what is called the “infrared catastrophe,” which we shall 
touch on below. 

It is weli known also that the degree of the logarithmic divergence nowhere 
exceeds the order of perturbation theory that is being applied, that is, the quan- 
tity In(A®/p*) enters any expression in a degree not greater than that of ¢, 
the square of the charge}. We emphasise that, in such an approach to the 
problem, the charge e, is the unobservable charge of the electron, which depends 
on the value of A chosen, and in no way coincides with the physical charge e. 

- Thus the convergence of a series in perturbation theory is directly connected 
with the value of the parameter e? In(A?/p”). The condition that perturbation 
theory is applicable over the entire range is thus 


én(S =)< 1. (1) 


As is well known, the results hereby obtained can be re-normalised, that is, 
if the physical charge of the electron is defined by its interaction with quanta 
of zero frequency and its mass, as the physical mass of the electron, the un- 
determined constant A disappears from the formulae for the physical effects, 
The quantities e and m are then expressed in terms of the “intrinsic” e, and 
m, in the form of series in powers of e? and In(A?/m?). 


_ t For simplicity, we shall always write in (4°/p*), with the understanding that, if |p"[ «< m°, 
it should be replaced by In (42/2m*). 
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This re-normalisability of the theory is in reality only approximate, 
since terras of the order of p?/A* are neglected. Since, in applying perturbation 
theory, A is restricted by the inequality (1), this error cannot possibly be made 
arbitrarily small. However, it is easy to see that its order of magnitude is 
exp (— constant/e?), that is, it is extremely small, because e* is smal]. We note 
that the exponential character of the error is an additional argument in favour 
of the asymptotic nature of the series. 

If the condition (1) is not fulfilled, the use of perturbation theory becomes 
impossible. The problem therefore arises of finding the fundamental quantities 
without the direct use of perturbation theory. In the work of L. D. Landau, 
A. A. Abrikosov and I. M. Khalatnikov’~* such a calculation was performed 
on the assumption that 

e<l, (2) 


which is a much weaker condition than (1). For the calculation it is necessary 
‘to take into account that, when the condition (2) is fulfilled, we can neglect 
all terms which, for a given power of the logarithm, contain higher powers of 
e2 than the principal terms. As we have already said, the lowest power of e 
is the same as the power of the logarithm. Hence, in order to obtain the first 
approximation, it is sufficient to confine ourselves to a combination of terms 
of the type [e? In(A?/p*)]". 

As base functions it is natura] to take, in the first place, the Green function 
of the electron G(p) and that of the photon D,, (k), that is, the exact expressions 
for the electron and photon lines, taking into account the corrections of all 
orders. These functions are expressed in terms of the corresponding operators 
y and A for the electron and the vector potential. In a co-ordinate representa- 
tion, 


D,,(t — 2!) = = P(A, (2) A,(0'))> a 
Gla — 2’) = —i CT (p(x) ¥(2’))> 


where the average is taken over the physical vacuum, and the symbol 7 
denotes that the product is taken in the order of the time sequence of x and 2’ 
and, in the case of G, with the appropriate sign. 

To determine these functions it is necessary to use also the vertex part 
Dip, q; &) (where ¢ = » — k). Here it can be shown that, to determine the 
functions G(p) and D(z) for the space vectors p and &, it is sufficient to use 
those J), in which all three vectors are also spatial’: 3. Since G and D for time 
vectors can be found from @ and D for space vectors by analytic continuation, 
it suffices to consider only “spatial’’ I,. In such I, either the quantities 
p*, @ and k? are of the same order of magnitude or, if one is comparatively 
small, the other two are close to equality. The case where one of the three 
quantities is large compared with the other two, which is quite possible for 
non-spatial vectors, is here excluded. For such I, the series in perturbation 
theory contains only logarithms of the type In(A?/f*), where f? is the greatest 
of », g and #*, and then only in powers not greater than that of ¢?. We note 
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that this does not in general hold for non-spatial ©. In particular, in the case 
where i? is large compared with yp? and g?, In (2/7) and In (K2/g?) occur in the 
formulae, and their common power may be double® that of e? (this question 
has. been analysed in greater detail by V. V. Sudakov‘). 

The Green function for the photon may, from considerations of relativistic 
invariance, be always written in the form 


) + D0 ae. (s 


k, k, 
ie 





D,,(k) = D,(#) (4, = 


in using perturbation theory, it is usually supposed that in the zero-order 
approximation D? = D? = l/k®. As a result of the perturbations, D, changes, 
whilst D, remains equal to its zero-order value, because of the transverseness 
of the Dirac current (conservation of charge). Such a choice of D,, however, 
is not at all convenient. It is important that, in consequence of gauge invariance, 
the choice of the function D,(k*) is in general arbitrary. This means that the 
expressions for the physical effects are independent of D,. The quantities which 
we are considering, apart from D;, do not exhibit gauge invariance. The 
gauge invariance of D; follows from the fact that the transverse components 
AJA, —(k,k,A,/k*)] do not vary under gauge transformation. On the other 
hand, the operator y does vary under gauge transformation, and the quantities 
G and IP, change correspondingly. 

We shall not discuss these changes here. The general theory of gauge trans- 
formations developed by I. M. Khalatnikov and the author, allows us to cal- 
culate G and I, in terms of their values for D, = 0, in the case where D, is 
arbitrary. In what follows, we shall therefore use the value D,; = 0, which con- 
siderably simplifies the formulae and is usually the most natural procedure 
(it corresponds directly to the Lorentz condition 04,/6%, = 0). 

If we put D; = 0, it can be shown that, on applying perturbation theory 
to the quantity I, (which is spatial,) the terms of the type [e2 In(A?/p)]", which 
we are considering, reduce identically to zero. The same is true of the radiative 
corrections to G, if we suppose |p?| > m?, i.e. we neglect the corrections to 

' the mass. 
To determine D,, we can now use Dyson’s equation’ 


p(t + <2 | | te) Tyee, p - 1:8) OP ~ Hy,88P|) = 1, 
where we can substitute I, = y, and G = 1i(yp — m). We then obtain 


k? D,(k8) = ——3——-~ (FP = hy - i — 1 — BB). (5) 
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In the case 2 < m? we have In(A*/m*) instead of n(A?/ — 2’) in this formula. 
For k? = A? (5) gives D, = 1/k*, which corresponds to the fact, for values of 
2 > A*, interaction is absent, and the particle behaves as if free. 

Formula (5) is, in the following familiar sense, conditional in nature. In 
its derivation it wes supposed that the only particle which takes part im 
vacuum polarisation is the electron, which most probably is not true. . It 
is very probable that the interaction, with the electromagnetic field, of 
the particles capable of strong non-electromagnetic interaction (nucleons, 
ze-yoesons) decreases rapidly with wave length beyond the “radius” of the 
particle, so that they do not make an appreciable contribution to vacuum 
polarisation. However, it is possible that there are particles (u-mesons?) in- 
capable of strong interaction, which make an important contribution to 
vacuum polarisation. At present, nothing can be asserted regarding the number 
of kinds of ‘such particles or their properties. 

If vacuum polarisation is effected only by particles with spin 4 and charge 
equal to that of the electron, then, in the formula (5), a coefficient appears 
equal to the number » of kinds of particle: 


ke D, (2) = (\K2| > m2), 





(8) 


KP D,{k?) = (|? | S m*). 





Particles with charge Z e evidently make a contribution of Z? to ». Particles 
with spin 0 make @ contribution of }Z? to », as is shown by a comparison 
with perturbation theory® (this question has been analysed in greater detail 
by L. P. Gor’kov and I. M. Khalatnikov). In the case of particles with spin 1, 
the divergence which arises is not logarithmic but quadratic®. We shall exa- 
mine this situation more closely below. 

.An analysis of physical effects shows that the physical charge ¢ is related 
to e, by 

e? = e2 lim k2 D,(k*). (7} 


it-+0 


We therefore obtain from formula (6) 


¢=—_ (8) 


or 


(9) 
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Expressing the function D, in terms of e? we have 


2 

BD) 
ey a e& Wi ed 

3x mn 
Formula (10) is evidently re-normalisable, that is, we can replace the un- 
observable charge e, by the physical charge e, in every formula, by multiplying 
the function D, by the renormalising factor Z, = e2/e?, whereupon ail quantities 
will no longer contain the cut-off limit A or the charge e, related to it. 

The charge e, defined by formula (9) is always greater than the charge e. 
This is natural, since vacuum polarisation should lead to a decrease of the 
“original” charge. This result is related to the properties of the function 
D,, which increases monotonically with k?. This is one example of a general 
property of Green functions, which was found in the works of Kallen! and 
Lehmann", 

Formula (10) satisfies the condition derived in the work of Gell-Mann and 
Low”. This condition can be derived particularly simply by starting from the 
concepts explained here. 

The above theory shows that, in calculating the base functions correspond- 
ing to some values (k*)o, it is sufficient to consider a range of values of &? of 
the order of (k?)) and, in particular, large compared with this quantity. The 
range of values of k* < (k*), has only a negligible correction effect (actually 
of the order of [{k*/(k*),]*), since the corresponding range of integration is~ 
smail, and the integral converges well for small k. We can thus “‘move down”’ 
from the limit A to the values of & in which we are interested, and take no 
notice, in the calculation, of much smaller values of &. 

It follows from this that if we consider values of 42 > m?, the mass cannot 
appear in the formula for D,. Hence, from dimensional considerations, the 
dimensionless quantity k? D, can depend only on the two dimensionless 
quantities e? and %?/A?. On the other hand, the quantity ¢? D, determines the 
physical effects, and therefore, for a given value of the physical charge ¢, it 
cannot depend on the cut-off limit A. This is possible only if 


— i 4 
aD, =f a]. 


where f and y are arbitrary functions, and the relation 


(10) 











m 
Re we) = x(e*) 


holds, y being again some arbitrary function. Introducing the function y which 
is the inverse of /, these relations can be conveniently written in the form 


g (eK D,) -— y{4) = 





-k 
zy xle*). (11) 
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A comparison with formula (6) shows that, in the approximation we are 
considering, 


g(x) = p(x) = 4 (x) sx 7 OTT. 


These formulae are to be regarded as the asymptotic values of the functions 
for small z. The results in ref. 13 allow us to calculate the next approximation 
also. Here we obtain 


g(x) = em B87 ye AY 


x (&) = pia) en 
‘There is no sense in refining the difference between y(x) and (x), since the 
nature of the “smoothing-out” is seen therein. 

If we considered higher approximations, we should obtain 


p(x) = em B%P% ap FY (ap) | * (12) 


where F(x) is a series of powers of x, and a similar expression for x(x). We 
notice that the presence of an exponential term, which is not decomposed 
into a series, is some argument in favour of the asymptotic character of the 
series #'(x). 

Formula (6) has a range applicability which is considerably wider than 
that of perturbation theory. However, even (6) does not make it possible to 
conclude the process of passing to the limit. As follows from (9), for sufficiently 
large A there is always a point where e, becomes of the order of unity, and the 
application of the approximation concerned becomes impossible. 

Thus “ weak-coupling” electrodynamics is a theory which is, fundamentally, 
logically incomplete. It might be thought that this makes it necessary to 
suuplement it by “strong coupling” at high energies. We shall show, however, 
that there are serious reasons for supposing that, if we regard the physical 
charge e as a function of e, and A, then, for a given A, no increase in e, can 
lead to an increase of e above some limit, which tends to zero as A increasesf. 

To show this, we consider values of e, which are not too small compared 
with unity, and, at the same time, values of & which are small compared with 
A, such that (» e2/32) In(A?/k?) > 1. It follows then from formula (6) that 
D, = 8x/y & kh? In{A*?/—k*). We introduce, instead of the vector potential, 
the quantity U, = e,%,. Then the interaction term in the Langrangian will 
not contain the charge e,, while the term corresponding to the Langrangian 
of the free field will contain ¢? in the denominator. The function D, correspond- 
ing to the vector &% takes the form — 


3x 
Az \° 
ke 
j n( 5) 


f The considerations given in what follows are due to I. J. Pomeranchuk and the author. 


D, = (18) 
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This expression does not contain the charge e,. Hence it may be thought 
that it is obtained essentially by neglecting the free field term in the Lagrangian. 
It is difficult to imagine that the legitimacy of neglecting this term would 
diminish as e, increases further. 

The applicability of formula (13) for large e, means that the charges ¢, > 1 
polarise the vacuumto such an extent that the “effective charge” y [e2 k? D, (k*)] 
becomes of the order of unity even if the ratio 4?/k? ~ 1. In other words, if 
within some radius a there is concentrated an arbitrarily large charge, then, 
owing to vacuum polarisation, the total charge inside a radius 2a will be of 
the order of unity. 

Let us consider the physical charge e as a function of e, and A. Since we 
suppose that, as ¢, tends to infinity, ®, tends to the limit (13), we have for 
the physical charge (see equations (7) and (8)): 


82 
Gee = (14) 


Since this expression tends to zero as A > oo, we reach the conclusion that 
within the limits of formal electrodynamics, a point interaction is equivalent, 
for any intensity whatever (¢€? > 00) to no interaction at all. 

It is curious that a completely paradoxical situation has esuliad: For 25 
years it was supposed that the use of the 6-function leads inevitably to infinite 
interactions. However, formula (8) shows convincingly that the 6-function 
(e independent of the cut-off radius) leads in fact to zero interaction, and even 
an unlimited increase of e, does not seem to save the situation. 

Conversely, the theory considered, for a given physical charge e, seems to 
have a ‘‘ceiling,” in that it cannot in principle be used to discuss an energy . 
greater than 4;, the value of 4 for which e, > © (as we have already said, 
this practically coincides with the value corresponding to e, ~ 1), or conse- 
quently a distance less than 1/A,. 

Of course, no unambiguous physical conclusions can be drawn from the 
result obtained, that the point interaction is zero in the case of electrodynamics. 
The energies A for which e? ~ 32/vln(A2/m?) are in every case very large. 
At these energies, the effects of gravitational interaction may exceed the 
electromagnetic effects, so that a discussion of electrodynamics as a closed 
system becomes physically incorrect. The idea is very attractive that this 
“crisis” in electrodynamics occurs for just those energies where the gravita- 
tional interaction is comparable with the electromagnetic. Since the effective 
charge in the critical range is of the order of unity, this means that 


uA*~ 1, 


where « is the gravitational constant. This gives a value of the order of 10° eV 
for the critical A. Using formula (14), we then obtain vy ~ 12. From this stand- 
point, the value of the physical charge e of the electron would be automatically: 
determined by the theory. At present, of course, it is impossible to say whether 
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these ideas have any real significance. It is quite possible, in particular, that 
»<12 and that the gravitational effects appear considerably before the 
effective charge becomes of the order of unityf. 

If particles with spin 1 take part in vacuum polarisation, the situation is 
essentially different. In this case, as we have said, the divergence is not logarith- 
mic but quadratic. This leads to the result that the difficulties mentioned 
above arise, not for extremely large values of A, but for those such that 
e? A?/M* ~ 1, where M is the mass of a particle. The probable way out of 
these difficulties, given above, then becomes clearly impossible. We shall 
discuss below the situation which would arise in this case. It is evidently 
still more pronounced for particles of higher spin’. Here we merely note that 
there is no evidence of the existence of such particles. 

’ Let us now pass to the mass of the electron. In order to find the relation 
between the physical and “intrinsic” masses, we write the Green function 


of the electron in the form : 


G{p) = ————__—-. 
a yp — m{p) 
For large values of p*, the ratio of the second term in the denominator to the 
first becomes totally negligible, and is always much less than the error in 
formula (15). Nevertheless, it is justifiable to consider this term, since, unlike 
the first, it is an even function of the momentum. 
-We now write Dyson’s formula for @:? 


e 
C-\(p) = yp — m,— i T,(p, p — k; k) @(p — B) 7, D,,(k) atk, (16) 


(15) 


and substitute the expression (15) for G (for I, we write y, as. before; the 
legitimacy of this is closely examined in ref. 4). Then, after some calculations, 
we obtain a 


2 
mipt) =m += | (J) D,(I2) 4 (2). (17) 
2p 


_ This integral equation is solved by elementary methods, and after substitut- 
ing the expression (6) for D,(k?) we obtain 





2 At \ Pa 
nu (p?) ste E + = n()| for |p?| > m*. (18) 


The physical mass is obtained from this by putting y? ~ m?, so that the 
relation between m, and m is given by the formula 


e Qj4y 
Mm =™m (=) . (19) 
e 

According to this formula, m, decreases when A increases. This makes it 
reasonable to suppose that if we were able to extend the theory to A > 0, 


“T We do not consider here the possibility that other non-electromagnetic interactions begin 
to play an important part at high energies. 
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m, would reduce to zero; this would mean that the mass of the electron is 
electromagnetic in origin. Thus, these concepts lead to a peculiar return to 
the long abandoned idea of a purely electromagnetic mass of the electron. 

A special case is formed by the electron Green function G and the vertex 
parts I, when the squares of the momenta of the electrons approach m*, 
a circumstance which is related to the so-called “infrared catastrophe.” This 
topic was discussed by A. A. Abrikosov!®, who showed that the corresponding 
value of the function @ is 


a 


p+m 
pe \l + Geyaay ° 
Ga) 
me 


Contrary to general opinion, this function has at »? = m? not a simple pole, 
but a branch point. We point out that, for D, + 0, the power of the denomina- 
tor depends on lim k? D,(k?). 

30 


The expression for Dp, q;k) (where g = p — k) is different irom y, only 
in the case where both ? and gq? are close to m?. We shall not write it out 
here. 

As has already been said, the theory given above does not apply to I,,(p, ¢; k} 
when the smallest of p?, g® and k* is very small compared with the largest, 
and the two largest are not very close to each other. Particularly important 
effects are found when the inequalities k° > »* and k* > g* hold. In this case, 
terms appear in the formula which depend on the product e? In (42/p?) In (k?/q?), 
and increase considerably more rapidly with & than the terms considered 
above. The analysis carried out by V. V. Sudakov® has shown that the effects 
which occur here are also connected with the infrared catastrophe. 

If we consider physical effects at very high energies, it is necessary to 
take into account the fact that the diagrams of higher orders, which are not 
given here (i.e. those which do not reduce to a variation of G, D and I’ in the. 
simplest diagram), although they do not lead to divergences contain the 
logarithms of the ratios of the energies of various particles. Hence, in calculat- 
ing the corresponding effects, we must, following the method developed 
above, sum the diagrams which, for a given order of perturbation theory, 
contain the highest powers of the logarithms. We note that here also the. 
degree of the logarithm is usually twice that of the diagram. 

In the consideration of the Compton effect, given by A. A. Abrikosov’®, 
it is found that the chief difference compared with the elementary theory 
concerns the infrared catastrophe. The Compton diagram with electron termini, 
for which p? = m*, reduces to zero, as would be rigorously true. Here it can 
be shown that if we consider the emission of additional photons, the total 
effective cross-section of such a Compton effect is given, to the approximation 
concerned}, simply by the Klein-Nishina formula. It should, however, be 


ngs — (20} 





+ We notice that since, as we have said already, terms with squares of logarithms appear in 
this case, it is here assumed that the product of e? and the logarithra is small compared with 
vunity, in contrast to what was assumed in the preceding part of the article. 


21° 
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mentioned that the amplitude of coherent scattering (scattering at @ = 0) is 
woultiplied by a factor exp [(4s/e?) In? (w/m)] increasing with the energy of the 
photon. 

Let us now pass from quantum electrodynamics to another fundamental 
problem of quantum field theory, the theory of meson interactions. The 
situation here differs radically from that in quantum electrodynamics. Whereas 
quantum electrodynamics permits us to calculate even small corrections, 
meson theories have essentially given no quantitive results at all which are 
correct. 

The chief cause of this failure of meson theories is the strength of meson 
interactions. The interaction of an electron with an electromagnetic field is 
weak. The corresponding dimensionless constant, involving the charge on the 
eectron, is very small (¢#/32 ~ 1/1000). On the other hand, all the experimen- 
tal data on meson interactions show that they cannot be regarded as weak 
from any point of view. 

Numerous attempts at quantitative calculations of meson interactions have 
been chiefly concerned with two types of interaction, pseudoscalar and pseudo- 
vector. Both these interactions relate to mesons which, as is shown by experi- 
ment, have zero spin and odd parity with respect to the proton 
(for the x°-meson the odd parity is absolute); these interactions are written: 
down similarly to those of particles with an electromagnetic field, where the 
meson field (pseudoscalar coupling) or its gradient (pseudovector coupling) 
plays the part of the vector potential. The pseudovector coupling cannot be 
Tenormalised (we shall return to this question in more detail below). Attempts 
to apply perturbation theory to pseudoscalar coupling have led only to the 
result that the values of the corresponding constant, calewlated from the 
appropriate experiments, differ from one another by factors of ten or even a 
hundred. We notice also that the corresponding dimensionless constant g’, 
which is analogous to the charge, is of the order of 10-15 in the majority of 
effects, and this completely rules out the possibility of applying perturbation 
theory. 

. Despite the fact that the corisideration of weak meson interactions has 
thus proved physically inadequate, we shall nevertheless analyse the situation 
‘which arises here, on the grounds that such an analysis is essential in order to 
understand the problem itself. 

_ We begin with weak pseudoscalar coupling. Here too only logarithmically 
‘divergent integrals occur (apart from the rest: mass of the meson). We can, 
therefore employ the approach explained at the beginning of this article. 
‘However, the simplification which occurs in electrodynamics for D, = 0 as 
regards the vertex part I’, which was found to be simply equal, in the approxi- 
mation considered, to its “zero-order” value, is here absent. In the approxi- 
‘mation considered, however, it is found to be possible to sum all diagram 
giving effects of the required order (just as, in electrodynamics, we discuss 
“spatial’’ J"). It can be shown } that, in this case, J’ is the sum of its zero-order ~ 
value y, and Fig, 1, where all lines correspond to the exact Green functions 
G and D, and ali vertices to exact values of I’. All additional corrections to. this 


ON THE QUANTUM THEORY OF FIELDS 645 


diagram contain the powers of g* which exceed the power of the logarithm 
by at least unity. 

As well as Dyson’s equations, we thus obtain a whole system of equations 
from which the functions G, D and I can be determined. The solution of this 
system is fairly complicated, particularly so since it is necessary, in caleulating. 
G and D, to take account in I'(p, » — k; k) of small corrections of order p/k 
for k > p, and of corrections of order k?/p? for k < p. 





Fra. 1. 


This question has been considered in detail in the work of A. A. Abrikosov 
A. D. Galanin and J. M. Khalatnikov!’, where it was shown that for charge- 


symmetric theory 
i 593 Az \)7 870 
G =] ] —— 
eres iar alr) 


ap. 8g (at \y 4s 
Dk) = 2 [1+ 2 n(,)| 


2 1/5 
Pp. — k N= x)2 ee (=)] (21) 


where f? is the greatest of p®, (p — &)? and 2, A is the upper cut-off limit, 
and g, is the value of the unobservable constant of the pseudoscalar inter-. 
action. All these formulae are written for py? > Jf, kh? > MW? f? > M*. If 
these inequalities do not hold, we must write In(A?/J£*) in each formula. 

This theory can be re-normalised. The value of the physical constant g which - 
characterises the interaction at small energies is obtained, by comparison 
with physical effects, in the form 








P= GilysT Ply p — YU) GP (kD), (22) 
where all the quantities are taken for small energies. This gives 
oh 


(23) 
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of g= (24) 


TEE 
Substitution of (24) in (21) gives 


1 [a (,_ 5% —)) ae 
; 1f¢ 5g? — ky] 4 
es a sealat ))| , 


fr 5g? Py\p 
L(p, p k; n= nS (1- an n(Sz)}| * 


These formulae, disregarding the inessential constant factors, depend only 
on g, and not on g, or A. 

_ The formulae (23) and (24) which re-normalise g coincide exactly, apart from 
the coefficient, with formulae (8) and (9) which re-nomalise the charge. In parti- 
cular, it follows from them that g, increases with A, and this corresponds to 
a strengthening of the interaction as the energy. increases. However small 
the value of g, we always reach a region, for sufficiently large A, where g, ~ 1, 
that is, the interaction cannot be regarded as weak. 

While discussing the pseudoscalar theory of meson interaction, let us 
examine also the problem of the scattering of one meson by another. It is 
generally asserted that this phenomenon, not being re-normalisable, cannot be 
considered within the limits of the theory. To remove the non-renormalisability, 
an attempt is made to introduce additional terms into the Lagrangian!®, 
but then a new undetermined constant appears in the end. 

Let us see how the problem of the scattering of one meson by another 
appears from the standpoint of the present article. In applying perturbation 
theory, the amplitude of scattering of one meson by another at small energies 
apart from a numerical factor, is taken as g# In({A?/1f*). This result is obviously 
not re-normalisable, that is, for a given value of g, it depends also on the cut- 
off limit A. This non-renormalisability, however, must not be regarded as a 
defect of the theory, but has a definite physical significance. The introduction 
of the cut-off means that virtual particles with energies greater than A are 
excluded from consideration. The re-normailisibility, for instance, of the scatter- 
ing of mesons by nucleons should really be regarded only as signifying that 
only virtual particles with energies of the order of those of the colliding particles 
take part in this phenomenon. In the scattering of mesons by mesons, however, 
virtual particles of larger energies also take part. 

_It is clear that, to obtain a concrete result, it is necessary that the part 
played by particles of various initial energies should diminish from some energy 
onwards. If a theory of pseudoscalar meson coupling can exist, then, as we 
have seen, the weak coupling must pass into a strong one at some energy. 


ted 
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it is natural to suppose that the boundary where the weak coupling becomes 
strong is the most important energy in this case. 

Thus we arrive at the following method of solving the problem. It is neces- 
sary to obtain an expression for the scattering of one meson by another, taking 
into account all corrections of relative order [g? In (A?/J?)]", and to substitute 
in it g? ~ 1 and In(A*/M”) = 42/5g%. However, it is found that, to take into’ 
account corrections of the order required, it is necessary to sum a set of “par- 
quet”’ diagrams consisting of an infinite number of nucleon squares joined by 
meson lines, and it is laborious to find the corresponding formulae. 

Let us now examine the problem of pseudovector coupling. This coupling 
differs noticeably from pseudoscalar coupling in the following respect. In pseu- 
doscalar coupling (as in electrodynamics), the coefficient in the interaction 
operator is a direct measure of the coupling strength. It is clear from a compari- 
son with pseudoscalar coupling that in pseudovector theory a similar part 
is played not by the coefficient / in the interaction operator, but by f k/ Hf. 
In other words, pseudovector coupling with a small constant f, unlike pseudo- 
scalar coupling for a given g,, automatically gives strong coupling at high 
energies. : 

This state of affairs has the result which is usually called the non-renormalis 
ability of pseudovector coupling. All the divergences here are not logarithmic, 
but quadratic, and the absence of the logarithmic situation completely changes 
the character of the theory. The characteristic feature of the variants con- 
sidered above was the very slow change of the coupling strength with energy. 
Between perturbation theory and the strong coupling lay a region of “‘renor- 
malisable” theory, which was large for small g. In the case of pseudovector 
coupling, the region between perturbation theory and the strong coupling 
is completely absent. We note that the position is quite similar to that in 
the electrodynamics of particles with spin 1 (and probably with higher 
spins). 

Thus we reach the conclusion thai, in all the variants of meson theory, we 
inevitably find strong coupling at high energies. Since meson couplings are 
in reality not weak even at energies of the order of Mc*, this means that the 
coupling becomes strong even for Z > Mc*. Here we are speaking, not of a 
coupling of a given intensity, but of the increase of the effective coupling 
with energy. The construction of such a theory of strong coupling at high ener- 
gies appears to be the main problem in this field. The theory of meson showers 
evolved by Fermi and further developed by the author®® shows that the theory 
of strong coupling must lead ultimately to a hydrodynamic picture. The con- 
sideration of diagrams with a small number of lines in the case of strong 
coupling is clearly insufficient, and diagrams with a large number of lines 
roust be an important factor; the future theory wust relate such diagrams to. 
the equations of relativistic hydrodynamics. . 

There is, however, ahother possibility. We have seen in the case of electro- 
dynamics that a point interaction can lead to the absence of any interaction, 
even ifits intensity increase without limit. The possibility cannot beexcluded that 
this is a general property of point interactions. In this case, the construction 
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of meson theories is possible only by abandoning the point interaction, 
that is, by renouncing essentially all the methods at present existing. The great 
difficulties which arise in a physical “‘smoothing-out” of particles, as opposed 
to a purely formal ‘‘smoothing-out” such as was discussed in the present 
article, are well known. In this case, therefore, the theory of meson interactions 
would draw a blank. 

We emphasise that the physical ““smoothing-out” related to the introduct- 
ion of some “fundamental length*’ of the order of 107% cm must inevitably 
have some effect on electrodynamics, although at these energies no logical 
difficulties arise. Unfortunately, the chief electrodynamic effects at high ener- 
gies, namely bremsstrahlung and pair production by photons, occur (in the 
system where the electron is at rest), at energies of the order of its rest mass, 
so that the study of these phenomena at high energies can give no information 
in this direction. An elementary calculation shows that a fundamental length 
of. the order of 10° om must lead to important changes in the Compton 
effect or in the annihilation of positrons at energies of the order of 10% eV. 
The study of these phenomena might be of the greatest importance to theore- 
tical physics. 


It is great pleasure to me to contribute this article to the present volume 
dedicated to Niels Bohr, the great physicist whose pioneer work has deter-' 
mined the immense progress, “of the modern quantum theory. 

' Note added in proof. Since this paper was written I. J. Pomeranchuk brought 
forward new arguments in favour of the absence of physical interactions 
for point particles. He succeeded in proving this statement rigorously in elec- 
trodynamics {as compared to the not quite rigorous considerations given in 
the text). He gave also strong arguments in ‘favour of a similar result for 
pseudoscalar meson coupling. These important results give additional strength 
to the point of view that meson theories cannot be constructed without deep 
changes in the basic principles of modern theoretical physics but of course 
cannot completely exclude the other possibility. 
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8. ON THE ROTATION OF LIQUID HELIUM 


According to the basic concepts of the theory of liquid helium IT,? the “super- 
fluid” portion of the bulk liquid can execute only potential motion and, in 
particular, cannot participate in the rotation of the liquid as a whole {for 
example, in a cylindrical vessel, rotating about its axis). It is well known, 
that this theoretical conclusion was verified by experiments carried out by 
E. L. Andronikashvili, thereby enabling the ratio of 9,/e, to be measured 
directly as a function of temperature. 

In these experiments, the liquid was set into a rotatory, oscillatory motion 
with a large period (and, correspondingly, with a small linear velocity). Later, 
experiments were also carried out with fast, uniform rotation of liquid helium 
in a cylindrical vessel’, *; in Andronikashvili’s experiments, the linear veloc- 
ity of the liquid attained 40 cm/sec, and in Osborne’s experiments it reached 
70 cm/sec. As a result of this, however, it was found that the depth of the 
meniscus formed corresponds to a rotation of the entire mass of the liquid, and 
not only to a rotation of its ‘““normal part’’. 

The aim of the present notes is to indicate the possible explanation of these 
experimental results, which arises in a natural manner from a consideration 
of thermodynamical stability. 

As a result of the rotation (with a given angular velocity 2) of the normal 
liquid, thermodynamical equilibrium is attained when the liquid is rotating 
as a whole. When liquid helium II is rotating, however, the carrying along 
of the whole of its mass should require the transition of liquid helium I into 
the non-superfiuid phase (helium I), which should be associated with a large 
expenditure of energy, and therefore does not correspond to thermodynamical 
equilibrium. But on the other hand, rotation of only the normal part of the 
mass is not energetically most favourable. 

It is natural to suppose that the most favourable state corresponding to 
thermodynamic equilibrium will be a “layered” structure of the rotating 
liquid, as follows. As a result of the rotation of the vessel, the normal part 
of the bulk helium rotates as a whole, but relative to the superfluid motion, 
the cylindrical volume of the liquid is subdivided into a number of coaxial 
cylindrical layers, between which are confined surfaces of tangential dis- 
continuities in the superfluid velocity. In each of these layers, a superfluid 
rotatory motion takes place with circular streamlines and with a velocity 
distributed according to the law 

of = & ? (2) 
r 

i. . Tausay x E. M. SIndmun, O spamenrn xmyxoro remus, Loxsadu Anadeauu Hayx CCCP, 
106, 669 (1955). 
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where 7 is the distance to the axis of the liquid and 8, is a constant which is 
different for different layers (wich we label with the suffix +}. This distribution 
satisfies the equation of continuity of an incompressible liquid (div v, = 0), 
and at the same time also the condition of potentiality (curl v, = 0), neces- 
sary for superfluid motion: At the boundaries of the layers, the velocity under- 
goes a discontinuous change in its magnitude. The presence of just one such 
discontinuity is essential in any case for the existence of potential rotation; 
the distribution in equation (1) cannot be extended to the entire bulk of the 
liquid, since on the axis of the cylinder the velocity should become infinite. 
:. Rotation of the superfluid part of the bulk liquid increases its effective 
moment of inertia and as a result it is energetically beneficial. The formation 
of a surface discontinuity is acting, however, in the reverse direction, a jump in 
velocity indicates the presence of a ‘‘surface rotation” of velocity, i.e. it 
represents the breakdown of the flow potentiality and thus, of some ‘‘local” 
destruction of superfluidity. A finite expenditure of energy is required, which 
can. be described, from the macroscopic point of view, by assigning to the sur- 
face of discontinuity a certain surface tension «. It is natural to assume that - 
with small values of the velocity jump, « will tend towards a constant limit: 
this should imply the necessity of a finite expenditure of energy for every 
“local” breakdown of superfluidity. 

Definite dimensions of the layers correspond to the thermodynamic equili- 
brium for every given value of 2. According to the extent of increase of 2, 
the layer thickness, naturally, decreases, and at sufficiently high velocities 
of rotation the layers become very thin. From the outside, this motion will 
completely imitate the rotation of the mass of the liquid as a whole, which is 
also observed, apparently, experimentally. The presence of a true layered 
structure should, however, develop mn @ not completely smooth, “jagged’’. 
surface of the meniscus. 

We emphasise that the motion described as a uniform rotation corresponding 
to thermodynamic equilibrium is thus thermodynamically reversible, i.e. it is 
not accompanied by a dissipation of energy. In this respect, the destruction of 
superfluidity taking place here differs from the destruction which takes place 
as a result of the so-called critical velocities. 

We shall now perform a quantitative calculation as a result of the above- 
made assumptions about the constancy of «. The free energy (at a given tem- 
perature) of a rotating cylinder of liquid is saci 

a 2 

ee ae Len — + Qua Sir fig to (2) 
4 Pee 1 
(where 2 is the radius of the cylinder; J is the moment of inertia of the vessel ; 
the suffix ¢ = 0, 1, 2,...Jabels successive layers in the direction outside — inside, 
so that 7 = 0 corresponds to the layer lying next the wall of the vessel; r; are 
the radii of the boundaries of separation between layers, so that 75 = 2). 
The first two terms represent the kinetic-energy of normal and superfluid 
motion respectively, and the third term represents the surface energy of the 
discontinuities. In thermodynamic equilibrium there should be a minimum 
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(for a given temperature and 2) value of F’ = F — MQ, where © is the 
moment of momentum of the rotating system (see, for example ref. 4). In 
the given case 

ae Re 





= On 2+ 0, 2 YO 7? — ri,1) + LQ, (3) 
4 
. 0, 7 RAD? = FQ? tr; 
pa BRE Ts wod [iin - on —rhs 
é t+ 


+ 20D Tey (4) 
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The first two terms in the expression for F’ are independent of the presence of 
layers, and we shall neglect them below. Minimising F’ with respect to };, 
we obtain 





Q r-7, z 
ar re ©) 
n— 
Ve4i 


(for small layer thicknesses, 6 tends towards Q r?, which corresponds to rotation 
of the liquid as a whole). The corresponding value of F” is 





{ af — 2%, . 4)? 
5 a; 
In 
S47 | 
where the dimensionless quantities 7, = 7,/R and the dimensionless parameter 
5 OR 
8a 


are introduced. 

Let us consider the limiting case 4 <1 (slow rotation). In this case, it is 
found that 1 > x, > x, > ---. In connection with this, each successive term of 
the summation in equation (6) turns out to be small relative to the preceding 
one, and in order to determine each valve of 2,,,, it is sufficient to minimise 
one term of the summation for given values of the preceding x,. If we intro- 
duce the relation £1; = %+3/x; < 1, we can write an individual term of the 
summation in equation (6) in the form 2;[&4, + A 23/In &,,], and form its 
minimality condition with respect to é;41, we obtain 
Au Z 
— (7) 


a 








— 1 
VE. 1 h—=== = 
t+1 
Thus, even for an arbitrarily small velocity of rotation, an infinite number 
of layers occurs, the radii x; of which are asymptotically concentrated with 


respect to direction towards the axis of the cylinder (actually, it is clear that 
the small layer thicknesses are limited by atomic distances, and therefore the 
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number of layers is large, but not infinite). The maximum radius is given by 
the relationship — Ja In fay = aJfaj2. 

In the reverse limiting case 2 > 1 (fast rotation), the entire volume of liquid 
is split up into thin layers, so that at distances 7, which are not too smali (in 
relation to A), from the axis, the thicknesses 2 of the layers slowly change 
from layer to layer. In the limit 2 > 0, the energy ¥’ should correspond to 
the liquid rotating as a whole: 


_% , 2 
F = “ S¢- Pr) = —2n0% RAY (x5 = wi). 





Subtracting this value from equation (6) and rearranging with respect to 
powers of 4 = h/R, we obtain for the excess energy of the layered structure, 
per unit interval of « (ie. per 1/4 layers), the foilowing expression: 


x 4A 
2x0 R4— + —x A*}. 
Hot [2 oar x ash 
Minimising with respect to 4, we obtain 
3 \23 Sa \v8 
A -(=) , b= (—5) ' (8) 


as well as determining the unknown thickness of the layers. 

Not knowing «, we can attempt to obtain an approximate estimate for 
the numerical value of 2, substituting for it a quantity of the correct dimensions 
(the dimensions of h? 2?) from the following macroscopic quantities: transi- 
tion temperature 7,, density oe, velocity of sound u. By this method we 


obtain : 
a ee (- ay 
@ 


Taking for u the characteristic value of ~ 20m/sec, we obtain h® 2? ~ 0-3. 
Thus, for angular velocities of 8-16 r.p.s (as in ref. 2) this estimate gives a value 
for h of about 0-05 cm. 

The problem of a detailed picture of the raggedness of the surface of the 
meniscus is associated with the shape of the layers close to their emergence. 
to the free surface of the liquid and requires special considerations. 
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86. ON POINT INTERACTIONS 
IN QUANTUM 
ELECTRO DYNAMICS 


Av the basis of quantum electrodynamics lies the idea of point interactions 
between quanta and electrons. It is well known that, with such interactions 
direct calculations lead to infinities. In recent years a relativistically invariant 
perturbation theory! has been established and it has been shown that, based 
on this theory, it is possible to work out a well-defined procedure leading to 
finite expressions for those effects for which, previously, infinities were ob- 
tained. Another approach to a solution of the equations fo quantum electro- 
dynamics was developed in ref. 2. It proceeds from a consideration of point inter- 
actions as the limit of a certain “smeared out’’ interaction with a finite range, 
when this range diminishes to zero. Furthermore, the constant e, standing in 
the form of a multiplier in the interaction is a function of the “smearing out”’ 
radius 1/A. With increasing A (approach to centre of the particle) e, increases. 
This is connected with the apparent characteristic of polarisation of a vacuum 
to reduce every charge “introduced” in the vacuum (see also ref. 8). 

Whilst ¢e2 < 1, the connection between e, and the re-normalised charge e 
is brought about by means of the D-function found in ref.2. The Fourier 
component of this function is equal to 


D(k) oo ar aw 1 (1) 
ce 


Here » is the effective number of different weakly interacting particles in 
nature (see ref. 2 for more details in this connection). Formula (1) is valid when 
k? > m? (m is the mass of an electron). But if k2 < m?, then in (1) # must 
be replaced by 2m?. 

The interconnection between ¢? and e*, is well known to be obtained from 
the expression: 





2 
e = e? lim k D(k*?) = —___>__. 
tere gine i 
' 82 ml 


ii. Wannay u A. Tomepansyx, O roxewom Bsaumogelictsua 5 KBAHTOBOH SNeERTPOAMHAMAKe, 
Horaads Anadestuv. Hayx CCCP, 102, 489 (1953). 
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Expressions {1) and (2) can be simplified as 
3% 1 1 
S 2 72 > s 
74a, Ae k (3) 





y A’ (4) 


when the condition is fulfilled that 


yer, At 
7 Ee w” (5) 

With values of e? not very small in comparison with unity this conditions 
is already satisfied for values of k*, which are not vanishingly small in compari- 
son with A*, 

The inverse proportionality of the D-function to e? implies the possibility 
of neglecting the action of a free magnetic field in the Lagrangian of a system 
of electrons. and quanta. 

Actually, e,A enters into the interaction of a field with electrons and, in 
the free field, A itself. If the action of the free field is neglected, the mean 
value for the physical vacuum of 


ae A(Y)> (6) 


must be inversely proportional to e?. On the other hand, (6) is only distin- 
guished by an unimportant capt ‘from the D-function, which thus proves 
to be inversely proportional to e. Precisely this result is also secured in (3). 

If the Lagrangian of the free fieid ceases to play an effective role even with 
e; <1, then it seems natural to think that with a further increase of ef 
the role of the free field will be still smaller. Therefore the D-function must be 
inversely proportional to e? also with e? > 1. Thence it follows that ¢?D is: 
independent of e2 and therefore always has the form: 


3x il 
ee, m 
2 


&D= 


{if merely k? is not very close to A”). Equations (2) and (7) lead to the following 
connection between e? and e?: 


32 
2=_——_ 0 Aisa. 
@ ay > > ®D (8) 


Arr 


} In addition, it is understood that is not very close to A’. 
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The vanishing of e can be explained in the following manner. Let any large 
charge e,(A) be situated in @ sphere of radius 1//. Then, at a distanec 1/X only a 
few times greater than 1/A there will be a charge af ek? Dk?) wa/ [Sze/vln (A2/k*)} 
equal in order of magnitude to unity. This means that the “introduced” charge 
e, having the dimension 1/A is surrounded by a dense cloud, with dimensions 
also of order 1/4, formed by polarised charges, as the result of which the total 
charge inside a radius 2// will be of the order of unity. (The situation here is 
reminiscent of that which is brought about close to a Coulomb centre with a 
charge greater than /137.) 

The rapid fall of e? to unity in fact denotes the absence of a wide region 
of strong interaction in electrodynamics discussed in ref. 2. Only the existence of 
this region could have made ¢ + 0. 

We reach the fundamental conclusion that, from formal quantum electro- 
dynamics, there apparently follows the equality to zero of the charge on the 
electron. The reservation “apparently” refers to a certain lack of vigour in 
the argument given here. 

The result we have obtained indicates the logical openness of quantum 
electrodynamics. It must be emphasised, furthermore, that the insufficiency 
of the theory indicated here is directly caused, not by the infinities (which 
have been considered for the last 25 years) but by the conversion of the physical 
interaction to zero. 

The physical consequences of internal inconsistencies of quantum electro- 
dynamics can be different ones. 

The energies A, at which 


Aa (82) 





are very large in any case. For these energies the effects of gravitational 
interaction can exceed the electromagnetic effects. It is a tempting idea that 
“a crisis” of electrodynamics arises precisely with those energies, for which 
gravitional is equal to electrormagnetic interaction. Since the effective charge 
in the critical zone is of the order of unity, this corresponds to 


x Ag~ (9) 


where x is the gravitational constant, (8a) and (9) give for » the value y ~ 12. 
From such @ point of view the magnitude of the physical charge e would have 
been automatically established from the theory. If » < 12 the gravitational 
effects appear significantly earlier, than the effective charge of the order of 
unity. On the contrary, with » > 12 gravitational effects will not “save” 
électrodynamics because they set in too late. 

The inference from this that e = 0 was reached by us by considering only 
purely electromagnetic interactions. The possibility is not excluded that 
considerations of non-electromagnetic interactions of particles (such as the 
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# — e disintegrationt etc.) can vastly change the nature of electrodynamics 
at high energies, which is accordingly indicated in the re-normalising of the 
charge. 

The method described above for investigating the problem of re-normalising 
the charge is not transferred directly to meson theory*. If, however, the vanishing 
of e is a reflection of the common properties of every point interaction, then 
present-day meson theory will prove to be fully untenable. Furthermore, it 
is necessary to bear in mind that because of the Jarge value of g? the role of 
gravitation in the meson region is completely negligible. For this very reason, 
in meson theories, there is no region of applicability of perturbation theory. 
In electrodynamics there is known to be such a region in view of the smallness 
of e? and its properties cannot be seriously changed with any change of electro- 
dynamics in the high energy region. 

The revision of existing theories for the case in which it follows from the 
theory that g, along with e, is equal to zero, would have demanded the intro- 
duction of completely new physical concepts. Such concepts would have had 
to make it possible to indicate in the theory the nature of extended elementary 
particles. This means that a new universal length would have been introduced 
into physics which would have automatically given A an upper limit. The 
existence of the new length would have had to appear not only in the meson 
region, but also in purely electromagnetic processes. The possibility is, there- 
fore, not excluded that all electromagnetic processes, accompanied by large 
momentum transfers, proceed quite otherwise than present day theory predicts. 
These deviations can occur in conditions in which the momentum transfer 
in the centre of mass system is of the order of a few hundred MeV, if the 
new length is = 10cm. Thus an experiment of the type of the Compton 
effect with energies of about (2-5) x 102° eV could have emerged as a solution 
for the present day field theory. A similar role can be played by pheno- 
mena like the annihilation of positrons of very high energy (10*°-10 eV), 
the wide-angle scattering of electrons by electrons in the same energy range 
and other effects under the same conditions. Important information for the 
theory can be given by experiments made with smaller energies, but, on the 
other hand, with great accuracy. 

It is necessary, however, to emphasise that ordinary bremsstrahlung or 
pair production by y-quanta, even in the region of super-high energies, cannot 
shed light on the region of applicability of electrodynamics. The fact is that, 
as is well known®, bremsstrahlung occurs in the rest system of the electron, 
by its interaction with soft quanta (w ~ m) completely independently of what 
is the initial energy of the particle in the laboratory system. Ideas of just such 
a type also concern the phenomenon of the pair production. 


T The possible role of this interaction was brought to our attention by Ya. B. Zel’dovich. 
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87. THE GAUGE TRANSFORMATION OF THE 
GREEN FUNCTION FOR CHARGED PARTICLES 


A gauge transformation is carried out on the Green function and the vertex 
operator for charged particles interacting with an electromagnetic field. 


GavGE invariance arises in the field theory of charged particles interacting 
with an electromagnetic field. Given a gauge transformation of the potential 
of the electromagnetic field 


A, 7A, + dof6x, (3) 


{y is an arbitrary operator function), the y-function of the particle is trans- 
formed as follows: 


ypoye? (2) 


{e is the charge, A and ¢ are taken to be unity). 

We shall attempt to determine here how the Green function for the particles 
will change under such a gauge transformation. The Green function for particles 
is well known to be 


Geax’) = < (pe) y(e')). >- (3) 


The brackets denote a vacuum expectation value. 
The Green function G (xx’) will change under the gauge transformation (1). 
From equation (2), it can be written in the form: 


G(x a’) = Gy(a a’) < (e8?@ er ier@) > , (4) 


where G,(xx’) stands for the Green function for the particular case when the 
longitudinal {in the four-dimensional sense) part of the photon’s Green func- 
tion is equal to zerot. The Fourier components of the Green function for 
‘photons 





D,, (ea!) =i < (A, (@) 4,(@))4 > (5) 
can be written in the general case in the form! 
1 / k, ky kk, 
D,, (k) = 4% az (6. _ 7a + 4n ar (6) 


sl, A. Jlanmay a W. M. Xamarmuxos, [paquenrasie upeobpasosamua gdyaxnul puna zapa- 
WOHBNX YacTun, Mypuas Incnepumenmamnod u Teopemurecnot Dusunv, 29, 89 (1955). 

L. Landau and I. M. Khalatnikov, The gauge transformation of the Green’s function for charged 
particles, Soviet Phys.-JETP, 2, 69 (1936). 
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The terms containing d, and d, represent respectively the transverse and 
longitudinal parts of the function D,,. Now let us compute the vacuum 
expectation value of the chronological product. The longitudinal part of the 
Green function turns out to be the original function. It does not depend 
upon interactions with the field. Thereby the problem reduces to calculating 
the vacuum expectation value of the expression e'**™ e-i¢7@), where the 
operators g represent a free field. Expanding the free field » into plane waves, 
we have 


y= 2 Gy, = >, A(R) (a, &** + af e7 '**) (7) 


a, and aj represent respectively creation and annihilation operators for Iongi- 
tudinal photons; 2(k*), the amplitude which characterises the contribution 
of the photons, by the four-dimensional wave vector k. We also include in 
A(k?) a normalisation factor. In view of the smallness of this factor (it contains 
the reciprocal volume) we shall, in what follows, leave out terms of higher 
power than 22. Expressions of the type ¢e¢* can be expanded by means of 
equation (7) into the infinite product 


eile @) ay eiee e7 lee (a) = eileen (7a) 
om. ee a 


The operators a, and az corresponding to different values of the wave vectors 
commute with each other. Let us now take advantage of this circumstance 
and take into account the fact that the vacuum expectation values of terms 
of first order in the operator a (or g) are zero. The vacuum expectation 
values of the products 9; 97, in accordance with what we said above, can 
differ from zero only if k =1. With the help of (7a) we obtain for the 
vacuum expectation value of the expression ef? ite), 


2 2 
. (8) 


2 2 
=T0-S9b - Fo + & dln 96) 





1 2 12 ? 
= exp - a @ C$ + <P> — 2M, na}. 


As we have already noted, the vacuum expectation value of the product of 
the two operators a, and aj is always zero except when k = J. Thereby the 
Green function for the @ field becomes 


Ay (wax’) = i C(p() pl’) 4> = 1<(Gx Ye) 4>- (9) 
Considering equation (9), we re-write equation (8) in the form 
& (e12? @~ 289 H) 'y 


= exp fie? (4p(0) — Ap ( 2’))}. (10) 
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Now let us apply the results we have obtained and write the final formula for 
the Green function G(x’) for charged particles; from (4) and (10) we 
have 

G (% x’) = Gy(x a’) exp {i e?(4,(0) — 4p (x x’))}. (11) 


Formula (11) links the Green function for charged particles G(xx') with its 
value G,(zx’) computed under the assumption that the longitudinal part of : 
the photon D-function is equal to zero. The longitudinal part of the Green 
function for photons is connected with the 4J-function of the @ field, as 
evidenced by the expression: 

e? 


Dy G2) = ae at, Ox, 7 


by (wx). (12) 


In accordance with equation (6), the expression for the Fourier-components 


becomes 
LAU) 
n 


Ay (hk) = 4 (13) 


It is not generally possible to write in Fourier components form the Green 
function as it appears in formula (11). It is possible, however, to obtain a 
formula for the change in the Fourier components of the Green function for 
particles, for an infinitesimal gauge transformation of the potential. Performing 
a variation on equation (11) we obtain 


6G (x x’) = ie? E(a x) (6 Ap(0) — 84, (4 x’). (14) 


We re-write this ee in Fourier components ; with the help of equation (13), 
we find 3d x h) 
6G (p) = — | (em - ep - Wy ate. (15) 
Let us apply the resulting formula to the case of spin } particles. The unper- 
turbed Green function of the free particle is given by 


i a 
oi ee errenrae P= Pa Pu: 
Let d,(&) be a slowly varying function of the argument (%?), so that the condi- 
tion (e?/) d,(k) < 1 is satisfied. Let us substitute into the right side of (15) 
the unperturbed value of the function G(). For slow variatons of the function 
d,{k) in (15), significant contributions to the integral come from the region 
k? > ?. Because of this, the term G(p — &) may be neglected with respect 
to G(p) on the right side of (15). Equation (15) is then satisfied by the 
Green function 
_ Bp) | 
G(p) = (16) 
op =m) 


where 8(p*) is a slowly varying function of its argument. 
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For the case when »*? > m?, from equation (15) and from the expression 
atk = —(-2) d(-2), 
we obtain 
p(n") = — — ap" [= dl (~B). (17) 
-2? 
Let us denote 8(p?) when a 0 by the oo 8, (p?). Calculations show 


that in the case of spin $, we have 8,(p?) = 
From equation (17) we obtain for a finite gauge (ar eee the well-known 


formula 
2 ‘d(-k 
pi) = oxo 2 { a (18) 


The problem for spin zero can be solved in an analogous fashion. In this 
case the Green function is written in the form 


G(p) = - un : 





(19) 


Calculations show that for slowly varying d,, the quantity 8(*) similarly 
turns out to be a slowly varying function. For a finite gauge transformation 
we obtain, analogously to equation (18), 


d (— i) 
Bip) = B, (P*) o> 4 args Fe a (20) 
pee 


where 8;(p?) denotes 8(p?) when d, = 0. 
Let us now turn to the gauge transformation of the vertex operator I), (xz’; £). 
We shall start from the vacuum expectation value of the chronological product 


(pla) A, (©) p@))4> (2h) 


The vertex operator I),(x2’; &) is linked to the function B,{xz’; ¢) by the 
integral 


B, (ex's t) = 0 { Gee’) D(a’ 2"; &) Ge” @') 
Dy, (EB) dE a" dt x’ abe (22) 


Under gauge transformation, the function B,(wx’; &) changes as follows: 
B, (2.2"; 6) + Bog (02; £) (elt? «07 #7), 


+ Gy {x x') Kies “ 7), » (23} 


GAUGE TRANSFORMATION OF THE GREEN FUNCTION 663 


Here By, (xx’; &) denotes the function B, when the longitudinal part of the 
photon D-function is equal to zero. The vacuum expectation value of the 
product which appears in the term containing 8), in (23) is calewlated 
from (10). As for the factor which appears with Gy(xx' ), simple calculations 
involving equations (7) and (8) yield for it 


< {aie oe = ecto) » = exp {ie? [4p (0) — 4p (w2’)}} 
7 + : 


(4p (@ 6) — 4p (E2'))- (24) 





é 
eg, 
Substituting (24) in (23) and taking (11) into account, we finally obtain 


B, (x x’ i é)= Boy (x x’; €) exp {i e o (0) — Ap (a 2’))} + By, (22's §), (25) 


By, (@ a’; ¢) = {@ &) — 4p ( 2’). (26) 





Let us clarify the connexion — each of the terms in (25) and the 
Green functions for particies and photons. First we show that the second 
term in (25) coincides exactly with that Pere of (22) which corresponds to the 
longitudinal part of the photon function Di,; - 

By, (a x'; é)= ef G(x x!) Dy (acl 2"; &) Ga!” x’) DE, (& &) dtu” dt ax’ dt é’. 

(27) 
This expression can be obtained rigorously by going to Fourier components. 
Using equation (26), the Fourier components of B,,(ax’; §) become 


B,,(p, p — kk) = e(G(p) — G(p — k)) &, Ap (k)- (28) 


The Fourier component of the right side of (27) is evidently given by 
{see equation (6)): 





k, & 
eG(p) I, (p, p — &; k) G(p — k) i 4nd; {k). (29) 
We shall now make use of the famous generalized theorem of Ward? 
k, I,(p, p — ky k) = — (G4 (p) — G*(p — k)). (30) 
Expression (29) then becomes: 
By 
e(G(p) ~ Gp — b)) Fan &(). (31) 


Comparison of (31) and (28), in view of (13), verifies the correctness of (27). 
if equation (27) is proved, then it follows from (22) and (25) that 


Bo, (e a’; £) exp {i e?[Ap(0) — Spe e')]} = ef Olea) De 2"; £) Gla’ @’) 
x Dt, (E/ &) da” ata” ate’ (32) 
(Dt, is the transverse part of the D-function). 
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Re-writing this expression for an infinitesimal gauge transformation and 
going to Fourier components, we find 


ie? [ {6(@) Pity, p — kik) Gp - B) - Cp -— Dp - np 7 — bs) 


x G(p - k- 7 EO ae G(p) 6I,(p, p — bs b) G(p — ) 
(33) 
+ ie [ {G(p) - G(p) - NIT (p, p - bs) Ep - &) 
é 
+ G(p) I, (p, p — &; k) (G(p ~ &) — G(p — k — r)]} —— a0 dtr. 


Solving for 677, we finally obtain 
G(p) 6D, (p, p — ks k) A (p — k) = —i09 | {4 (p) Fp, p — bs )(G(p — ) 
—G(p—k-1r)) + Gp ~- Tp -—1,p — 4 — bs WG (p —k — 1) 


bd(0) a (34) 
yt 


— Tp, p — k; k) G(p — B))} 
For the case of spin 4 particles, the changein the vertexoperator I, (p, p — k;k) 
under infinitesimal gauge transformation (py? > m*) can be found by a method 
similar to the one that was used for the Green function. If d;(r) is a slowly 
varying function in equation (34), then all the terms on the right side except 
the first can be neglected (upon integration in the significant region of large r?). 
After this it is easily found (assuming that (p — &)?, p* and * are all of the 
same order of magnitude) that 





bis r bd r 
Tye kit) = ie Typ,p— sk) [Maly (88) 
This result is found to be in conformity with Ward’s theorem. 
In conclusion we wish to extend our thanks to A. A. Abrikosov for taking 
part in discussions with us. 
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88. A HYDRODYNAMIC THEORY OF 
MULTIPLE FORMATION OF PARTICLES 


1. INTRODUCTION 


Experiment shows that in collisions of very fast particles a datge number 
which produce such stars is of the order of 10% eV or more. A characteristic 
féature is that such collisions occur not only between a nucleon and a nucleus 
but also between two nucleons. For example, the formation of two mesons 
in neutron—proton collisions has been observed at comparatively low energies, 

of the order of 10°eV, in cosmotron experiments?. 

Fermi*$ originated the ingenious idea of considering the collision process 
at very high energies by the use of thermodynamic methos. The main points 
of his theory are as follows. 

(1) It is assumed that, when two nucleons of very high energy collide, energy 
is released in a very small volume V in their centre of mass system. Since the 
nuclear interaction is very strong and the volume is small, the distribution 
of energy will be determined by statistical laws. The collision of high-energy — 
particles may therefore be treated without recourse to any specific theories 
of nuclear interaction. 

(2) The volume Y in which energy is released is determined by the dimensions 
of the meson cloud around the nucleons, whose radius is &/we, « being the mass 
of the pion. But since the nucleons are moving at very high speeds, the meson 
eloud surrounding them will undergo a Lorentz contraction in the direction 
of motion. Thus “the volume V will be, in order of magnitude, 


4n fk VB2Me 
¥ 2]. ia 
3 (—) ge’ ”’ (tt) 


where ¥ is the mass of a nucleon and £’ the nucleon energy in the centre of 
mass system. ; 

(3) Fermi assumes that particles are formed, in accordance with the laws 
of statistical equilibrium, in the volume V at the instant of collision. The 
particles formed do not interact further with one another, but leave the volume 
in, a “frozen” state. 


C.3. Benespxnk a J. 0, Janay, Tampoummamayeckaa reopua muookecTBeRHOrO obpazo- 
Bana Yactan, Yenexu Dusuvecnus Hayx, 56, 309 (1953). 

8. Z. Belenkij and L. D. Landau, Hydrodynamic theory of multiple production of particles, 
Nuovo Cimento, Supplement, 3, 15 (1956). 
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(4) Fermi considered both head-on collisions, which according to his cal- 
culations lead to an isotropic angular distribution, and other (peripheral) 
collisions. In the latter case both the conservation of energy and that of angular 
momentum were taken into account in the statistical theory. For peripheral 
collisions an anisotropic angular distribution in the centre of mass system is 
obtained. 

Fermi’s basic idea regarding the application of statistical methods to the 
study of collision processes is certainly very fruitful, but the various hypo- 
theses involved and the quantitative derivations are not very convincing**, 

The assumption that the number of particles in a multi-prong star is deter- 
mined by the number of particles formed in the volume V at the instant of 
collision is unjustified. At that instant, on account of the high density of 
particles and the strong interaction between them, the concept of the number 
of particles has no meaning. Even if we assume that particles are formed at 
the initial instant, the assumption of strong interactions cannot be reconciled 
with the assumption that this interaction ceases immediately the particles 
leave the volume in question. 

In reality the system expands, and the number of particles becomes definite 
only when the interaction between them becomes small, and the particles 
move away freely. This was pointed out by Pomeranchuk‘. Moreover, Fermi? 
calculated incorrectly the peripheral collisions and tke resulting angle and 
energy distributions of the particles. Fermi’s derivation is difficult to reconcile 
with the theory of relativity. According to Fermi, in a significantly non-head- 
on collision the interaction extends to the whole volume of the meson cloud, 
ie. to a distance i/uc, in a collision time of the order of (h/u c) (Mc?/H’) le. 
This means that the perturbation must be propagated with a seen consi- 
derably exceeding that of light. 

The defects of Fermi’s theory arise mainly because the expansion of the 
compound system is not correctly taken into account. Landav® has shown 
that the expansion of the system can be considered on the basis of relativistic 
hydrodynamics. The use of “hydrodynamics i in this case is as consistent as that 
of thermodynamics, since their ranges of applicability coincide.t 

Qualitatively, the collision process may be described as follows®. 

(1) When two nucleons collide, a compound system is formed, and energy 
is released in a smal! volume V subject to a Lorentz contraction in the trans- 
verse direction. 

At the instant of collision, a large number of “‘particles’’ are formed; the 
“‘mean free path” in the resulting system is small compared with its dimensions, 
and statistical equilibrium is set up. 

{2) The second stage of the collision consists in the expansion of the system. 
Here the hydrodynamic approach must be used, and the expansion may be 
regarded as the motion of an ideal fluid (zero viscosity and zero thermal con- 


t The conditions of applicability of thermodynamics and hydrodynamics are comprised in 
the requirement 1/Z « 1, where 7 is the “‘mean free path” and Z the least dimension of the 
system. 
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ductivity)}. During the process of expansion the “‘mean free path” remains 
small in comparison with the dimensions of the system, and this justifies the 
use of hydrodynamics. 

Since the velocities in the system are comparable with that of light, we 
must use not ordinary but relativistic hydrodynamics. Particles are formed 
and absorbed in the system throughout the first and second stages of the 
collision. The high density of energy in the system is of importance here. In 
this case the number of particles is not an integral of the system, on account 
of the strong interaction between the individual particles. 

(3) As the system expands, the interaction becomes weaker and the mean 
free path becomes longer. The number of particles appears as a physical cha- 
racteristic when the interaction is sufficiently weak. When the mean free path 
becomes comparable with the linear dimensions of the system, the latter 
breaks up into individual particles. This may be called the ‘“break-up”’ stage. 
It occurs with a temperature of the system of the order 7’ % yw c?, where yu is 
the mass of the pion. (All temperatures are in energy units.) 


2. THERMODYNAMIC RELATIONS IN THE BREAK-UP OF THE 
SYSTEM 


In considering the break-up of the system we can neglect the interaction 
between particles, and thus a number of simple relations are obtained. 

Let us consider some part of the system at a break-up temperature 7',. 
We use the following expression for the relativistic pion density in this part 


of the system: 
Tk 
-F 2.1 

Ny = A( he ) (2x) 5 ( ) 


where z, = uc*/T,. Here g, ist the number of possible states of a particle in 
our case (x*, n- and x° mesons), g, = 3; 


2 
veda 


Fe)=2 | spear ia early 
explz, (+ #)}—1 
The function F(z,) can be put in the form 


F@)=2 ps FOO oy 


dy, lim (2.3) 


> 


{ This may be made clear by the following qualitative arguments. If viscosity and thermal 
conductivity are to be negligible, the Reynolds number Z V/Z v must be much greater than unity. 
Here L is the least dimension of the system, ¥ the “macroscopic” velocity, v the “molecular” 
velocity and 7 the mean free path. Since V and » are of the order of ¢, the condition Rs > 1 corre- 
sponds to U/L <1, 
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where X, (z) is the modified Bessel function of the second kind?8. The series 
(2.3) is rapidly convergent. The asymptotic expressions for K,(z) for large and 


smal] z are 
a \H 15 LT] 
K 2 /—— -7[] + ——] for L, 
2(2) (4) efp+Fz| oon ae 








2 .. 2.4 
EQ) == for z<l. oY) 
Using (2.4), we easily see that at high temperatures 
g 
Nr = 0-65(+) Pe 
he 
and at low temperatures 
tT, 3/2 re) pe 
m= %0(q8s) exe(—E) 
For the pion energy density ¢, we have 
9. fT, 
= 1n{—-> ; 2. 
ey n(s)(Gt) D(z, x) ( 5) 
where 
2 — 3Ke[z.(1 + m)] + 2,(1 + m) Ky[z,(1 + m)) 
6 2 : 6) 
(2) = % 2s ar ee te (2 6) 
K,(z) being the hyperbolic Bessel function of the first kind. 
The asymptotic expressions for K,(z) for large and small z are 
zw \H? 31 
Ky (2) = (#) fi +St for z> 1, 
(2.7) 





i ; 
K,(2) = for 2z<l. 


It is easy to see that for z, > 0 (very high temperatures) ©(0) = 6-49, and 
for 2 > 1 we have ¢,/n, = we? + 37/2. Finally, the expression for the pion 
entropy density (in absolute units) is 


TG 
Dax = (=) (45) 40 (2.8) 
where 
Glz,) = 2 3 4K,[z,(1 + m)] + 2,1 + m) Kyfz, (1 + my (2.9) 


m=0 (1 + m)* 
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The values of the functions F{z), ®(z) and G(z) are given in Table 1. 


2 


TaBre 1 

: P(:) & (2) Ge) F*(z) G* (2) | G*(2) 
0 2-40 6-49 8-65 1-80 5-68 7-87 
0-5 2-17 6-30 8-31 1-72 5-58 7-37 
0-7 2-02 6-12 8-02 1-65 547 7-19 
0-9 1:86 5-90 7-67 156 5-33 6-95 
1 1-78 3-18 7-48 1-62 5.24 6-81 
Le 1-62 5-5] 7-07 1-41 5-05 6°53 
“5 139 5-06 6-42 1-25 4-72 6-00 
2 1-05 4-27 5-31 0-982 4.07 5-07 
3 0-561 2-78 3-33 0-546 2.72 |. 3.27 
6 0-0599 O-47t | 0532 0-0399 0-471 0-531 
7 0-0268 0-237 0-263 0.0268 0.237 0.263 
8 0-0117 0-115 0-127 0-0117 0-115 0-127 





. In this table the values F*(z), ®*(z), G*(z) relate to a Fermi gas, and Ff (z}, 
Giz), G(z) to a Bose gas. For a Fermi gas we have instead of (2.2) © 


~o 


F(a) = e{ 


tt) 


eda. 
exp [z./1 + #7] + I 


and the series in (2.3), (2.6) and (2.8) have alternating signs. 


For z>1 
1/2 7 l 
F(z} = F* (2) = #($) “(1 +=), 
“\ 22 8 2z 


42 27: 1\ 
~ O* ~ 9 ae = —_—— 
D(z) x @ @ a(S) e (+ 3 =), 


{2 
see BSH ee 
ae) x oe) ~ #() e (x4 rane be 


In addition to pions, other particles may in general be formed in the system. 
As shown in ref. 7, the equilibrium number of mesons with masses exceeding that 
of the pion may in general be considerable when 7, + wc®, but it appears 
that some of the heavy mesons interact only weakly with nucleons and so 
are not produced in stars. Other heavy particles are apparently formed in 
pairs in stars (e.g. A particles are formed together with K mesons{), but the 
proportion of these particles is relatively small and the experimental data 
are insufficient to draw any definite conclusions, and we shall therefore not 
discuss them here. 


+ The relatively long lifetimes of all the heavy particles are difficult to reconcile with their 
assumed strong interaction with nuclei unless we assume these particles to be formed in pairs. 
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It must also be borne in mind that nucleons are present in the system. 
Since at least two nucleons take part in high-energy collisions, the conservation 
of nuclear charge must also be taken into account. 

The expressions for the nucleon density n,, and the antinucleon density 1,, 


are 
In_{T 
Ran sa 45; i) F(z 12, Yan) 


m {Le 
"an = > (Ft) Fy (%,,, Yan)» 


where g,, is the number of oe states of a particle with given momentum ; 
for nucleons, g, = 4 (two charge states and two directions of spin); 
ao 


edz 
Pils y) = 4 (—— 
exp[—y + 2,V1 +e] 41 
0 


(2.10) 





(2.11) 


2, = Mc?/T, DM is the nucleon mass, y = p/T', and py is the chemical potential. 
The condition of equilibrium with respect to pair production and annihilation 
iS Yan + Yan = 0. Putting y,, = y, we have Yn = —Y. 
In cases of interest to us, y < zandz > 1. In formula (2.11) we can therefore 
expand the denominator in a power series in y — z./({1 + 27). Taking only 
the first term, we have 


fe 
Rng = 2 a(t) Fo (Z,) & 2 





Da* 
ir (2.102) 
g k 
Non = a es Ly Po (%) e7 *. 


The energy densities ¢,,, é4, and the entropy densities s,,, Sqn of the nucleons 
and anti-nucleons are 


In \{ Tr \® 
nn = Ty ($5) (=) Gy (z,) &, 
3 





T, (2.12) 
ban (25)(F2) ®, (z) en"; 
T.\* 95 
San = (5) ( 7) [Go (Zn) — ¥ Fo(z,)] e%, - 
3 


f, 
son = (FE) (Bip) ote + vFolede 


The value of y (the chemical potential) is determined from the condition 
that the difference between the numbers of nucleons and anti-nucleons in 
the whole system should remain constant and equal to the initial number of 
nucleons NV. 
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The formulae (2.1-2.13) may be used to calculate various quantities. 
First of all, let us estimate the break-up temperature 7, of the system. Since 
the pion density is considerably greater than the nucleon density, the value 
of 7;, is mainly determined by the pion density. In order that the system can 
break up at temperature 7, the mean free path J of the particles at 7, voust 
be of the order of the characteristic dimensions L of the system. A more detailed 
hydrodynamiccal culation given in section 4 shows that L can be approximately 
written in the form L & (a/uc) (#/Mc?)/2, where # is the energy of the 
primary nucleon and M its mass. The mean free path is 7 = l/ne. As an esti- 
mate, let us assume that in order of magnitude o = wx(k/u c)?. If we take for » 
the expression given by (2.1), we get — 

2 oa eB (M A\UP 
L 3 F(z,) ( E ) 


The results of calculation from this formula are shown in Table 2.. 


(2.14) 


TaBle 2 
Pfu & YLT 
0-5 9 
0-7 3 
1:0 0:7 
15 0-21 
2 0.07 





+ Here WL is taken for E = 10" eV. 


Thus we see that the break-up temperature 7, is between 0:7 and 1-5 times 
pe, For, when 1/L < 1 break-up cannot occur, since the mean free path is 
extremely small, while when i/Z > 1 the system cannot exist because of the 
smaliness of its dimensions. It should be noted that the indeterminacy in our 
calculations due to the fact that both o and Z are known only in order of mag- 
nitude makes impossible a theoretical determination of the break-up tempe- 
rature 7,. 

The value of 7, does not depend greatly on that of l/£; when 1/0 changes 
by a factor of nearly 100, 7, changes by a factor of 4. Since //Z depends only 
slightly on the initial energy, the dependence of 7, on the latter is extremely - 
slight. Thus it is physically meaningful to use a quantity 7, which is practi- 
cally independent of the properties of the system (i.e. of the inital energy). 

Let us now calculate the number of antinucleons. We shall suppose that 
each part of the system breaks up at the same temperature. of the system 7',, 
though the time of break-up may not be the same for different parts. Then 
the ratio of. the total number of nucleons in the system to the total number 
of pions will be equal to the ratio of their densities. Formulae (2.1) and (2.10a) 
easily give yO oF ro Wy 


: . ~ Ny y . 
sinh y = —~ -——; coshy = —— -—*.. 2.15 
Me Be ae ie — 
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Here N° and N® are the total numbers of pions and nucleons (the latter 
including anti-nucleons) in the system if there are no nucleons initially. NV, is 
the number of initial nucleons, NV, and WV, the total numbers of pions anc. 
nucleons (again including anti-nucleons) when there are some nucleons initially. 


From (2.15) we have 
x, NO\2 N,\2 os 
= Ge) +Gt) 2.16) 


Similarly we find the ratio of the total energy density «, of nucleons and 
anti-nucleons to the energy density «, of pions: 


N\2/ Ny \ & 
= 1+(35) (52) $- (2.17) 


Here «2 and « are the nucleon and pion energy densities when the initial 
number of nucleons WV’) = 0. The ratio e,/e, does not depend on the co-ordinate 
system in which the collision process is considered. 

For, let a particle of mass M have energy H# in a co-ordinate system in 
which a given element of matter is at rest. In another co-ordinate system 
moving relative to the former system with velocity v, this particle will have 
energy EH’ = (2 + p,v)/,/1 — v/c?, where p, is the momentum component 
of the particle in the direction of the velocity v. Since the distribution of the 
in the original system of co-ordinates, on averaging over all directions we find 

= H/,/1 — v3je?. The energy of a particle with a different mass » will be 
transformed in the same way. Thus the ratio of energies will not depend on 
the velocity v. 

The ratios NA/N% and é/e are easily found from formulae (2.1), (2.5), 
(2.10) and (2. 12), if we put y = 0 in the two latter formulae. The parepenee 
values are given in Table 3. 








TasxueE 3 
Tie? None “6 feo 
1-0 0-06 0-14. 
1-2 0-126 0-30 
1:5 0-27 -, ‘0-87 


2-0 0-56 “1:0 





li the break-up temperature is of the order of 1-2-1-5 times yc*, the 
excitation of “isobaric” states of the system and the formation of A particles 
may be of importance. The exitation of “isobaric” states leads to some in- 
crease of the number of pions produced, which is small for ¥,, > N,. The impor- 
tance of A particles has been roughly estimated in refs. 7 and 9. However, since 
the spin of A particles is unknown and they are formed in pairs with K particles 
{a point not taken into account in the work just quoted), this estimate is not 
at all accurate. 
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Let us consider the following example. Let T, = 1-5 uc. Then N2/NO = 0-27, 
and the number of anti-nucleons is 0-135. Suppose that Nj’, = 0-15 (corre- 
‘sponding, for example, to three initial nucleons for 20 mesons formed.) Then 
formula (2.16) shows that J,/N, = 0-3. The total number of nucleons formed 
is 0-15, and the number of anti-nucleons 0-075. Thus in this case the number 
of anti-nucleons is reduced by a factor of almost 2 when the initial nucleons. 
are taken into account. 

Formula (2.8) gives the ratio of the energies carried away by the nucleons 
and by the pions. Let 7, = 1:2 uc% Then s8/e8 = 0-3, NO/NS = 0-13. For 
Noi, = 0-15, sit, = 0-42, but if No/N. © 1, syieq © 2-3, ie. the nucleons 
carry about 70 per cent of the total energy. It should be emphasised, however, 
that for VN, ~ N, the number of particles formed is small and the theory 
developed here is only a rough approximation. 

It may be noted that the number of anti-nucleons may, in general, be deter- 
mined by a higher temperature than the break-up temperature; in this respect 
formula (2.16) gives a lower limit. On the other hand, formulae (2.16) and 
(2.17) involve two parameters, the break-up temperature 7, of the system 
and the quantity Ny/N,. We can, however, derive a quantity independent 
of N/V, and determined only by the break-up temperature 7’, of the system, 
even if the number of nucleons is determined at a higher temperature. It 
is easy to see that the ratio of the energy per nucleon to the energy per pion 
depends only on the break-up temperature 7, and the experimental deter- 
mination of this ratio would apparently be the best method of finding that 
temperature. It may be noted that the ratio in question is independent of 
the frame of reference used; its values are given in Table 4. 


Taprr 4 


Pyluc? a = (¢,{e2) (Naf N,) 


< 


1 6S 
0-3 3-76 
0-7 3-28 
0-8 2-92 
1 2-65 
15 2-16 
2 1-83 





y important to find the relation between the entropy and the number 
Jes. It will be recalled that the expansion of the system (the second 
_ psge) is regarded as the motion of a perfect fluid, and is therefore adiabatic. 
This property might be destroyed by shock waves, but these are not formed 
the expansion process. The entropy of the system, and of its parts, therefore 
' -aries during the first stage of the collision and remains unchanged throughout 
+ hydrodynamic stage of the expansion, until the break-up into separate 

iticles. 

1 22 


fas 
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From equations (2.1), (2.8), (2.10) and (2.13) we obtain the following ex- 
pression for the entropy of the system: 





Gig (2 in) Gy {2,) 
‘ N,. 2. 
S= en Z) ~ ytanby} + +F BPR (2.18) 
If Ny = 0, then y = 0 and (2.18) becomes 
N*=28, (2.19) 


where V* = NV + N,, ie. V* is equal to the total number of particles formed 


(nucleons and pions), and 
ws 8 Fy (z,) + 3 F (z,) 
© 8G (2) + 3E(z,) 


This function is given in Table 5. 


(2.20) 


TsBle 5 
Tipo o 
O-LT 0-113 
0-5 0-198 
0-67 0-215 
0:83 0-222 
1 0-223 
1-43 0-216 
2 0-213 
>] 0:25 


This table shows that « depends only slightly on the break-up temperature 
7T,. It is seen that for 7, between 0-7 and 1:5 times yxc* the coefficient a is 


almost constant. 
For the case where the initial number of nucleons is not zero, we return to 


the equation of conservation of nuclear charge: 
ne - T, 9; — 
Nan — Nan = (5%) aut F(z,) [e? —e "J V = N 


where VY is the total volume of the system. The total number of nucleor 





+e] V. (2.. 


Let us now consider equation (2.18). Instead of S let us take the ratio « 
the number N* of particles formed when NV, = 0 to the initial number c 
nucleons V,. To do this, we multiply both sides of (2.12) by « and divide b: 
NV, (see equation (2.21)). The result is 
Ne -| Go (Z,) In G(z,) | ( 


coth y¥ —y + - “ 
NL Fo) 7 8g, Fo(z,) sinh y 
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Using equations (2.1), (2.10) and (2.22), we find 


NN = Gx Fo (2x) 
No 29n Fy (Z,) sinhy 


From these equations we can find the ratio N/N, as a function of N*/N, 
(with y as a parameter). The calculations show that, over a wide range of 
temperatures (7', = 0-5 to 2 times wc*) and up to N*/N, ~ 2, N/Ny is always 
less than N*/N,. The difference between N/N, and N*/N, increases as the 
temperature 7, decreases, but even for N*/Ny = 3 and T;, = 0-5 wc® we have. 
NjN = 2:54, ie. N/N* = 0-85. For N*/Ng < 2 the number of newly formed 
particles rapidly decreases, and N/N,~ 1. Thus the relation 


N=a8 (2.25} 


+ cothy. (2.24) 


is valid even when nucleons are intially present, up to a value of N*/N, of 
the order of 2, V being the sum of the initial nucleons and the particles formed. 
in the collision. 


3. Ten Tota, NUMBER OF PaRTICLES 


For the hydrodynamic discussion of the system as used in the first two 
stages of the collision, it is necessary to know the equation of state of the 
matter. 

As the equation of state of highly compressed matter at temperatures. 
f > pe®, we shall take® 


1 
poze (3.1) 


where p is the pressure and « the energy density. The pressure and energy 
density of macroscopic bodies are always such that p S }¢, equality holding 
in the extreme relativistic case. This inequality, however, is derived by assum- 
ing electromagnetic interactions between particles, and there is at present 
no proof that it must be valid for any interaction. Nevertheless, the choice 
of the equation of state (3.1) appears very plausible. Since the number of 
particles in the system is not fixed, but is itself determined from the statistical 
equilibrium, the chemical potential is zero. Hence « — 1s + p = 0, where s 
is the entropy per unit volume. Using the equation of state, we find 7s = e+ p 
= 46/3. Since for a fixed volume de = Tds, it follows that 


gre eflt, Tce elt, (3.2} 


These relations are the same as for black-body radiation, as of course we should. 
expect. 3 
It has already been mentioned that the entropy of the system remains. 
constant during the hydrodynamic stage of expansion, and varies only during 
-the first stage, at the initial instant of collision. The number of particles in 
the star is related to the entropy by (2.25). Hence it follows that to determine 
the total number of particles we must calculate the change in entropy at the 


29% 
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initial instant of collision. This change in entropy can most simply be caleulated 
for a collision of two identical particles, for instance two nucleons. Let E’ 
be the energy of the nucleons in the centre of mass system. In this system the 
matter is at rest at the instant immediately after the collision, by symmetry. 
Lhe total entropy of the system is proportional to «**V,, where «is the energy 
density and V, the volume in which the energy is contained. Hence «= B’/V,; 
the entropy, and consequently the number.of particles, are proportional to 
&' 3414 Since the volume V,, owing to the Lorentz contraction, transforms 
in inverse proportion to #’, and the energy EF in the laboratory system is 
proportional to #’°, we have finally 


N x EB, (3.3) 


where # is the energy in the laboratory system. From dimensional considera- 
tions, (3.3) can be written in the form 


Tr £ = ys 


‘where & is a constant of the order of unity. Experiment shows that k ~ 2. 
The relation (3.3) ist the same as that derived by Fermi, as is natural, since 
we started from the equation of state for black-body radiation, as Fermi did, 
and from the relation V ~ S, which is valid for any break-up “‘temperature”’ 
of the system. According to Fermi, the break-up temperature is determined 
at the instant after collision. This assumption has been shown‘ to involve an 
internal contradiction, but it does not affect the validity of (8.3). 

We have considered head-on collisions, when the particles pass at a distance 
comparable with the range of their forces. Let us now turn to peripheral colli- 
sions, when the passage distance is large compared with the range of the forces 
exerted by either particle. At first sight it might seem that the mean number of 
particles produced should decrease rapidly as the impact parameter increases. 
This is because the energy of the meson field of the colliding nucleons, concen- 
trated in each part of the system, would seem to decrease rapidly (in a frame in 
which that part is at rest) with increasing distance from their centres. This 
view is put forward by Heisenberg!® and Bhabha! in their treatment of the 
multiple production of particles at high energies. It is, however, inconsistent 
with the indeterminacy relation of quantum physics, and is therefore erroneous®. 
{This point is discussed in more detail by Feinberg and Chernavskii!*.) If the 
energy of a part of the system were to decrease, it would very soon be small 
in comparison with the indeterminacy AH ~ h cil, where 1 is the thickness 
of that part as reduced by the Lorentz contraction.7 Hence it follows that the 
true total energy of the system is not small, but its mathematical expectation 
is small. In other words, the total energy of the system and the total number 
of particles do not decrease, but only the probability that such a collision should 
occur at all. In a detailed analysis of non-head-on collisions a quantum treat- 


+ Since lw (hiuc) MIE, ABE = iM. 
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ment is necessary, gince the classical treatment is rendered invalid because 
the indeterminacy relation is violated. 

A consistent quantum treatment of the problem of non-head-on collisions 
involves considerable difficulties; it requires the use of a meson theory of 
nuclear forces, which has not yet been developed. It is not impossible that 
in a non-head-on collision (which is itself an event of low probability) only 
some fraction of the energy of the primary nucleon is transferred in the collision 
process. However, this question can not yet be decided by the theory. It seems 
to us that in the present state of the theory there is no particular significance 
in distinguishing central and peripheral collisions of two nucleons. The cross- 
sections for collision with formation of a multi-prong star are determined in 
order of magnitude by the “radius” of the nucleon i/uc. 

Heisenberg”, through an incorrect allowance for pheripheral collisions, 
arrives at the erroneous conclusion that the collision cross section increases 
logarithmically with energy. Let us consider this point more closely’. Heisen- 
berg discusses the collision of very fast nucleons in the system of their common 
centre of mass. The meson fields of the nucleons decrease in the perpendicular 
direction y as exp (— y/r9), where ry = kjuc. In order to estimate the fraction y 
of the initial energy F of the nucleon which is transferred to the particles formed, 
a region is considered in which the meson clouds of the two particles overlap 
when the impact parameter is 6. We then have y ~ exp (— 6/r,), and the num- 
ber of particles formed is in order of magnitude , 


Nw che x (a) sv(). (3.4). 
ue 


; ai) 








The cross-section for the formation of, say, ’ mesons is 7b? for the by corre- 
sponding to... When  ~ 2, for example, we have 


of 
Oya & UI (mn) : (3.5) 
= ne 


Hence it follows that showers with a small number of particles must be predo- 
minantly formed, and the cross-section increases logarithmically with energy. 
As stated above, however, Heisenberg’s treatment of non-head-on collisions 
is Incorrect and formula (3.5) is therefore in error. For, when y Z < AE the 
derivation contradicts the indeterminacy relation, and this corresponds to 
impact parameters 0% ry. 

Bhabha" attempts to derive definite conclusions regarding the structure 
of the nucleon on the basis of a study of multi-prong stars. The author gives 
a classical treatment of distant collisions, and so likewise comes into contra- 
diction with the indeterminacy relation. As already mentioned, a quantum 
treatment is not yet possible. Hence no conclusions regarding the structure 
of the nucleon can be drawn from an analysis of multi-prong stars. 

Collisions between nucleons and nuclei, and between nuclei, will be discussed 
im section 5. 
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4. ENERGY 4ND ANGLE DISTRIBUTION OF PARTICLES 


In this section we shall consider the expansion stage in the collision of two 
nucleons. To examine this expansion we must use the equations of relativistic 
hydrodynamics: 


OT... 
—#* = 0, (4.2) 

Oxy 
Dip = OU Uy + PGin» (4.2) 


where w = + is the heat function per unit volume, u,; the four-velocity, 
911 = 920 = 933 = 1. 94g = —1. In what follows we put ec = 1, %-= (x, 2%, 
25, it). 

The component of equation (4.1) in the direction of u,; gives the equation 


ete oS 6; (4.3) 
Oxy 

where ¢ is the entropy density. This equation shows that the motion is adiabatic. 
In deriving it we have used the thermodynamic relations de = 7'ds and w = 7's. 
(Since the number of particles in the system is not fixed, the chemical potential 
Ho is zero). 

Let us now take the component of equation (4.1) in a direction perpendicular 
to u;. This is evidently 





since this gives zero on scalar multiplication by u,;. Calculations'* lead to the 
equation, 
, ou; a a 
O Uy —— + Uy ig + is 
OX, Ot, 82, 








= 0. (4.4) 


Since in our case m = T's and dp = sdT (since dw = dp + T ds), equation 
(4.4) gives 

O(T u,) * ar 

Oi ax, 


In the centre of mass system, the shape of the system at the instant of 
collision is that of a much flattened disk (whose transverse dimension a is 
initially ¥’/2M times its thickness 4). This type of motion continues through 
a considerable part of the expansion stage. and the motion of the matter may 
be regarded as one-dimensional. The solution for both the one-dimensional 
and the subsequent three-dimensional motion was first obtained by Landav*®. 
Later, Khalatnikov derived a more exact solution for the one-dimensional 
stage, on the basis of an investigation of the general one-dimensional problem 
in relativistic hydrodynamics. In the present section we shall follow first ref. 14 
and then ref.6 in considering the one-dimensional case. 


2G) (4.5) 


HYDRODYNAMIC THEORY OF MULTIPLE FORMATION OF PARTICLES 679 


In that case we have only the co-ordinates x, and «,. It is easy to see that 
equation (4.5) can then be written m the form 


A(T) (Fm) 








= 3 4.6 
Oy Ox, oe) 
and so there is a function ¢ such that 
Cy ey 
Tu, = , Fuy= 4.7 
er ay a3 Xs (4.7) 


The function ¢ is the potential of one-dimensional motion in relativistic hydro- 
dynamics, and satisfies the differential relation 


dg = Tu,dz, + Tu, dx,. (4.8) 
In the following discussion we shall use ¢ instead of x, (= if), uy =1 jar (1 — v*) 
instead of u, (= iw), and x mstead of 2. Then equation (4.8) becomes. 

dy = —Tudt+ Tu,dz. (4.82) 
“We define the variable « in terms of the velocities wu) and uw, by 

uw, =sinhe, % = cosh, (4.9) 


and effect a Legendre transformation with respect to the variables w and «. 
The potential 7 is such that 


dy =d(p + Tut —Pu 2) 
= (tcosha — xsinha)dZ + (ésinha — x coshx) Td. (4.10) 
From (4.10) it follows that 


a; é 
eda tcosha — zsinha, ae T (t sinh « — xcosha), (4.11) 
or ox 
é i 6 1 @ 
t= Pecos ~ = A sinha, 2 = <7 sinh a — sh cosh. (4.12) 


Now let us return to equation (4.3), which for a one-dimensional motion 
becomes 6(8 9) - 2(s%) z 
GE ax 
Changing from the variables ¢ and z to 7 and «, we have 
Ott, 2) § G(scoshx,«%)  é(ssinh«, t) é(ssinha,z) @(s sinha, f) 
A(T, x) { alt,z) —it*«éUE, 2) \ a(T,a)  —s- O(P, x) 
Since in our case s is determined entirely by the temperature 7', this gives 


0. 


id G 
sats (z cosha — tsinha) ~ («sinha — ¢ cosh aah 


a Fr (écosha — xsinha) = 0. (4.18) 
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Using the relations (4.11) and (4.12), we can transform (4.13) to 


lds {6% 1 @y Or 4 

pe ee —2 = 0. 4.44 
~ aR oe rat ee 

But 


where ¢y is the velocity of sound in the medium. 
Expressing the variable 7 in terms of y = In 7, we find 





ae are ex 
— G@— + (e — Ib = OO. 4.15 
@x2 ay? = 2) éy er) 


Since the equation of state of the medium is p = $e, c? = 4. Substitution 

in (4.15) gives 

SoM Ps 
ey" 


Thus the solution of the one-dimensional problem of relativistic hydrodynamics 
reduces to that of a linear differential equation with constant coefficients. 
The variables x and ¢ are derived from the potential 7 by means of formulae 
(4.12). 

Let us now return to the problem of interest to us, that of the expansion 
of a flat disk of thickness 4. In the centre of mass system, the disk expands 
symmetrically in both directions. We may therefore consider the expansion 
in one direction only. Let us choose x = 0so that the expansion is symmetrical 
about the plane z, = —1l, where 1 = 44. First of ail we must find the boundary 
conditions for the problem. Evidently the medium must be at rest in the plane 


= 0.t (4.15) 


€, = —l (which, by symmetry, can be regarded as a fixed wall), and so 
« = 0. Using equation (4.12), we write this equation in the form 
(34) = len’, (4.16) 
ea a=0 


On the vacuum side the required solution must be fitted to a simple (Riemann) 
wave, for which we have the similarity solution 


v ~ lg 


l-v Co : 
where v is the (ordinary) velocity of the motion. It can be shown?* that in the 
simple wave « and y are related by 


pe. (4.18) 
Co 


Tt Owing to errors in Khalatnikov’s paper! the coefficients in equations (4.15) and (4.15a) 
_are not the same as those given by him. 
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tn order to find the condition for joining the simple wave to the general solu-’ 
tion, we must substitute the expressions (4.12) for x and ¢ in equation (4.17). 
. On making this substitution and using the condition (4.18), we find that 


Thus the second boundary condition is 


y=0 for aa 2. (4.19) 
o) Be 


Instead of 7 we use. the potential 7, given by 
we=me’, (4,20) 
and use as variables « and {instead of y) 


Ee (4.21) 


Equation (4.15) and the boundary conditions (4.16) and (4.19) become, in 
terms of the new variables, 





a Be 
6 -3 ljy, = 0, 4,22 
( Ox bz Cox? x eae 
w= 9 for z=0, (4.23) 
Ox C4 ( =) 
——- = —-lexp{| - =] for «=0 4.24 
Sat PL Ts (4.24) 
A Laplace transformation with respect to the variable 2, 
ye J a,(z) e7* dz, (4.25) 
gives from (4.22) 
a o 
6g— - 3-4 -y=0, (4.26) 
ba Ba? 


and the boundary conditions become 





We seek a solution in the form y = a(g) exp[«p(q)]: From equation (4.26) 
we get a quadratic equation for p, and we take the solution which corresponds 
to y decreasing as x > 00. The function a(g) is given by (4.27). The result is 


jae {alg - J (? — @- yy (4.28) 
Vg — D(a + 2iV3)_ 


CPL 22a 
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Then the inversion formula gives the function ,: 
5+i00 


= ee hy eee ers 
pS = I f eet Dents 59) a, Req < 6.(4.29) 
(g@ — q+ 2/3) 





6-10 
The integra] in (4.29) is taken so that the poles of the integrand lie to the left 


of the line of integration. 
Finally, the potential 7 which satisfies the boundary conditions is 


~y shia eens 
paeaes, ae 1 
14> 1/8e! ev ly fy? ra dy’, (4.30) 
«V3 
where J, is the Bessel function of imaginary argument. 
Using the relations (4.12), which may conveniently be written 


a ox. 
t= (2 cosha = Fh sicha ‘ 
oy oa 





(4,12a} 
re] oa} 
ps 9(3t sinhx — bad coshs.) ;. | 
oy Gx 
we can now find y (that is, Z') and « (that is, v) as functions of x and t, and so 
obtain the complete solution of the problem. 
Let us consider the last stage of the one-dimensional break-up, when y and 
oarelargeand y > «. These conditions signify that the temperature is relatively 


low (y negative) and the particle velocities are ultrarelativistic. For this stage 
we use the asymptotic expression for Jy: 


2 1 4 2 i 2 
Jo er a? | Vy arias 


Then the potential 7 will be in order of magnitude 


1 
zx d-exp|—y+ fy? - 5a 


Hf we use only logarithmic accuracy, (4.12) easily givest 


ees as “x — 2y+ Ip te 
A ~~ xp ay i¥ 3 ; 


t—x ' ss ee Wh 
=expt—a —- 2y+ 27 — — a]. 
7 ex}, a“ yt fy 3 


+ See Appendix I, p. 694. 
+ Evidently (¢ — a)/(é + 2) we7* *« 1, 





(4.31) 
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Hence - 


—In 
2° t-2’ 


LP t+a t— 2 | t+ a t+ a\| 
y~— 3 fn? nt - | E2) (oS) 


Using the notation 





aon 


1. t+e@ | 








t+2 = ho 
A —_, + 








In =4%, 


with y = nT and the energy density « ~ 74, the second equation (4.32) can 
be written 


€ = 9 exp ee bree vin)} (4.33) 


For «> 1, u, ¥ ty % 1/,/1 — v* (see equation (4.9}). Let 
1 
Uw= ——=—=—_=_, 
V1l-? 
Then (4.9) shows that « = arsinh u + In2u, and the first equation (4.32) gives 
t+z 


~ 


2 


(4.34) 





t— 2 


Equations (4.33) and (4.34) are the same as those previously derived by Landau® 
using a different method (his equations (16) and (24)). 

For the one-dimensional stage of expansion there is possible, on the basis 
of formula (4.30), a solution more exact than (4.33-4.34), which are of only 
logarithmic accuracy. However, since the solution for the subsequent three- 
dimensional stage is very inexact, there is no need for such further refinemént 
at present. 

Let us consider the distribution of energy and entropy through the thickness 
of the disk. The energy density is easily seen to be of the order of ¢eu.t For 
the energy d# corresponding to a layer of thickness dé, where 6 = ¢ — x, 
we have d# * ea? u* dd, a being the radius of the disk. Using formulae (4.33) 
and (4.84), we obtain 


i= ; 

az & exp |- alv< —2 Va} |an ; (4.35) 

This formula shows that the energy distribution has a maximum at 4 = }v. 
This means that the energy is mainly concentrated in a region 6 = (t48)¥*. 
_ fT For the energy density is given by the component 7, of the energy momentum tensor: 


Tagwew. 


22a* 
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For ¢ > A, 6 < +t. Thus the majority of the energy is concentrated in a thin 
layer 6 < ¢ close to the boundary of the region. ‘Let us now find the entropy 
distribution. The entropy density is su. Since s © e*/*, the entropy correspond- 
ing to a layer of thickness dé is dS ~ sua? dé or, using (4.33) and (4.34), 


] —_ 4 
dS x exp |- =(r Be Jn} dy. (4.36) 


This distribution has a maximum at 7 = v. Thus the entropy is concentrated 
in aregion LD ~ t. Hence we see (cf. equation (4.34)) that in the region of the maxi- 
mum of the particles u? ~ 1, andtherefore the condition + > 1 is approximately 
valid. The matter in this reongi moves at epee of the order of that of light, 
but not at ultra-relativistic speeds. 

Let us now consider the three-dimensional stage of break-up. The. lation 
obtained above is valid so long as the motion may be regarded as one-dimen- 
sional. For this to be so it is necessary that the angle of flight 6, i.e. the angle 
between the path of a given element of matter and the x-axis, should be small. 
More precisely, it is necessary that the distance travelled by that element should 
be less than the dimension a of the system. This condition may be written 


t0<a. (4.37) 


To estimate the angle @ we go back to the transverse components of equation 
(4.1), which have not yet been used. We have 


674, BT os 

et by * 
or, in order of magnitude, T,./t © Poaid. But T,, ~ ew sd and To. % ¢, 
whence wu? 6 ~ t/a. Since by (4.34), u? » t/3, we have finally 


r) 
Gx—. (4.38) 
a 


This means that the deviation increases with the distance of the particle from 
the front, ie. as its energy decreases. Formulae (4.37) and (4.38) give 


it< <. (4.39) 


The inequality gives the condition of applicability of the one-dimensional 
solution. The limit of applicability of that solution is more remote when the 
particle is nearer the front. From a time t, = a7/6 onwards, the lateral deviation 
becomes considerable. The resulting motion can be discussed only approxmia- 
tely. Qualitatively, it may be regarded as a conical dispersal. The derivative 
aé/dt = 1— dzjdi = 1 — v & 1/2u2. In the second (three-dimensional) stage 
of the expansion, u is considerably greater than in the first stage. Hence 6 
remains practically constant for each element of matter. Further, it can be 


_ | The entropy density is given by the component s° of the four-dimensional entropy flux 
density vector: s° wu 6/4 
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shown that we may neglect all derivatives of hydrodynamic quantities, both 
with respect to 6 and in the transverse direction. This means that lateral 
forces are smalland we have a kind of radial break-up under inertia. We may sum- 
marise the qualitative description of the break-up thus: the angular deviation 
of the path of each element reached in the first (mainly one-dimensional) stage 
of expansion remains unchanged in the subsequent three-dimensional stage. 

Hence it follows that both the energy flux and the entropy flux transported 
within any cone of fixed aperture 6 must remain constant. Since 6 =t— x 
<€ t, the cross-sectional area of this cone ~ @, and the constancy of the fluxes 
of enerey and entropy signifies that 


eu? ? = constant, suf x e+? = constant. (4.40) 
Hence 
IT 
wrt, Ee ae (4.41) 


These relations determine the variation with time of the quantities u and ¢ 
in a conical expansion. In the first stage, (4.34) shows that wu ~ #/; in the second 
stage, w *t, and so the velocity in this case is closer to that of light than in 
the first case. The region of transition from the first to the second stage is 
very complex and will not be discussed in detail. Instead, our problem will 
be to ‘‘join’”’ the solution obtained for the second stage to the one-dimensional 
solution at the point where the latter becomes inapplicable, viz. t, = a7/6. 
We use the notation 


ea: 
—=e%, —=et, (4.42) 
a a 


Since A/a » M/E’ x ./(2M /#), it follows that 


1 £ 
b=5h(s7), 


where Z’ is the energy in the centre of mass system, and # that in the labor- 


atory system. Then 
{6 
y = (5) iL- A; 


= n() = (Fp )=z 4] 


Substituting these expressions in formula (4.36) gives 
dS = expl/r?— a2jaa. 


In the three-dimensional stage, as already explained, 6 = constant, and there- 
fore 4 = constant also for each element of matter. The entropy of an element 
is therefore determined by the same formula until the system breaks up into 


(4.43) 
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separate parts. We know that the number of particles is proportional to the 
entropy. For the distribution of particles, we therefore have 


dN ~ exp[/ LZ? — a2] aa, (4.44) 
é 


@=—=e7?. (4.45) 
a 


The angle 6 remains constant, with 6, for each element of matter. Formulae 
(4.44) and (4.45) determine in parametric form the angular distribution of 
_the particles in the centre of mass system. The majority of particles are formed 
at 6 & t, since in this range the entropy is a maximum. For these particles the 
one-dimensional stage ends at ¢, ~ a. Hence the angle of flight for such par- 
ticles 9 + 1. At smali angles fewer particles are formed, but they have more 
eviergy. It follows from (4.44) and (4.45) that in a head-on collision the angular 
distribution in the centre of mass system is by no means isotropic, as Fermi 
assumed’. It may be noted that the greatest value of A which can meaningfully 
-be considered is given by the condition 


i 
| aN w 1: 
Hence we find = 
lo 
Amax = = V 8L.4 (4.46) 


Let us determine the energy distribution of the particles. In the stage of one- 


dimensional motion, u ~ ./(é/6), while in the stage of conical motion w ~ t. 
From the condition of joining these values at t= t, we have 
t 


LX. 4,47 
- (4.47) 


Next we join the expressions for the energy density 2. At # = ¢,, formula (4.33) 
gives 
& = & exp| - ra -VEP- |, 


7 Since dN wx exp [y/ £2 — #2] a2, the condition 
L A 
f di =1 
4oax 


gives OC exp LZ? — | ~ 1 with logarithmic accuracy. But N’ ~ exp(3Z), and so 
4nd 


f AN = Cera et, 
A=0 


Thus C x e4/®, and Aya, = 3o/ BL. 
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On the other hand, in the stage of conical break-up ¢ ¥ 1/t4. The joining condi- 


tion gives 
t, \* 4 raat 
E = & (+) exp [- a {2L — Ji - i | (4.48) 


The free flight of the particles begins at a time ¢, when the temperature of a 
part of the system reaches the “‘critical’’ value 7, (see section 2). This time 
corresponds to a definite energy density ¢. From (4.48) we obtain an ex- 
pression for the time ¢, : 


Hence, from (4.47), we find the value of w at the instant of break-up: 


é 
ye, (4.49) 
a 


The quantity w, is simply related to the energy of the resulting particles. 
If the energy of a particle is Z, in a frame of reference in which a given element 
of matter is at rest, then it is Hy u, in the centre of mass system. From (4.49) - 
we see that, the later the element breaks up, the greater will be the energy 


of the resulting particles, w, = constant x exp [2 + 4./L* — 22]. The constant 


in this equation is determined from the equation [ By my, AN = EB’, and hence 
the energy of the particle « = Hy x is 


] ———————— 
cx Mexp|- b+ i+2VE-A (4.50) 
3 : 


Equations (4.44) and (4.50) give the energy distribution in parametric form. 
Tf particles with different masses are formed, or the energy carried away by 
nucleons is important, allowance can be made on the basis of the considerations 
give in section 2. 

From formulae (4.44), (4.45) and (4.49) we see that the energy of the particles 
is uniquely determined by the angle at which they emerge. The majority 
of particles (A = 0) have relatively low energies. The particles which move 
at small angles, however, have considerable energy. Thus there is a concen- 
trated flux “of energy at small angles. 

We must now go from the centre of mass system to the laboratory system. 
Without going into the detaiis of the conversion (see Appendix IT, page 696), we 
may give the final results: 


k 
aN =—=—— ex - 5 b+ /P=B la, 4.51) 





oni wemp[? ey ae 7 al. (4:52) 
a5 


3 
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The coefficients in these formulae are got from the relations fd = W and 


feay = £. 
The angle of flight in the laboratory system is 
yee, (4.53) 
The following is also a useful formula: 
Ing = —-J; (4.54) 


it holds good for a collision of two identical particles, and signifies that the 
geometric mean angle of flight is determined by the energy of the incident 
particle (m a collision of identical particles). 









wz : (ies 2 | * < 
22 24 26 28 30 32 34 36 38 40 
ne 





Kie. 1. Differential spectra of the energy of secondary particles created in high. 
energy nuclear collisions; Zy is the energy of the initial particle in the laboratory 
systera. (Th calculations were performed by L. I. Sarycheva). 


Figure 1 shows particle distributions caleulated from formulae (4.42~4.54). 

The distributions of particles both in angle and in energy are almost Gaussian 
when the logarithms of these quantities are used as variables. The distributions 
have Jong “tails” on each side of the maximum. It is shown in Appendix IT 
that 4 may conveniently be determined from the relation 1 = —]n tan 44. For- 
mula (4.443 then becomes 


ee nee 
: i do 
aN x exp|./L? — In? tan — 6 |——. 4.53 

P I, 2 | sin” roe 
This formule gives explicitly the angular distribution of the particles. Using 


(4.50), we find directly the relation between the particle energy and the angle @ 
(in the centre of mass system): 


: 
i 
f 3 


7 1 
V ZL? — \n? tan a al. (4.56) 


>| rs 


] 1 
Ex Mesp| ~L~ In tan > 6 + 


a 


_ An important charavteristic of the collision process is the angle within 
which half the energy is emitted. We give here the values of this quantity 
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calculated both according to Landau’s theory (formulae (4.51-4.53)) and 
according to Fermi’s theory, with allowance for non-head-on collisions (Table 6). 


Tase 67 
Energy 63, ue 6s ue 
(eV) (Fermi) (Pernoi) (Landau) (Landau) 
19" 0-31 | 0-7 x 1074 0-10 1-3 x 1074 
105 = %1 x 10-4 0-0154 2-2 x 10-5 
19 - | 67x 10% 0-081 38 x 107 





{ Taken from Rozental’ and Chernavskii® 


The value of the collision parameter 7/# in Fermi’s theory is 0-712. O12 is 
the angle in the centre of mass system, and 7;,,. that in the laboratory system. 

Despite the fact that Fermi’s calculation of the angular distribution appears 
to us to be incorrect, we give his results for comparison, since they are often 
used in comparing with experimental results. 

Table 6 shows that the present theory gives a considerably narrower energy 
flux distribution than that given by Fermi’s theory. 


5. COLLISIONS OF PaRTICLES WITH DIFFERENT Masszs 


So far we have considered only collisions between nucleons. Experimentally, 
however, nucleon—nucleus collisions are observed at high energies and, without 
a theoretical account of these we cannot, strictly speaking, compare the results 
of theory and experiment. 

it would not be correct to regard nucleon-nucleus or nucleus~nucleus 
collisions as a series of collisions between nuclear protons and neutrons. 
Since the distance between particles in the nucleus is of the order of the range 
of the nuclear forces, and in each collision several particles are produced, the 
result must be the immediate formation of particles throughout the region 
of the nucleus traversed by the nucleon, or that of the larger nucleus traversed’ 
by the smaller one. The nucleon will not interact with the whole nucleus, but 
only with part of it, i.e. it will cut a “tannel” out of the nucleus!*. The number 
of particles formed in the collision will be related to the entropy by formula 
(2.25), ’ being the sum of the newly formed particles and the nucleons partici- 
pating in the collision. 

The simplest case is that of a head-on collision of two identical nuclei of 
atomic weight A. Here the arguments leading to formula (3.3) are entirely 
applicable, and it is not difficult to see how formula (3.3) should be modified®. 
Let the velocity of the incident nucleus be equal to that of the nucleon m 
the nucleon-nucleon collision. Then its energy is A times greater. Since the 
mass density in the nucleus is about the same as the mass density of the 
proton, relative to its range of action, the energy density immediately after 
the collision remains the same as in a collision between nucleons. Since the 
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Lorentz contraction also evidentiy remains unchanged, the change in entropy 
will be simply proportional to the volume of the nuclei, i.e. to A. Thus we 


have finally 
BS AME NMS 
Nv ee =— >} 3/4 Ea y 
N ba(s3 =) kA (5 =) : (5.1) 


The calculation is considerably more complex for a collision of a nucleon 
with a nucleus or for a collision between nuclei of different masses. We shall 
consider here a nucleon-nucleus collision. The calculation of the number of 
particles formed in the star amounts to calculating the entropy in the first 
stage of the collision, since the entropy does not vary in the process of hydro- 
dynamic expansion. In 2 nucleon-nucleon collision it was not necessary to 
consider the mechanism of compression in calculating the entropy, since 
the result was obtained directly from considerations of symmetry. The situ- 
ation is different in a nucleon-nucleus collision. This problem is considered 
in ref. 16. 

We may extend the concept of nuclear matter as a continuous medium to 
the discussion of the first stage of the collision—the compression of nuclear 
matter. Such a treatment is, of course, highly approximate and is used only 


ve uz S42 





to obtain an estimate. One cannot speak of the “propagation of a shock wave 
or a travelling wave in the nucleon” except in a conventional sense. 

Let us take a frame of reference in which the nucleon and the nucleus have 
equal and opposite velocities. Owing to the Lorentz contraction, the nucleon 
and the nucleus appear in this frame as two very thin disks. Consequently, 
the problem of the initial stage of the collision may be regarded as one-dimen- 
sional. Thus a nucleon-nucleus collision is a collision of the nucleon with a 
eylinder cut out of the nucleus, whose cross-section is equal to that of the 
nucleon and whose length varies from the diameter of the nucleus to the “dia- 
meter” of the nucleon. As the nucleon approaches this cylinder, shock waves 
are “propagated’’ in both directions through the matter in the cylinder and 
that in the nucleon (Fig. 2). In the chosen frame of reference the matter bet- 
ween the shock waves will be at rest. The shock wave travelling in the lighter 
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particle will reach the edge sooner than that in the cylinder. When the wave 
reaches the edge, an outflow of matter begins there (Fig. 3). A rareiraction wave 
travels through the nuclear matter at a speed equal to the speed of sound in 
the medium. At the same time a shock wave which has not yet reached the 
edge is travelling in the same direction. The entropy calculation will depend 
on whether the travelling wave overtakes the shock wave before the latter 
reaches the edge and the compression process ends. Since we use the equation 
of state p = }e, the speed of sound is cy = J (6p}08) (p08), = 1/,/3. Let us now cai- 
culate the velocity D of the shock wave. We use a co-ordinate system in which 
the shock wave is at rest. Then the velocity of matter beyond the shock wave 
(Fig. 2) is D, and in front of the shock wave it is v = (v, + D)/(i + 22 D), 
where v, is the velocity of the particles in the “‘equal velocities” frame. By 
the continuity of energy and momentum fluxes through the discontinuity 
surface, we havet® 

Pr + De, py + 05" & 


= 5.2 

1-—~ 2 1 — vw? 2) 
Dip + &) {Pe + &) 

a se ee 5.3 

1-—p L — v7" ee) 


Here p, and ¢, are the pressure and energy density behind the shock wave, 
and p, and «, those in front of the shock. Dividing (5.2} by (5.3), we have 
Pit Dee. a (5.4) 
Dip, + &) 03 (Pe + 2) 
Since the velocity %, of the incident particles is very close to that of light, 
the velocity v3 will be so as well. Putting v5 = 1, we see that the right-hand 
side of equation (5.4) is equal to 1, and therfore cur results are independent 
of the equation of state in front of the shock wave. Using the equation of 
state p, = 42. for matter behind the shock wave, we obtain ‘for D the relation 


1 4 
—+ Dta—D, 
3 3 
OF 
pas (5.8) 
= 3 é we 


We can now find the minimum length J, of the “tunnel” for which the travell- 
ing rarefaction wave overtakes the shock wave. This is given by 


where @ is the nucleon “diameter’’. 
Substituting for D and c), we find 


ae ee eh (5.6) 
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For lengths 1 < J,, the change of entropy is easily calculated. We have 
to find the entropy of the individual parts of the system immediately after 
the shock wave has passed, when they are at rest in the chosen frame of refer- 
ence. It is not difficult to see that the change in the entropy of the whole system 
is then 


S if! : i _ Be 
=-3(9"3) for $37, (5.7) 


where S, is the change of entropy in a nucleon-nucleon collision. 

Formula (5.7) is considerably inaccurate on account of the indeterminacy 
of the nucleon ‘“‘diameter’’. If we apply it to a collision between a light and 
a heavy nucleus, it becomes more accurate. In that case d must be taken as 
the dimension of the light nucleus. 







os 


t 
x 


Fie. 4. 


For lengths 7 exceeding }, = 3-7d, the solution becomes more complex. 
The travelling wave in this case overtakes the shock wave, but cannot pass 
through the discontinuity, because the shock wave moves in the matter of the 
incident nucleus at a velocity exceeding that of sound. The travelling wave 
is reflected from the shock wave. A region is formed which is bounded on 
the right by the shock wave and on the left by the travelling wave (Fig. 4). 
In order to describe the motion of the medium in this region, we must return 
to equations (4.15) and (4.15a) for an arbitrary one-dimensional motion of a 
relativistic gas: 2 Lip i 
ee Se ale (4.158) 

6x? OY" oy 
The independent variables here are a = artanh v (where is the velocity of the 
medium) and y = In{Z7/T,) (where J, is the temperature at v = 0). The 
co-ordinate x and the time ¢ are expressed in terms of the function % by for- 
muiae (4.12’). The relevant region of the solution is bounded on one side by 
the travelling wave and on the other by the shock wave. We shall derive the 
boundary conditions for the function x. 

At the boundary with the travelling wave we have a condition similar to 
(4.19): 

¥ ‘o,., 
%=90 for a=—=avBy. (5.8) 
fq 
Let us now consider the condition at the shock wave. Since in this case the 
matter behind the shock wave is not at rest, in a co-ordinate system in which 
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the velocity of the discontinuity. is zero the velocity behind the discontinuity is 


w+ D 
L+o,D’ 
where v, is the velocity behind the shock wave in a frame in which the velocities 
of the particles are equal before the collision. Formulae (5.2-5.4) remain. 
valid in this case if D is replaced by vy. Hence, in particular, it follows that 
vi = 4. Equation (5.9) gives the relation between v, and D (for vj = 4), 
which may be.written 


ff 
W= 


(5.9) 


dz 1+ 3tanbx” 
ae (5:10) 





dt 3+ tanha ” 
since v, = —tanha. From (5.2-5.4) (with D replaced by vj) we can obtain 
the following relation at the shock wave: 
3 Ae a 
aes (=) ea (5.11) 
£9. To 1+ vy, 
In the variables x and y (v, = tanha, y = —In(7/7,)), this gives 
a= 2y. (5.12) 


Substituting in equation (5.10) the value of dxdt calculated from formulae - 
(4.12), and using (5.12), we have finally the following condition at the shock 


ware: 3 a. 5 
Ge + s=)(1 =) =0 for a = 2y. (5.13} 
Ca}: 


We are interested in the change of entropy during the passage of the shock 
.wave. The change of entropy before the travelling wave overtakes the shock 
wave is given by (5.7). The subsequent change in entropy is 
a 
Sy = G% { SU, at, (5.14) 
where go is the cross-section of the “tunnel’’, S the entropy density behind 
the shock wave, u, = vj/,/{l — 0j2), ey the velocity of matter behind the 
shock wave, t; the time when the travelling wave overtakes the shock wave and 
t; the time when the shock wave reaches the right-hand boundary and so 
the compression process terminates; dt' is a time element in the frame in which 
the discontinuity is at rest: dt’ = dt /1 — D®. 
Using formulae (4.12’) and (5.12’), we have 


x 


te 
l a a 
PoC te a 
ane ae als ea oe) 


where y;, is the value of y when the shock wave reaches the edge of the system. 


7 See Appendix IIT, p. 698. 
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Effecting the fairly complex calculations, details of which are given 
in ref. 16, we find 


1\s l 
— = 0-92 (5 - 3) for a 2 3-7, (5.16) 


where S, is the change of entropy in a nucleon-nucleon collision and S the tota? 
change of entropy in a collision of a nucleon with a “tunnel” of length 7. 

If we average formulae (5.7) and (5.16) over ali possible collisions in the 
nucleus from a head-on collision to a collision between the incident nucleon 
and a peripheral one, the resulting expressions are 


8 1 A-(2 Y3 _ 4)8/2 
o-oo for A < 51, {5.17} 
; — 
8 — 
8 (Al ~ 1)? 


A Az 
(a8 — 1}? 


[oss (Avie = Alun) + we fy _ (2A¥% es | 


— 06 +05 for A>5l, Ag= 51. (5.18) 


The relation obtained can be approximated to within 5 per cent by the formule 


8 
—= Ary 5,19 
a (5.19) 
{A is the atomic weight.) Hence the number of particles is 
N 
= foie 5.20 
ae 7 AM, (5.20) 


where N” is the number of particles formed in a nucleon-nucleon collision. 
The dependence of this number on the atomic weight is slight, in agreement 
with experiments: the value for lead (4 = 207) differs from that for nitrogen 
(4 = 14) only by a factor of 1-7. 

The angular and energy distributions in nucleon—nucleus collisions appear 
to differ only slightly, within the accuracy, of our calculations, from the cor- 
responding distributions in a nucleon—nucleon collision. 


APPENDIX I 


Let us consider in more detail the derivation of formula (4.30) from (4.29). 
The latter formula may be written 
Otis 

La a ij exp {- V2? — Lajv’3 — yp} 


1/3 2ni V(p* = 1) (p + 2) 


dp. (1.1) 





h(-y) = 


5-1 
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According to certain fundamental relations of operational calculus (ref. 17, p. 18), 


i(p) = p [e-** hy) dt, | 
| (1.2) 


brio 


bin 
Thus the function S 
p exp {—V(p* — 1)a/v’3} 


/ (pt — ip + 2) 


is the Laplace transform of the original function A (—y). 

We also make use of a rule of operational calculus called the convolution. 
rule (ref. 17, p. 39). This states that if the transform f, (p) and f,(p) correspond | 
to originals A, (é) and h,(t) respectively, then the transform f(p) = f,(p) fa(p)ip 
corresponds to the original 


f(p) = 





o 


H(t) = | ha () bye - 2) a. (1.3) 


-2 


Thus, if we know the originals 4,(t) and /.(t), we can use the relation (I. 3) 
to find the original of the transform /(p). We resolve the transform /(p) into 
the factors 


pexp[—- Vv (2? — (ge — 1 a/3]_ 














Z Pp : 
h(p) = » I(p) = (1.4) 
ae pt+2 Ji — 1) 
The transform /,(p) corresponds to the original 
Stic 
hy(—y) = : = 9"¥9 dp = eU(—y). (1.5) 
251 p+2 
5-ir 


The transform /,(p) corresponds to the original 





Stic 
~o/(p? — 1) 
hy(—Yy) = f O79? »p[ FE Jan 
fp" 3 
6-ixn 7 ? v3 


er ee) 


see (ref. 17, formula (XV, 15)). Here J) is the Bessel function of imaginary argu- 
ment, and U(t) = 1 for ¢> 0, 4 for i= 0, 0 for ¢ < 0. Substitution of (I. 5) 
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and (I. 6) in (1.3) gives 
—u 


, i 
a(-y) = [eo] fy -=2']ax. a7) 


G 


m 


af ys 


‘This leads immediately to formula (4.30): 


-4 
; 


Pas y 2; { 9 1 3 
y= lV 8 er fenal ja ta ay;. 


ave 


Jn Khalatnikow’s paper™ a factor 7,/ 3 is omitted from his formula (4.36) for y. 


APPENDIX I. 


In order to derive formulae (4,51) and (4.52) we change from the distributions 
in the centre of mass system to those in the laboratory system of co-ordinates. 
Let us first consider the transformation of angles. The angle of flight y in the 
laboratory system is related to the angle @ in the centre of mass system by 


vv (1 — ¥*)sin8 


oe Ll 
vw cos + VO ” eae 


tany yx = 


where v’ is the velocity o the particle in the centre of mass system and V that 
of the centre of mass in the laboratory system. The denominator in (IT. 1) 
may be written as 


i 
vw cos8 + V xv’ cosé + 2’ as (V7? — v2) 


since 
V2—vP=(VevyH(V — 2’) x 20 - v’). 


Beeause V is closer than v’ to 1, we have 


I 
v’ cos6 + V x {1 + cos) + oa (1 —v’*). 


Using the relation wu’ = 1/,/{1 — v) gives 


1 
v’ cos6 + V = 1+ cos + —— (11.2) 
24° 


The last term can be of importance only for angles @ which are close to x. In 
order for that term to be small in this case also, we must have 


1 
0>—, (I1.3) 
u 
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According to (4.45), 9 ~ e*, and (4.50) shows that 
1 lL we 
wu wexp|l-—L4+A4—V ED? - 7? ]. 
6 3 
Thus the inequality (II. 3) signifies that 
L Ll pe 
exp E L— i V (2 | <i. (E¥.4) 


This inequality is always satisfied, since the leit-hand side equals e~“/* for 
A = 0 and becomes equal to unity only for 4 = Asx. Putting v’ = 1inthenumer- 
ator of (II. 1) and replacing. v’ cos@ + VY by 1 + cos@, we obtain 


L= /0 = Vv?) tan = 6. (II.3) 


The break up is symmetrical in the centre of mass system for any collision 
of two identical particles. Hence angles 6 occur as frequently as x — @. But 
tan4 (x — 6) = Iitan}é. Lf we average Inz over all particles, the result is 


ny = In«/l - P= -L, (1i.6) 


ie. formula (4.54), 
In order to take account of angles of the order of unity, we define / as 


A=—-lh ten = 6. (1.7) 

Tf we substitute in (II. 5) tani@=e~4 and tand(x — 6) +e’ for particles 

moving in opposite directions in the centre of mass system, it is easy to see 

that the change from particles moving to the right to those moving to the left 

{in the centre of mass system) is effected by changing the sign of 2. Hence we 
can put 

re wee (1.8) 


Formulae (II. 8) and (4.44) thus gives the angular distribution of particles in 
the laboratory system, with A taking positive and negative values. These 
formulae are essentially the same as (4.51) and (4.58). 

Let us now consider the transformation of energy from the centre of mass 
system to the laboratory system. Let ¢ be the energy of a particle in the centre 
of mass system. If the particle is moving to the right its energy in the laboratory 
system is 

(e+ P,V) 


Jl- 7 


where P, is the momentum component in the direction of the velocity of the 
centre of mass: 


é! 


(11.9) 





P,=J2— (ue? — P,, P, = Psind, 
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and P is the magnitude of the momentum, uw the mass of the particle. If the 
velocity of the particles in the centre of mass system approaches that of light. 


then _ s(t cos@)_ 
aoe 1— 7 


Thus 
2 
v= ee? Sa ee”, (11.10) 
1+e7°% 
If the particles are moving to the left, then 
, €-PV i- cos? 


V1 “Sip 





since 
af 7 
6 > ce 
; ue é 
Thus 
L—22 
ee +2 
! Pay Z-2a 
€ = ae &e€ . (11.11) 


Substituting these expressions in equation (4.50), we obtain 
5 1 
Be Mexp| > + i+ VB? |. (11.12) 


This formula has the property of describing in the laboratory system particles 
moving both to the right and to the left in the centre of mass system, if 4 
given both signs. 


APPENDIX IIE 


We shail derive the relation (5.11). 

Let the velocity behind the shock wave be vj in a co-ordinate system in 
which the shock wave is at rest, and that in front of the shock be vi. Then 
equations (5.2) and {5.3) become 


+ vi? 2 + M7 & 
Pr oe! ay ee 2 a (T11.1) 
1-7? 1— v% 
%1(p, + € 02 (D2 + & 
1 (Pr _#) — 22 (Pe 6) (III.2) 
1— vy 1—v,° 


The quantities v, and v, are related to the velocities v, and v, in a co-ordinate 
system where the velocities of the incident particles are equal by 


(v, + D) 
ees ey Til.3 
(2 +2,D)- ( ) 
y= (r+ D) . (TZI.4) 


“(1+ %,D) 
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Eliminating x or v4 from equations (Tif. 1) and (IIT. 2), we obtain 


i (Py — Po) (M1 + &2) (LII.5) 
(€, — &2) (Pe + &) 
poe (Pp, — %1) (Po + 8) (115.6) 


(& — &) (Pi + &) 
The last two formulae give 


vi vy = PT Pe) (11.7) 
(€, — 2) 


To simplify the derivation we assume that the equation of state is the same 
(p = $2) on both sides of the shock wave. It should be noted, however, that 
at high values of v, it is sufficient to assume this equation valid only behind 
the shock wave. From (III. 7) we have 


1 
%%=>- (1ti.7a) 
Vv 
Equation (IIT. 5) becomes 
a 2 
Gao (IIT.Sa) 
3 $8 + 3p, 
whence 
1— v2 
= & Wiis 
Pr &2 9v;? a] ( ) 


Substituting (iIT. 3) and (III. 4) in equation (ITI. 7), we have after some easy 
transformations 
pa wt + Vie + a= Bo yy B= He) 


TIL.9 
3 ~— U1 % ( ) 


Let us now find the ratio ,,,/p:9, where ,,, is the pressure for a velocity 2, 
behind the shock wave and 7,, the pressure for a velocity zero behind the shock 
wave. From (ITI. 8), this ratio is 


1-2? ‘ge E 
Pr», es ( im v%") {3 = | (111.10) 
Pro {9%" — 1) (1 — w*) fo 


Since, for large v, (tending to 1), v3-> 1 also (see TI. 4)), the relation (III. 7a) 
gives v4. The ratio (III. 10) becomes indeterminate. We must therefore 
effect a passage to the limit: 


[z=] [9ey* — Mao (ae) ({11.11) 
P10 beso [So" - 1), S [604 /0%2],. tsa 


But 
62; év, 6D . 
Ss fp TIT.12 
Oe, E G0, | oy ae 
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The derivative 6v\/@D is determined from equation (III. 3), and éD!ée, 
from equation (JIT. 9): 


(=) ale (2 eee. ari 
6D fyar 90. — 2%) CVs nga 2(3 — 4)? 








Hence we easily obtain 
oes I-—z 
Bese (III.14) 
Po Ltr 


The equation of state immediately gives formula (5.11) from (III. 14). 
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89. ON THE QUANTUM THEORY OF FIELDS 


Contents. 1. The fundamental equations. 2. The asy. mptotical expression for 
the electron Green function. 3. The asymptotic val expression for the photon Green 
function. 4. The mass of the electron in quantum electrodynamics. 5. The infra. 
red catastrophe. 6. The gauge transformations of the Green functions of charged 
particles. 7. The Green functionsin the meson theory with weak pseudoscalar coupling. 


1, Tee FenpaMENTaL EQuATIONS 


As is well known, the main difficulties of the quantum field theory arise 
from the infinities. The existing methods of removing these infinities (regu- 
larisation) sometimes give quite correct results, but in general are of a very 
artificial nature and in many cases become inapplicable. Therefore it seems 
necessary to construct a theory without considering actually infinite quantities. 

In accordance with the usual methods of theoretical physics, it is natural 
to regard the point interaction as a limit of a smeared out interaction with 
a finite decreasing radius. The order of magnitude of the radius we will denote 
by a. Then A ~ L/a is the upper limit of integration in momentum space, 
All the calculations will be made under the assumption, that the un-renormal- 
ised bare charge ¢,, which appears in the interaction term in the Lagrangian, 
satisfies the condition ee <i. 

The Green functions of the electron G(p) and photon D,,(%) are connected 
with the vertex part I,(p. p — &; &) by the Dyson equations 


2 


n e 7 
app - m - [Tee - the YyDbate}= 1, (12) 


e- e 
D,,(k) = D’,(k) - > D,.(8) Tf | (0) op. p — ks 8) G(p - By, atp| 
x Df, (h). (1.2) 


Here and further the Feynman notation will be used. D?, is the photon 
Green function in zeroth approximation. Usually it is taken to be equal to 
6k. This choice is however inconvenient. Actually the longitudinal (pro- 
portional to k,k,) part of the tensor D,,, in consequence of gauge invariance, 
can be taken arbitrarily and is not altered by perturbations (owing to the trans- 
versality of the Divac current, the integral term in equation (1.2)). 


L. D. Landau, A. Abrikosov and I. Halatnikovy (= Khalatnikov), On the quantum theory of 
fields, Nuovo Cimento, Supplement. 3, 80 (1956). 
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We will take D®, in the form of (1/2*)(6,, — (k,%,/k")). Then the equation 
for the transversal part of the tensor D,, is 


2 


2 


Dya( i? 3,, + Ty] | (0) Fete, v - bs Gp ~ ¥) 7,242) 





kk, ‘ 
= b., - (1.3} 


The unpleasant feature of the integrals in (1.1) and (2.3) is the integration 
_over the pseudo-euclidean space. Let the &-vector in (2.3) have the time-like 
component equal zero. Then the whole integrated expression is a function 
of yp). After some simple operations we are left with a function of 7. As is 
well known, this function is regular in the upper half-plane. Owing to the 
smearing out it vanishes in the infinity. Therefore we have 


[reo free ae 
T\Po) 2. Po = aa ola 
-% 0 Ve 0 


This corresponds to the fact that p, in the integral is changed to i p). Then 
the integration will be extended over a euclidean space. By this transforma- 
tion G and D, for space vectors, will be expressed through the space-like I,. 
G and D, for time-like vectors, may be found by means of analytical conti- 
nuation. The exception is G for p® nearing m?, but this case will be discussed 
later. As to the I,(p, p; &) which we obtain here, the analytical continuation 

“will give only the cases when the , g? and #? are of the same order or, if one: 
of these squares is small, the two others should be near to each other. 

As is well known, the power of the logarithmic divergence never exceeds. 
the implied order of the perturbation theory}. This means, that the main. 
terms in the perturbation series are the terms proportional to (e2 In .A?/p?)*+# 
which are the only terms we wil] account for in calculations of the principal 
approximation. 

First we will show that for the space-like I, a closed integral equation can. 
be written. For this purpose we will use the fact that the addition of a virtual 
photon line surrounding two vertices will give only a convergent integral. 
Therefore in the diagrams representing successive approximations for the ver- 
tex part we may neglect the lines belonging to the interference of vertices, which 
contain powers of logarithms lower then the order of perturbation theory. 
Particularly we may neglect diagrams with crossing photon lines. In the same. 
manner more complicated diagrams are also excluded. The diagrams which. 
are left form ladders where every vertex has an additional ladder of the same. 
kind, and the photon and electron lines are summed over all approximations, 


i(—x)—= =i| f(— 72) dgg- 
i(-2) ds if 2) 126 (1.4} 
0 


+ The quadratically divergent photon mass should be put equal zero. The presence of a finite: 
photon mass would violate the charge conservation law. 

+ We should mention, that in general this is not true for not space-like I’. So when # is large: 
compared to p* and g* the formulae include In &/g*, and their common power may be twice the: 
power of e7. This question is discussed in more detail by V. V. Sudakov?. 
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ie. are represented by the true G and D. The summation of the described 
scheme with the assumptions implied may be easily performed. Then we arrive 
+ the following equations 


2 
Pop. p- tj D=ye+ 3 [re p- kb) G(p- kh) Piip-kip—k-t,) 


x Gp-k-DR(p-k-Lp-&BD, (bake. (1.8) 


2, Tun AsymprorrcaL EXPRESSION FOR THE ELECTRON GREEN 
Fuxcrion$ 


In the preceding section we have derived the equations for the fundamental 
functions in quantum electrodynamics. Since our purpose is the exact solution 
of these equations we cannot use the usual expressions for the quantities G, 
D,, and I, even with renormatised coefficients. 

It was mentioned above that in view of the analytical properties of the func- 
tions Gand D,,, they may be determined only for negative values of »? and /% 
(space vectors). The main interest in solving the equations is the behaviour 
of all functions at large values of momenta p > m, k > m. We will suppose. 
the functions G and D,, to have the form 


Ala 
Gp) = 2.1 
(p) 5 (2.1) 


1 k, I, k, k, 
D,, (k) =F [au (5, ae *) + (i) | (2.2) 


where the functions §(p?), d,(%), d,(k?) are slowly varying functions of p* and. 
k*. As to the I’, we shall show that the equation (1.5) is satisfied by the fol- 
lowing form: 








Fp, a3) = yy ef?), (2.3) 


where o(f?) is a slowly varying function and f* is any of p*, g? and 7%, if they 
are of the same order of magnitude. Lf one of the squares is small compared 
to the other two, f? should be the largest square. 

Let us substitute the expressions (2.1), (2.2) and (2.3) in the equation (1.5). 
It is easy to see that the integral on the right-hand side of the equation, ex- 
cepting from the slowly varying functions, diverges logarithmically at || 
> |p*| and |/k?| > |g?|. Hence this region plays the main role in the integration. 
Here we can neglect p, ¢ and / as compared to & and the whole integrated ex- 
pression becomes a function of & only. After averaging over the directions 
of k, the integral becomes equal to a scalar function multiplied by y,. This 
confirms the supposed form (2.3). To transform the integration over the k 
space to a simple integration over k® we use the substitution ky > iky. Then 
d‘k transforms to i(2z)-? d 2. d@ is a volume element in the four-dimensional 
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euclidean space and has the form 2x? R? dR, where R is the radius equal to 
./— 2. So we have 


atk ale ky a(—B). (2.4) 


Introducing a new variable § = In(— p?/m?) we obtain the final equation 


oe 
2 
1 


Se [o8(e) Br) ay (ede (2.5) 
; : 


& 
> 





w(6)= 14+ 


It should be mentioned that d, does not enter this equation. 

Now we turn to the equation (1.1) for G. It can be seen that the integral 
in this equation diverges at k > p. Although this divergence at first sight is 
linear in k, the averaging over the directions gives again, owing to the vector 
character, of &, a logarithmic divergence. That means that by expansion of 
the integrated expressions in reciprocal powers of k we should account every- 
where for the terms of the next order. The corresponding terms in G are found 
directly from the formula (2.1) where we can, of course, in spite of the weak 
dependence of § on p?, restrict ourselves to the eG of the denominator, 


Le. 
kK? nh 
Gp — bx - _ . pe) ie. (2.6) 


However, the corrections of the order of p/k arising from I,(p, p — &; &) 
should be-also taken into account. To find these corrections we will tum 
again to the equation for I,. Since we want to calculate small corrections 
occurring by passing from p = 0 to finite p’s, we may consider the change of 
the integral on the right hand side of (1.5) as a sum of changes arising separately 
from each term of the integrated expression. The evaluation of the resulting 
expression shows that at & > 1 the integrated function is of the order of 1/K*, 
i.e. the integral converges at large k. However, when & is in the interval 
1>k®> » the integral ‘becomes logarithmic. So this interval is the main 
region of integration. At larger and smaller values of & the integral gives 
relatively small corrections which we may disregard within the accepted 
approximation. 

In the mentioned region of integration it is enough to consider only cor- 
rections of the order of p/k, since “they are considerably larger than p/t. It 
may be shown that the corrections in the expression for I',(p, p — 1; 1) will 
have the form 


[4i(p?, B)Ly, + A,(p*, P)y, hz. (2.7) 


Indeed it is easy to verify that corrections of other types do not appear 
for G taken in the form (2.6), and if substituted in the integral give again 
expressions of the form (2.7), and therefore turn ont to be zero by comparison 
of the right and leit sides of the equation. 
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Substituting (2.6) and (2.7) in the equation for I, and using the trans- 
formation (2.4) we come to the followimg equations for 4,, and Ay: 


Alen) = Hate pin j B(2) {y (E, 2)[d(2) — ay(e)] 


+ [42(8 2) + w(2)] [a,(z) + 4,(2)]}} dz (2.8) 


a(6, 9) = <a) aim | ae (4s (€, 2) Lele) + dC) 


5 
+ [42(E, 2) + «(2)} [&:(2) — @,(2)]} dz J 
where & = In(— p2/m?), 1 = In(—F/m?); substituting (2.6) and (2.7) in the 
integral of the equation for G, where the main region of integration is 
» <k< 0, we obtain, after similar transformations, 


—_ +E feoae ,2) + do(E, DB) d(z)dz. (2.9) 


Adding the two aqudtione: (2.8) we have 


2 ; ” 
Ay (6,1) + (6,9) = Ea? Ben) | Ble) Ce) (4418s 2) + 4.2) + ae) de. 
: (2.10) 


e 

It should be noted that the quantity d, does not enter in the formulae (2.9). 
and (2.10). Therefore the equations for I), and G can be solved independently 
of calculating the photon Green function D,,. The longitudinal part d,, as. 
mentioned previously, is an arbitrary quantity which we retain in the equations 
in order to prove their gauge invariance. Of course the dependence of G and 
Jj, upon d, does not contradict the gauge invariance. The general gauge trans- 
forms of G and I’, shall be found afterwards. Here we restrict ourselves to. 
slowly varying d,(k*). 

Let us introduce the notation 


_-As(E, 2) + Ae {&; 0) 
Lea asa). 2 


The function ¢(é, 7) satisfies the equation 


(2.11) 


2 2 ; 
a0) = | a*() (2) dy(e) g(6, 2) de + { o(z) Bl2)dy (2) dz. (2.12) 
wt 4x 
§ § 


The equation (2.9) can now be written in the form 


a 


dos 


B(é) 





= 14+44(§, 0). (2.18) 


OPL 23 
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The equations (2.5), (2.12), (2.13) can be solved for a and 8. After diffe- 
rentiating equations (2.5) and (2. a (the second with respect to 4) we obtain 


<fs- figs 28) &e), (2.14) 


aq(é, 1 i 
SEED. od) Bn) a) a6) + Eola) Bend aln). (2-8) 


There should be added the boundary conditions: 

a2l when 1, 

q= 0 at é =%. 
‘Introducing a new function r(é, 7) = «(y) ¢(&, 7) we have 


ar(é, i 
a0 = <b a(n) Btn) d, (4). 


Hence 


2 q 
rE) = | 8) Bln) fe) de, 


ér(&, 9) 
6 
From (2.18) we have that, when 7 —> 0, r(¢, 0) = (1/f(£)) — 1. Hence: 


a8 -(# a aCe B°(8) dy(é). 


es 
= - shot) BALE). 





dé 4n 


‘From this equation and (2.14) it follows that « 8 = const, and taking into 
account the boundary conditions we have: 


a{é) B(f) = 1. (2.16) 
It is easy to see that this formula follows immediately from Ward’s theorem* 
dG" *(p) 
LAp, p30) = ——,, 
u\P ap, * 


if we mention that the slowly varying function f gives terms of higher order 
by differentiation. 

After the substitution of (2.16) into the equation (2.14) we obtain finally, 
making use also of the boundary condition 


“-on] ft E Janae) ro-na[- fae] (2.17) 
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The formulae express in fact the gauge transformation of G and I, (for. 
slowly varying d,). The most convenient choice is evidently d, = 0 (contrary 
to the usual assumption d= 1). Then to the considered order I), and G. 
have no divergences at all and these quantities (17, with the mentioned limi- 
tations) are equal to their zeroth approximation values. It should be mentioned 
that this calibration actually corresponds to the Lorentz condition 6.4,/é2; = 0. 


3. Taz ASYMPTOTICAL EXPRESSION FOR THE PHOTON GREEN 
Functron® 


Now we proceed to the calculation of the photon Green function D,,. The 
integral standing in the equation for D,, (1.3) diverges at large k, this time 
quadratically. However, as the value of the integral at & = 0 should vanish 
in consequence of charge conservation (the transverse character of the Dirac 
current), we may consider only the difference between this integral and its 
value at & = 0. Taking in view that terms having p? in the denominator give 
zero being averaged over the angles, we arrive again to a logarithmic integral. 
According to the fact that the region p < k, as it is easily seen, gives nothing - 
noticeable in the integral, it is enough to consider only the region p > kh. 

Caleuiating the logarithmic integral we have to take into account the cor- 
rections in I,(p, » — k; k) of the second order in (k/p), as it was done in the 
preceding section. To find these corrections we wil! use the equation for I, (1.5) 
with the following transformation of the variable in the integral: bk’ ~ p — &k. 
Then the integral takes the form 


[ Dule — BVT (p, sp — &) 
x GRD (Kk -U Ge -D Tk -l p—l k — 9) atk’. 


Here it is assumed p > }. It is evident that in the expansion of G{(k’ — 1) 
in powers of J, termss of the second order in J arise which give a logarithmic 
integral in the region p > k’ > J. The terms of the first order in / cannot’ 
appear because they have &’* in the denominator and vanish after integration 
over the angles. The terms of considered order may come from G(k’ ~ J) 
and from I, (k’, k’ — 1; 1). The | dependence of the last I, gives terms not of 
the order 7?/k?, but of the order of 1?/p*, which may be neglected. 

We start with the calculation of corrections coming from G(x’ — i). After 
some calculations we find 





2 a Aa 3 a & as aan 
a lygi~ Py, Poy,p—- ply p 
Be feaey PSM + aie) — agg bet Pi vets 


x 02(€) fo (2) B(z) dz, (3.1) 


2 
where § = In(— p*/m?), 7 = In(—P)m?). 
23* 
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It turns out that the corrections to I°,(p, p — 1; 1) should be supposed 
to have the form 


re a 


2 ply, ip 
(6, nareyfraiy Pr [4,() - ayy P% Pipe Ah (3.2) 


Substituting this expression in the integra] and comparing terms on the 
left and right sides of the equation (1.5) for F’,, we obtain the following equation 
for s(é, 7): 


ened [owe ay(z) sz, nae w(e) fe(2)de. 3.2) 
2 


Substituting the expression (3.2) giving the correction to I, into the equation 
for D,, (1.3) we obtain 


L z 
a(n) = 1 - 84, oft [r@redese, a(2) L [seme (2.4) 


2” 7] 





In this formula £ denotes the upper limit of the considered values of the 
quantity 7, which is determined by the radius of smearing out of the interac- 
tions. As already said, according to our scheme of smeared out interaction, 
the magnitude of interaction should drop rapidly when the momentum exceeds 
the critical value 4 ~ lia, where a is the radius of interaction. The condition 
p < A turns to & < £ on logarithmic scale, because considerable changes of 
~ correspond to relatively small changes of In(— p?/m?)}. Therefore the fact 
of smearing out produces an upper limit J in ail integrals. It should be em- 
phasised that, according to the general scheme, the constant e, is actually a 
function of the range of interaction i.e. of the quantity A. In calculating 
Gand I, it was unnecessary to use the smearing out because of the divergence 
of d,(é), which is arbitrary and independent of the character of interaction. 
But if we introduce the smearing out we have to put the upper limit L, instead 
of the infinity, in the integrals standing in the exponents of a and £. 

It should be mentioned that then we have §(L) = 1. This corresponds to 
the evident fact that at p > 4 the electron must behave as free, not inter- 
acting with the photon field. Comparing the formula (3.4) with the formula (3.5) 
we obtain: 


1 
— =1 + Ss{Z, x). 3.5 
d,(n) ieee) e) 


Differentiating the equation (3.3) with respect to é and taking into account 
the relations « = 1/8 and dfidé = (¢?/4s) d,(&) B(é) we have 


256) ge pL 60), 4 


a ae Be) dé + S77 BU). (3.6) 
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8 (shn\ 4 
dE\ BE) J 24a” 


Noting that s = 0 for = 7 in accordance with (3.3) we have 


Hence 








2 
(9m) = s2-(E- 9) B®). 3.7) 


Substituting here € = Z and remembering £(L) = 1 we come to the final 
expression 
1 
It should be mentioned that, contrary to G and I,, this expression does 
not include the arbitrary function d,, quite as it should be according to gauge 
invariance. At kh? < m?, In(A?/m?) stands in place of In(A?/(— &)). If particles 
other than electrons participate in vacuum polarisation, then the formula 
takes the form 


d, (k®) = (3.8) 


1 
T+ (9 8x) in(A4](—#)) ” 


where the contribution of particles with spin 1/2 and charge Ze equals Z?, and 
that of parti¢les with spin 0 equals Z*/4. Particles with higher spins give qua- 
dratically divergent expressions which we disregard here, the more so, as there 
is no indication on the existence of such particles in nature. 

The analysis of physical effects shows that the physical charge e is expressed 
in terms of e, by means of the relation 


d,(k2) = (3.9} 


2 = ef lim d,(k*). (3.10) 
#0 
From formula (3.9) it follows therefore 
e 
a 3.11 
© = Te wejaa) nam) ent 
or 
ee 
2 = ____________ 3.12 
1 TG & 8x) In (A2}m?) (a2) 
Expressing d, through e? we have 
e? 1 
d, (2) = (3.13) 


e L — (y e2/3x) In(— jm) | 


The formula (3.13) is evidently renormalizable, i.e. we can change in all the 
formulae the “hare” charge e, into the physical charge e multiplying simul- 
taneously D,, by the renormalising factor Z, = ¢?/e2. Thereafter all the quan- 
tities will not depend upon the cut-off limit and the charge e¢,, which is con- 
nected with it. 
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From the formula (3.12) it follows that, for sufficiently large A, e? may become 
of the order of unity and the considered approximation fails. Hence the 
electrodynamics with weak coupling is a logically unclosed theory. It could 
be supposed that this theory should be supplemented by a strong-coupling 
theory at great energies. However I. Pomeranchuk and L. D. Landau 
suggested that there is a reason to understand the situation in a different way. 
According to their considerations, the formula (3.12) will be correct not only 
for small e? but also for e2 2 1. Then regarding the physical charge ¢ as a func- 
tion of e, and A, it may be seen that under a given A, however large e? may 
be, it cannot make e? exceed some limit, tending to zero with increasing A. 
This brings us to the conclusion that point interaction is impossible in pure 
electrodynamics. 

It should be mentioned however that the whole question for electrodynamics 
has only a methodological sense, since at great energies other types of interac- 
tions may play a considerable role, in particular the gravitation. 

Here we assumed everywhere that the radii of smearing out in the Dirac 
current and in the interaction of this current with electromagnetic potentials 
are equal. This assumption may be put aside. We will show how the results are 
changed if the radii are different. Let us introduce two different cut-off limits, 
A, corresponding to the smearing out of the Dirac current, and A, correspond- 
ing to the smearing out of the electromagnetic interaction of the current. 
It should be noticed that the d’s must satisfy the condition A, S$ A,. Then 
the formula (2.17) for «(&) and 6(£) will change to 





La 
2 2 
(8) = pxe) = expt [ geez} L,=m(=4). (oe 
§ 


As to the d, a simple calculation gives the followmg result 
elas eK 

1 + (y 2/8z) In (A?/— B) 

d,=1 for |k|> A%. (3.16) 


v 


for |[k| < Az (3.15) 


It may be seen that in the case A, > A,, the d, function undergoes a rapid 
change in the vicinity of ? = A¥. 


4. THE MaSS OF THE HLECTRON IN QUANTUM 
ELECTRODYNamMics® 


Now we will consider the mass of the electron, particularly the roles of 
electromagnetic and “bare” masses. The most important point in this respect 
‘is the behaviour of the electron Green function G{p) when »? becomes of the 
order of m?. In section 2 we have obtained an asymptotic form of the electron 
Green function, justified for » > m. For the mass calculation it is insufficient 
to consider this expression of G(p) at » ~ m, but we have to find corrections 
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to this expression. Let us suppose that G(p) has the form 


G(p) = en ) : 

— mp?) 
where (97) is the function nes in section 2 and m(p) a new slowly vary- 
ing function of p?. At large values of ~, the ratio of the second term in the deno- 
minator to the first one becomes negligible, in any case considerably smaller 
than the inaccuracy in the calculated function 8(p?). Nevertheless, the consi- 
deration of this term is justified because, contrary to the first term, it is an 
even function of the vector y. Therefore the inaccuracy in 8 cannot have any 
influence upon the value of m(p*). For large values of p, G(p) may be written 


in the form 
a PPA me 
pm 
where the first term is an odd a the second an even function of p. 
Let us write the equation for the G function 


(4.1) 


Glp) = {4.2) 


G-i(p) = p—m + Afr uP, P — hk; k) G(p ~ hk) y, D,, (ke) atk (4.8) 


and separate from both sides the even function of » which must be equal 
to each other. Determining the even part of the integral on the right side. 
we will change the sign of the variable & also. Then the even part of the inte-. 
grated expression will consist of the product of the even part of I, (with 
respect to the change of sign of all variables) and the even part of G, and of 
the product of the odd part of I, and the odd part of G. In the first case we 
can use «(k*) y, for I, and the second term of (4.2) for G. In the latter case @ 
is taken with the old form f{p)/%, and the odd part of I’, should be defined 
from the equation for I, (1.5). 

Equating the odd parts of the expressions on either side of the equation, 
we will change the sign of the variable & together with the signs of p and e. 
Thereafter the odd part of the integral expression will contain either the even 
part of one of the @’s or the odd part of one of the I’s. Other possibilities give 
terms of higher order. At first we will consider the inuflence of the even addi- 
tion to G. Suppose p < 1. Then it is easy to see that the principal term of the 
expression comes from the even addition only to one of the G’s, namely to 
‘G(p — k). The corresponding integral is logarithmic in the region p< k <i 
and converges rapidly in the other regions. Direct calculation gives the follow- 
ing expression 


R 
i 
~= (nm) Bn) B (2) (2) mlz) [3d,(2) + dle) de, 


Jee 
4x ft 
where, as before, 
_ m2 -7- 
¢=In( =}: 1=1n(=}. 
7 ne 
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Now we will find = odd part of I, which we suppose to have the form 
(Z,j22) 2 (7) B(n) #(E, 

One can easily ae that only the addition to the first I,(p, p — k; k) 
in (1.5) will give important terms. After substitution in (1.5), we obtain an 
integral equation for ¢(£, 7) 


HE, 9) = > | 0 () A(z) dy (e) #(, 2) dz - e| a: (2) Bz) (2)[3d,(z) + d,(z)]az. 
; (4.4) 


Substituting into equation (4.3) the expressions of the addition made to 
G and I, we obtain from the even part of this equation 
L 











, 2 
= Em m+ Late) pte) ged 6 2) 
- 2 [ror@me [Bdj(z) + dy(eldz. (4.5) 
Then it follows : 
me) = BCE) bm, — #8, DN). (4.6) 


Differentiating the equation (4.4) with respect to 7, and using the formulae 
Ba=1 and dpjdé = (e/4n) Bd,, we si 


a6) 1 abla) 
an Fey ay OO Emin) (Bln) + aa 


t(é, we) = et mn) 3d 
alae Ft) = - AO aan + aco) 


Taking into account that, according to (4.4), ¢(, 4) = 0 at € = 4, we have 








or 


tn) mia) 


Bly) an J Ble) 
Differentiating with respect to & we obtain 
1 6téé, Ce a m(é) 
3d, d : 
i@ of ~ an FO ~z—— [34, (E) + 4,(€)] 
Substituting 7 = L, and noting that 6(Z) = 1, we have 
spe OO aera Gi 
ag Bié) 4n B(é) ; 
or, using the relation df/dé = {c2/4x) B d, 


[3d,(z) + d,(2)J dz. (4.7) 








3 2 
se = - hme). 
era 
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Substituting d, in formula (3.11) we arrive to the final expression 
e Ofdy 
m(é) = m(0) (1 -—Yy :) ; (4.8) 
3x j 
where the constant m(0) is the value of m(é) at & = 0, ie. the observable 


mass of the electron. 
In the usual notation, (4.8) is 


e say pe Si4y 
m (p*) = ml = oy yin (<= )] . (4.9) 


The formula (4.8) defines m(p?) for |y?| > m?. The case |p?] < m? does 
not differ essentially from the case p? ~ m?, i.e. in this case m(p?) = m. At 
7? = m® the denominator of the formula (4.1) becomes zero, therefore the 
case of p? approaching m? to such an extent that e* In{m?/(p? — m?)) ~ 1 
should be treated separately. 

The formula (4.9) is gauge invariant and does not depend on the smearing 
out radius. It follows from (4.9) that the mass of the particle decreases by 
increasing %2. The quantity m,, according to (4.6), is equal to m(D), i.e. cor- 
responds to the value k&? related to the smearing out radius 


ee \ St 
My, = m() Z (4.10) 


2 
ey 


At the limit of applicability of the theory, ¢, ~ 1 and m, ~ me’, that is 
a very small quantity. According to (4.10), m, decreases with increasing A: 
Therefore it may be supposed that if the theory were closed, m, would turn 
to zero. It means that the mass of the electron is of electromagnetic nature. 
So the concept stated above brings us back to the idea of a pure electro- 
magnetic electron mass, which was abandoned long ago. 


5. Tur INFRARED CaTASTROPHE’ 


Up to now we did not consider the behaviour of the electron Green function 
when the momentum p approaches m to such an extent that ¢? In (m?/(p? — m?)) 
2 1. We were also not interested in the vertex parts I", whose argument did 
not satisfy the inequalities of a triangle. 

We begin with the calculation of G(p) for p approaching m. According to 
the general method, we will sum up the terms containing, for a given power 
of e, the greatest power of ln (m?/(p* — m?)). Here we will use the physical 
charge together with the re-normalised D-function. In this case the considered 
terms are of the type [e? In (m?/(p? — m?))]". Analysing the diagrams for I, 
we see that such terms appear only from diagrams with parallel virtual lines. 
So the equation (1.5) is completely applicable. Since 7 is essentially a time-like 
vector in the interesting region we cannot, in the integral of the equation (1.1), 
pass to the euclidean space in the same way as before, however, we may do 


CPL 23a 
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it by means of a rotation oz space axes: ky, 7 —ik, (m= 1, 2, 3). Then it 
turns out that again 2,’s are needed whose arguments satisfy the triangle 
rule. These I’,’s, together with G, form a closed system. 

The @ function at gy? + m? is supposed to have the form 


ptm 


pom B(m?) o(m?® — p*), (5.1) 


G(p) = 
where ¢o is a new slowly varying function. Analysing the integral in the equa- 
tion (1,5) we come to the conclusion that the region where p? — m? « (p — k)? — 
m*? < m? plays the main role in the integral. In this region we will suppose 
L,(p, p — 1; 2) to have the form 


(p+ m) L(y, 93 VG + m) = (p+ m) y,(¢ +m) t(m9 — palm?) g= pl, 
(5.2) 
where t is a new slowly varying function. 

It can be seen that in all applications we use not I’, itself, but its product 
with ? +m on the left and ¢+ m on the right. This is the quantity we 
have to find. In the integral of the equation for I, the main region is 
gq — m < (p — k)? ~ m? < m*. Transforming the equation for I, in this 
region we obtain the equation for + 


a 
3e2 
Re 28 (z) a? (z) dz, (5.3) 
0 
where 
ln me In ue 
= Jn ——_, 2g = Hh —_~__—_. 
TT m? — (p—k)® 


Analysing the integral in the equation.(1.1) we see that, as before, we 
have to find corrections to the expression (5.2) of IU, proportional to 
(pt — m2)f(q? — m?). | 

These corrections are found from the equation (1.5) where the main region. 
of integration is y? — m* < (p — k)? — m? < g2 — m®. Omitting the detailed 
calculations we will write the final results. 


t(é)o(€) = 1, (5.4) 
2 (e2 {22) (8 — df) 
o(p) ae fs) ", where d? = d,(k? = 0). (5.5) 
\ me — p 


‘So G appears to have, at p? = m?, not a pole but in general a branch point. 
. The calculated t belongs to a I, (p, ¢; 2) with p? = m?, g ~ mand P < m?®. 
J, was determined also in a more general case: (pq) > p? — m?, g® ~ m*. As 
before, only terms with highest powers of logarithms were accounted for, 
those corresponding to [e? In (m?/(p? — m?))}” and (e? In? (p g/m*))". To cal- 
culate the I, one has to sum up diagrams with all virtual lines surrounding’ 
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the original vertex. We will omit the calculations. The result is 
a a ere & e 
@ +m) Tole aD + m) = atm G+ m) (4 + m exp] - 1], (6) 


where f is equai to 





a 


1 
art eat a Sg eee (5.7) 


Here a = (p q)/m?, S is the area on the plane 4 and y, restricted by the 
conditions 


o<acin 22, | 
7 ; (5.8) 
are ee | 
te OY 
B+ inat Ja—1>d>u—n(a—- Var — 1) (5.9) 


and L,, ZL, are the lengths of the pieces of thelines A = » + In(a+ of: a ~ 1} 
which are cut out by the conditions (5.8). 

A method analogous to that applied to calculation of I, was then used to 
investigate the question about the radiation of additional quanta in physical 
effects, the so called infrared catastrophe. The probability of such radiation 
appears to be represented by the Poisson formula 


Wn) = — (a)*. (5.10) 


The factor e~* in this formula comes from the integrals over virtual quanta 
and is essentially defined by the formula (4.6). So it becomes clear that the 
found deviation of I, from the zeroth approximation of perturbation theory 
comes from the infrared catastrophe. 

The results represented here are essentially the same for the additional 
radiation in other physical effects. 

So it occurs that at great energies the major department from the zeroth 
approximation of perturbation theory (effects of order e? In* (#/m)) comes from 
the infrared catastrophe. , 


6 Tue Gauce TRANSFORMATIONS OF THE GREEN FUNCTIONS OF 
CHARGED PARTICLES 


The theory describing the field of charged particles coupled to the electro- 
magnetic field has the property of gauge invariance. By the gauge transform- 
ation of potentiais of the electromagnetic field 

- dy 
A, > A, i 3a, (6.1} 
23 a* 
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(y is an arbitrary scalar operator) the y operators of the particles transform 
in the following way 
gy» pexplie g]. (6.2) 
Here we will consider how the Green functions of the particles are changed 
under the gauge transformation. The particle Green function, as is wel! known, 
is 
G(x, a’) = —i<(p(z) p(x’) ,>. (6.3) 
Here the pointed bracket indicates the vacuum expectation value. 
By the gauge transformation (6.1) the Green function will change. Accord- 
ing to (6.2), this may be written in the form 


G(x, x) = Gy(x, x’) <(exp [ie y(x)] exp [—ie p(x')]) >. (6.4) 


Here G(x, x’) is the Green function calculated for the particular case when 
the longitudinal (in a four-dimensional sense) part of the photon Green func- 
tion is equal to zero. 

In accordance with the transverse character of the Dirac current, the lon- 
gitudinal part of the potential does not participate in the interaction of fields 
‘and therefore the task consists in averaging the expression exp [i ¢ ¢(x)] 
x exp [—ie w(z’)] over the vacuum state where the operators p belong to a 
free field. Then we have 


G(x, x’) = G(x, 2") exp [i e®(Ap(0) — Ap (x, 2'))], (6.5) 
where 4p is a Green function of the ¢ field 


Ap(e, &') = i<(p(@) o(2')) +>- (6.6) 


The photon Green function in general contains a longitudinal part as well 
as a transverse part (formula (2.2)). It is easy to see that d,(k) is connected 
with the Fourier component 4,(%) of the function 4p(x, x’) in the following 
manner 

2 
j= on 

The gauge transforms of Fourier components of the Green functions can 
be found only for infinitesimal gauge transformations of potentials. 

' Varying the relation (6.5) we “have: 


G(x, 2’) = ie? G(a, w'}(d4z(0) — d4p(x, 2’). (6.8) 


Taking Fourier transforms of both sides and taking into account (6.7), we 
find: 
a") (4) 


G(p) = —z— iG (p) — G(p — A} dtk. (6.9) 


ni 


For a particle having spin } in the case when d,(k?) is a slowly varying 
function this formula reduces to equation (2.17). 
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The gauge transform of I, may be obtained in an analogous manner. 
Omitting the detailed caluclation we will write only the result 


2 
Gp) 6p, 9 — BB) lp — = =| (ee) Pinpoe® 


x [Gip—kh)- Gip—k-1))+ Gip-—n LT p-1p-—7— kk) 


x G(p—1- Bb —Fypp— bh lp — mya 


For a particle with spin 3 and slowly varying d,(k?) this gives (2.17). How- 
ever the formulae (6.9) and (6.10) are applicable indeed for charged particles 
of any spin. 


- 


7. Tos GeEEN Founcrions in tHe Meson Tuworny WITH WEAK 
PsEvposcaLaR CouUPLING® 


Now we will try to apply the methods used in the preceding sections for 
quantum electrodynamics to the meson theory with weak pseudoscalar coup- 
ling. As in electrodynamics, we will find the expressions of the fundamental 
functions: G(p) the Green function of a nucleon, D(%) the Green function of 
a meson and the related vertex part I'(p) of space vectors », g and l. The 
fundamental equations are analogous to those derived in section 1, and have 
the form 


Dyalt){ 04 — 28)8,, + Ete] [Um Tee. — ki) Ge — Wx, 2a |= dy 
(7.2) 
Ly (p, p - in=nnt A [rer- k;k)G(p — k) I (p —k,p —k—1;)) 


x G(p-k-DR(p-k-lp—lb WD, (bak. (7.3) 


Here the following notations were used: y, = iy. ¥2 73 Yo(z.2.3 = B%1.23) 
¥o = 8); My, wy are “the bare masses of the nucleon and meson, g, the bare 
coupling constant depending on the cut-off limit, the Greek indices here 
denote the components in isotopic space, t, are the operators of isotopic spin. 
It should be mentioned also that the Tr in (7.2) is extended over the isotopic 
as well as over the Dirac matrices. 

From equation (7.2) itis easy to see that D,,(k) = 6,,.D(k). This gives us a pos- 
sibility to eliminate the z, operators from the equations, introducing Ly, = % LT. 
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After this, the equations take the form: 
2 
P(p,p - UD =y5- 4 [rep- E:k)G(p—k)P(p—k,p—-k—1;l) (74) 


x ata ener ey) 





ote) § ' Pip. p — b; B Olp — B) y, D(k) atk = 1, (7.5) 


Dik) B= H+ a [ewrer- tm e@~ Hyde) b= 1, (76) 
: dd, 


where the Tr sign belongs to the Dirac matrices. 

We will find from these equations the asymptotic form of the functions G, 
D and I. We suppose the functions G(p) and D(k), for large values of mo- 
menta p> M, k > M, to have the form 


Be) ait) ; 
oO) = = ay’ D(k) = as (7.7) 


As before, although M(p?) > », the function IM (p?) can be derived because 
it is the even part of G-1{p). As to the function u{k*), the definition of this 
function is impossible in our consideration, because it cannot be separated 
from the much bigger &?. Therefore we will restrict ourselves to the form (7.7) 
of D(k). 

The J function in the case when p, g and J are of the same order, or two 
of them are much greater than the third, is given by the formula I = y, «(f*), 
where /? is the greatest of the squares. Noticing that the integral in (7.4) is 
logarithmic in the region /? < k? < 0, the equation for « may be written in 
the form 

L 


a(é) = 1+ re Blew «3 (z) 6% (z) dz, (7.8) 
$ 


where § = In(— p*/J£*), L = In(—A?/M?), A being the momentum correspond- 
ing to the smearing out radius. 

In accordance with the fact that the expression in the integral of equation 
(7.5) has a %® in the denominator. we have to account for terms of the first 
order with respect to p/k in G and I. These terms arise in G directly from the 
formula (7.7), and in I’ from the equation (7.4). 

Finding the alterations occurring in the integral of the equation (7.4) from 
G(p — k), it may be seen that the addition to F must have the form 


7 4 


0 t 
a(t) pay( 4, (0,7) + 





= 
A, (2, »)) Ys (7.9) 
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Here the first term in the brackets belongs to the even part, and the second 
term to the odd part of I’. Equating the even and odd parts of equation (7.4) 
we find the equations for 4, and 4, 


a fo Blz) dlz)dz, (7.10) 





4,6, = ot? (2) B?{z) d (2) 4, (¢, 2) d 
* 


2 ” * 2 " 
4,8) = #. |r BP (2) A(z) 42(6, 2) dz — oa fu B(z)d(z)dz, (7.31) 
% 74 
§ $ 


where & = In{— p?/M@?), 7 = In(-F/2*). 

Substituting the formula (7.9) in the equation (7.5), we note that there 
appear the same integrais as in the formulae (7.10) and (7.11), but with the 
limit Z, ie. correspondingly, 4(é, Z) and 4,(é, £). Separating the even and 
odd parts of the derived equation, we obtain two equations 


1 
76 ha — 34,(é, L), (7,12) 
MM) 

Fo = M, + 34,(, L). (7.18) 


The equations obtained: (7.8) and (7.10-7.13) do not form a complete system, 
because they contain the quantity d{¢), the equation of which has not -yet 
been written. But all the same we can use the equations obtained to find out 
the connection between the functions «{f), 8(é) and JZ(&). 

Differentiating (7.9) we obtain: © 


da (é) 


—_ 
= a = - Bat 10 a). (7.14) 


Introducing the new variables +, (é, 7) = «(n) 4,{f, 7); t2(§, 4) = «(n) 4e(8,.9), 
differentiating the equations (7.10) and (7.11), and using the equation (7.14), 
we have: 


071 (6, 

FED — Loria) aera, (7.18) 
dt, (&, 7) put G 2 d M tad 16 
Se = Bota) Btn) dln) Min. (7.16) 


According to (7.10) and (7.11), 7, (&, 7) and 7,(&, 7) should turn to zero at 
=n, ie. they have the form of integrals from § to 7. Therefore @7,(é, 4)/0é 
and @7,(£, 4)/@& are represented by the right-hand sides of equations (7.15) 
and (7.16), taken with the opposite sign and with the variable £ instead of ». 


Differentiating the equations (7.12) and (7.13) with respect to € and sub- 
stituting the expressions of the derivatives of 4 (in consequence of «(Z) = 1, 
Ay o(é, L) = 7,.(€, Z)) we obtain: 


ape) 392. | 
ae a = 3,7 B3() a(é), (7.17) 
M(&) oe 
alse ; io) - a2 (£) B(E) a(é) M(é). (7.18) 


Comparing the equations (7.17) and (7.14) and remembering that, accord- 
ing to (7.12), we have: B{Z) = 1, we obtain 


o(f) = [8(6))7*%, (7.19) 
ag 395 
Fe- e BON ae. (7.20) 


Comparing the equation (7.17) and (7.18) and taking into account that, 
according to (7.13), M(L) = Uf,, we obtain 


M, 
M(é) = Be) (7.21) 


Now we find the equation for d(&). For this purpose let us consider the 
equation (7.6). It is easy to see that the integrated expression contains p* 
in the denominator. Therefore it is necessary to account for terms appearing 
in the expansion of the integrated expression up to the order of k?/p?. Then 
‘the terms of zeroth order give a quadratically divergent integral, which is 
independent of & and may be enclosed in the proper mass of the meson. 

The terms of order k*/p* in G(p — k) are obtained by means of a direct 
expansion of (7.7). As to the addition coming from I it is obtained from 
equatoin (7.4), where the change of variable k’ = » — k should be done. 
_ Finding the change of the integral coming from the addition to G, we conclude 
that the addition to I’ should have the form: 





*) A (p?, P). (7.22) 


Performing the further derivation with the same procedure described above 
we come to the relation 


(ny) = [B(n)]*. (7.23) 


Substituting (7.23) in the equation (7.20) and taking into account that 
B(Z) = 1, we obtain 


Az — 8/10 
B(p?) = Ee +— ae Zn()| R (7.24) 
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The functions a(p*) and d(p*) are obtained from (7.19) and (7.23) 








sgt / At \P SI 

o (pt) = E + = In (=) (7.25) 
5 Ae ~ 445 

d(p*) = [2 + Bio/ *)| (7.26) 


Considering now a particular process (for example, the Compton effect) we 
conclude that g? «?(0) 8?(0) d(0) plays the role of the physical coupling constant 
g®, ie. 

- ea Ci 
oT a bean) ln (A2/ Mey’ = TY — (5¢2/4x) In(A2/f2) © 
1 + (592/47) ln (A2/M?) 1 — (592/40) In (A?/Df?) 


Substituting (7.24) in (7.21) and defining the physical mass as M({é = 0), 


we obtain 
ge 8/10 
M,= u(5) 7 (7.28) 
: 9 


The results are close to those obtained in electrodynamics. As in electro- 
dynamics, the effective coupling constant g? increases with increasing A. So 
we could have made the conclusion that even weak coupling becomes strong 
at great energies. However there are certain considerations due to I. Po- 
meranchuk showing that the situation in this case is essentially the same as 
in electrodynamics, but here we will not discuss the matter in more detail. 

It is worth to point out the following peculiar feature of the theory with 
weak pseudoscalar coupling of the meson and nucleon fields. Y. B. Beresteckij 
considered charged nucleons interacting with electromagnetic and pseudo- 
scalar meson fields, under the assumption that the coupling constant of the 
nucleons with mesons, although much greater than the electric charge, is at 
the same time smaller than unity (ce? < g? < 1). Then he could use our method 
of calculation. It appeared that the asymptotic expression of the photon 
Green function D,, did not depend on the coupling constant g?. So the weak 
pseudoscalar interaction of the nucleons with mesons does not have any in- 
fluence on the photon Green function. 

Now we describe briefly how the expressions obtained will change under 
the assumption of a difference between the orders of magnitude of the cut-off’s 
as it was done already in electrodynamics. Let A, be the cut-off limit in the 
Dirac current, and A, that in the interaction of the current with the meson 
field (it must be of course A, 2 A,). 

Then the expressions of «, 6 and d change to the following: 


(7.27) 


B(p?) = Q(p%)- (7.29) 
a(p*) = Q(p*)y (7.30) 
d(p?) Qn” (7.31) 


~L+ (gjx)in (47/42) 
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if p? < Ag, where 
59 nap) 


Mee ls “4x 1 + (g2/x) In(4 2742) ee) 
and 
B(p*) = d(p*) = 1 (7.33) 
if p > AB. 


We see again that the d-function undergoes a rapid change in the vicinity 
of gy? = 43. 


1. L, D. Laxvav, A. A. Aparrosov and I. M. Knararwrcov, Dokl. Nauk. SSSR, 9b, 497 (1954); 
Collected Papers No. 78, p. 607- 

2. V. ¥. Supaxov, Dissertation, Institute of Physical Problems of the Academy of Sciences of 
‘the US.S.R. (1954). 

3. L. D. Lawpav, A. A. ApRrgosov and I. M. Kaanarnmov, Dokl. Nauk. SSSR, 96, 773 (1951); 
Collected Papers No. 79, p. 611. 

4. J. Warp, Phys. Rev., 78, 182 (1950). 

5. L.D. Lanpav, A.A. ABRikosov and J. M.Keatatsmoy, Dokl. Akad. Nauk SSSR, 93, 

_ 1177 (1954); Collected Papers No. 80, p. 616. 

6. L. D. Lanpav, 4. A. AsgErosov and J. M. KEALatNIKov, Dokl. Akad. Nauk SSSR, 96, 261 
(1954); Collected Papers No. 81, p. 621. 

7, A. A. Aparxosov, Dissertation, Institute of Physical Problems of the Academy of Sciences 
of the U.S.S.R. (1955). 

8. A. A. Aprrxosoy, A.D. Gananny and I. M. Kuanarxrtov, Dokl. Akad. Nauk SSSR, 97, 793 
(1954). 


90. THE THEORY OF A FERMI LIQUID 


A theory of the Fermi liquid is constructed, based on the representation of the 
perturbation theory as a functional of the distribution function. The effective mass of 
the excitation is found, along with the compressibility and the magnetic susceptibility 
of the Fermi liquid. Expressions are obtained for the momentum and energy 
flow. 


As is well known, the model of a Fermi gas has been employed in a whole 
series of cases for the consideration of a system of Fermi particies, in spite 
of the fact that the interaction among such particles is not weak. Electrons 
in a metal serve as a classic example. Such a state of the theory is unsatis- 
factory, since it leaves unclear what properties of the gas model correspond to 
reality and what are intrinsic to such a gas. 

For this purpose we must keep in mind that the problem is concerned with . 
definite properties of the energy spectrum (“Fermi type spectrum”’), for 
whose existence it is necessary, but not sufficient that the particles which 
compose the system obey Fermi statistics, ie. that they possess half-integer 
spin. For example, the atoms of deuterium interact in such a manner that they 
form molecules. As a result, liquid deuterium possesses an energy spectrum 
of the Bose type. Thus the presence of a Fermi energy spectrum is connected 
not only with the properties of the particles, but also with the properties of 
their interaction. 

A liquid of the Bose type was first considered by the author of the present 
article in application to the properties of He IL. It follows from the character 
of the spectrum of such a liquid that a viscous liquid of Bose particles necessarily 
possesses superfluid properties. The converse theorem that a liquid consisting 
of Fermi particles cannot be superfluid, in accord with the above, is in general 
form not true. 


1, THe EnEerGy 4S a FUNCTIONAL OF THE DISTRIBUTION 
ENERGY 


If we consider a Fermi gas at temperatures which are low in comparison 
with the temperature of degeneration, and introduce some weak interaction 
between the atoms of this gas, then, as is known, the collision probability for 
a given atom, which is found in the diffuse Fermi zone, is proportional not 
only to the intensity of the interaction, but also to the square of the tempera- 
ture..This shows that for a given intensity of interaction, the ‘indeterminacy 


UL. Wl. Hannay, Teopuax gepux-xnqxocta, Mypuas Sxenepumenmanynot u Teopemurecnot 
@usweu, 30, 1058 (1956). 
‘L. D. Landau, The theory of a Fermi liquid, Sovier. Phys.-JETP, 3, 920 (1957). 
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of the momenta”’, associated with the finite path length, is also small for low 
temperatures, not only in comparison with the size of the momentum itself, 
but also in comparison with the width of the Fermi zone proportional to the 
first power of the temperature. 

As a basis for the construction of the type of spectrum under consideration, 
is the assumption that, as we gradually “tum on” the interaction between 
the atoms, ie. in the transition from the gas to the liquid, classification of 
the levels remains invariant. The role of the gas particles in this classification 
is assumed by the “elementary excitations” (quasi-particles), each of which 
possesses a definite momentum. They obey Fermi statistics, and their number 
always coincides with the number of particles in a liquid. The quasi-particle 
can, in a well-known sense, be considered as a particle in a self-consistent 
field of surrounding particles. In the presence of @ self-consistent field, the 
energy of the particle depends on the state of the surrounding particles, 
but the energy of the whole system is no longer equal to the sum of the 
energies of the individual particles, and is a functional of the distribution 
function. 

We consider an infinitely small change in the distribution function of quasi- 
particles n. Then we can write down the change in the energy density of the 
system in the form 


bE = [{ edna, (1) 


where dt =dp,dp,dp/(2x z)8. The quantity ¢«(p) is a function of the 
derivative of the energy with respect to the distribution function. It corre- 
sponds to a change in the energy of the system upon the addition of a single 
quasi-particle with momentum p, and it can be regarded as the Hamiltonian 
function of the added quasi-particle with given momentum in the self-consistent 
field. 

However, we have not taken it into account in equation (1) that the particles 
possess spin. Since the spin is a quantum mechanical quantity, it cannot be 
considered by classical means. We must therefore consider the distribution 
function of the statistical matrices in regard to spin, and replace (1) by 
the following: 


6B = Tr [ edna, (2) 


where Tr is the trace over the spin states. The quantity ¢ in the general case 
is also an operator which depends on the spin operators. If we have an equili- 
brium liquid, which is not in an external magnetic field, then, because of 
isotropic, the energy cannot depend on the spin operators. We limit ourselves 
to the consideration of particles with s = }. 

We can show that just this energy « enters into the formula for the Fermi 
distribution of the quasi-particles. Actually, it is reasonable to determine the 
entropy of the liquid by the following way: 


S=~-Tr { {ulnn + (1-2) In(1 — nj} de. (3) 


ao 
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By means of a variation, subject to the additional conditions 


6N = Tr | éndcv=0, 6H = Tr [ edndr=0, 


we can obtain the Fermi distribution 


n(e) = [e®-? + I~? (4) 


from this equation. We note that «, being a functional of », naturally depends 
on the temperature also. 

In correspondence with (4) the heat capacity of a Fermi liquid at low 
temperatures will be proportional to the temperature. It is determined by the 
same formula as for the Fermi gas, with one exception, that in place of the 
teal mass ™ of the particles therein, we place the effective mass of the quasi- 
particles 


ae: 


mH ~ Gefap (3) 





Fy 
\P = Po 


where , is the limiting momentum of the Fermi distribution of quasi-particles 
at absolute zero. 

Not only «(p) for a given distribution, but also the change in ¢ produced 
by a change in n, is of essential importance for the theory of the Fermi liquid: 


de(p) = Tr | f(p, p') dn’ de’. (6) 


Being a second variational derivative, the function / is symmetric relative 
to p and p’; moreover, it depends on the spins. 

If the principal distribution n is isotropic, then the function / in the general 
case contains terms of the form 9;2(p, p’) 0; 0,, where o; is the spin operator, 
and if the interaction is exchange, only terms of the form 

PP: P')(o * 6’) 
will appear. 

We can consider the function { from. the following point of view. The number 
of acts of scattering of quasi-particles per unit volume per unit time can be 
written in the form 


25 
dW = re IF (Py, Bos Pi» Po) |? (ey, + &2 — 1 — &) My Ne 


x(l— mj)(l — ng)drdtgdry, (7) 


where conservation of momentum is assumed: p, + po. = Py + Po. The quan- 
tity f is nothing but — F'(p,, Bo; P1, Po), i.e. the forward scattering amplitude 
{with opposite sign). Generally speaking, this amplitude is complex, its 
imaginary part being determined by the total effective scattering cross-section. 
Inasmuch as we assume that the real acts of scattering are highly improbable, 
we can neglect the imaginary part. 
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2. RELATIONS WHICH FOLLOW FROM THE PRINCIPLE OF GALILEAN 
RELATIVITY 


Lf we deal with a liquid which is not in an externa field, then it followsfrom the 
principle of Galilean relativity that the momentum arriving at a unit volume 
must be equal to the density of mass flowt. Inasmuch as the velocity of the 
quasi-particle is d¢/6p, and the number of quasi-particles coincides with the 
number of real particles, we have 


t[pnar=t [monde (8) 
op 


Therefore, the variational derivatives with respect to n ought to be the same 
on both sides of this equation. Then 


I 
—t[ ponder = te [So bnac + Ter | ilp, p') x’ n dear. 


Since the quantity 6x” is arbitrary, we obtain 





p Oe is at és on’ 
Fe a ay a dt’. 9 
a Oe r i Tt ap } t (9} 


(the left side is understood as the unit matrix in the spins). 
If we deal with the isotropic case, then it is sufficient that equation (9) holds 
for the traces, i.e. 


2.3% in we [poo v (10) 


We note that this formula determines the function ¢ through the quantity f 
with accuracy to within a constant. 

Let us consider equation (10) for momenta close to the boundary of the Fermi 
distribution. For low temperatures, the function én/ép will differ slightly 
from the d-function. For this reason, we can carry out the integration in 
{10) over the absolute value of the momentum, leaving only the integration 
over the angle. This gives the following relation between the real and the 
effective masses: 


1 1 Dg 


a He t Sanne TY [feces dQ. (11} 


Inasmuch as, in this formula, both of the vector arguments in f correspond 
to the Fermi surface, the function f depends only on the angle between them. 


} This conclusion does not apply in particular to electrons in a metal. For them, p is not the 
momentum, but the quasi-momentum. 
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3. COMPRESSIBILITY OF THE FERMI Liqurp 


Let us express the compressibility (at absolute zero) by the more appro- 
priate quantity for us, du/dN. For this purpose, we note that as a consequence 
of homogeneity, the chemical potential ~ depends only on the ratio N/V. 
Consequently, we have 

ou = == VapfoV —s WV? Gp 


gy OS ae ey 





(12) 


For the square of the velocity of sound, we have 


op J ou 
= —_— = —{ NV}. 1 
a{m N/V) ~( 4) ~) 
Thus the problem reduces to the calculation of the derivative @u/8N. Inas- 
much ag # = s{~} = &, the change in the chemical potential 64 which is 
brought about as a result of the change in the total number of particles 61, 
will be equal tof 
i ; ds 
ou = ZIT | fon'de + 5p, OPO (14) 
The second term is connected with the fact that for a change 6N the limiting 
Momentum py, changes by an amount dp. 
For the case of spin 4, dN and dy are connected by the relation 


ON = 8x 2 Op, Vi(2z hy. (15) 


The value of the function, under the integral in equation (14) is appreciable only 
for values of momentum close to y,. Therefore, we can carry out integration 
over the absolute value of p, obtaining 





Tr Tr’ t fdr dv = : Tr Tr’ | f do éN. - (16) 
82V 


We get from equation (14), with the - of equations (15) and (16): 


(2x &)? 


pee enki 17 
16x 7 * 8xp,m* V a) 


au/ON = TrTr’ lige a 


Now let us make use of (11) and express the effective mass m* in the 
expression that has been obtained by the mass of the particles, m. We have 
‘Op 1 (2% 4)8 

—= = —— f(l-- do +—_—_—__.. 

ay 3d kaka f{1-— cos6) do + ene 


7 Equation (14) i is obtained as a resuit of taking the trace of the is Si expression which 
contains the spin operators, — 


Furthermore, multiplying the resultante quation by N/m = (1/m) 8 ap V /3 (22k), 
we find an expression for the square of the sound velocity: 





2 
_ Po 1 Po \* , 
tet or (=) [oer #(1 — cos@) do. (18) 


4. Maenzuric SUSCEPTIBILITY 


We calculate the magnetic susceptibility of a Fermi liquid. If the system is 
located in a magnetic field #, then the additional energy of a free particle in 
this field is equal to (6 - H). Moreover, we must also consider the fact that 
the form of the distribution function also changes in the presence of a magnetic 
field. Consequently, in calculating the magnetic susceptibility, we must keep 
in mind that 
de = — B(6-B) + Tr’ [fon'ar, (19) 


ie. it is impossible to neglect the effect of the term containing f. We write } 
in the form F 

F=ot+ye-o'), (20) 
where the second term takes into account the exchange interaction between 
the particles. Furthermore, in caleulating 6x, which depends on the field, 
the change in the chemical potential 64 does not have to be considered. This 
change appears as a quantity of second order of smaliness relative to the 
field H, while é< is of first order with respect to the field. Therefore, we can 
substitute dx = (Onde) de in equation (19). We then have 


de = —$(o- B) +e [joE oe ay. (23) 
& 
We shali look for é¢ in the form 
de = — (6-H). (22) 
The quantity y is defined by equation (21) 
1 an’ 
ya b+o[yghyar. (23) 
a Ge 


Remembering the 6-character of @n/ds, we than obtain 
le fér\ 
=~-—-— — +}. 24 
y= 8-2 wr(S) (24 
Here the index zero indicates that the values of all functions are taken at 


p = 9; the bar over the symbol indicates averaging over the angles. On the 
other hand, the susceptibility is defined by the relation 


gH = 6Tr[nodt 


+ Here we make use of the relation Tr(¢ 6')o' = (1/3) 6 Tr’(6' o’) = (1/2)o. 
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d 
e 4H= - pte | ho syed == py (S =) : {25) 
Hence, we get finally, 
1 2 2 bf Oe 
— = = | 1 Ye ——]| }. 26 
% Bryol@t/delo # aaa! 2 mG), a 


Farther, we can replace 7 t/dé)o by the coefficient « in the linear heat capacity 
law. Then 
4x7 ke 
—=f"% 3a + Yor - 


It is then evident that there does not exist in the liquid the relation between 
the heat capacity and the susceptibility that exists in gases. The term with 
®, takes the exchange interaction into account and is large for liquids. Thus, 
for *He, analysis of the experimental data] shows that », is negative and 
amounts to about 2/3 of the first term. 


(27) 





5. Tae Kinerroe Eqvation 


In the absence of a magnetic field and for a neglect of the magnetic spin-orbit 
interaction, « does not depend on the operator o and the kinetic equation in 
the quasi-classical approximation takes the form 


at er ap ep Pp “Or 
The necessity of calculation of derivatives of the energy « with respect to the 
co-ordinates in the absence of an external field is connected with the fact that 
é is a functional of n, and the distribution function n depends on the co-ordi- 
nates. 
We find the expression for the momentum flux. For this purpose, we multiply - 

the left and right sides of the equation above by the momentum », and 
integrate over all phase space. We have 


6n Os On Os 
Ms fees ee est SE I(n)d 29 
FB] andes tf (3 Paes =) t ef (n)dr. (29) 


As a consequence of the conservation of momentum for collisions, the right 
side of the equation is zero, while the left side yields, after simple transfor- 
mations, 


a 


3 F 
S[mnar+[n Zn ar | ase oa (» Fe )ar= 0. (30) 
Finally, integrating the three integrals by parts, we get 

Flrnars [ae = nar + [ntiar =o. (31) 


x; 
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The integral Tr if n(ée/Ox,)d 7 can be represented in the form (see equation (2)) 


de af, 
mr | noe dt = Tr |[neds ~ Te [oSPae =| [near - x]. 


Thus we finally obtain the law of conservation of momentum: 





é FT, 
a oT = Q, (32) 


Ly. 
where the tensor of momentum flux is 


hy = Te mFn ade + by [ te] meade - z]. (33) 


In a similar way we obtain the expression for the energy flow. We multiply 
the left and right sides of the kinetic equation (28) by « and integrate over all 
phase space. We have 


on On de On de 
Te [eas + me [of (=<) ~ (= ap $s) ax = te [etm I(n) d 


As a consequence of the conservation of energy under collisions, the right 
side is zero while the left side reduces without difficulty to the form 


on é de 
[ester “(el oo lar 0. 


Taking equation (2) into account, we have finally, 
oF 


a i =0 4, 
3 + div@ . (84) 
where the energy flow is 
é 
Q=Te[ meas (35) 


. In the solution of concrete kinetic problems it is necessary to keep in mind 
the following circumstances. For such a solution we usually write down the 
function » in the form of a sum of equilibrium functions 2, and correction én. 
In this case the departure of the tensor of momentum flow J7;, and the vector 
of energy flow Q from their equilibrium values will result as a consequence of 
the direct change of the function ~ by the quantity én, as well as from the 
change in « which comes about as a result of the functional dependence of « 
on % {equation (2)). 

In conclusion, I express my gratitude to I. M. Khalatnikov and A. A. Abri- 
kosov for fruitful discussions. 
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91. OSCILLATIONS IN A FERMI LIQUID 


Different types of waves that can be propagated in a Fermi liquid, both atabsolute 
zero and at non-zero temperatures, are investigated. Absorption of these waves is also 
considered. 


Tue present paper is devoted to the study of the propagation of waves in a 
Fermi liquid, and proceeds from the general theory of such liquids developed 
by the author!. These phenomena in a Fermi liquid should be distinguished 
by a large singularity, connected primarily with the impossibility of propaga- 
tion in it of ordinary hydrodynamic sound waves at absolute zero. The latter. 
circumstance is already evident from the fact that the path length, and there- 
fore the viscosity of a Fermi liquid, tends to infinity for 7 — 0, as a result of 
which. the sound absorption coefficient increases without limit. 

It is shown, however, that in a Fermi liquid at absolute zero other waves 
can be propagated; these differ in nature from ordinary sound, and we shall 
call them waves of ‘zero sound”. 

Initially, the problem of vibrations in a Fermi liquid was considered by 
Gol’diman* in application to an electron gas with Coulomb interaction between 
the particles. The problem of a gas with uncharged particles, considered in 
detail here for liquids, was first considered in the research of Klimontovich 
and Silin’, and later in a series of works of Silin*-*. There, the gas was considered. 
to be slightly non—ideal, with an interaction satisfying the conditions of 
applicability of perturbation theory. 


1. VIBRATIONS IN 4 Fernur LIQvID at ABSOLUTE ZERO 


We begin with the investigation of those vibrations at absolute zero which 
do not involve the spin characteristics of the liquid. This means that not. 
only the equilibrium distribution function 7), but also the “‘perturbed” 
function 

n= ty + 5n(p) (1) 


is independent of the spin variables. At absolute zero, m is a step function 
which is broken off at the limiting momentum p = 9.} 


i. O. Waunay, Konedauna hepun-xugnocim, Kypuas Onenepusenmanonot u Teopemurecnot 
Biesicts 32, 59 (1957). 
L. D. Landau, Oscillations in a Fermi liquid, Soviet Phys.-JETP, 5, 101 (1959). 
} To avoid excessive complication of our study, we limited ourselves to the simplest and most 
bnportant case of an energy spectrum with an occupied region represented by a uniform sphere 
of radius py. 
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The energy of the quasi-particles (elementary excitations) is a function of n, 
i.e. the form of the function e(p) depends on the form of x(p). By poalogy 
to (1), we write it in the form 


& = &9(p) + de(p), (2) 


where the function ¢9(p) corresponds to the distribution )(p). The value of 
6s itself is connected with dx by a formula of the form (see ref.1): 


d3 p 


(250 BS” 3) 


ée(p) = | fo, pyjén'dt’, dr= 
Inasmuch as én is assumed to be independent of the spin variable, the opera- 
tion Tr is applied only to the scattering amplitude /. But the scalar function 
Tr’ f can contain the spin operator 6 only in the form of the product (6 - [pA p’] 
of two axial vectors: 6 and [pA p’] (we do not consider expressions containing 
two products of components of 6, since for spin 4, as is well known, they 
reduce to expressions containing o in the zeroth or first degree). But this 
product is not invariant to a time reversal and therefore cannot enter into 
the invariant quantity de. Thus o drops out completely and de is shown to 
be independent of the spin variable. 

The kinetic equation for a Fermi liquid has the form: 


OT pf OO Oe -(--2 = I(n), (4) 
at ar ep Cp or) 


where I(n) is the integral of collisions between quasi-particles. The number of 
collisions is proportional to the square of the width of the diffusion zone, so 
that at absolute zero, I() = 0. Substituting (1) and (2) in (4), and considering 
that n) and é) do not depend on 7, we get 


OOM Gdn 48, (= ON ng 
ét ér ap ér 6p} 


and assuming dn and de to be aun tocer tetra le7) 














((k-v) -—wldn= 





(5) 


where we have introduced the velocity of the dpe © = 0é/Op. In 
view of the presence of the 6-function Gn/@e on the right hand side of this 
equation, there actually enter in them only the values of all quantities taken 
at the limit » = , of the (unperturbed) Fermi distribution. We introduce a 
new notation for what follows: 


Ff = Tr’ f(p, p’) 4x p? dp de/(2x hk). (6) 
Then we can write equation (3) in the form: 


be = | | Pén’ de’ do'jax 
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Here only the én’ are functions changing rapidly with «’. Therefore, we can, 
rewrite this expression in the forma: 


6e= [F y do'/4z, (7) 


where the function 
y(n) = | én(p) de (8) 


has been introduced which depends only on the direction » of the vector p, 
and the function F(p, p') is taken on the boundary of the (unperturbed) Fermi 
distribution; here # depends only on the angle yx between p and p’. 

We note for what follows that the relation found in ref.1, which connects 
the actual mass m of the particles with the effective mass m* of the quasi- 
particles, can, with the help of the function F(z) be written in the form 


* 
Fooey = (=) - I, (9) 


where the bar denotes averaging over the directions (in the derivation of this 
relation, we assume in (6) that ¢ = ?/2m*). The equation for the velocity of 
ordinary sound c can be put in the form 





— 38mm*e 
pee, (10) 
Po 
Let us substitute (7) in (5) and integrate the latter over ds. This gives 


Fodo’ 
[Ub-») — ay = — (of = 





fi 


Let us take the direction of k as the polar axis, and let the angles 6, » define 
the direction of the momentum p (and the direction of v coinciding with it) 
telative to this axis. Also, we introduce the propagation velocity u = w/k of - 
this wave, and the notation 7 = u/v, so that we can finally write the resultant 
equation in the form 


(y — 086) ¥(8, ~) = cosé | F(x) »(6", g’) do'/4x. (11) 


This integral equation defines the principal velocity of propagation of the 
waves and the form of the function »(@, g) in them. The latter has the following 
graphic meaning. The fact that dn is proportional (as is evident from (5)) 
to the derivative dn)/de means that the change of the distribution function. 
for vibrations reduces to the deformation of the boundary of the Fermi surface 
{a sphere in the undisturbed distribution). The integral of (8) represents the 
magnitude of the displacement (in energy units) of this surface in the given 
direction 2. 

We at once note that it follows from the form of eq. (11) that the real (only 
the undamped vibrations are of interest to us) value of 7 ought to exceed 1, 
i.e. the propagation velocity of the waves satisfies the inequality 


uU> ev. (42) 
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As an example, let us investigate the case in which the function F{y) reduces 
to a constant (we denote it by #,). The integral on the right-hand side of 
equation {11} does not depend on the angles @, y im this case. Therefore the 
desired function » has the form (we omit the exponential factor): 


v = const - cos@/(7 — cos@). (13) 


The limiting Fermi surface bas the form of a surface of revolution, elongated 
in the forward direction of the propagation of the wave, and flattened in the 
opposite direction. For comparison, let us point out that the ordinary sound 
wave corresponds to a function » of the form v = const - cos 6, which represents 
the displacement of the Fermi surface as a whole, without a change in shape. 

For the determination of the velocity u, we substitute equation (13) in (12) 
and get i 
Fy cos@ 


———~ 2asin@ d6=1. 
4x5 4 ~ cos@ 
0 
Carrying out the integration, we find the following equation, which determines 
in implicit form the velocity of the wave for a given value of #: 
lacie ae ene (14) 
4-1 Fy 
The function ¢ (7) decreases monotonically from + © to 0 for a change of 
from 1 to 00, always remaining positive. It then follows that the waves under 
consideration can exist only for #) > 0. Inasmuch as the function # is 
proportional to the scattering amplitude, taken with opposite sign (at the 
angle 0°), of the quasi-particles with one another (see ref. 1), then the latter 
must be negative, which corresponds to the mutual collision of quasi-particles. 
Flowever, it must be emphasised that this conclusion applies only to the case 
F = const. If the function F(z) is not constant (and at the same time is not 
small compared with unity ;see below), then propagation of zero sound isin general 
possible, for both attractive and repulsive interactions of the quasi-particles. 
For 0:9(y) © 1/377. Therefore, large F, corresponds ton = af: F,/3. In the 
opposite case of Fy 0, we find that 7 tends toward unity according to the 


seen qm lw en 2h, (15) 


The latter case has much more general value. It corresponds to zero sound in 
an almost ideal Fermi gas for arbitrary form of the function F(z). Actually, 
an almost ideal gas corresponds to a function F which is small in absolute 
magnitude. It is seen from (11) that in this case 4 will be close to unity 
and the function » will be significantly different from zero only for small 
angles @. On this basis, and being concerned only with this range of angles, 
we can replace the function F im the integral on the right side of (11) by 
its value for y = 0 (for 6 > 0 and @ > 0,7— 0 also). As a result, we again 
recover equations (13) and (15) with the constant Fy replaced by F(0) (this 
result coincides with that obtained earlier by Silin‘). 





os yh 
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We note that in a weakly non-ideal Fermi gas, the velocity of zero sound 
exceeds the velocity of ordinary sound by a factor of 3 Actually, for the 
former, we have 7 ~ 1, ie. u & v. For the velocity of ordinary sound we get 
from equation (10) (neglecting the term F in it and setting m* ~ m): 

2 wx po/dm? = 07/3. 


In the general case of an arbitrary dependence of F(z), the solution of 
(11) is not well defined. In principle, it permits the existence of different 
types of zero sound, which are distinguished from one another by the angular 
dependence of their amplitude » (8, y),and which are propagated with different 
velocities. Along with the axially symmetric solutions of »{6), asymmetric 
solutions can also exist. In these v hasan azimuthalfactor e+”? (m = integer). 

Thus, for a function F(z) of the form 


F= Fy + F, cosy = Fy + F,(cos? cos®’ + sin@ sn 8’ cos{y — g’)) —_ (16) 


solutions can exist with is gets 
Actually, substituting equation (16) in (11) and carrying out the integration 
over dy’ (assuming in this case that v = /(6) e%), we obtain 


(4 — cos) f = +: cosa sind | sinto f dé’. 
Thence, 0 


in@cosé , 
vy = const eee (17) 
7H — cosé 
Conversely, substituting this expression in the equation, we obtain the relation 
2 
‘nt 
Se aye doe (18) 
nH — cosé Fy, 
_which determines the dependence of the propagation velocity on F,. The 
integral on the left side of the equation falls off monotonically with increase 
in the function 7. Therefore its maximum possible value is achieved for 7 = 1. 
Computing the integral, we find that the corresponding minimum value of 
#, is 6. Thus, propagation of the asymmetric wave of the form (17) is possible 
only for F, > 6. 

Turning to a real Fermi liquid—the liquid "He—it is reasonable to attempt 
to approximate the unknown function F(z) by the two term expression (16). 
We can determine the coefficients F, and F, entering into it by means of the 
relations 3 mm* c PL, om 

Fy =———__- 1, =—- 

2 3 m 

(see equations (9) and (10)), knowing the values of the effective mass m* and the 
velocity of ordinary sound c. We can derive the first from experimental data 
on the temperature dependence of the entropy {in the lowest temperature 
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region). From the data available at present’, we get m* = 1:43m (m is the 
mass of the *He atom). For the velocity c, we get 195m/sec from the data 
of Walters and Fairbank5, on the compressibility of liquid *>He*. Finally, py is 
obtained directly from the density of the liquid: 


> = 0-76 x 108 em-2 


On the basis of these data, we obtain 
Fy= 54; PL = 13. (19) 


From these values, we can draw a conclusion about the fact that in liquid 
’He the propagation of asymmetric zero sound is impossible. For symmetric 
zero sound, the solution of the equation with the function F{y) from (16) 
and (19)+ leads to the value 7 = 1-83, when we. obtain u = v = 1-83 po/m* 
= 206 m/sec. 

The possibility of the propagation of waves in a Fermi liquid at absolute 
zero means that its energy spectrum can automatically possess a ‘‘Bose 
branch” in the form of phonons with energy ¢ = u p. However, one must say 
that it would be incorrect to introduce corrections corresponding to this 
branch in the thermodynamic quantities of the Fermi liquid, inasmuch as it 
has a much higher power of the temperature (7? in the heat capacity) than 
the departures from the approximate theory developed in ref. 1. 


2. VIBRATIONS OF A FeRMI LIQurip at TEMPERATURES ABOVE ZERO 


For low, but non-zero, temperatures, mutual collisions of quasi-particles 
take place in the Fermi liquid. The number of these collisions is proportional 
to T*. The corresponding relaxation time (the free path time) is vr ~ 1/7”. The 
character of the waves propagated in the liquid naturally depends funda- 
mentally on the relations between their frequency and the reciprocal of the 
relaxation time. 

For wt < 1 (which is actually equivalent to the condition of the shortness- 
of the free path length of the quasi-particles in comparison with the wave 
length 4), the collisions succeed in establishing thermodynamic equilibrium 
in each (small in comparison with 4) element of volume of the liquid. This 
means that we are dealing with ordinary hydrodynamical sound waves, 
propagated with a velocity c. ' 

If wt > 1, then, on the contrary, the collisions do not play essential roles 
in the process of the propagation of the vibrations, and we will have the 
waves of zero sound considered in the preceding section. 

In both these limiting cases, the propagation of waves is accompanied by a 
comparatively weak absorption. In the intermediate region, wr ~ 1, the 
absorption is very strong and isolation of the different types of waves as 
undamped processes is not possible here. 


{+ These computations were carried out by A. A. Abrikosov and J. M. Khalatnikov. 
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One can easily obtain the temperature and frequency dependence of the 
absorption coefficient y in the region of ordinary sound with the aid of the 
known formula for the absorption of sound (see ref. 9, for example), according 
to which y is proportional to the square of the frequency and to the viscosity 
coefficienty. Inasmuch as the viscosity of a Fermi liquid?® is proportional 
to 1/T?, then we find that 


w? 1 
y~ 7 for o< ea, (20) 


Absorption in the region of zero sound differs essentially in its character 
from absorption of ordinary sound. In the latter, the collisions cannot lead 
to a dissipation of the energy “into the noise” of the distribution, which is 
changed only by the sound vibrations as such. This is connected with the 
circumstance already mentioned, that a distribution changed in this fashion 
remains in thermodynamic equilibrium in each element of the volume. There- 
fore, the absorption of ordinary sound is connected with the effect of the 
collisions on the distribution function itself. 

In the region of zero sound the collisions lead to absorption “into the 
background” of the distribution which is changed only by the vibrations 
themselves, which in this case are not in thermodynamic equilibrium (inasmuch 
as the form of the limiting Fermi surface is deformed). This change in the 
distribution function does not depend on the frequency, and therefore the 
absorption coefficient will not depend on the frequency either. The dependence 
of y on the temperature is determined by its proportionality to the number 
of collisions, ie. , 





T l 
y~ 7? for >O>—. (21) 
Tt 


e 
The upper limit of the region of applicability of this formula is determined by 
the inequality 4 w < « T (x is Boltzmann’s constant), which allows a classical 
consideration of collisions. We recall that the inequality assumed here, 


ee 
>— 
i tv? 





h 
—<47F 
v 


(smallness of the quantum uncertainty of the energy of quasi-particles in 
comparison with x 7'), must hold since it is the condition of applicability of 
everything generally developed in the theory of the Fermi liquid?. 

The determination of the absorption coefficient of zero sound in the frequency 
range kw > x J requires quantum consideration. The corresponding caleula- 
tions can be simplified if we develop them in such a way that we express the 


{ The contribution to y from second viscosity and thermal conductivity is proportional to a 
mouch higher power of 7 and is therefore inconsiderable. 


CPL 24 
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desired ‘‘quantum” absorption coefficient in terms of the “classical”? from 
equation (21). : 

The absorption of sound quanta takes place in the collisions of quasi- 
particles. If we denote by «, and «, the energies of the quasi-particles before 
and after collisions, then at a given frequency w, they are connected by the 
law of conservation of energy 


& + & + ho = ef + &. 
In addition to the collisions, we must also consider the inverse collisions, which 
are accompanied by the emission of sound quanta. Taking into consideration 
the well-known properties of the collision probabilities of Fermi particles, we 


find that the total rate of decrease of the number of sound quanta as a result 
of collisions is given by the expression 


| { { [rw (Epi) da Se a 


x b(p, + Po — Pi — Po — AU) be, + 6g — €, — & — Rw)dt, dt, dztj dts. 
(22) 
The delta functions in the integrand allow the satisfaction of the laws of con- 
servation of energy and momentum. 
In the integral (22), the essential values of the energy are only those in the 
region of diffuseness of the Fermi distribution. In this region, the expressions 
under the integral sign are changed strongly only by multipliers which contain 


n(s). Furthermore, it should be noted that the angular imtegrals in (22) are 
practically unchanged in the transition from the “classical” region 


ho<xT 


to the “quantum” region 
ho>ezT. 


In view of this fact, it will be sufficient for us to calculate the integral 


J =[{[ {fem Ma(1 — y)(1 — mg) — my %g(1 — 7) 


x (L ~ %) O(e, + £4 — €, — & — hm) de, de, de deg, 
taken only over the energy. Then, substituting 
n{s) = [ee — Om? + 1})-? 
and introducing the notation 


é—4u £ ho 
xT ? “ f’ 





t= 
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we get (omitting the factor 7’) 
+a 
_ (1 — e*) d(u, + 24 — 2, - x — 6) da, dada, day 
- (e71 + 1) (872 + 1) (1 + e7%) (1 + e7*) : 


In view of the re convergence of the integral, the region of integration can 
be extended from ~ © to + ©. 


For integration purposes, we transform to the variables 7, , 2%, ¥,, Y2, where 
yre— x. 
Integration over x, and w, is elementary and gives 


= (1—e~%) i O(4. + Yo + §) da, dx, dy, dy, 
(e* + 1) (e” + 1) (1 + earn) (l+ e” * tbs) 


wie fo fe 
e%) (1 — eM) 


Pp y(Ety)dy 
a a pee es 


=Y er F=}) 
TD l 
-[uernls 1 az} ae 


For calculating the resulting difference of two diverging integrals, we introduce 
as an intermediate the finite lower limit — 4 and write: 


PG: 


ra (4*2 aa | yy ~ 6) dy 


ev’ —] e’ —] 
-A -At+é 
C) -A’ 
ydy y(y — é) dy” 
= 2 neni aaa ee 
‘|Z -1 | e’ —1 
-34 -AtE 


Keeping in mind that we shall transform to the limit 4 — « we neglect e” in the 
denominator of the second of the integrals. The first we re-write in the form 


oO Co] 0 0 
ydy ff ydy ydy = # y 
[S4-|F4+ | F4-F+ E-—e¥ y}dy 
0 -A A 


A 
x yay A? 
7+|= aa te 

















9 
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Carrying out reductions and then transforming to 4 ©, we finally obtain 


= (#28) 
3 4c? 


The desired absorption coefficient y is proportional to J. The coefficient 
of proportionality between them is so determined that for & <1, y = vy. 
We then obtain: 








ho \3 
y= ral} +(3,)] for hozxT. (23) 
Considering that yy ~ 7?, we find that in the limit of hich frequencies: 
y~o for hodxT, (24) 


i.e. the absorption coefficient remains proportional to the square of the fre- 
quency, but does not depend on the temperature. We note that the transition 
from the formula for “low” to the formula for “high” frequencies takes place 
at 

hoanw2aunt 


(and not 8 w ~ «Z').t The result of (24) refers, in particular, to the zero sound 
of all frequencies at the absolute zero temperature. 


3. Spin WAVES 1N a4 FuRmr Lievip 


In addition to a consideration of zero sound in section 1, which does not involve 
the distribution of spins, in a Fermi liquid at absolute zero, waves of other types 
can also be propagated. These we call spin waves.+ 

In this section, we denote by K the function 


K = f(p, p') 4a p? dp de/(2x hi), (25) 


in which the operator Tr is not used. In the calculation of exchange interaction 
between the quasi-particles, this function contains terms which are propor- 
tional to the product (6 5’), ic. it has the form:! 


1 1 
K=> Fats Gx) 66) {26) 
(Ff coincides with the function (6) used above). 


+ Considering the frequencies w > «t/i, we at the same time assume satisfaction of the 
inequality 
ho<xT, 


(%, is the temperature of degeneration of the Fermi distribution). In the opposite case, particles 
from the “depth” of the Fermi distribution take part in the absorption and all the theory 
developed here would become inapplicable. 

+ The equation for spin waves in weakly non-ideal Fermi gas was considered by Silin®. 
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In place of equation (11) we have now 
( Fv’ do’ 


(7 — cos) » = cos@ Tr’ 
4x 


(27) 


1 addition to the solutions »(%) considered earlier, which do not depend on 
e spin, this equation also has a solution of the form 
v= (w(n) * 6). (28) 
stituting (26) and (28) in (27), completing the operation Tr and dividing 
: Sides of the equation by 6, we get 
Gu’ do’ 


29 
16x Ae} 


(n — cos6) wu = cos0 [ 


We see that for each of the components of the vector u, we obtain an equa- 


ton which differs from {11) only by the replacement of F by G/4. Therefore, 
all the further calculations of section 1 can immediately be applied to the spin 
waves. 


In the real liquid *He, we can determine from available experimental data 


on its magnetic susceptibility only the mean value of G, which was pointed 
out previously—1-9. Inasmuch as this quantity is negative, then (in view of 
the results of section 2) it is most probable that the propagation of spin waves in 
liquid *He is not possible. Such a conclusion, however, is in no sense categorical. 


In conclusion, I wish to express my thanks to A. A. Abzikosov, E. M. Lifshitz 


and I. M. Khalatnikov for useful discussions. 
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92. ON THE CONSERVATION LAWS 
FOR WEAK INTERACTIONS 


A variant of the theory is proposed in which non-conservation of 
introduced without assuming asymmetry of space with respect 
Various possible consequences of non-conservation of parity are ¢ 
pertain to the properties of the neutrino and in this connection s 
volving neutrinos are examined on the assumption that the neuty 
zero. 


]. COMBINED Parity 


As is well known, the unusual properties of K-mesons have created a per-: 
plexing situation in modern physics. The correlation between x-mesons in’ 
t-decay (K* > 227 + 27) leads to the necessity of assigning a 0- state to 
K*-mesons. This kind of system, however, cannot decay into two x-mesons 
(K* > x* + n°). We are thus faced with the dilemma of either essuming 
that two different K-mesons exist or that the conservation laws are violated 
in K-meson decay. In the first case one must then explain the identity of 
-masses (which are equal to within two electron masses) and the near coincidence 
in lifetime of the 6 and r-decays. One may attempt to explain the equality 
of K-meson masses by postulating, as Lee and Yang! have done, the existence 
of some hitherto unknown symmetry property of nuclear forces which trans- 
forms the z-meson into a 6-meson. Hf, however, decay involving a neutrino 
(K* opt ty, Kt>ut+vt x, K* et + 2° + +) is considered to be essen- 
tially the same for particles of various parity a difference in lifetime related 
to the different rate of t and @-decay (=~ 8 per cent and ~ 25 per cent) should 
be anticipated. This discrepancy should be not less than 30-40 per cent, a 
result which seems to be inconsistent with experiment’). 

Thus we come to the conclusion that the hypothesis of the existence of 
two different K*-mesons is contrary to the experimental facts and the only 
alternative is to assume that the generally accepted conservation laws are 
violated in K-decay. Since there is no reason to think that the law of conser- 
vation of angular momentum is untenable, we are apparently dealing here 
with a direct violation of the law of conservation of parity. 


L. Landau, On the conservation laws for weak interactions, Nuclear Physics, 3, 127 (1957). 

iI. H. Wangay, O saxonax coxpanenaa mpm cnabux ssanMojeltotauax, Rypnan Enenepuuen- 
masonod u Teopemurecnot Duaunu, 32, 405 (1937). 

L. D. Landau Conservation laws in weak interactions, Soviet Phys.-JHTP, 5, 336 (1957). 
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L. D. Landau, Possible properties of the neutrino spin, Soviet Phys.JHTP 5, 337 (1957). 
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It might seem at first glance that non-conservation of parity implies asym- 
metry of space with respect to inversion. If however, complete isotropy of 
space {conservation of angular momentum) is taken into account this type 
of asymmetry would seem to be extremely strange and in my opinion a simple 
rejection of parity conservation would create a difficult situation in theoretical 
physics. I would like to point out a solution of this problem which consists 
in the followimg. As is well known, both the law of conservation of parity 
and charge conjugation invariance undoubtedly hold in strong interactions. 
Let us now assume that each of these conservation laws does not hold separa- 
tely in weak interactions. However, invariance with respect to the set of both 
operations (which we shall call combined inversion) will be assumed to exist. 
In combined inversion, space inversion and transformation of a particle into 
an antiparticle occur simultaneously. 

It is easy to see that invariance of the interactions with respect to com- 
bined inversion leaves space completely symmetrical, and only the electrical 
charges will be asymmetrical. The effect of this asymmetry on the symmetry 
of space is no greater than that due to chemical stereo-isomerism. 

On the other hand the law of conservation of parity of charged particles: 
will not hold as the operator of combined inversion does not transform charged 
particles into themselves. 

Furthermore, it is casy to see that the constants characterising the particles 
and anti-particles (masses, lifetimes) should be identical since, as a result of 
invariance with respect to combined inversion, all processes involving particles 
and antiparticles should differ from each other only in regard to space inversion. 
Graphically speaking, a K--meson is a mirror reflected K*-meson. 

Truly neutral particles, that is, particles which are identical to their anti- 
particles, transform into themselves in combined inversion. Consequently, 
with respect to these particles combined inversion leads to a law of con- 
servation of combined parity. It should be emphasised that conservable parity 
is the product of ordinary parity and charge parity of the particles. Evidently, 
in this sense the x°-meson is an odd particle; the K? (@°)-meson which decays 
into 2 «-mesons is an even particle and the K?-meson predicted by Gell-Mann 
and Pais® and recently discovered experimentally* is an odd particle. Combined 
inversion changes the sign of the magnetic field of a photon but does not change 
that of the electric field. The ordinary parities of electric and magnetic multi- 
poles are reversed for combined inversion. 

It is easy to show from the foregoing that despite the absence of ordinary 
parity the particles cannot possess dipole moments. Indeed, the only vector 
which can be constructed irom y-operators for a particle at rest is its spin 
vector which is even with respect to inversion and odd with respect to charge. 
It is consequently odd with respect to combined inversion and, in accord with 
the foregoing regarding the electromagnetic field, it defines only a magnetic 
but not an electric moment. 

Lee and Yang*} have shown that non-conservation of parity leads to corre- 
lations in a number of hyperon production and decay processes. It can be 


+ I would like to sincerely thank the authors for sending me a preprint of their paper. 


shown that a consequence of invariance with respect to combined inversion 
is that the weak interaction operators in the Lagrangian contain real coefficients. 
This circumstance, however, does not appreciably modify the qualitative 
picture which is obtained in the general case of non-conservation of parity. 
Therefore asymmetry of hyperon decay with respect to the plane of their 
creation, which has been predicted by Lee and Yang’, will also hold in this case. 

I would like to express my deep appreciation to L. Okun, B. Joffe andA. Rudik 
for discussions from which the idea of this part of the present paper emerged. 


2. PROPERTIES OF THE NEUTRINO 


Rejection of the law of conservation of parity entails the possibility of the 
existence of new properties of the neutrino. The Dirac equation for the case 
of zero mass splits into two independent pairs of equations. It will be recalled 
that in the usual theory one cannot confine oneself to a single pair of equations 
since both pairs transform into each other as a result of space inversion. 
Hf, however, we restrict out attention to combined inversion we arrive at the 
possibility of describing the neutrino by a single pair of equations. In the 
sense of the usual scheme this would signify that the neutrino is always polar- 
ised in the direction of its motion (or in the opposite direction). The polarisation 
of the antineutrino is correspondingly reversed. According to this model the 
neutrino is not a truly neutral particle and this agrees with the fact that double 
$-decay has not been observed experimentally and especially with the results 
of experiments on induced f-decay. We shall call this kind of neutrino a longi- 
tudinally polarised neutrino or briefly a longitudinal neutrino. 

In the usual theory the neutrino mass is zero, so to say, accidentally. Thus, 
account of neutrino interactions automatically leads to the appearance of 
a definite, albeit vanishingly small, rest mass. The mass of the longitudinal 
neutrino, on the other hand, vanishes automatically and this situation cannot 
be altered by the existence of any type of interaction. 

The longitudinal neutrino concept appreciably reduces the possible number 
of types of weak interaction operators. Consider. for example, the decay of 
a u-meson into an electron and two neutrinos. In the usual manner we represent 
the interaction operator as the product of operators consisting of y-meson 
and electron y-operators on the one hand and y-operators of the two neutrinos 
on the other. For the longitudinal neutrino only one combination can be made 
from the two neutrino operators—(a scalar with respect to rotation; the 
operation of ordinary inversion is not applicable), as it is well known that 
the tensor combination of two identical operators obeying Fermi statistics is 
equal to zero. In this case two combinations, scalar and pseudo-scalar (in 
the usual sense of the word), can be constructed for a u-meson and electron. 

Lf a neutrino and anti-neutrino are emitted in z-meson decay the situation 
changes. Only a four-dimensional vector can then be constructed from the 
longitudinal neutrino and anti-neutrino operators. In this case two combinations 
—vector and pseudo-vector—can be made from the n-meson and electron ope- 
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rators. Thus, despite the absence of invariance with respect to inversion in 
each of the two cases only two interaction operators are possible. 

It is easy to calculate the energy spectrum of the 4-meson decay electrons. 
It is found to be exactly the same as that calculated by Michel*. The two- 
neutrino case thus yields for Michel’s constant, 0, the value g = 0 and for 
a neutrino and anti-neutrino @ = 0-75. The former case is apparently inconsis- 
tent with the experiments, whereas the latter agrees with the results obtained 
in refs, 7 and 8 which yield @ = 0-64 + 0-10 and e = 0-57 + 0-14. Thus y-meson 
disintegration experiments do not contradict the longitudinal neutrino con- 
cept and in this case lead to a unique result, namely, that a neutrino and anti- 
neutrino are involved in yw-meson decay. 

Consider now the reaction z— «+». Since the z-meson is spinless we 
are obliged to set up a scalar expression for the u-meson and neutrino 
y-operators in the x > yw + v decay operator. This automatically yields that if 
the neutrino is longitudinal the u-mesons produced in x > uw + » decays will 
be completely polarised in the direction of their motion (or in the opposite 
direction). 

As Lee and Yang® have noted, a possible consequence of non-conservation 
of parity is the correlation between the directions of the u-meson and electron 
involved in the 7— w— e decay. Simple calculations based on our scheme 
give the following energy and angular distribution for the emitted electrons: 


“a. 2e7[(3 — 22) + A cos H(Ze — 1) de. (1) 


Here «¢ is the ratio of electron energy to the largest possible energy, 3 is the 

angle between the directions of motion of the ~-meson and electron and 4 

is a constant which depends on the relation between the vector and pseudo- 

vector parts in the combination of the u-meson and electron y-operators, 
2ab 


Se 2 
a? +b ° {2) 


where @ and 5 are coefficients of the respective terms and, according to the 
foregoing, are real. Evidently, 4 varies between —1 and +1. It is possible 
that 4 is in fact equal to zero. The integral electron distribution is obviously 
proportional] to (1 + 3A cos#) and this means that the largest possible value 
of the forward—backward asymmetry is 2. It should be noted that even if 
A appreciably differs from zero it may be difficult to observe 4 — e correlation 
beeause of depolarisation of the slowed down mesons and in particular for 
“t-mesons because of formation of mesonium (yu* + e~ system). 

Consider now the effect of longitudinality of the neutrino on f-decay. 
According to experiment the decay operator should be represented as the 
sum of the scalar and tensor variants. It can be shown that in either case 
the same electron polarisation in the direction of motion will arise, which is 
equal to v/e (or — vc), the ratio of the electron velocity to that of light. Thus 
high energy electrons will be totally polarised in the direction of their motion. 
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93. HYDRODYNAMIC FLUCTUATIONS 


A GENERAL theory of hydrodynamic fluctuations can be constructed by intro- 
ducing “outside” terms into the equation of motion of tne liquid, as was done 
by Rytov? for the fluctuations of an electromagnetic field in continuous 
media; he introduced corresponding “outside” fields in Maxwell's equations. 
The introduction of such additional terms can be accomplished in different 
equivalent ways. The most advantageous is the form in whica the fluctuations 
of the “‘outside quantities” at the various points of the liquid are not correlated 
with one another. This is accomplished by the introduction of “outside stress 
tensor’’ s,;; in the Navier-Stokes equation and the “outside heat flow” vector g 
in the heat conduction equation (the equation of continuity remains un- 
changed). The system of hydrodynamic equations then takes the form 


<a + div(ev) = 0, (1) 

et + ete y= - Sh 4 SH, (2) 
ens + {v we] = > on 2 + <2) — divg, (3) 
diy mn Set + SE - Fo, Se) 4 oF ban + fi, (4) 
q=-«“VT +g (5) 


{the notation agrees with that used in our book?. To these equations should 
be added the relations which define the mean values of the products of com- 
ponents s,, and g;. We do this by first assuming the fluctuations to be classical 
(i.e. their frequencies w < k7'/h), while the viscosity and the thermal conduc- 
tivity of the liquid are non-dispersive. 

The rate of change of the total entropy of the liquid S is given by the expres- 
sion (see ref. 2, section 49) 


, a, [{ 0%, on, VT 
ja a gs Se _ (a: ) av. (8) 
2T \ 0x, a2; a 
IL. I. Jaegay 2 E. M. Undman, O raapenumamayecnnx gayeryannax, Hiypnan Bnenepumen- 
manvnot u Teopemurecnot Duaunu, $2, 618 (1957). 


L.D. Landan and &. M. Lifshitz, Hydrodynamic fiuctuations, Soviet Phys..JETP, §, 512 
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Following the general rules of fluctuation theory iaid down i sei. 2, sections 
117 and 120, we select as the values x, figuring in this theory the components 
of the tensor o’;, and the vector q.} It is then evident from equation (6) that 
the role of the corresponding quantities X, will be played by 


1 / év Or, ers ee 
mor (=+ St) av and kant": 


while (4) and (5) play the role of the relations 4, = — yg, X; + Yq (see ret. 3, 
section 120), where the s;, and g; correspond to the quantities y,. The coef- 
ficients y,, in these relations determine directly the mean values 


Ya (tr) ¥p (to) = B (Yas + Yon) O(4y — te). 
The final formulas have the form: 


Sin (%: fy) Sra (We, ba) = ZET [4 (Biz Om + S50, O42) 
2n 
+ (: a 2) stra | ) (72 as 7)6 (ty = 4), (7) 


Gs (Tis by) Oy (Pe. be) = 2RT? x6, 6 (%. — 14) 6 (le — Gy), Ga (M1 by) Stm (M2: He) = O- 


If use is made of the spectral components of the fluctuating quantities, which 
are defined by 


foo] 
] ‘ ~= 
ren ge | awed, ee = ee ty ded’, 
—- oO 


then the factor d(t, — t,) in equations (7) is replaced by 6(@ + w’)/2a. 

These results are generalized without difficulty to the case of the presence 
of dispersion in the coefficients of viscosity or thermal conductivity and the 
quantum nature of the fuctuations with the aid of the general theory of Callen 
and others, in the form set forth in ref.4. There appears only the factor (kw/ 
2kZ) coth tw/2kT in the expressions for the average values of the products 
of the spectral components s,, and g;, while the quantities 7 . £, « are to be 
replaced by their real parts. 


REFERENCES 


1. 8. M. Rytov, Theory of electrical fluctuations and heat radiation, Academy of Sciences Press, 

31953. 

2. L.D. Lawpav and E.M. Lresarrz, Mechanics of continuous media, 2nd ed. (Gostekhizdat, 

1954). 

3. L. D. Lanpav and E. M. Lirsuxrz, Statistical physics, $rd ed. (Gostekhizdat, 1951). 
4. L.D. Lanpav and E. M. Larsmrrz, Blecirodynamics of continuous media (Gostekhizdat). 

+ An inessential difference, connected with the fact that we are dealing here with @ continuous 
{values at each point of the liquid) as against a discrete set of fluctuating quantities (for which 
the formulas in ref. 3 were developed), can easily be removed formally by dividing the volume 
of the liquid into small but finite regions AV and carrying out the transition AV + 0 in the 
final equations. 


94. THE PROPERTIES OF THE GREEN 
FUNCTION FOR PARTICLES IN STATISTICS 


In an attempt to apply the methods which have recently been developed in 
quantum electrodynamics to statistics, one is faced with the problem of the 
properties that will be exhibited in that case by the fundamental quantities 
entering into these methods. We shall show here that some very general rela- 
tions can be derived for the particle Green function G, which is defined in the 
well-known manner as 


= -iT ype, (1) 


where the indices 1 and 2 indicate that the y operator must be taken at ¢, or ft. 
f is the symbol for the chronologically ordered product, while the averaging 
is taken over the actual state of the given macroscopic system. It is well known 
that chronological ordering means that 


=—ity,y> for >%,G= Fiy pp for <h, (2) 


where the upper and lower signs refer to the Bose and Fermi statistics respec- 
tively. 

The space-time dependence of the matrix elements of the operator y is 
given by equations of the form 


(Z, — £,) 


e B (P. , Fo) 
Pum (2. r= yo, exp fi [On m t— (k,, a” r)}} » Onin = er aa » an = eT > 


2 
Rr 


where the indices ”, m refer to the states of a closed system with total energy # 
and total momentum P. From the definition of the adjoint operator, we have 
(P" aa = (Ynm)*- 
Using these matrix elements we can write (2) in the form 
for ty > ta? G=— iD | 4m ? exp {i On me — i(k, nn” r)}, 
(3) 


for 4) <%:G=f iy [yO Pexp i Qant—i (Ryn Mh, 


where we use the notation ¢ = t,~t, r= 7, —r, and where the index n 
refers to the given state over which the averaging of equations (1) or (2) is 
performed. 
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We shall now proceed to average expressions (3) over a Gibbsian e:senible. 
According to the basic principles of statistics, this operation means that we 
express the quantity G as a function of the temperature 7’ and the chemical 
potential u instead of as a function of the energy # and the number of particles 
in the system WV. We have for t > 0, 

G= — i} exp (2+ uN, — £,){T} ye, F CRP i,t — t (Kam X)} 
Tay | 
where the temperature is measured in energy units. Since we sum now over 
the two indices » and m we can interchange the indices in such a sum. We use 
this possibility in the expression for G for ty >t, and write for t > 0, 


G@ = Fil exp ((Q + uN, — Ey)/L}|Prml® XP TOnmt — t Kam T)} 


Rm 


= Fil exp {((Q+ uN, — E/T} 
M,N 


x exp {(z Onm 1 MIT yO 2 exp {G Dn m t—i (Kam ‘ r)} 3 


In. the last transformation we have used the fact that the matrix elements 
y®, are different from zero only if V,, = NV, + 1. 

We now go over from the space-time representation of the Green function 
to its Fourier coefficients, 


G(w,k) = Jf @@rpeter @mdease. 
Integration over space gives a delta function of k — Kaz. The integration over 


dt must be performed separately over the interval from — o to 0 and from 
0 to + 0, using the well-known formula 


[evra = nila) 4 
a 
i) 


We get as a result 


G(w, k) = — (22)8 Y exp {((2 + uN, — B,)/T} (yO, 2 6 (ke — ken) 


l . . 
x {128 (@ — py) [1 e@ POm] + —__—_ [1 F ol“ PommviP}, (a) 


Mn 


Comparing the two terms within the braces we see that there exists a certain 
relation between the real (G’) and the imaginary (G’’) part of the Green func- 
tion. In the case of Bose statistics this relation is 


=i pte - set. GY (x, Ie) 


x— Ww 


G (wo, k) = dz, (5) 


ale 
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where we take the principal value of the integral. We have always 
G’ (w, k) < 0. (6) 
as follows from equation (4). 
In the case of Fermi statistics we have 
—# Ge, k) 


oo, 8) 2 Foon ta FF ma uv, 


(7) 


where the sign of G”’ (w, &) is the opposite of the sign of the difference kw — u 
and both these quantities go through zero at the same time, 


G” (cw, k) 
(kw — p) 
At the absolute zero of temperature both (5) and (7) go over into 
a 
1 "(ak 
+— { Ge, k) 
7 


wZ~- aw 


<0. (8) 


G (wo, k) = dz, (9) 


~x 
where the plus sign refers to hz > uw and the minis sign to hx < yw. 
It is interesting to note that these formulae show that the function @ is 
not an analytical function of the variable w. We can construct two analytical 
functions (which have no singularities in the upper half-plane) as follows 


tz ho # ft ta ho~ & (fa 
G +itenh—S Gv and G + icoth—T a - @ ; 


95. ON THE THEORY OF THE FERMI LIQUID 


A study is made of the zero-angle scattering in collisions of quasi-particles in » 
Fermi liquid. Jt is shown that the scattering amplitude for zero angle depends on the 
limit approached by the ratio of the momentum and energy transfer in the collision 
as both these quantities go to zero. It is ascertained which of these limits is connected 
with the interaction exergy of the quasi-particles that occurs in the general theory of 
the Fermi liquid developed earlier by the writer. 


A GENERAL theory of the Fermi liquid} has been developed in previous papers 
by the writer? #. One of the quantities that plays an important part in this 
theory in characterising the properties of the liquid is the function f{p, p’) 
which determines the interaction energy of the quasi-particles, i.e. the variation 
of the energy ¢(p) of the quasiparticles arising from a variation of their distri- 
bution function: 


3e(p) = Tr’ | f(p, p’) dn(p') dz’ (1) 


(where dv’ = d®p/(2x)*; here and below we take % = 1). 

In ref. 1 it was shown that the function /(p, p’) is related in a definite way 
to the scattering amplitude of the quasi-particles in the liquid for their mutual 
collisions. The formulation given in ref. 1 for this connection is not, however. 
quite accurate, as will be shown in the present paper. 

We use below methods borrowed from quantum field theory; as is well 
known, these methods have recently been used with success by various authors 
in the study of the properties of quantum many-particle systems. 

The main part in these methods is played by the Green function G and the 
“vertex part” I. Let us recall the definitions and basic properties of these 
functions. 

The function @ is defined as the average value in the ground state of the 
system of the chronological product of two »y operators: 


Gy = -1T(y, 92)>- (2) 


The indices 1, 2 denote sets of values of the three co-ordinates and the time, 
and also of the spin index. As usual, we shali use below instead of the space— 
time representation (2) the Fourier expansion of this function. The only 


JL. . Tanzay, KH reopun hepma-manocmn, Kypuas Excnepusenmarrnoi u Teopemurectoit 
Husucu, 35, 97 (1958). 

L. D. Landau, On the theory of the Fermi liquid, Soviet Phys..JETP, 8, 70 (1959). 

+ To avoid misunderstanding we emphasise that we are concerned not with simply a liquid 
composed of Fermi particles; it is also postulated that this liquid has an energy spectrum of 
the Fermi type, ie. that it is not a superfluid. 
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components different from zero are those with identical values of the two 
momenta and the two energies (that is, of the wave vectors and frequencies): 
P, = P, =P; we denote by P the “four-momentum”’, i.e. the combination. 
of the momentum p and the energy «. In respect to the spin indices (which 


we denote by Greek letters) the Fourier components G,g(P) = j Gaa(X, — X_) 
x e tP(Zi-¥:) q4(X, — X,) are proportional to 6,5; we shall write 

G,5(P) = G(P) Sxp- (3) 

As is well known, the poles of the function G(P) give the energies of the 

quasiparticles (the elementary excitations). In accordance with this, for |p| 


close to the boundary momentum p, and « close to the boundary energy yu, 
G{P) has the form 
a@ 


ere er reer) oe 


(u is the chemical potential of the gas, and v is the speed of the quasi-particles 
at the Fermi boundary). This expression has a pole at 


e— w= v(p— Pp); (5) 


and the small constant 6 is introduced in the usual way to specify the rule. 
for going around the singularity in integrating; the sign of 6 agrees with the 
sign of e — yu (or, what is the same thing near the pole, with the sign of p — 7). 
The “‘re-normalisation” factor a is positive and, as has been shown by Migdal,® 
is smaller than unity: 

a<t. (6) 


The vertex part I is defined by means of the four-particle average value 
153, = <P (v1 23 wy). (7) 


The Fourier components of this function contain a part that is expressed in 
terms of functions G(P) only, and a remainder that gives the definition of 
the Fourier component of the vertex part by the following formula: 


®,5.ya(Pr, Poi Py, Ps) = (2n)* @(P,) O(P,) {0(Py ~ Pa) 6(P2 — Pa) Oy 890 
— 6(Py — Py) 6(Pz — Ps) ba55} + 1G (P) G(P2) GP) (Pa) (8) 
X Lug a(Pys Po; Ps, Py) (22)* 6(P, + Pp — Pz — Py). 
Here the values of the arguments are connected by the relation 
P,+ Py = Py + Py. (9) 


On interchange of the indices 1 and 2 (or 3 and 4) the function (7) changes 
sign; thus it follows from the definition (S$) that I has the symmetry property: 


Papys(Py: Py; Pixs P,) => na,yo(Pe: Pi; Pe P)). (10) 


In the iormation of the vertex part intermediate states occur vhat corre- 
spond to different values of the total number of particles in the system: the 
unchanged number NV and the numbers NW + 2. The latter arise from such 
arrangements of the y operators in the 7’-product as, for example, y, vo ys pi ; 
the former correspond to arrangements such as, for example, y, py Po yy. 
In accordance with this the contributions to the function IF connected with 
these intermediate states have different characters in regard to their singularities. 
Namely, terms due to states that appear with the addition or removal of two 
particles have singularities with respect to the variables P, + P,; terms 
corresponding to intermediate states with unchanged number of particles have 
singularities with respect to the variables P, — P, or P, — Py. 

The probability of scattering of quasi-particles with the transition 


Pia, P,B > Pyy, Py6 (11) 

is given in terms of the function I by the formula 
a Was45(Pi; Po; Py, Pa) = 20 a? De 45 (Pr, Poi Ps, Pa)? 0 (ey, + &2 — €3 — &4) 
X Ny My (1 — mg)(1 — 25) dt, d ty dt, (12) 


(where n,, %.,... are the values of the distribution function for Pa, P, 8, 
and so on, and a is the renormalisation constant from (4)}). The sign of I is 
defined in such a way that it corresponds to a positive scattering amplitude 
for repulsion and a negative amplitude for attraction. 


P, Q PK P, o+x BK 
R+R-O 
mie™ pk p+K 8 Pp 
ia) (b} 
ta fe) RA+K 
2 B-B4K+Q : 
(c) 
¥ie. 1. 


Below we shall consider the function I" for nearly equal values of the pairs 
of variables P,, P, and P,, Py, ie., we set P, = P, + K, Py = P, — K with 
small X, and agree to write 


I'(P,, Py; Py + K, P, - K) = IP, Py; K). (13) 


In terms of the scattering process (11) this means that we are considering 
collisions of quasi-particles giving nearly “forward scattering.” 

' In the lowest order of perturbation theory contributions to the function 
I(P,, P,; K) are made by the diagrams shown in Fig. 1 (a, b and ¢). 
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The internal parts of these diagrams correspond to the following propagation 
functions: 


(a) G(Q) G(P, + P,-Q), (b) G(Q) G(K+ Q), 
(c) G(Q) G(P, - Pp + K+ Q), 


where Q is the intermediate four-momentum over which one integrates. With 
arbitrary P, and P, there is nothing to distinguish the value K = 0 for the 
functions (a) and (c), and for small K we can put K = 0. In the case (b), on 
the other hand, for K > 0 the poles of the two factors come together, so that 
diagrams of this type require special consideration. 

To calculate [’ one must sum the entire series of perturbation theory. Since 
in doing this our purpose is to separate out the parts having a singularity at 
K = 0, we must first single out the contribution from ail the diagrams that 
do not have any} parallel pairs of lines with nearly equal (differing by K) 
values of the four-momentum. We denote by I°™ this part of the function I, 
which has no singularity at K = 0; in it we can simply put K = 0, so that 
I will be a function of the variables P, and P, only: PF = FM (P,, Py). 
The entire series that has to be summed can be written symbolically in the 


form 

CMHC) + COPA) + Cl Py Ly) +e, (14) 
where the colons replace pairs of lines in the diagram with nearly equal values 
of the four-momentum, and I, denotes the set of al) possible diagram elements 
that do not have such pairs. 

The problem of summing this series (so-called “ladder” summation) reduces 
to the solution of an integral equation, to obtain which we “multiply” the 
series (14) by I, ie. replace it by the series 

GP Pj aC + CFA Ly) eee 
Comparison of this with (14) leads to the equation 
CP) -CAY HCL), 
which, when written out in explicit form, is the desired integral equation 
Loup,76(Prs P,; B) = b Gull HN ae P») 


: | mo 
- aap | vel) G(Q) G(Q + K) Des 65(Q; Pg; K) a*Q (15) 


(in the first factor of the integrand we should, strictly speaking, have @+ K 
instead of the argument Q; but in view of the absence of singularities in P'™ 
we can here set K = 0). To investigate this equation we examine the product 
G(Q) G(Q + K) that occurs in the integrand. On substituting here G(P) in 
the form (4) we get 


a@i[e — # — vg — po) + id] [s+ o—w—v(lg + kl — pp) +14,). (16) 


Here « and q are the energy and momentum corresponding to the four-momen- 
tum Q, and «+ and q + k& are those corresponding to Q + K. 


For smali & aud w the expression (16), as a functicn of ¢ and g, behaves 
like 6 functions of the arguments « — w and ¢ — 9; that is, it has the form 


A d(e — 2) 6(g — 2), (17) 


where the coefficient 4 depends on the angle @ between the vectors & and q. 
Comparing (16) and (17), we see that this coefficient is given by the integral 


4={/ ededg (18) 
[e — w— ¥(G — Mo) + id] [e+ w— w— (G+ ke] — po) + 16] 


Let us first carry out the integration with respect to de. The result of the 
integration depends essentially on the value of g. If the two differences gy — po 
and |q + k[ — pp have the same sign, then we must also assign like signs to 
the quantities 6, and 6,. The poles of the integrand then Jie in one half-plane 
of the complex variable «, and by closing the path of integration through 
the other half-plane we can see that the integral vanishes. Thus the integral 
is non-vanishing only for opposite signs of the differences g — y, and |q + &} 
— Py Let us first suppose that (g- “he) > 0, ie. cos@ > 0. Then the integral 
is non-vanishing for ¢g > M), |p + ®| > v9, which, because of the smallness 
of k, is equivalent to the condition 


Po — k cos? < ¢ < Mp. (19) 


In addition we must have for the quantities 6 that 6, < 0, d, > 0, so that the 
poles of the integrand lie in different half-planes. Closing the path of integra- 
tion through one half-plane and calculating the integral from the residue at 
the corresponding pole, we find 


{ 2riadg 
o~ v(lq+ kl - 9) 


Since by (19) ¢ is nearly equal to p, and varies over a range k cos@, we can 
put |q + k| — ¢ = kcos®, so that 


2271a% k cos? 
w — vk cosé- 


Let us note the peculiar character of this expression: its limit for k > 0, 
w— 0 depends on the limit approached by the ratio w/k. 

It is easy to show in the same way that for cos@ < 0 (in which case the inte- 
gration must be taken over the region g > 7, |q@ + k| < pp) one gets the same 
expression for A(@). Thus we have 


Qi a2 (t- k) 


G(Q)G(Q+ K) = aE) 


d(e — w) d(g — po) + 9(Q), (20) 


where (J - k) has been written. instead of & cos@ (is the unit vector in the direc- 
tion of gq), and g(@) does not contain any 6-function part (for small K), so that 
in it we can put K = 0. 
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Substituting (20) into (15), we get the fundamental integral equation in . 
the form 
Lys, 2,y6(Py; Po; K)= Ps Pisks) 





~ (22 ys =| Pcs Q) 9(Q) Pes 20(Q, Pr; K) ag (21) 


2 


a? 5 [nay (E+) 
+ ER 1 Pi O Ten el@: Pe 

In the last term we have put d!Q = g? dq dode, where do is an element of 
solid angle in the direction of #, and have carried out the integration of the 8 
functions in the integrand with respect to dg de. In the arguments of the func- 
tions F and I in this term Q is taken on the Fermi surface, i.e. it consists 
of the momentum g = »,!? and the constant energy yu 

Because of the special character of the kernel of ahs: integral equation as 
noted above, its solution also has just the same character: the limit of the. 
function ['(P,, P,; K) for K > 0 depends on the way in which k and w go to 
zero, i.e. on the limit of the ratio w/k. 

Let us denote by F°(P,, P,) the limit 


PrsyalPy P,) = liml’.3 43(P i, Py; K) for kio = 0 (22) 
E>0 


do. 





{we shall see below that it is just this quantity with which the function /(p, p’) 
of (1) is related). With this way of approaching the limit the kernel of the last 
term in (21) goes to zero, so that I satisfies the equation 


i 
LNnyo(Pr, P,} = PEP Py) aes (Qn)t | P22, e(Pr, Q) g(Q) Irs, 05 (@, Py) dQ. 


(23) 
We can eliminate [’@ from (21) and en The result of the elimination is 
Fup,yo (Pr, Po; B) = P2;,,0(Prs Pe) 
a? 95 2 (t- k) = 
+e oP (rey lPo Q) Pep, 55(@; P2; &) oe u(t : kt) do. (24) 
In fact, if we formally write (23) in the form 
TY (Py, Po) = LP, ws E 3 Pa) (25) 
then equation (21) is written 
LPs. ,a(P1, Poi K) = P9),s(Pa, Pe) 
(L- &) 





a a? Fe | ree Py. Pe »,26(@; Po: k)— 


(2x)8 — o(t- R) 


and substituting (25) and then applying the operator £-1 to both sides, we 
get (24), 


Let us now introduce the function J* defined by 
i Per eee P,) = Jim Finyo(Pa, Py; K) for ofk > 0. (26) 


This function (multiplied by the re-normalisation constant a@*) is the ‘‘forward”’ 
scattering amplitude (i.e. that for the transition P,, P, ~ P,, P,), correspond- 
ing to actual physical processes occurring with quasi-particles on the Fermi 
surface: collisions leaving the quasi-particles on this surface involve changes 
of momentum without change of energy, so that the passage to the limit of 
zero momentum transfer k must be made for energy transfer w strictly equal 
to zero. On the other hand the function I’? introduced above corresponds to 
the nonphysical limiting case of “‘scattering’’ with small energy transfer and 
momentum transfer strictly equal to zero. 

Setting w = 0 im (24) going to the limit K — 0, and multiplying both 
sides of the equation by a7, we get 


a Te, (Pi; Py) = @ IY, wa,yoe 1 P) 





PS | at P®, (Py, Q) a Dk .9(Q, P:)do. (27) 


~ “y (20)? 


Thus there exists a general relation connecting the two limiting forms of the 
forward scattering amplitude. 
Let us now turn to the study of the poles of I'(P,, P.; K) asfunction of KX. 
As was already pointed out at the beginning of this paper, the poles with 
‘respect to the variable K = P, — P, are due to contributions to I associated 
with: intermediate states in which the number of particles in the system is 
“not changed. Therefore these poles correspond to elementary excitations of 
the liquid without change of the number of quasi-particles in it. It is obvious 
that these are the excitations which can be described as sonic excitations in 
the gas of quasi-particles (phonons of the “‘zeroth sound”’). 

Near a pole of the function I'(P,, P,; K) the left side and the integral on 
the right side of the equation (24) are arbitrarily large; the term I’ (P,, P,), 
on the other hand, remains finite and therefore can be dropped. We note further 
that the variables P, and also the indices 8 and 6 are not affected by the ope- 
rations applied to the function J in equation (24), ie. they here play the role 
of parameters. Finally, we shall consider I’ close to the Fermi surface, i.e. we 
‘shall consider the energy of the quasi-particle, which is one of the variables 
P,, to be equal to w, and the momentum to be equal to 7, so that we write 
it in the form pn, where n is a variable unit vector. Keeping all this in mind, 
we conclude that the determination of the sonic excitations in the liquid 
reduces to the te of the eigenvalues of the integral equation 


> [ rw __(t- k) 
Koy (2) = 3 n)* SE | realm t) 2) ay do > (28) 


where 7,, (%) is an auxiliary function. 
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We transform this equation, introducing instead of x a new function, by 
the substitution 
(n- k) 


an) = wo — v(n- k) 


You (22) - (29) 


Then equation (28) takes the form 


5 a? 
(22)8 


This equation agrees precisely in form with equation (11) found in ref. 2 
for the distribution function » in the zeroth sound, and moreover a com- 
parison of the two equations (using the definition of # by equation (6) of 
ref. 2) leads to the following correspondence between the function f(p, p’)t 
and the function I: 





[eo — 0+ &)} »,,(2) = (k- 0) [ reaoct t) %(t)do. (30) 


Seppo ) = aT, .(n, 2). (33) 


This is the desired relation between f and the properties of the scattering 
of the quasi-particles. For clarity we point out that the four spin indices on 
this function correspond to the fact that f(p, p’), or more explicitly f(p, 6; 
p’, o'), depends on the spin operators (two-row matrices) ¢ and o’ of the two 
particles; thus to the two particles (momenta p yn and pol) there correspond 
the pairs of indices a, y and , 6 (in the function 2,3,,5 (P,, P.; P3, P.} 
these pairs correspond to the pairs of nearly equal four-momenta P,, P, 
and P,, P,). 

Having thus found the connection of the function / with the properties of 
the scattering of the quasi-particles, let us return to the formula (27) and ob- 
tain with its explicit relations between the function / and the “physical” 
amplitude for zero-angle scattering on the Fermi surface, which we write in 
the form 

A (Ny, 61; Ng, Fg) = a? I*(m,, 6,3 Ng, 52). (32) 

On the Fermi surface the relation (27) takes the form 

A (i, 51; Ny, Fg) = f(M, 01; Mz, Oe) 
1 


tr [jr M4, 6,; 7, 0) A(N', 6"; Ny, 6_)d 0’ (33) 
Ki 4 


(where dt/de = 4x pé/v(2a)*). The scalar functions 4 and f depend on all 
scalar combinations of the four vectors 2,, %), G1, Go. Lf, however, the inter- 
action between the particles is an exchange interaction, then the only admis- 


sible scalar products are (,-+",) and (6,-6,). Then we can expand A and f 
as functions of cos@ in terms of Legendre polynomials: 


A(cos6) = ¥ A; P;(cos8), (cos?) = }' f, P,(cosé) (34) 
t 7 


¢ In refs. 1 and 2 we did not write the spin indices explicitly. 


Substituting this into (33) and performing the integration with respect to 
do’, we get 


i dt ; 
241 a Fi(6, 6") Aj(6" 62). (33) 


In the case of an exchange interaction the spin dependence of the function 
reduces to a term proportional to (6,-6,) (cf. ref. 1), so that 


A, (6; 62) = f,(6, 52) — 


h= gt W(G,- os); (36) 
where ;, y, do not depend on the spins. Corresponding to this we also set 
A, = By + C; (5-62). (37) 
Substituting (36) and (87) into (35), we get without difficulty 
2 dt 
B= GH - Spark te 
1 dr 

Ch = yy —- ——— (38) 


2(21+1) de 


These formulas give a simple algebraic connection between the coefficients 
of the expansions of / and A in spherical harmonics. We note that only terms 
of the same ? are related to each other, and that B is related only to the ¢’s 
and C only to the y’s. 

_In conclusion, I would like to thank A. B. Migdal, who called my attention 
to the dependence of the forward scattering amplitude on the ratio w/z, and 
also E. M. Lifshitz and L. P. Gor’kov for a discussion of this work. 
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96. POSSIBILITY OF FORMULATION 
OF A THEORY OF STRONGLY INTERACTING 
FERMIONS 


A fermion field is investigated with the interaction Lagrangian density equal 
to 9(p O, p)- (FO; y). This point interaction is considered as a limit of an extended 
one, where it is supposed that the interaction vanishes if the momentum of a particle 
exceeds / and/or if the momentum transferred in a collision of two particles exceeds 2. 

The relation between A and Ais such as to make the quantity 77/Iln (A/A) arbitrarily 
small as 2-»o and A-»o. This choice of the limiting procedure considerably 
simplifies the investigation of the theory. It is shown that in the limit A -» 00, 4 -» co, 
the physical interaction between particles vanishes in ali types of four-fermion 
interactions. The case of two interacting fields y and y with different isotopic spin 
is also considered. Going over to the local theory, the physical interaction vanishes 
in this case as well. 

This result shows that in the cases considered no strongly interacting fermion 
theory can be constructed. In the case of the weak interaction, although no logically 
consistent theory can be built up, there does exist the perturbation theory, as in 
electrodynamics, which is valid for sufficiently small energies. 


lL. INTRODUCTION 


The transition to the limit of a point intraction in electrodynamics! or meson 
theories? entails a difficulty which is connected with vanishing of the re-norma- 
lised charge and the disappearance of physical interactions between particles. 
It would seem to be of interest to ascertain whether this difficulty can be 
overcome by replacing the Yukawa-type interaction g)(yO; yp) gy; between 
fermions and bosons by other types of interactions, such as that between 
bosons: alone or that between fermions alone. The difficulty created by the 
vanishing of the re-normalised charge remains in the case of a system of bosons 
whose interaction is determined by the operator 


In this case the dependence of g, on gy and A (A is the cut-off momentum) has 
the form®t ;j 
0 


1+ $9 In (A2/p2)’ 


A. A. Abrikosov, A.D. Galanin, L. P. Gorkov., LL.D. Landau, I. Ya. Pomeranchuk and 
K. A. Ter Martirosyan, Possibility of formulation of a theory of strongly interacting fermions, 
Physical Review 111, 321 (1958). 

Tt This formule was derived for gy < 1; if, however, two cutoff momenta are introduced, it 
can be shown that it will be valid for an arbitrary positive value of gy. 


761 


Je = (1) 


and g, vanishes for A > co and any arbitrary dependence of gp) on “i, providing 
that g is positive. Negative values of gg (for which, in the limit A — 0, g, may 
not vanish) are in general inadmissible because no stationary states of a 
boson system exist for gy < 0. Indeed, for boson fields a classical limiting case 
exists in which each state may contain many particles. For 9, < 0 the energy 
of the classical field ¢, 


1 ag \’ 2 2 Jo 5 


is not positive definite and can decrease indefinitely with increase of the field 
amplitude y. Physically this means that it should be energetically possible for 
an infinite number of particles to be created from vacuum. Thus the vacuum 
cannot exist for g, < 0. , 

The constant g) for the Fermi interaction 


V = 2n* 9 { (YO, y) (HO, ¥) de (2) 


(where the O; are the ordinary spin and isotopic spin operators for fermions) 
can have any sign, since the occupation numbers cannot exceed unity and 
stationary states exist for any sign of gj. In the given case, the turning on of 
the interaction simply leads to a redistribution of the levels of negative and 
positive energy. The new stationary state with minimal energy which arises 
after the interaction is “turned on ” is the one of a physical vacuum. 

Hence if the relation between g, and gy in this case were also determined 
by a formula analogous to (1), the re-normalised charge g, would not vanish 
for gy < 0. Meson theories could be based on interaction (2} and the mesons 
from the very start would be similar (in the sense of the Fermi-Yang concept*) 
to non-local formations of fermions. 

In the following we shall consider the possibility of setting up a theory of 
this type.} 


2. EQUATION FOR THE VERTEX OPERATOR * 


If the interaction has the same form as (2), the matrix elements will contain 
quadratic and logarithmic divergences. We shal] cut off the diverging integrals 
by assuming that interaction (2) is somewhat ‘‘smeared out”: it will be assumed 
that the interaction vanishes in the momentum representation if momenta P 
and Q, directed along the fermion lines according to Fig. 1,+ exceed some 
limiting momentum A or if the momentum p transferred from one line to 


{ An interaction of the same type as (2) has been discussed in a number of papers;. see for 
exaraple, ref. 5. 

+ In the figures, line discontinuities signify that a large momentum (exceeding A but smaller 
than A) cannot be transferred at the point of discontinuity. 
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another exceeds A, where 7 < Af. In order to go over to the limit of a point 
interaction one should put A — 0, 1 ©, the relation between 4 and 4 
being arbitrary. 

If the theory is internally consistent, one may expect the result of the limiting 
process to be independent of the nature of the transition. The latter, however, 
should not violate the general conditions required by any physically reasonable 
theory, such as the general theorems regarding the behavior of Green functions® 
gauge invariance, etc. We shall restrict ourselves to the case of a limiting 
transition in which j/A remains arbitrarily small, since in this case the analysis 
is considerably simplified. 

it will be shown that if g) is assumed in general to depend on the cut-off 
limits, one finds that for any form of this dependence, the exact solution 
yields in the limit of a point interaction the result that no physical interaction 
exists between fermions. 

Rr 





Qep Q 


Fre. 1. Siraplest four-fermion vertes. 


“vy & 
( 


C) 
OQtp Q £ 


Qtp @ 
Fia. 2. Chains of closed loops, corresponding to the largest contribution 
to the vertex operator. 


Of those graphs which define the vertex operator J'(P, @, p) (at which the 
momentum arrangement corresponds to that drawn in Fig. 1), the largest 
contribution comes from those in which integration over virtual momenta is 
performed along closed Joops (that is, up to A?) and in which the degree of 
divergence of the integrals is maximal. This is the loop chain shown in Fig. 2. 


+ This corresponds to writing (2) with a form factor Piya: 
f TS Vi) dt= 27% 9 f (F(x) 0; ya’) (Pw) O; py) Farle —w.y—y', ey) de de’ dy dy’, 


in which the width of the distributions with respect to + — x’ and y — y’ are identical and equal 
1{A, whereas the width of the distribution with respect to x — y is 1/4. 


We shali now find the total contribution (J°,) of ali of these graphs to the 
vertex operator and show, by using the value of the vertex operator thus 
obtained, that the contribution of the remaining graphs (Fig. 4) to I is, for 
sufficiently small Aj/A, arbitrarily small, and that the Green function of a 
fermion is identical with the function G, = (-ip — m)-! = i/p for a free 
fermion.f 

The infinite swn of quantities corresponding to the graphs in Fig. 2 satisfies 
the equation (see Fig. 3) 

ai 
Ty (P,Q, p) = dy —i| am Ge — p) EOI, Q, p) a1, (3) 
where 
By = go(O; x O;) (3a) 


. earns 


mee 


vat 
Yay 
Qre Qe a Q 


Fie. 3. Graphical representation of equation (3). 


is a quantity which corresponds* to the simplest graph in Fig. 1; d4i = (2x)-* 
x di, di, di, di,. The spinor indices are arranged in the integral term in 
accord with the closed loop in Fig. 3; that is, the integral contains a trace. 
Tt is easy to verify that a consequence of this is that no interference occurs 
between the various interactions (3a) in (8). 


3. ScaLtaR INTERACTION 


Equation (3) possesses a solution which depends only on y; in the simplest 
case of scalar (O; = 1) or pseudo-scalar (O; = iy,) theory the solution is P, = «(p) 
x {O; x O;), wliere 


Ai 


#(p) = ofl + gif Tr(O,@(0 — p) O,e@)aent” 


Inserting G(1) = Go{Z) = il), we evaluate the quadratically divergent integral 
involved : 





: I 1 
i[ tst0,¢0 — p) 0 Gael = = 771057, 059.) (SI abe Ee se 4), (4) 


T Or is equal to 8 G, where f is a constant, the value of which can be determined from the 
equation for G (see below). We have employed.the following notation here: p =yp pus vi = yp. 
+ Apart from a factor (2m)*i which is neglected everywhere. 
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wheret 


(pk)? ip? af | (2 — 22)8*® da ‘ 
dtk = — | (Pak? |] ——-—_-__.— 
eae ae + iP ONO! Ey Pa 


1 
= — A2— — ws 2172 me 
he + pln (49/2 £5 2), 


Ar ;. 
5 i S{((p k)*/p?] —- 4} -< p* 
aan 


ak 
(ean e+ dr 


a = . ; 
= <fwav[ Sees (le cial ce ~ 2) da 
ip) rar 


and ¢, and ¢, are constants whose exact values are of no significance for the 
following. Substituting these values of Jy and J, in (4), we get 


«(p) = wo} + 9 |a*-5 ee a(S yr (5) 


where ¢ = (¢§¢,)*. The quadratic divergence in the denominator cancels out 
if gg = —1/A? {or if 1 + gy A? is a quantity which decreases with increase 
of -A*); if, however, gy + —1/A®,. x(p) will be practically independent of yp? 
(it may be recalled that »? S 7? < A*) and for 4 > © it vanishes as 1//?. 
Postponing the analysis of this case, we shall first assume that 
we 

eee 
where yz is a quantity of the order of the lower cut-off limit. Neglecting y*/A? 
compared with unity, we get from (5) 


I 
a(p) = ——_____, 5a 
where L = In(A/?) (¢ p? has been replaced by A* as a result of which a{p) 
simply increases). With the aid of this value of «{p), we shall estimate the 
magnitude of the contribution from the graph in Fig. 4(a) which determines 
the difference G — G,, where G = G, 8; that is, the difference between # and 
unity. 


{ The variable | has been replaced by k = 1+ 4 p and the transition from pseudo-Euclidian 
to Euclidian metrics has been carried out: (4/i) “ath = (2 jst) k* AAP (1 ~ 27)¥8 da, where 2? = 
(p k)?/p? k8. Terms which remain finite for A-> oo have bees neglected in the calculations of Jy 
and J;. 
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The spinor indices can be neglected in estimating the integral corresponding 
to Fig. 4(a), since it is only the order of magnitude that matters. The integral 
for Fig. 4(a) has the following form (« being a function of f? in the given case): 

a “a 
j | x (f?) d4f dtl 
“J p-F JU” 
Integration over 7 yields A? (inasmuch as f* S 4? < A® and the integral 


over ¢ diverges and therefore 1+ f * 7). For integration over /, the factor 
(p — f)- should be expanded into a series in p: 


(6) 


(d) (e) 


Fig. 4. (a) Graphs contributing to the deviation of § from unity. (b-e) Graphs con- 
tributing to the deviation of « from the values given by equation (5). 


Integration of the first term yields zero; if (5a) is taken into account, the 
second term yields (1/Z) in (A?/p?) after integration. Taking into account that 


9 = — 1/47, we get 
In (2?/p") 


~L mk Se 
G Go P L 


or, for L > In(22/m?), 
In (a3! In@ip*) 
ie 


Hence for sufficiently large values of Z (and for L > In(A?/m?)), the difference 
between 8 and unity is arbitrary small. 


p-l=- 
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In a similar manner, we consider the ratio of the integrals corresponding 
to Figs. 4(b), (c), (d), and (e) ee aaa aaa (3)) to «(). For Fig. 4(b) 
this ratio is 

a (p) « (f) 


a8 aL 
Depending on the magnitude of the momenta P and Q, viz. 2 <P ~Q <« A, 
Q<ijA<P<A,orpr~P~Q <i <A, we obtain, respectively, taking into 
See ae aR ln ae) In (22/p") 
=—_—, > >, OF ————_.. 
POL’ QL en? 


at; 


In any of the cases considered the ratio can be made arbitrarily small. 
For the aiseramns in Fig. 4(c), we get . 
Ae At 


1 
war) | al THT * TET HE Howe». 


To calculate the integral over J (and 1’) it should be expanded in k, and 9 
should be set ene to zero. The result is 
wp) f Ho) o(p — ) Dn Atay ab wx | SE x 


Figure 4{d) leads to the following integral: 


a2 


1 
Lae Fy | | | nr cee et) 
zai J ante hiresn 
Tntegration over / yields In(A/k*), and we obtain 








Finally, we shall consider Fig. 4(e). The integration up to a small limit per- 
formed in Fig. 4(b) is repeated twice in this diagram. One may therefore 
expect that it will be smaller than Fig. 4(b). The corresponding ratio is 


" , k) x(k’) a(k — p)a(k’ — p) 
fafa zfar Wet dee 


Depending on the magnitudes of P and@,namely, i <« P~Q <A, p ~Q <A<P, 
or p~ P~Q <A, we correspondingly get 


yp (= A fy? ) p In Aat{p a: 





a (p) 








PO\ L Paes Fe Fd 


These quantities can be made arbitrarily smaii ii tue limiting procedure is 
carried out in such a manner that A?/m* Z remains sufficiently small for 4 > 0. 
More complex graphs of the vertex operator not indicated in Fig. 4 are pro- 
portional to higher powers of the same ratio 2?/m? D (or of a smaller quantity) 
and hence are certainly small. 

The expression (5a) obtained for «(p) is thus an exact ‘solution. 

The physical interaction between two fermions is determined by the product 
« §%. The results obtained above indicate that « §% vanishes for A > 00; that 
is, physical interaction between point fermions is absent. 

The case when 1 + gp A? is negative should be excluded. Indeed, if 1 + gp 2° 
is negative and equal to —1, by order of magnitude, the logarithmic term in 
the expression for J’ can be neglected. Evaluating the additional term in the 
Green function G with a negative I, we see that 8 would exceed unity, and 
this is inconsistent with the general theorems of field theory®. 

If the absolute value of 1 + gy A? is less than gy A?, a pole in the space 
values of p* will arise in the formula for F. Since, in treating the interaction 
between fermions as an interaction between bosons, J’ has the meaning of a 
boson Green function, it is evident that this pole corresponds to an imaginary 
boson mass. Such bosons would yield a term — |m/|? ¢* in the Hamiltonian 
and this would point to nonstability of the vacuum in this case. 

Returning to the case g) + —1/A?, we note that (3) should be solved 
simultaneously with the equation for the Green function G(p), 


2 
| -ip-—[aaw-prineman+ paray|e) - 


(the order of the spinor indices corresponds to Fig. 4(a); that is, the integral 
term contains an integral over 1 of the same type as (4)). 

Neglecting terms of the form 7? In(4*/p?) compared with A® and taking 
into account that in this case the integral (4) is equal to A®, we obtain the 
following solution: 

i 
Tyo) = 0, x O)a; @@) ==, 


where « = go[1 + Jo 6% A7}-1 and 8 = [1 + 39 A? A? x f8}-1 are quantities which 
do not depend on ». Inserting « in the formula for 8, we obtain an equation 
of the fourth degree with respect to 8. Its solution can easily be found in the 
cases when gy A? < lor g, A? ~ 1, 9) A? < 1. In the first case we get B = (4/9 2?) 
x [(1 + 49 A?)# — 1], and in the second, 6 = 1. In both cases (which include 
the complete range of values of g, which are of any interest), the quantity 
£= oa f A, in the limit for 4 - 0, remains of the order of unity. Now it is 
easy to demonstrate that the unaccounted graphs of the type depicted in 
Fig. 4 are much less than «. For example, the ratio of the quantities correspond- 
ing to the graphs in Figs. 4(b) and (d) to « is « B?(A4/PQ) = é(A4/PQA?), 
and a? £4 A? A? = £(A?/A?). These quantities are arbitrarily smali when 
A2/A? + 0. It follows that the solutions obtained for [ and G are exact ones, 
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and since « 6? A? ~ 1, the physical interaction « §? vanishes as 1/A? for 
A? + 0, 

A point which was important for the foregoing analysis was that the integral 
J, contains A*. The magnitude of the quadratically divergent integral, however, 
‘may significantly depend on the form factor employed in computing this 
quantity. Suppose, for example, that the quadratically divergent integral is 
made to vanish by using an oscillating form factor. Then instead of (5) we get 


9o 
1 — $9 p? In (A?/p?) 


If gy behaves as 1/m? L for A > 0, the difference between 8 and 1 will be 
of the order of 4?/m? L, Indeed, in formula (6) the integral over J now does not 
contain a qudratically divergent part and hence is equal to ~ f? In(d?/f*). 
The remaining integral over f yields g) 2? p ~ (ARjm? LL) p, if one takes into 
account that « ~ 1/j? D and expands in a series in p. 

If gp is not small, the equations for « and 8 should be solved simultaneously. 
The equation for 8 can be satisfied in this case by assuming that # is indepen- 
dent of p. Then, instead of (7), we get 


o(p) = (7) 


Go 
1 — 49 6? py? In(A2/p*) © 


The integral in the equation for § has the following form: 


ath) ae wa gap (2 
sob (OO ass (ET x cost | AP ay pn 


For a sufficiently ee L, when g, 6? #2 L > 1, this integral equals gy 8 2? p 
and the foilowing equation is obtained for #: 


cee ee 
te ee |= : 


8 V2 
= 1 a) a], 
p Go a? wall ary zai) } 


that is, 8 is independent of L. It therefore follows from (7a) that for a sufficiently 
large value of Z, 


a{p) = (7a) 





Hence 


] 
Be 
a Bp PL 
{if »? > 0, formula (7a) should be refined by taking into account the finiteness 
of the mass; then « 6? ~ 1/m? L). 
It can readily be verified that in this case the diagrams of Fig.4 and the 
more complicated ones are small compared with « in (7a). 
Thus the conclusion drawn above regarding the vanishing of the interaction 
of point fermions does not depend on whether the quadratically divergent 
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integral is considered equal to A* or to zero. This confirms our viewpoint that 
the physical results of the theory (in the given case, the vanishing of the 
mteraction) should not depend on the form of the cut-off factor. 


4. VEcTOR and TENSOR INTERACTION 


Consider now the vector interaction theories (O; =iy,, or O; = is 7.) 
We start with the pseudo-vector theory. According to (4), insertion of Fr, in 
the form «(p) x (iysy, x iy; y,) into (3) leads to the appearance of a new 
spinor form, (1/p*)(iy, p x iysp), in the right-hand part of the equation. 
Thus the solution of (8) should be sought in the form 


. . i i 4 
Py = x(p)(¥s %. X Ly5 Yu) + (Pp) yep x i VP) (8) 


Inserting (8) into equation (3) and separately equating the coefficients in 
each spinor form, we get 
«(p) = Jo — Go(Jo+ Jy), 





(PD) = 299 Fy x(p)— GoJo — Fx) 1 (). (9) 
or 
Go 
-(p) = ———“0_, 
lL + 9o(Jo + J. 
GoJo 1) (10) 
Jo 
a{p) + «,(p) = ————____. 
(?) ive 1 + go(Jo — J) | 
Taking into account the values of the integrals J, and J,, we. get 
L + gol[$A? — $p? In (A?/p?)]’ at) 


1+ $9) A?” 


that is «(p) has the same form as in (5) and decreases with increasing A? as 
U/L for gy ~ 1/A?, whereas a, (p) does not contain ln (4?/p*) in the denominator 
and does not tend to zero for A? + 0, E 
The term containing «,{p), however, does not correspond to any real inter- 
action, as it can be excluded with help of a transformation similar to a gauge 
transformation. Let us examine, for example, a system consisting of fermions 
and of scalar bosons not interacting with the fermions. The Lagrangian of the 
system has the form 


o(p) + (Pp) ee | 


C= LO4+ CP 4+ OP, 
where | Pd v= —V, £© is the Lagrangian of the boson free field, and 


LO = —H(y, /dx, + m)y is the Lagrangian for free fermions. 
The fermion system can be characterised by a wave field y, related to y 
by the relation 


y, = expliysep(z)]y; v= pexpliy;eg(z)], (12) 
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where p(x) is a quantised boson field and é is an operator defined in the momen- 
tum. representation by the function «(p*) (ie. € = e(—0/6x%)). Under this 
transformation of the field p(x), the Lagrangian 2 (i.e. interaction (2)) 
remains constant, whereas # changes: 


F GLO = LI + G+ Le, 
where 


4 wine 
= VuV5 EY: 
1 Pil Yay ba, Yrs 
and 
#2 = my, {exp[— 2iysey(x)] — 1} y. 
The Lagrangian £, corresponds to the addition to (2) of a fictitious inter- 
action 


~ oy 
VW’ = 1D, iv vss ——Yy, dv. 
[Birne ax, v 


Qtp Q 


Fig. 5. Simplest graph corresponding to the second-order interaction arising from the 
term in Lf, 


In second order, it leads to scattering of fermions by fermions, (fo/p9) 
x (iy; p X iy, p) corresponding to the simplest diagram in Fig, 5. Here 
fo = €*(p?)ix 2 0. The presence of this interaction (that is, of all the diagrams 
created from the simplest one in Fig.5) can be taken into account in caleulat- 
ing J’, if instead of (3a) we insert in (3) the expression 


, : fo\ 
0s = golive xirare + (2 (iysP x iysp)- 
\ Pz 


After simple transformations, the following results can be derived from (3): 
Go : 
L+ go(Jo + Jy)” 


Go + fo 
1 + (Go + fo)(Jo— Ja) 


«(p) = 


(lla) 
a(p) + %(p) = 


Inserting the upper equation in the iower, we note that a,(y) vanishes if 
_ 290 Jy 
(1 + 294,) 


The expression for «{p) is identical with (11); it yields the result that the 
interaction is maximal if g, = — 2/A®. From (13) we then obtain 


2? 
fo = (S) L. 

Thus, in order to exclude the term «,(p) in the expression for J, it is sufficient 
to choose e(p?) equal to [(p2/3.A*) ZL}; it is arbitrarily small for A o. It 
was thus sufficient to consider the fictitious interaction V’ in the lower approxi- 
mation, the Lagrangian #, disappearing for 4 — 0. © 

Formula (11a) for «(7) is in all respects similar to the expression (5) obtained 
in scalar theories and therefore, as in the latter cases, it leads to the disappear- 
ance of physical interaction for A > ©. 

We shali now consider the vector interaction theory. In this case the quadrat- 
ially divergent integral can be considered to equal zero. Indeed, in vector 
theory the integral (4) can be written in the following form: 


[ PG) iy roche” Hedy, (14) 


fy = (13) 


where j,(x) = p(x) vy, p(x) andy Gj,(z)/éz, = 0. If we put p= 0 in (14), we 
formally obtain a quadratically divergent integral. Its structure is the same 
as that of the integral which in electrodynamics determines the photon mass 
(since in electrodynamics j, satisfies the continuity equation), and it therefore 
must vanish.+ 

In vector theory the term «,(p) (ip x i p/p*) appears in I,, and formula (10) 
is valid as before: however, instead of (11), we have 


2 


1 Af\]- 
a(p) = zal = 5 mea(S)] 5 a(p)+44(p)= 9 (11) 
We now take notice of the fact that for real particles the interaction 
o&,(p)(i p x i pip) is identically equal to zero. Indeed, p is the difference 
+ This equation is ralid not only for free operators but for coupled operators as well. 
+ A formal proof, not based on the analogy with electrodynamics, can be given, for example 


in the following wav. Consider the integral 


eee : Oy r 8 ; ; : 
J P<ivt@) tury ZO ate aty— | 5 Ti, ( fular> ele) dw dty 





= j 7 (Ph) 5) p@) dia dty. 


The first integral on the right-hand side is zero if j,(x) vanishes at infinity; the second integral 
is zero because 97,(z)/az, = 0. JE ay (x)/ax, is a sufficiently slowly varying function of the 
co-ordinates, it can be written before the integral; and sizice the vector 6 y/@ x, is arbitrary, we 


obtain. . . : r 
f <i) julgy> da dty = 0. 
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between the final and initial particle momenta. Since the wave functions of 
the initial and final states obey the free Dirac equation, the matrix element 
of i p will vanish. f As «(p) in (11b) is practically identical with (7), the reason- 
ing and also the results obtained in section 3 for scalar theory (in which the 
quadratic integral vanishes) are also valid in the given case. 

It remains for us to consider tensor theory. Replacing O; in (4) by o,, = 
i (Yu Ye — Yo Yu) We see that 

Tr (G227, Tig ,) = 0. 


Thus no quadratic divergence is involved in tensor theory. The new spinor 
forms for IP arise, but in tensor theory «,(p) contain ln A?/p? in the denomina- 
tor. The considerations do not differ from those applied in the case of scalar 
theory (in which the quadratic integral is assumed to be zero). 

Consequently, if only a single fermion field is considered, physical imter- 
action will be absent in all types of four-fermion interaction. 


5. InvERaction or SEVERAL FIELDS 


The interaction between several fields will now be considered. If two types 
of neutral particles exist (the respective fields being designed by y and 4), 
we arrive at three types of interaction: 


V= 2x? | [91 (yO; v) (WO; y) + g2(% O; 2) (%O;X) + 293(pO;y) (XO; x] dv, (15) 


the respective constants being g,, g,, g,. One may inquire whether these 
constants can be chosen in such a way so as to cancel out the logarithm in 
the demoninator of the expression for «(p), which is of the same type as (5). 

For convenience, the field of the two particles will be characterised by the 
column matrix 


Then in interaction (15), 
3 
a= >9 Vi, 
t=1 


where 
Vi=Q,x 1; Vo=Q, x Q3; V3 =Q: x Qo + Qo x Qh: 


10 0 0 
%=0,(5 o)) @=O() 3) 


will correspond to the simplest diagram in Fig.} and equation (3) will have 
a solution of the type 


+ See the similar arguments in a paper by R, Feynman’. At small p* the denominator of the 
expression (i x 4 29)/p* will not vanish if finiteness of the mass is taken into account. Vanishing 
of the interaction «, can also be proved by employing a transformation similar to (13). 


We shall consider scalar theory (O; = 1, O; = i ys), similar results obtaining 
in the other theories. 

Inserting the foregoing expressions for a) and 7, in (3), we obtain, after 
equating the coefficients before V;, the following set of equations for «;: 


(1 + gy £) + gg agi = gy, 
(1 ee 


(16) 
1 
eos tt Fhal+ [142 +> (1 + G2) tas = Ges 
where [= 2J,+ J, = A®— py? L. The solutions of these equations are 
n+ Pl a+ fl g 
ey ieee =, aa, (17) 


where d= 1+ 2gI + f?I*, g = 3(g, + ge), and f#? = 9, 9. — g?. Taking into 
account only terms linear in py? L (it can easily be seen that these are the 
leading terms if the g, A? are of the order of unity), we obtain 


AA = (1+ FA? — Fy pL, 


where F, = 29 + f? and F, = 2(g + #?). The dimensionless constants g = A® g 

and } = A?} have been introduced; in the case of interest these quantities 

are of the order of unity. In the expression A? 4 (that is, in the denominator 

of the o; (~)) there will be no term proportional to A?, and the quantity LZ wiil 

cancel out if 1 + Fy=0 and #, = 0. Inserting the values of F, and F,, we 

a j= —1 and ft = 1; that is, 1+ f= —2 and 9,9, —9;= 1, where 
= A? g;. Hence g, = —2 — 9 and —g = (1 + ,)’. 

* Thos quadratic and logarithmic infinities can be removed from the deno- 
minator of the expressions for «; only when the constant g, is imaginary (i 
the numerators of the expressions for a; are multiplied by A? they will be of 
the order of unity, providing g; ~ 1). Therefore, for Hermitian Lagrangians, 
physical interaction will vanish in this case also if A2 — ©. 

If the quadratic integrals vanishes (vector and tensor theories), the same 
type of reasoning as that used in section 3 for a single field should be applied. 
No physical interaction will arise in this case either. 

We now turn to consideration of charged fields. Care should be exercised in 
using form factors to analyse the charged field. Thus if the form factor is 
introduced simply as the integration limit in momentum space, a contradiction 
with Ward’s identity will arise when 4? < 4? (in particular, because of the 
interaction, a neutral particle acquires a charge). In order to avoid this in- 
consistency, a form factor should be introduced which has, for example, the 


form 
Az 2 
( ~- AjP— 3) ° 
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where A is the electromagnetic potential.; Gauge invariance will apply to the 
relation between Jj? and A?, and hence the methods employed above may be 
used. 

Consider now the interaction between two fields with isotopic spin } (Geld y) 
and isotopic spin 1 (field m). Instead of (15) we obtain 


V = 222 | (ayy) Gy) + 9(F 5) (ES) + ideas (FS) 
+949 TY) VW + 95(Y Te ST T, 
+ 2969 tr.v) (ITS) + (Fs eel Sx Z]dv, (18) 


where the z,, are operators of isotopic spin 4 and 7, of spin 1, and S,, = T,7'5 
+ 2,7, ~— (4/3) 6.8; for the sake of brevity, the operators of ones: spin are 
not explicitly included. To compute the integral (4), the trace over the isotopic 
spin variables should also be taken. It can readily be verified in this case that 
interaction (18) splits into three independent sets: (1) 9;. 92, 93; (2) 94> Ys» Ger 
and (3) g,. The first two can be reduced to the case of interaction of two 
neutral fields, discussed above, by changing the notation. Thus, in the first 
case, the following substitution should be “made: 29, = 91; 392 = 923 6g, = 955 
2a = 01; Bay, = og; and Gixs = a3. In the second case, we obtain the previous 
equation (16) by performing the substitution 29; = gi. In the third case, 
only one field is involved. 

More complicated cases of interaction may be considered, such as the 
interaction between three different fields. Then, besides interactions of type 
(18), an interaction of the f-decay type (P y)(¢ z) can be set up. These cases 
may.be handled by the same methods, but the problem becomes more un- 
wieldy. There are no apparent physical reasons to expect other results to be 
obtained in these more complex cases, although a study of them would seem 
to be of interest. 

Thus the expectation expressed in the introduction, that choice of the sign 
of the interaction constant might lead to a result differing from that in other 
cases of local interaction, is not confirmed. 

In all of the simplest cases of local interaction considered up to the present, 
physical interaction between the fields is absent. 
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a7. NUMERICAL METHODS OF INTEGRATING 
DIFFERENTIAL EQUATIONS 
BY THE MESH METHOD 


This paper describes some methods of numerical integration for hyperbolic and 
parabolic equations, which we developed in 1951-52. 

The authors hope to publish shortly a longer article on the subject, and so only 
a brief outline description of the methods is given here. The steps in the space co- 
ordinate z and in time ¢ are denoted by 4 and At. The value of the function x(a, ¢) 
at the points of the mesh (m4 x, n4t), where m and x are integers, is denoted by u%,. 


1. GENERAL CONSIDERATIONS 


In replacing a differential equation by a difference equation, the problem 
immediately arises of the degree to which the solution of the difference equation 
approximates that of the differential equation. There are two fundamentally 
different sources of inaccuracy: (1) the inaccuracy of the solution of the 
difference equation, (2) the inaccuracies resulting from the replacement of the 
differential operator by the difference operator. 

The significance of inaccuracies of the first kind is usually much exaggerated. 
With a stable difference system (the meaning of this expression will be ex- 
plained below) errors of this kind can be followed, and by increasing the 
number of significant figures in the calculation these errors can be reduced. 

The importance of Inaccuracies of the second class has been demonstrated. 
by one of us?. It was also shown there how the concept of a stable difference 
system may be rigorously defined. The strict definition of stability does not 
allow the use of convenient tests and so is not a practical one. 

We have used the same definition of stability as J. von Neumann. Let u* 
be the function sought, determined from the difference equation and initial 
conditions. For constant coefficients, an initial perturbation of the form 
du = 6° ei” corresponds to a perturbation of the solution du%, = 6” ei”. ‘The 
system is regarded as stable if the ratio of the perturbation 6” at the nth 
layer to 6°, with » = t/4t, remains bounded as 4¢ > 0 for all r. This definition 
is modified in an obvious way when there are several unknown functions. 

We shall not go into detail, but merely note that the test for stability thus 
defined consists of easily understood algebraic inequalities. 

There is a natural distinction between two types of difference system, local 
and non-local. Local systems are such that the difference equation contains 


a. 3. Tannay. H. HH. Metiman u W.M. Xanatnexos, Unenerusie meTtoaqu muterpusopauusr 
¥PaBheBUA B IACTHLIX NPONSBOTHNEX MeTOTOM ceTOK, Tyydu IIL Cee-Cowexozo Mamenamurecroco 
Coesda (Mocxea 1956), Uszarenpcrs0 Avanemnn Hayx CCCP (1958), 92. 
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only one term of highest order in the time. In this case u%,*" is calculated 
directly from the values at adjoining points of the lattice in lower layers. It 
can be shown that for the model equation 


a a 
ats a =0 (1.1) 


all stable local systems must satisfy the condition 


At re 1 

Ae Tay’ 
which makes the computation very laborious and less accurate, since the 
region of influence of the initial conditions is artificially enlarged. 

This stringent condition does not apply to non-local systems, where the 
difference operator contains two or more terms of highest order in the time. 
Here, however, stability in space is necessary as well as stability in time. Let 
us consider, for example, the following system for equation (1.1): 


Cu 


ree say Un — Wear) + (uRt? — uP )], 


bu 1 
re Dag lems — Ui) + (Unt — Un? *YT. 
The difference aor, is 
At 
= Um + &O—— (Un — Uy + Wie — Um) =O (1.3) 


Ax 


To examine stability in time we regard the coefficient a as constant and put 
ue = etm Then 


RL 2 
ena 7 Um — Ung 


cos$r — ta(4tjdx) sin dr 


 . id 
coshr + 4a(At/Ax) sindr a, 


c(r) = 


For any value of a At/4z, | ¢(r)| = 1 and the system is stable in time. Regard- 
ing the terms of the nth layer in (1.3) as known, we can write the equation as 


At At 
( + a) unt +(1 — ose = Dt, (1.5) 


where D? is a known quantity. The solution consists. of a particular solution 
of the inhomogeneous equation and the general solution of the homogeneous 
equation 


At At 
> 2 1— @—« = 0). 
( % sn) ‘MAL + ( a on) Uy, 0. (t 6) 


This solution is u, = ¢g”, where 
l—adtideg 


ee eed aati 14 
1 Ty a dtidn ie 
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In computing from left to right the stability condition in space is |g| < 1, 
Te. @> 0; in computing from right to left the stability conditions is |¢g| > 1, 
ie. a <0. 

If the computation is from left to right, the value of u%+1 at the extreme 
left-hand point must be determined from some condition, and similarly in 
computing from right to left. 

The fundamental] advantage of non-local systems is that they can be set 
up in such a way that the ratio of steps Jt/Az is not limited by conditions 
of stability. The steps in t and w are restricted only by the degree of homogeneity 
of the coefficients in the equation. Such systems are more accurate than local 
systems. 


2, INTEGRATION OF THE Eqvarions oF Firuip Dynamics 


Let @ be the density, » the pressure, v the velocity and S the entropy. The 
equations are : 
as as 


—-4 — = 5 2.1 
3t v 3x A (2.1) 
ée 6e ev 

ih nena ype —= , 2.2 
Gt ‘ bz ve 6x 9 (2.2) 


Gv = Gu 1 bp 


US sO Dns 2. 
ae Oe 9 be ae) 


where 9, 92, gg ave known functions of all these quantities. 

The quantities S, p and 9 must also satisfy the equation of state S = ZF (0, p), 
with # a known function. 

The problem is to be solved on the semi-axis 0 S x < 0 for OS ¢. In the 
range 0 S x < © the initial values of the functions 7 ~, vand § are given, and 
on ‘the boundary z= 0 the relations 


@,(p,v,8)=0 and ©@,(p,v, 8) = 0 
are given. Equations (2.2) and (2.3) can be replaced by the equivalent equations 


(Boos B)+ erases ecg sae 


Gt at 
: 6e 
=o (0 = ase)+ OC9s =, (2.2a) 
op v dv 
(F- eos) + w-0)(32 : =) 
aa GON pe (2.32) 
ae G2- i a8 269, = $2, . 


where ¢ = ./Op/d0 is the local velocity of sound. 
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Equations (2.1), (2:2a) and (2.84) have the property that cach involves only 
one characteristic combination dS, dp + eedv, dp — ecdv, which is trans- 
ported with velocity v, » + c, v — c respectively. The velocities v and v+c¢ 
remain positive, while v — c changes from negative to positive values at the 
transition from subsonic to supersonic flow. 

We may describe the principle of the calculation, without writing out the 
formulae, Let the equations be integrated up to a time » 4#, and let it be 
required to find the values of the functions at time (x + 1) Jt. We use the 
equations given above, with large steps in t, and determine the sonic point in 
the nth row, ie. the point at which » = c. At this point the characteristic of 
equation (2.3a) is parallel to the t-axis. Let us integrate equation (2.3a) along 
a segment of this characteristic. Since » — c = 0, the integration amounts to 
calculating 4p — oc dv = ¢y, At, where 4 signifies the increment in time Af. 
Equation (2.3a) is regarded as an equation for Ap,, —o¢4Av,, and at the 
sonic point this quantity is already known. To the left of this point v ~ ¢ < 0, 
to the right of it ¢ — ¢ > 0, and so, as shown above, the computation of the 
non-holonomic differential 4p — @ ¢ Avis stable in space both when computing 
to the left of the sonic point and when computing to the right of it. On moving 
to the left, we go to the point « = 0 and compute 4p — gc Av at the point | 
(0, n At). Together with the boundary conditions this enables us to find the’ 
values of 4p + oc Av and AS at the boundary point (0, » At). Since » + 
and v are positive, the computation to the right is stable for equations. (2.2a) 
and (2.1), and on moving to the right we find the values of dy + oc Av and 
AS at all points in the nth row. Knowing Jp ~— oc Av, Ap + ocdvand 48 
at all points in the nth row, we find the values of 9, oe, v and S at all points of 
the (x + 1)th row. Since the values of the functions are known for ” = 0, 
this completes the computation process. 


3. DIFFERENCE SYSTEMS FOR THE EQuation 
or Heat Conpvctrion 


For a clearer elucidation of the fundamental aspect of the problem we shall 
first consider the one-dimensional equation of heat conduction with a constant 
coefficient of thermal conductivity: 


(3.1) 


We may first discuss briefly computation systems in which the required 
value of the function at some point is expressed in terms of its values at 
neighbouring points (local systems). The simplest example of a stable local 
system for the equation of heat conduction is given by 


fe ta = rae eee S21 neal 
et At | (3.2) 





Lea 


25a* 


To find the limits of stability, we put 
fa = Stelkm 


Then S = I — 2¥(1 — cosk) and the condition |S| < 1 gives the inequality 
2%(1 — cosk) < 2, whence 


eee 
x<=- (3.3) 


This condition may be called the natural condition of the problem; it is a 
very severe restriction on the steps. 

This disadvantage does not arise in the “rhombic” system, which has 
the form 


SC =) = Wha — BEY + al (3.4) 
or 
(1 + 2%) fm? — (+ 23) fn * = 27 Fina — fm —a)- 
The characteristic equation of stability for this finite-difference equation is 
(1 + 2x) S? — (1 — 2%) = 4x8 cosk. (3.5) 


For a quadratic equation aS*+bS+c=0 (@> 0) with real coefficients the 
condition for both roots to have moduli less than unity is |d| <a + ¢, |c| < a. 
The second condition is satisfied for equation (3.5), and the first gives 
|cosk| < 1, This inequality becomes an equality at k = x (S = — 1), so. that 
there is, in our terminology, weak stability. In actual computation this leads 
to a build-up of errors, to remove which we must use some method of averaging 
in space. In the rhombic system there is thus no condition which restricts the 
magnitude of the steps as regards stability. Its essential defect, however, 
is the considerable inaccuracy due to the use of the second time derivative. 
This inaccuracy is such that it practically imposes a condition identical 
with (3.3). Hence the rhombic system could be used for a computation with 
relatively large steps only by employing cumbersome iterative methods. This 
problem will be discussed further at the end of the section. 

There are other methods, described below, which do not involve restrictions 
on the step due to requirements of stability or inaccuracies in the difference 
system (as compared with the differential equation). These methods correspond, 
in a sense, to the method which we have previously described of “marching” 
computation for the equations of fluid dynamics (hyperbolic equations). 
Unlike the local systems, these methods use the vaiues of the function at 
previous instants and at distant points in space to calculate the required 
function at every point. — ' 

We start from the following difference system: 


ey = i = rates = 2h + a ae + (hao = 2 hia - |e a (3.6) 


This system is intrinsically stable for any step in time and is sufficiently 
accurate, since it does not involve the redundant second time derivative. Its 
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characteristic stability condition is 


1 os J 
(s -3)- 24(cosk — n(s+5), 


1 — 2%(1 — cosk) 
1 + 27(1 — cosk) ° 


whence 


so that we always have S®? < 1, even for k = x. It should be borne in mind, 
however, that in computation with very large steps in time the stability 
parameter S is close to —1. This may lead in practice to the necessity of 
averaging with respect to time. Such an averaging may, for example, be 
performed according to 


i a-Si + 2ft+ frr}). (3.7) 


Equation (3.6) is a second-order finite-difference equation, the solutions of 
which are uniquely determined by specifying the conditions at the two bound- 
aries of the region of integration. This solution may be found by reducing 
equation (3.6) to a difference system of the ““marching”’ type. We have devel- 
oped two methods of doing this. 


(a) Furst type of marching computation. We use the symmetrical sum 
C= f+ fn’ (3.8) 
Then the system (3.6) becomes 
Gy — hn = 11Om 41 — 2Dy + Dy 1] 
7 ZO mer~ QZ + YOy + ZO m1 = — 2, (3.9) 


where the right-hand side is an expression involving the values of / only at 
an earlier time. 
. The characteristic equation is 


xP —(274+Yqt+Z=0. 
We shall take ¢ to be the root of this equation which is less than unity: 
\ are a 
q=pePxtl-~vaxt 1; (3.10) 
ay 


the other root is I/g. Then the difference equation (3-9) can be written in the 
operator form 


1 = 
([7-2)rur-He p= 2p}, (3.11) 


where £ is the unit operator and 7 the shift operator (7’@,,_, = ,). The 
form of this equation shows that it can be “‘factorised’’ by using the auxiliary 


quantities obtained by the action on ©,,_, of each of the two operator factors: 
en = YE -qT) Cais ae X(Dro -_ g®,,). 


i me 1 
w= -7(B- <2), ab (2.- mg ) 
, x( q 1 x 17 ne 
It then follows from equation (3.11) that these quantities satisfy the equations 


1 1 _ 
(s- =P \ om = Om — Ons = 25 fet 


(3.12) 


(3.13) 
(E - 4T) Wm = Ym — UPmer = 2% Fn", 
and, combining the two equations (3.12), we obtain 
Ym + Pm = (—- )om 
or 
att = pots Pee (3.14) 


V4y +1 

Formulae’ (3.13) and (3.14) reduce the difference system to a “marching” 
computation of two auxiliary quantities, one of which (y) is computed from 
right to left (from large to small m) and the other (¢) from left to right, after 
which the required values. of {"*+! are determined from the sums wm, + Gm- 

The usual conditions at the boundaries of the region of integration give a- 
linear relation between f and 0//6x; such a condition is equivalent to a linear 
relation between the values of y and at the point concerned. The general 
sequence of calculations with such boundary conditions is therefore as follows. 
Having taken some value py = y, at the right-hand boundary of the region 
(point a), we “‘march” y from right to left to the point 6 (the left-hand bound- 
ary). With the value y, obtained we use the boundary condition at the point 
6 to determine the value of g and then “march” from left to right. This 
brings us back to the point a with a definite value of y,, but in general p, and 
Yq Will not satisfy the necessary boundary condition at the point a. Let y, be 
the value of w which meets this condition together with »,. Then, strictly 
speaking, in order to obtain the exact solution we must repeat the above 
“marching” starting from the value y = y, at the point a. In practice, however, 
the effect of any change in y or y dies away extremely rapidly in the process 
of “marching”’. It is therefore sufficient to make the corresponding correction 
only to the values at a few points adjoining the right hand boundary. The 
‘values of » are unchanged. 


(b) Second type of marching computation. Unlike the above method, this 
procedure does not use two independent auxiliary quantities which are “mar- 
ched.”’ in different directions; a direct solution of the finite-difference equation 
is obtained by “‘marching’’ quantities which themselves appear in it. This 
solution can be achieved by various methods, which are algebraically identical. 
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We write the original second-order finite-difference equation as two first- 
order equations. This corresponds to writing the differential equation of heat 
conduction as two first-order equations by using as an auxiliary quantity the 
heat flux: 





oT 
q pss x bz ? 
3.15) 
ar é 
—=-ik., 
Gt Ox 
These equations may be written as a difference system: 
Ax 
Paaye— Paap = — pdm (3.16) 
“4b 
4x Aa . 
fasvi- in = ai Ome mea + 24K, ye + 2 On au Pate: (3.17) 


where F 


mee = ele + Ta pete 

Zn = Gin” + Us * 
The values of I are calculated at integral points (x = m 4x) and those of F. 
at half-integrai points, in accordance with the “staggered” computation grid 
which we use. The boundary conditions are also written in difference form. 
We may take, for example, J) = 0 as the condition at the left-hand. boundary. 


Together with the inhomogeneous difference equations (3.16) we use the 
homogeneous equations 


e Ve Az - 
Frise — m- 12 — agit mm? 
i 
(3.18) 
= = Ax 


re _ f= “At OF m+ 1f2° 


if we construct solutions of the inhomogeneous and homogeneous systems 
which satisfy the boundary condition at the left-hand (or right-hand) end, 
then their sum with a suitable coefficient will give the required solution which: 
satisfies also the boundary condition at the right-hand (or left-hand) end. 
These particular solutions are obtained as follows. We take the value J) = 0 
at the point m = 0, and an arbitrary value of Fy. (preferably extrapolated 
from the preceding instant), and then “march” from left to right according 
to equations (3.16) and (3.18), successively determining J and F at every 
point. From the condition at the right-hand end we then determine the coef- 
ficient which must be used in combining the two solutions in order to obtain 
a solution satisfying the conditions at both boundaries. Similarly we can 
obtain the required solution from two particular solutions of the homogeneous 
and inhomogeneous equations which satisfy the boundary condition at the 
right-hand end and are found by “marching” from right to left. 


The method just described is very simple, but has tie disadvantage that 
in determining the required solution as a sum of two particular solutions 
there is in general a considerable cancelling of digits. especially when the 
value of Fyjo with which the “marching” began has not been well chosen. 

This disadvantage does not apply to a method in which the required solu- 
tion of the inhomogeneous equation is constructed from two particular solu- 
tions of the homogeneous equation which satisfy respectively the conditions 
at the right-hand and left-hand boundaries. Let F®, I® pe the solution of 
the homogeneous equations which satisfies the condition the at left-hand 
boundary with an arbitrary parameter FQ}; FO, J the solution of the same 
equations which satisfies the boundary condition at the right-hand end with 
an arbitrary parameter J). The former is obtained by “marching” from left 
to right with equations (3.18), and the latter by “marching” from right to 
left. Let W denote the Wronskian 


—_ FO 7(2) 2) 1 
W= PO ae IG - FO. Pe ee 


this quantity is independent of the suffix m. It is easy to see that the solution 
of the inhomogeneous system (3.16) which satisfies both boundary conditions is 


1 2) 2 
Fase = Cy +12 PO 4+ CO i FO) as 


(3.19) 
‘2 
Lyn OQ. ale Oe. 2 ie 
where 
@) 1s } 
Cn 32 = Ww 2 Lain l Eales 
k=pe~-1. 
a 1 Mm 
Coes om W x Desh k oar H (3.20) 
CH rae) ot L Fe) 
=0, #412 > ~ WT eZ e122 


where Lm +12 is given by (3.21) and yp is the number of the extreme right-hand 
point. 

In this method of constructing the solution there is no cancellation of 
digits; its disadvantage is the greater complexity of the calculations. 

The best method seems to be a modified ‘‘marching”’ suggested by I. M. Gel’- 
fand. Here we begin directly from the second-order finite-difference equation 
obtained by eliminating J from (3.16); 


he Kn +e Fb 4m iF as 32 — Mn v2 Fm 13 = — Lia =) 


(4x? 
My, ~ 12 Ay b Xia + C, ol, a ra 


At’ 
Ly, - w = 2K, .—19(4 x)" + 20n 4 ohn me ae 
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This equation relates the values of # for three adjoining points in space. If 
we write the relation between two adjoining values of F as 


Fusig = Ax, Fe - 1/2 +r Bas (3.22) 


then equation (3-21) becomes a recurrence relation between successive vaines 
of A, and B,,: substituting (3.22) in (3.21), we obtain the relation between 


Frio and Frys with coefficients 


%, 
An-1= Mm) , 
My -12 — %mA4m (3 23) 
din — 9 — Xm B, 
Bao. mm ~ Li2 mm 


Mn —1y2 i Him Ary 
The boundary condition at the right-hand end can be written 
Prsiye = Ay Fy ~ ya + B, (3.24) 


with known A, and B,. The condition at the left-hand boundary can he 
written Fis = Fy, whence Fy = Ay Fie + By or 


eo (L— Ap)” 


The calculations proceed as follows. By marching from right to left with 
the recurrence relations (3.23), starting from the point u, we successively 
determine all the coefficients A, and B,,. From the resulting values of Ay 
and By we find the value of Fy. from (3.25) and then from the relations (3.22) 
we calculate the values of F at every point. 

Independently of the method of marching, the solution is stable in space 
in the sense that (for given boundary conditions) any error is exponentially. 
damped on both sides of the location of the error. As regards stability in 
time the discussion following equation (3.6) is entirely applicable, since the 
original finite-difference equation is the same. As already mentioned, it is 
in practice necessary (in integrating with large steps in time) to average 
according to (3.7). The definition (3.17) of # must then be written 

Fare = Toe + Paes 
We shall now show that this averaging does not noticeably affect the accur- 
acy. To do so, we may consider the model equation 
ai 
— = 6 
ét 
with the difference system (putting dt = 1) 


P, (3.25) 


ae 


An 


pete _ fr? = 2e : 


- 1 
Pa aiptts oP +P, 


which represents the main properties of our problem. The solution oi these 
difference equations is 

e'+2 
2e’-1l—e~* 
The’ exact solution of the differential equation is f = e4/a, The ratio of the 
two solutions is 4(2 + e”)/(2e+ — 1 — e~), which for small 4 is 1 + A/6. Thus 
even for A = 0-3, corresponding to a increase in f by a factor of 1:35 per step, 
the error is only 5 per cent. 
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98. ON ANALYTIC PROPERTIES OF VERTEX 
PARTS IN QUANTUM FIELD THEORY 


A general method of finding the singularities of quantum field theory values 
on the basis of graph techniques is evolved. 


l. INTRODUCTION 


In recent years many papers have been concerned with dispersion rela- 
tions. As is known, the latter express the analytic properties of various quan- 
tities of quantum field theory. The problem of localising the singularities of 
these quantities is therefore highly important. As has become clear recently? 2, 
a direct study of graphs is the most effective method of investigating the loca- 
tion and nature of the singularities of vertex parts. It is often claimed that 
the graph technique is not sufficiently convincing, since it involves perturba- 
tion theory, unlike other, allegedly more rigorous methods. This view is actu- 
ally based on misunderstanding. Since a rigorous theory which makes use of 
the Hamiltonian reduces interaction to zero, the sole completely rigorous 
dispersion relation in this theory is 0 = 0. By posing the problem of analytic 
properties of quantum field values, we actually go beyond the framework 
of the current theory. An assumption is thereby automatically made that 
there exists a non-vanishing theory in which y-operators and Hamiltonians 
are not employed, yet graph techniques are retained. In evolving dispersion 
relations, therefore, the employment of the graph technique is, indeed, solely 
consistent, since the problem becomes meaningless if the graph technique 
is rejected. 

The graph technique is by no means equivalent to perturbation theory, 
since all particles, stable as regards strong interactions, are considered, whether 
they are “simple” or “complex”. In fact, first steps are thereby taken to- 
wards new graph techniques, which will be a generalisation of the previous 
methods and will lay the foundation of the future theory. It stands to reason 
that the applicability of the graph technique of this type is likewise hypothe- 
tical and a test of successive results will be a test of the hypothesis itself. 

Unfortunately, expressions obtained in considering more complex graphs 
are very lengthy. It may be demonstrated, however, that a study may be 
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carried out in general form and be simplified considerably with the neip of a 
corresponding graphic representation. 


2. GeExRRaL MErHopD 


An arbitrary graph represents a certain integral 


Batkdsl--- 

eae eee een 1 

| A, A, 43°°- . 

igi A= mi a, () 


g is a certain four-momentum, corresponding to the given line in a graph, m; 
the mass of the particle in question and B a certain polynomial of the vec- 
tors g;. According to the well-known Feynman method, one may write 


1 1 
1 da, dag---da, (a, + %,+---+a,—1 
Snes ees (ee ptf» | i Re cs” Da aS ) (3) 
A, A, A, PS («,A, + Oy As os eR Ky A,) 
0 oO 

The expression «,4, + «,4, +... in the denominator is a polynomial of 
second degree with respect to the integration variables x, J, . . . The terms linear 
with respect to k&, 1, . .. may always be eliminated by transforming integration 
variables, after which we obtain 

KA, +a, A,t-- = pt KK,V,...). (4) 


Here K is a homogeneous quadratic form of the new integration variables 
with coefficients depending only on the parameters «;, and ¢ is a heterogeneous 
quadratic form of the vectors p,, describing the free ends of the graph under 
consideration. 

Let us confine ourselves to the case of real values of the squares and the sea- 
Jar products of the vectors p;. It is easy to verify that if the values of » are 
positive the integral with respect to x,1.... is a real quantity (a self-conjugated 
spinor in the case of spinor functions), since the quadratic form K becomes 
positive definite (because all x; are positive) when k, > iz, 1— iA are substi- 
tuted. The vertex part is real, therefore, if g > 0 for all values o,; if, on the 
other hand, y < 0 for certain values «;, the vertex part becomes complex. 
The nearest singularity cf the vertex part is obviously located at the values p,, 
for which y vanishes ior determined values oz all «; and is positive at all other 
«;; in other words, the singularities correspond to the vanishing of the mini- 
mum value of g, treated as a function of «,. If the singularities in the complex 
Tegion are meant, any extremum. of the function @ should be considered. It 
will be noted that since gy is a homogeneous function of the first order with 
respect to the variables «;, the condition 5’a;,= 1 may be excluded when the 
conditions of the existence cf the vanishing extremum are being found. 

Let us denote «,4, +x%,4, +... as f. Since X is a quadratic form of the 
variables k’, Ul’, ..., it is clear that » is the value of the function f at addi- 
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tional conditions of of 


—=—=::-=9, 
Ok’ al’ 
and, since k differs from k’ by a constant vector, the latter conditions may 
be written ‘ 
‘ es ae, (5) 
ek = al ; 


The positiveness of the values o, should be taken into account in finding the 

conditions of the minimum. Hence it follows that either the condition dp/dx, 

= 0 or «x, = 0 should take place for every value «;. In the latter case @gy/da; = 

should exist for the nearest rai According to the definition we have 
ay af | Of ak | of at 


ia ope ie —_—_—_ ee 


ba, - 6k Gx, Ol 6a, 


Since all @//Gk equal zero according to (5), the condition @p/d«; = 0 is equi- 
valent to the condition df/@a,; = 0, i.e. according to the definition of f, 


A, = 0. (8) 


Thus, the singularity of the vertex part may be obtained through a joint 
solution of the ies A, =0 we a; = 0) with additional conditions 


at ; = Sat aot (7) 


It is essential that these equations should have solutions with positive «;. 

Thus, it may be claimed with respect to every line of the Feynman graph 
that it either satisfies the condition g? = m? or passes out of consideration 
altogether (when «; = 0). In the latter case the singularity under consider- 
ation may be ascribed not to the graph in question but to a graph from which. 
the i-lne is absent, i.e. the vertices connected by it are fused. In analysing 
the singularities of the graph, it is sufficient therefore to consider the case when 
all x; = 0. 

It can easily be seen that the condition (7) may be written as. D/x,; q; = 0, 
where summation is carried out not with respect to all lines of the Feynman 
graph, but with respect to the aggregates of lines forming closed contours, 
the direction of the vector g; corresponding to the direction of the contour. 
The positiveness of the coefficients « denotes that if the vectors q; are regarded 
as the directions of forces, the possibility of a solution of (7) denotes the 
possibility of picking such values of these forces as would enable them to. 
preserve equilibrium. 


8. GRAPHS FOB GREEN Functions 


It is comparatively easy to interpret the singularities as they arise with 
the help of the present method. Let us begin with considering the graphs for 
Green functions. In this case all vectors g; obtained from the indicated equa- 
tions are obviously parallel to the same vector p. 


3.1. Vertex part with two external ends 


Consider the graph in Fig. 1. Setting down the formula 5'«; ¢, = 0 for the 
contour formed by any couple of lines and taking into account the positiveness 
of the quantities «;, we may infer that all vectors ¢; are equaily directed with 


Fra. lL. Fre. 2. Fra. 3. 


respect to the vertices of the graphs. Noting that the vector lengths are equal 
to the corresponding masses, we easily obtain the obvious result x? = (5/m;)? 
for the singularities. It will be noted that in the case of Green functions the 
consideration of any other graphs, for example graphs of the type shown in 
Fig. 2, is superfluous. The number of equations for determining the values «; 
is, indeed, equal to the number of independent contours in the graph, which is 
2 in the example under discussion. Yet, the total number of values a, equals 5 
in this example; hence it is clear that one of them may be taken to equal zero, 
as a result of which this graph reduces to one of those considered above. It, 
should be mentioned that these arguments likewise hold good for the graphs 
of the type shown in Fig. 3, where a sum of momenta acts as a momentum. 


3.2. Simple vertex part with three external ends 


Let us proceed to a vertex part with three external ends. Since these re- 
present three vectors lying in the same plane, according to the conservation 
laws, and the vectors k, l, ... may be obtained from (6) and (7), it is clear 
that the latter vectors lie in the same plane. Thus, the problem is reduced 
to a flat system of vectors. 

First of all, let us consider the simplest example, analysed in detail by 
R. Karplus, C. M. Sommerfield and E. H. Wichman’, as shown in Fig. 4. 

+ can easily be seen that the relation between vectors is represented by the 
scheme of Fig. 5. The condition (7) obviously requires the point O to lie inside 
the triangle. It is implied that all vectors possess the properties of euclidean 
(not pseudo-euclidean) vectors, which can easily be proved for the nearest 
singularities. 


Pa 
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Preliminarily, let us show how to express analyticaliy the corresponding 
relations. First consider the scheme of Fig. 5 which corresponds to the graph 
of Fig. 4. If unit vectors m= qa/Ma, % = G/t%, % = g/m, are introduced, . 
the condition (7) may be written as 


By %q + By + Bn, = 9, (8) 


where 2; = «;m,; are obviously positive quantities also. Pzojecting these equa- 
tions on the vectors n,, %, m, consecutively and introducing the notations 
(%q Ne) = Ue = COSHg, etc., we obtain three equations: 


Bs + By He + BM = 0, 
Ba He + By + Be Ha = 0, (9) 
Ba be By Ma a B. 0. 


<> 


Fre. 6. 


Making the determinant of this system equal to zero, we obtain the equation 
1+ 2ity Hy Me = Ha + Me + Her (10) 


which determines the situation of a singularity (if all 8 are simultaneously 
positive); ug, fy, Me are connected with p?, p}, p? by the formulae 


ee se a ae ae a 
Pre ic Cm eee ee eee (11) 
7 2mm, ° °° 2% mM, = = 7 2m, M 


‘To return to the problem of the properties of vectors for the nearest singulari- 
‘ties. Consider any angle, say g,. According to (11) yu, is a real quantity. It 
is greater than — 1, since otherwise p* > (my, + m,)*, ie. we would transcend 
the singularity determined by the graph in Fig. 6, which is obtained from the 
graph under consideration through the elimination of one of the lines. At the 
same time we can see from (9) that no less than two out of three cosines of 
the angles should be negative. Now, a real angle corresponds to a negative 
cosine greater than —1. At least two of the three angles, therefore, are real. 
Since the sum of them equals 2x, the third angle is real as well. Thus, Fig. 5, 
which was mentioned in ref. 2, solves the problem completely. 


3.3. More complex graphs with three external ends 


Let us turn to more complex graphs. As an example, consider the graph 
shown in Fig.7. The scheme in Fig. 8 corresponds to this graph. The construc- 
tion of this scheme is simple enough since every point in the Feynman graph 


corresponds to a polygon in the scheme with a numiber of sides equal io that 
of the rays converging at this point, while every polygon in the Feynman 
graph corresponds to a point of the scheme. The condition (7) calls for a cer- 
tain disposition of the vectors a, 6 and d on the one hand, and 8, ¢ and e. on 
the other. It is not difficult to write an analytic expression of this figure. 
The triangle 6de, as all other parts of the figure, is real, since the graph 
comprises only stable particles, and the mass of every particle in 6, d and e 
is, therefore, less than the sum of the other two. 





Fie. 9. Pre. 10. 


If one or several coefficients «; = 0 the graph is simplified. If, for example, 
& = 0 the graph of Fig.7 will be reduced to the graph of Fig. 9. similar to 
Fig: 4. 

As we proceed to more complex Feynman graphs, it becomes apparent 
that often the case when all «; = 0 is impossible. Let us consider, for example, 
the graph in Fig.10. The number of vector equations for «; equals two 
in this case, ie. we have four equations because the vectors lie in the same 
plane, while the number of the quantities «,; is six and therefore one oi them 
may be assumed to equal zero. The same applies to the graph of the type 
shown in Fig. 11. 

It can easily be seen how the above results change when what is meant is 
not the nearest singularities, that is, the emergence of complex values, but 
singularities of quantities that are already complex. If the singularity is not 
the nearest, we cannot, generally speaking. regard all angles as real, as was 
the case for the nearest singularities considered above. 
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First of all, consider the scheme of Fig. 5 which corresponds to the graph 
of Fig. 4. In the “Euclidean” case with all the angles real, all yu; lie between 
—land + 1. In the general case a study of equation (10) shows that the corre- 
sponding surface in the space yz, fp), @, consists of four parts intersecting each 
other at three points: vy, = 1, w= —1, uw, = —1, and the points obtained 
through the permutations of the indices a, 6 and c. One of these surfaces is 
limited by the triangle whose apices are the three points mentioned above. This 
triangle corresponds to the “Euclidean” case. The three other surfaces extend 
to infinity’ each starting from the corresponding point of intersection. On 
each of these surfaces one of the y’s is positive and exceeds 1, while the other 





Fie. 11, 


two are negative and also exceed 1 in absolute value. As was pointed out, 
these surfaces always correspond to the non-nearest singular points. 

It can easily be seen that the non-euclidean case is possible exclusively in 
the graph of Fig. 4 out of all graphs considered above. In the scheme of Fig. 8, 
for example, which corresponds to the graph of Fig. 7, the vectors a, 6 and ¢ 
on the one hand and a, b and d on the other, play the role of the vectors 3, 
¢ and e. But, as was pointed out, the angles of the triangle formed by the 
vectors 6, d and e are always real. Otherwise, one of the particles 6, d and 
e would not be stable. Yet, as was just mentioned, all cosines in the non- 
euclidean case should exceed unity in absolute value and consequently all 
angles should be complex. 


3.4. Graphs with four external ends 


Let us proceed to the Feynman graphs with four external lines. In this case 
it is obvious that we have to consider schemes which are located not in a plane 
but in space, which, naturally, complicates the problem a great deal. The 
most important of such graphs are the graphs with physical ends, i.e. those 
in which the squares of the corresponding momenta equal the squares of the 
particle masses. The simplest singularities are connected with the graphs of 
the type shown in Fig. 12. The middle line may here correspond to a single 


particle or to several of them. The singularities of such a graph obviously 
correspond to 


(py + Ho)? = mi, 


where m, is tho sum of the masses of the corresponding particles. The case of 
one particle yields an isolated pole, the case of two particles gives a singular 
line in the complex region. 


P, Pa 


P, 





Fie. 12. Fic. 13. 





Fro. 14. Fie. 15. 


The graph in Fig. 13 fully corresponds to the graph in Fig. 4 and therefore 
no additional discussion is necessary. 

The graph in Fig. 14 corresponds to the scheme in Fig. 15 where four of the 
six edges of the tetrahedron are determined by the length of free ends, while 
the two others equal p, + p, and p. + , respectively. (It should be noted 
that the graphic construction. of this graph can be found in the paper of 
Karplus et al.*) A detailed analysis shows that there as well, if the nearest 
singularity is discussed, all angles are real and the condition that the central 
point should be located within the tetrahedron corresponds to the condition 
of the positiveness of the coefficients +. A more complex situation, which will 
not be disenssed in the present paper, corresponds to the singularities in the 
complex region. Just as was done in the analysis of the three-end graphs, it is 
convenient to introduce four unit vectors in the directions of the vectors a, b, c 
and d and find an equation connecting the cosines of the angles between them. 
An equation of the fourth degree arises instead of equation (10). The follow- 
ing fact is worth mentioning. If graphs with four physical ends are considered 
the following condition should be fulfilled for the graph of Fig. 13, as is clear 
from the scheme of Fig. 5: the sum of the angle of the triangle a b p, between 
the sides a and b, and the angle of the triangle ac p, between the sides a and ¢, 
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both of which are fixed by the masses of the corresponding particles, should 
exceed x. An analogous condition for the graph of Fig. 14 evidently is that 
the sum of the four angles in the triangles, corresponding to the four vertices, 
should exceed 2x. Hence, it directly follows that a necessary, though cer- 
tainly not sufficient condition, for the existence of the ‘‘non-trivial” nearest 
singularities is the presence of an obtuse angle in at least one of the triangles, 
which, in its turn, requires that the virtual decay of at least one particle should 
be described by an inequality of the type 


ms > me + me. 


This relation obviously cannot be fulfilled either for x-mesons or for nucieons. 
The nearest singularities in the scattering of these particles on each other, 
therefore, correspond to the graph of Fig.12. It should be emphasised, however, 
that this does not apply to the singularities in the complex region. 


4, NATURE OF SINGULARITIES 


Now we shall consider the nature of the singularities thus obtained. Let 
us return to the basie formula (1), writing it as 


rs 


| (p+ K)* Bath’ dtl’ - ++ da, da,-+-d(a,+--- +a, — 1). 


Expanding gy with respect to the powers «; = a; — oy; where a»; corresponds 
to the minimum value of y, we can write this integral 


J (eo + Q)°* Bathe day «+ + dees dees -- + 8(ah +--+ + 04), (12) 


where g is the minimum value of g, equal to zero in the singularity itself 
(the values of the vectors at the external ends being given), while Q is a qua- 
dratic function of the variables &’, i’, ... and the variables «;. To elucidate 
the nature of the singularity, it is suxficient to consider the values B at 
ki =U=---= 0, If the power of the numerator with respect to the inte- 
gration variables is lower than the power of the expression Q”, the integra] (12) 
converges at large values of these variables; in other words, its value is deter- 
mined by the values of the variables corresponding to @ * 9p, i.e. inte- 
gration is carried out at small values of the variables, for which (12) has suf- 
ficient accuracy. It is evident that in this case (12) may be written as 


const + y(”/2)—* (13) 


where m is a number of integrations. H m 2 2n, the integral (12) does not 
converge and these arguments do not apply. To determine the nature of a 
singularity in this case the simplest way is to differentiate (12) with respect 
to gy) as many times as is necessary to make the power of the denominator 
greater than that of the numerator. After that we can make use of the formula 
obtained which should be integrated as many times. The integration con- 
stants obviously yield integer powers y) which have no singularity at gy, = 9. 
Accordingly, we again obtain formula (13), with the exception of the case 


when jm ~ 7 is zero or a positive integer. In this case, instead of (12) we 


ri tain 
obviously obtai const + gg —* -In yp. 


+ should be noted that though the minimum is now discussed, these results 
may be applied to any extremum @ as well. 

The quantity » equals the number of internal lines in the Feynman graph; 
the number of vectors k with respect to which integration is carried out, 
equals the number » of independent contours which make up the graph under 
consideration. Accordingly, 

m=4y+n—1, 
Hence it follows that the nature of a singularity is determined by the expres- 
sion y,?”-?@* and, if 2» — 3(n + 1) is zero or a positive integer, by 


Qe — Vent 1 
go” PO *Y In gy. 


The quantity go is obviously proportional to the distance between the point 
under consideration and the hypersurface in the space y?, (p; + p,)%, in 
which singular points are situated. The number of contours should also in- 
clude “‘biangles”’ which emerge when not one but several particles are conveyed 
along one line. For instance, v = 2 in the graph of Fig. 9, and since n = 4, 
the singularity is of the nature of ¢3!. 

It will be noted that a more convenient number of vertices may be used 
than the number of independent contours. The number of independent con- 
tours, ie. the number of independent integrations, equals the number of 
lines mmus the number of additional conditions. The latter equals the number 
of vertices less one, since one 6-function goes over into a final answer. Thus, 


=n -v+1l 


(where v is a number of vertices)t and the power in the singularity may be 
written as (3/2}(n + 1) — 2v. 


5. SUMMARY 


Let us formulate in brief the general rules for finding singularities. Various 
graphs with given external ends are considered. An arbitrary number of 
lines may converge at each vertex of such graphs, in agreement, of course, 
with the conservation Jaws (an odd number of z-meson lines cannot pass 
through one point, for example). All particles stable in strong interactions 
may figure as lines. After that, a study is made of the scheme built on the 
principle of replacing the polygons in the graph by a scheme of vertices. 
The jengths of all internal lines in the scheme are equal to the corresponding 
masses. The essential intersections in the schemes (such as are obtained from 
the polygons in the graph) should satisfy the relation 5) «;9; = 0, where q; 
are the vectors proceeding from this intersection, and all x; > 0. The nearest 
singularities correspond to a scheme in euclidean space. 


{ This was suggested to me by L. Okun and A. Rudik. 
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6. APPLICATION TO SCATTERING AMPLITUDE 


A number of facts should be borne in mind in applying the results thus 
obtained to the scattering amplitude. Let us consider the scattering ampli- 
tude as a function of one variable x (which may be, for example, total energy 
or transferred momentum), regarding ail other variables as given. The inte- 
grals considered above determine the functions whose values in the upper 
and: lower semi-planes are connected by the relation f(x*) = f*(%); in other 
words, the functions which are considered above and below the axis are actu- 
ally different functions which are by no means analytic continuations of each 
other, and, generally speaking, we have a discontinuity if the values « are real. 
The scattering amplitude which is obtained when the Feynman rules of direc- 
tion are observed, is in general of the form a(x + id) + b(z ~ id), where 6 
is infinitesimal. The analytic properties considered above refer to the function 
a(x + 16), extended by the variable x into the upper semi-plane, and to the 
function b(z — id), extended into the lower semi-plane. The behaviour of 
the analytic continuation of the function a(x + i6) into the lower semi-plane 
aud of the function 6(~ — ié) into the upper semi-plane by no means follows 
from the above. 

in an “alien” semi-plane the functions a and 6 may have any singularities 
located in any manner. Nor can they be determined from any general con- 
siderations. As is well known, the proton-neutron scattering amplitude has, 
for example, apart from the singularity connected with the formation of a 
deuteron, another singularity connected with the virtual state of this system, 
which does not correspond to any real particle and lies precisely in an “alien” 
semi-plane, with respect to the total energy of the system. Another example 
is the well-known resonance in the scattering of z-mesons on nucleons, which 
also corresponds to a singularity in an “alien” semi-plane, the total energy 
of the system being obviously complex. It is clear that such singularities can- 
not in principle be anticipated from general considerations, but may be obtained 
only from a theory yielding specific expressions for the scattering amplitude. 

The problem is very much simplified in the case when there exists a region 
of values of x, for which the amplitude in question is real. Then we have two 
cuts through the real axis in the complex plane, and it is easy to see that the 
function a(x + i6) has only the right cut, while the function b(z — i6) has 
only the left one. If the quantity a + 6* is considered instead of the scattering 
auoplitude, for which it is sufficient to change the sign of the imaginary part 
of the amplitude in the left cut, we shall obtain a function which has no singulari- 
ties in the upper semi-plane, which leads to the conventional dispersion relations. 

The author is indebted to L. B. Okun, A. P. Rudik and Ya, A. Smorodinskii 
for numerous valuable comments. 
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99. SMALL BINDING ENERGIES 
IN QUANTUM FIELD THEORY 


THE recent trend in quantum field theory has been to consider not Hamilton- 
jans but only the unitarity relation and analyticity properties of diagrams, 
expressing the local nature of the interaction. It is true that one has not suc- 
ceeded as yet in writing down the complete equations for such a theory, 
however, one might hope that such equations would represent, in essence, 
a new theory, basically different from a discussion of interaction processes. 

Occasionally the thought has been expressed that such a theory would only 
consitute a “framework,’’ i.e. that it would allow the introduction of all kinds 
of particles with all kinds of relations among them. The purpose of this note 
is to show that for loosely bound (but strongly interacting) particles there 
arises in such a theory a direct relation between the coupling constant and the 
binding energy of the particles. 

Let us denote by the letter c a particle which, when given a comparatively 
small amount of energy, can decay into two particles a and 6. Obviously 


M,=M,+ M,-«, (1) 


where e is the binding energy. These conditions, as is well known, are satis- 
fied by the deuteron. It is true that it is customary to treat the deuteron. 
as a composite particle, “consisting” of a proton and neutron. In reality, 
however, the concepts of ‘elementary’? and “composite” lose their meaning 
in relativistic quantum field theory and the assertion that the deuteron is a. 
“composite” particle differs only quantitatively from the assertion that 
mesons ‘consist’? of nucleons and antinucleons. Only the assumption that. 
all particles under consideration interact strongly is relevant. | 

For simplicity let us suppose that all particles have zero spin. It is understood 
that the particle c has even parity relative to the particles a and 6 (s-state!).. 
Let us denote by the letter g the fuli vertex part for the transition @ + b — c. 
We look now at the amplitude for the mutual scattering of particles a and 6. 
This amplitude has a pole term, associated with the virtual production of the 
particle c, equal to 


(92/82) /(M, + My) [(p, + Be)? — M21. (2) 


Replacing (p, + »)* by (YW, + MW, + #)*, where # is the energy in the bary- 
centric frame after subtraction of the rest energy, expressing U/, in terms of 


I. jl. clauyay, Marne omepran caaeu B KBANTOBON Teopun noma, Hypuar Oxcnepumenmanonod 
& Leopemurecnot Susunu 39, 1856 (1960). 

L. D. Landau, Small binding energies in quantum field theory, Soviet Phys.-JETP 12. 
1294 (1961). 


798 


SMALL BINDING ENERGIES IN QUANTUM FIELD THEORY 799 


‘equation (1), and assuming that H and « are small, we find 
(g2/16x)/(M, + M,)*(E + e). (3) 


Let us compare this expression with the well-known expression for the reso- 
nant scattering amplitude for not too high energies. The latter is given by 


Vi, (1M, + Mie + iB). (4) 


It is obvious that the expression 1/(,/¢ + i,/Z) evaluated at the point Z= —« 
is equal to Sf e. One may therefore assert that 


g/lOn(M, + My)? =./2(1/M, + 1/M,) «. 
Finally we obtain 
e= (94/5122?) MW, M,i(M, + 3,). (5) 
This is the desired formula which expresses the binding energy, assuming it 
is small, in terms of the corresponding coupling constant. 
It should be noted that analogous relations were already encountered by 
Fainberg and Fradkin? in writing dispersion relations for nucleon scattering. 


It seems to me that it would be of interest to derive this formula directly 
from unitarity and analyticity properties of the amplitudes. 
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100. FUNDAMENTAL PROBLEMS 


It is with the deepest sorrow that I send this article written in the honour of 
the sixtieth birthday of Wolfgang Pauli to a volume dedicated to his memory, 
which will always be cherished by those who bad the good luck of kmowing him 
personally. 

It will be impossible now to know his opinion about the ideas expressed in this 
article but I am still encouraged by the thought that his views on the subject 
would not be very different. 


It is well known that theoretical physics is at present almost helpless in 
dealing with the problem of strong interactions. For this reason, any remarks 
on the subject must necessarily be of the nature of foreeasts, and their authors 
are peculiarly apt to find themselves barking up the wrong tree. 

It was Jong thought that the main difficulty of the theory Ties i in the occur- 
rence of infinities which can be avoided only by the use-of perturbation theory. 
The habit of using the device of renormalisation, which had achieved brilliant 
success in perturbation theory, was carried so far that the concept of re-nor- . 
malisation acquired a certain mystical aura. The situation, however, becomes 
clear if, as is usual in theoretical physics, point interaction is regarded as the 
limit of some “distributed” interaction. This treatment, although it assumes 
weak interaction, goes considerably beyond the scope of perturbation theory, 
and makes possible the derivation of asymptotic expressions for the energy 
dependence of the basic physical quantities!. These expressions show that the 
effective interaction always diminshes with decreasing energy, so that the phy- 
sical interaction at finite energies is always less than the interaction at energies 
of the order of the cut off limit which is given by the bare coupling constant 
appearing in the Hamiltonian. 

Since the magnitude of the re-normalisation increases indefinitely with the 
cut-off limit, it follows that even an extremely weak interaction implies a 
large bare coupling constant when the cut-off radius is sufficiently small. 
Thus is was supposed that the main problem is to devise a theory of very strong 
interactions. 

Further investigation showed, however, that the matter was by no means 
80 easily dealt with. It was demonstrated by Pomeranchuk in a series of papers? 
that, as the cut-off limit is increased, the physical interaction tends to zero, 
no matter how large the bare coupling constant is. At about the same time Pauli 
and Kallén® obtained the same result for the so-called Lee model. 


L. D. Landau, Fundamental problems, Theoretical Physics in the Twentieth Century, a Memorial 
Volume to Wolfgang Pauli, ed. by M. Fierz and V. F. Weisskopf (Interscience, New York 1960), 
p. 245. : 

L. D. Landau, On analytical properties of vertex parts in quantum field theory, Proc. Ninth. 
Ann. Conf. on High Energy Phystcs, Kiev, July 1959 (Moscow 1962), p. 95. 
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The correctness of “nullifying” the theory has often been called in question. 
The Lee model is a very special one, considerably differing in several respects 
from physical interactions; and the validity of Pomeranchuk’s proofs has been. 
doubted. In my opinion such doubts are unfounded. For example, Kalién has 
several times put forward the view that unusual properties of the series to 
be summed are involved, but he has never given reasons to support this view. 
By now, the “‘nullification”’ of the theory is tacitly accepted even by theoreti- 
cal physicists who profess to dispute it. This is evident from the almost com- 
plete disappearance of papers on meson theory, and particularly from Dyson’s 
assertion that the correct theory will not be found in the next hundred years—a 
piece of pessimism which would be impossible to understand if one supposed 
that the present meson theory leads to finite results which we are yet unabie 
to derive from it. It therefore seems to me inopportune to attempt an improve- 
ment in the rigour of Pomeranchuk’s proofs, especially as the brevity of 
life does not allow us the luxury of spending time on problems which will 
lead to no new results. , . 

The vanishing of the point interaction in the present-day theory leads to 
the idea. that it is necessary to consider “distributed”’, non-local, intractions. 
Unfortunately, the non-local nature of the interaction renders completely use- 
less the technique of the present existing theory. Of course the undesirability 
of this occurrence is a poor.argument against the non-local nature of the inter- 
action ; but there are stronger arguments against it. All the conclusions derived . 
by means of the quantum theory of fields without the use of particular Hamil- 
tonians seem to get confirmed experimentally. They include, in the first place, 
dispersion relations. Moreover, the number of mesons formed in high-energy 
collisions is in agreement with Fermi’s formula,® which involves the use of the 
ideas of statistical thermodynamics for dimensions very much less than any 
possible radius of interaction. 

The idea of the possibility of a marked modification of the existing theory: 
without abandoning local interaction, was first suggested by Heisenberg’. - 
Besides this general idea, Heisenberg has also suggested a number of further 
assumptions, which to me appear dubious. I shail therefore attempt to describe 
the general situation in what seems to me the most convincing form. 

Almost 30 years ago Peierls and I had noticed that in the region of relativistic 
quantum theory no quantities concerning interacting particles can be measured 
and the only observable quantities are the momenta and polarisations of freely 
moving particles. Therefore if we do not want to introduce unobservables 
we may introduce in the theory as fundamental quantities only the scattering 
amplitudes. 

The y operators which contain unobservable information must disappear 
from the theory and, since a Hamiltonian can be built only from yp operators, 
we are driven to the conclusion that the Hamiltonian method for strong inter- 
action is dead and must be buried, although of course with deserved honour. 

The foundation of the new theory must consist of a new diagrammatic tech- 
nique which must deal only with diagrams with “free” ends i.e. with scatter- 
ing amplitudes and their analytic continuation. The physical basis of this 
CRE 26 


technique is the unitarity conditions and the principle of locality of interaction 
which expresses itself in the analytic properties of the fundamental quantities 
of the theory, such as the different kinds of dispersion relations. 

As such a new diagrammatic theory is not as ‘yet constructed, we are obliged 
to derive the analytical properties of the vertex parts from a Hamiltonian 
formalism, but it requires much naivity to try to make such derivations 
“rigorous’’, forgetting that we derive existing equations from Hamiltonians 
which do not really exist. 

One of the conclusions of such an approach to the theory is that the old 
problem of the elementarity of particles finally loses its meaning, as it cannot 
be formulated without considering interactions between particles. 

I think that the development of a theory on such lines has progressed very 
much in recent times and the time is not far away when the equations of the 
new theory will be finally written down. 

But one must remember that in this case, contrary to what has happened 
in all the previous stages of theoretical physics, the writing down of the equa- 
tions will mark not the end but only the beginning of the construction of the 
theory. The equations of the theory wil! be an infinite system of integral equa- 
tions, each of which has the form of an infinite series, and it will be a hard 
task to learn how to work with such equations. 

It is, of course, impossible to predict now how many constants in the theory 
‘may be chosen arbitrarily. We cannot even exclude the possibility that the 
equations will have no solutions at all, i.e. that the theory will also be nulli- 
fied. This might be regarded as the rigorous proof of the non-locality of nature, 
but it might also mean that a theory of strong interactions alone cannot exist 
by itself and that weak interactions, and especiaily electrodynamics, must 
also be included in the picture. The infrared “catastrophe” would then make 
the situation infinitely more complicated. 

But even in the best case we have still a great struggle before us, a struggle 
which has now become much more difficult without the brilliant unerring light 
of the mind of Wolfgang Pauli. 
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APPENDIX A 


Apant from his many research papers Landau has also been the co-author of 
many books. Most of these have been or are being translated into English or 
have been incorporated in the well-known Landau—Lifshite Course of Theoretical 
Physics. Of this course the following volumes have appeared: Mechanics (the 
first edition was written together with Pyatigorskii; this volume incorporates 
a problem book written together with Lifshitz and Rozeukevich), Statistical 
Physics, Fluid Mechanics, Classical Theory of Fields, Non-relativistic Quantum 
Theory, Theory of Elasticity, and Electrodynamics of Continuous Media. Trans- 
lations have also appeared or are being prepared of a semi-popular booklet on 
Relativity (together with Ya. B. Rumer), a Lecture Course on Nuclear Theory 
{together with Smorodinskii), and a popular book Physics for Everybody (together 
with Kitaigoridskii). There is also an early booklet on the conductivity of metals 
and as it is relatively unobtainable, we give in this appendix a translation of it. It 
was published in 1935 in Kharkov and was written together with A. Kompaneets. 


THE ELreEctRicaL CONDUCTIVITY OF METaALs 


1. One can divide all conductors of electricity into two classes depending on. 
the temperature-dependence of the resistance. The resistance of a conductor 
may at absolute zero either become infinite, or stay finite. The resistivity of 
electrolytes and electronic semiconductors becomes infinite. On the other hand, 
the resistivity of metals remains at absolute zero at least finite (sometimes 
it vanishes). Since the topic of this survey is metallic conductivity, it is 
plausible to base the physical definition of a metal on its finite conductivity 
at absolute zero. 

One must try to construct a theoretical model which will possess properties 
which are defined purely physically. It is essential that an arbitrarily weak and 
constant electromagnetic field produces a non-vanishing current in a metal. 
Moreover, this is true right down to the absolute zero. However, at the absolute 
zero the electrons in the metal are in the ground state. It is thus clear that 
the electronic ground state in a metal is perturbed by an arbitrarily weak 
field of an arbitrarily low frequency (that is, a constant field). However, it 
follows from this necessarily that the electronic ground state of a metal.is 
part of a continuum. In other words, there exists a whole set of electronic 
levels which lie infinitesimally close, immediately adjoining the ground level. 
Indeed, the change in energy for any electronic transition in a sufficiently weak 
field is k w, where w is the frequency of the field causing the transition. If w 
is infinitesirnally smail, the energy changes arbitrarily little, that is, the elec- 
tron makes a transition to an infinitesimally close level. 
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It follows from this only that continuous electronic levels must necessarily 
occur in a metal. It is, however, by no means possible to show that it is also 
a sufficient condition which unambiguously defines a metal, although it is 
very probable. 
> In general, this model has not been considered by anybody. In fact, there 
is a built-in limitation which is very important for calculations, but which is 
completely arbitrary from a physical point of view. 

The electrons in a metal interact both with one another and with the ions 
in the crystal lattice. There is no actually existing metal for which there is 
any basis to assume that these two interactions are of a different order of 
magnitude. All the same, so far it has not been possible to construct a theo- 
retical model of the metallic state which takes the electron-electron inter- 
action into account. In calculations one considers the electrons to be completely 
independent and to be present only in the given field of the ions in the crystal 
Jattice. 

It is difficult to establish how valid such a method of attack is. Even if 
the electron-electron interaction is small compared with the electron~lattice 
interaction, it does not necessarily follow that it is unimportant for the phe- 
nomenon of metallic conduction. It is well known that in transport processes 
aiso very small quantities are usually important which do not play a role for 
statistical equilibrium. An example of this is the interaction between the mole- 
cules of a perfect gas. This interaction does not enter at all into the thermo- 
dynamic quantities of a perfect gas. On the other hand, transport quantities 
such as the thermal conductivity, viscosity, and so on, must necessarily take 
the interaction between the molecules into account. In exactly the same way 
could the electrical conductivity of a metal depend on the relatively weak 
electron—electron interaction. Afterwards we shali show that, indeed, the elec- 
tronic interactions influence the metallic conduction but little. We must again 
state that there is no ground whatever to assume the electronic interactions 
in a metal to be small. 

On the other hand, a simplified model is already unable qualitatively to 
elucidate such a phenomenon as the superconductivity of a metal. 


2. Let us first of all consider liquid metals and also such metals which are 
constructed from arbitrarily distributed atoms. 

One sees easily that the motion of an electron in such a solid can not appre- 
‘ciably depend on the thermal motion of the atoms which is slow compared 
to the motion of the electrons. One must thus expect that the resistivity of 
@ liquid metal and of a specially disordered alloy must essentially be indepen- 
dént of temperature: Only a change -in the configuration of the nuclei may 
influence it.t 


7 It is sometimes emphasised that the temperature dependence of the resistivity of liquid 
metals is similar to that of solid metals. One uses then the data in tables referring to constant 
pressure, while one should use data referring to constant volume. 

Continued on p. 805 
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It is of special interest to study the resistivity of a liquid metal near the 
critical point (cf. Birch, Phys. Rev. 41 (1933), 641) but this has up to now only 
been done for mercury. There is then a continuous transition from the metallic 
state to the gaseous one which has an infinitely large resistivity. The way this 
transition takes place could be a very helpful hint for a future theory of the 
metallic state—more complete than the one existing at present. 





Fie. 1. 


Unfortunately, Birch’s data on the resistivity of mercury do not refer to 
constant volume and there are no data on the compressibility of mercury near 
the critical point. To reduce the data to constant volume one must thus apply: 
the Van der Waals’ equation, using the critical constants of mercury, obtained 
by Birch: 7, = 1460°C and p, = 1640 atm. The result will now, of course, 
only be qualitative. The measurements of Birch, referred to constant volume, 
are shown in Fig. 1. 

8. Let us now turn to solid metals. A solid metal has a crystalline structure, 
that is, it consists of regularly arranged atoms, in the field of which the con- 
duction electrons move. The theory of metallic conduction starts in the follow- 
ing from the same approximation as the theory of molecules. Since the nuclei 


Continuation from p. 804 

One must consider the temperature coefficient of the resistivity in the form 

1 ( =) ‘A. (5 V 3 
(3 _1/0R\ BV op je aT}, 
R aF),= 3 OT | 1sev : 
v ( Op ir 

Of all liquid metals, one knows only all of the relevant quantities for mereury, and from 
these data if follows that the required temperature coefficient at constant volume is equal to 
—0-57 x 107°: the resistivity of liquid mercury decreases thus with increasing temperature. 
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in the crystalline lattice are very heavy compared with the electrons, une does 
not study the general quantum-mechanical system, consisting of nuciei and 
electrons, but only the motion of the electrons in a given configuration of 
the nuclei in the form of a crystalline lattice. One can then study separately 
the electronic and the vibrational levels of the lattice just as this is done for 
molecules—and this procedure is equally valid in both cases. 

A perfect crystalline lattice has in space a three-fold periodic force field. We 
shall determine the form of the electron function y in such a field, assuming 
it to continue indefinitely in all three directions. Let the symmetry of the lat- 
tice be arbitrary. We can, however, choose different unit lengths for the axes 
in such a way that the basic period in all three directions is equal to unity. 
It is, moreover, convenient to change to a skew system of co-ordinates, the 
axes of which are parallel to the three edges of the elementary parallelepepid. 
The periodicity of the crystalline lattice is most simply described in such a 
system of co-ordinates. The potential energy of the electron U(x, y, z) should 
not change under the substitution x>x+1, y>y+i, or z>2z+1, or, 
in general 

Cr+ n) = T(r). 


Here + is the radius vector of an arbitrary point r (x, y, z) and is an arbitrary 
“integer” vector, that is, a vector such that its components are integral mul- 
tiples of the basic periods along the corresponding azes. 

_ This enables us to reach several conclusions about the form of the electron 
function y in the lattice. To simplify the discussion it is sufficient to consider 
the one-dimensional problem as one can immediately generalise the results 
to the three-dimensional case. Let, therefore, the electron move in a field of 
force with potential energy U(x) which is invariant under the transformation 
x—> 2+ 1. The substitution z > « + 1 will then not change the wave equation. 
‘Hence, under such a substitution, yp can only be multiplied. by a constant, which 
we denote by el. Thus 


. p(s +1) = el y(z). 
This finite difference equation can be solved by the function 
v (2) = e°** w(€,2), 
where o(é, ey has the periodicity of the lattice: 
p(§, & + 1) = (ff, x). 
One sees, moreover, easily that £ is purely real. Indeed, the wave function ~ 
must remain finite as x > + oo. If, however, € possessed a, positive or negative, 
‘Imaginary part, the factor e'** would tend to infinity as tended to — 00 or +00. 


One can generalise these considerations easily to cover the three-dimensional 
case. Then es pecomes a vector and the wave function has the form 


Bs p(r) = FS off, r), 
where 
9 6. rt n) = 9 §, r). 
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It is important that the components of § by definition have a meaning only 
when given modulo 2x. The electron energy which is a function of §, (6), 
must be periodic in the components of § with period 2m: 


e(§ + 227) = (6). 


Here, is an “integer” vector in §-space. 
Finally, the solution of the wave equation has the following form: 


pr, 8) = eT OM GED (8, a). 


In this form, the wave function of an electron in a lattice must be very 
similar to a free electron wave function: 


ya, t) = eT iu ehip-rih 


The quality # § takes here the place of the momentum and we shal! simply 
call § in the following the quasi-momentum of the electron in the lattice. In- 
stead of e(p) we get for an electron in a lattice ¢(§) which adds to the similarity. 
The only difference lies in the modulating factor (§, r), and in the fact the 
quasi-momentum is not defined exactly but only modulo 2 and that 
e+ #2 E2/2m. 

Knowing the expression for the electron energy we can also simply construct. 
an expression for its velocity. To do this we musé construct a wave packet from 
the wave functions and find its group velocity, 

We can write for this wave packet 


v(x) = f a(é) e¥* of, 2) dé, 


where the integration is over a very small é-interval. This can also be expressed: 
in the form that the function @(é) is appreciably different from zero only ina. 
smail é-interval. However, in a sufficiently small interval we may consider 
the function g(é, x) which is periodic in x to be practically independent of 
& for arbitrary x. On the other hand, e'** can for large x certainly not be con-- 
sidered to be constant in however small a é-interval as for sufficiently large 
a it changes arbitrarily rapidly as function of ¢. Therefore, for the given shape 
of a(é) we may validly take ¢(é, x) outside the integral sign, but must, on the 
contrary, retain e!f*, In that-case, g(é, x) has the character of some modulating 
factor while the integral , 


f ag) elf aé 


has exactly the same form as the corresponding integral in the expression for 
the wave packet for a free electron. 

If the wave packet is placed in an almost uniform force field it will behave 
as a classical electron with the velocity v of the given. wave packet. For this 
it is necessary that the potential energy in such a field changes little over distan- 
ces of the order of the de Broglie wavelength 4/m v. For electrons in a crystalline 


lattice, the order of magnitude of the de Broglie wavelength is of the order of 
the lattice constant, and this gives us the measure for the uniformity of the 
field. The quantity é replaces the momentum of the free electron. The Hamil- 
tonian of the electron function in the lattice has the form ({f) — e(F - 7). 
Here «{£) is the energy without an external field, and — e (F - r) the potential 
energy in a weak external, almost uniform field F. After what we have said, 
it is valid to apply the Hamiltonian equation to the electron in a lattice. We 
then get for its velocity 


moe Ge 
~ kh Be? 


and for the change in momentum 


_ 1 de-eF-r))  eF 
meee aaa aa 


The momentum of an electron in a perfect crystalline lattice in an external 
field F increases continuously. Such a lattice has therefore no electrical resisti- 
vity. In particular, one can not speak about any proportionality between 
current and field—an arbitrarily weak fieid can produce an arbitrarily large 
current, if we wait sufficiently long. Indeed, the resistivity is caused by a vio- 
jation of the strict periodicity of the lattice by the thermal vibrations of the 
nuclei. 

After we know on what variables the energy of the electrons in a lattice 
depends, we can apply statistics to them. 

They form at absolute zero a completely degenerate fermion gas or, to put 
it differently, they fill all quantum states inside the e = e,-surface. It is well- 
known that 2 fermion gas is strongly degenerate up to a temperature 7 for 
which kf is comparable to the Fermi energy ¢. This follows from the fact 
that at on-vanishing temperatures the electrons do not occupy the Fermi 
sphere completely—some of them go out over the boundary ¢,. Near this houn- 
dary there is a small “smeared out” region with a width of the order of k7. 
As long as the dimension of that region remains much smaller than the whole 
volume of the Fermi sphere the electron gas is strongly degenerate. On the other 
hand, if the temperature is such that &7' = e, the degeneracy is lifted. One 
can estimate for which temperatures the electron gas remains degenerate. 
For such an estimate it is sufficient to consider the electrons in the lattice to 
be free and to put ¢ ~ P?/2m. The total phase volume of the sphere ¢ = é 
is then equa! to 


43 
=F V= = (2m £9)? V. 


Here V is the volume occupied by the electrons in configuration space. 
On the other hand, one can easily estimate the phase volume directly. Since 

there can be at most two electrons with opposite spins (according to the Pauli 

principle) in each phase cell of volume (2% f)*, the total phase volume of the 
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system of WV electrons must be equal to 
ps N (27h). 
2 


Comparing this with the earlier obtained expression of the phase volume in 
terms of ¢, we find for e easily 


BN \28 4n2%2 
0 \ enV) 2m 








We put the criterion for degeneracy as kT’ S 9. Hence, choosing the lattice 
constant to be about 3 x 10-§ em and assuming one electron to fit in an ele- 


mentary cube, we get T<S3x 10K. 


For all experimentally accessible temperatures the electron gas is thus dege- 
nerate to a very large degree, the more so as at temperature of the order of 
108°K the metal melts. 

Since we have not considered the electron—electron interaction in the pre- 
sent, theory, we musi statistically describe them as a perfect gas in the force 
field of the atoms in the lattice. We must then take for them the usual Fermi 
distribution function where we put instead of the energy the known function 
2(§). We must still determine the weight of the states corresponding to a given 
value of §. 

We find it easily from the same considerations which are applied to free 
electrons. To do this we must consider the electron gas as a superposition of 
plane y-waves on which we impose the periodicity condition 


yr +8) = y(r). 


Here is a constant “integer” vector, that is, the substitution is nothing 
but a translation over an integral number of lattice periods. 

The modulating factory (§, r) satisfies the periodicity condition automatically. 
We need thus consider only the function e#¢-*), as usual. 

It is however, well known that the weight of the states corresponding to 
a volume element dr of §-space and dV of configuration space is equal to 


aVdr 
adr = 2. 
(22)* 


The factor 2 derives from the fact that the same state in phase space can 


have electrons with opposite spins. The electron distribution finally takes the 


for aVdt rl 


dr = 2——-—_______ 
us (228 ef — MET et? 


where y is the chemical potential which is independent of §. 


4. We explained that a perfect crystalline lattice does not have an electrical 
resistivity. It is thus natural to attempt to explain the resistivity of a metal 
by the violation of the perfectness of the lattice properties. This violation 
can be two-fold—either static through some lattice defects or time-dependent 
through thermal vibrations. In the present section we shall consider only the 
latter. 

If the strict periodicity of the lattice is violated, the electron wave function 
is not of the form found in section 3. However, if we assume that the thermal 
displacements of the nuclei are small, we can consider them as small perturba- 
tions imposed upon the perfect lattice. The known wave functions are then 
the zero-order approximations. Using them we can evaluate the probability 
for an electronic transition § ~ §’, «(§) > e(§’) per unit time under the action 
of some perturbing potential. 

We shall elucidate what the form must be of this perturbing potential. If 
we assume the thermal displacements of the nuclei to be small, one can validly 
expand the potential energy of the electron in a power series in terms of them 
and restrict oneself to the first powers. 

The term in the expansion which does not contain at all the displacements 
is the already known potential energy U(r). The wave equation with such a U 
determines the zero-order function. The terms containing the first powers of 
the displacements enter as a perturbing energy. 

It is well known that one can represent the vibrations of the atoms in the 
lattice as a superposition of travelling plane waves differing in their wave 
vector and polarisation. 

We see now what form the perturbing energy will have under the given as- 
sumptions. Since the thermal displacements of the nuclei are small, the per- 
turbing energy will be a superposition of the displacements produced by ail 
the nuclei separately 


V= >, (@(r —n) -u,). 


Here u, is the displacement of the mth nucleus. We can expand it in travelling 
plane waves, as follows, 


2u,, = ay (a, elf”) + az en my, 


where f is the wave vector of the jth vibration (that is, the vibration with a 
given triple of numbers },, f,, f;) aud @, its amplitude. If we substitute this 
expression into the expression for V, the perturbing energy caused by the fth 
eigenvibration of the lattice will be of the form 


Re(a,- 5, O(r — nye”) = Re(a,-eF” SO G(r — n) fb F"-) 
= Re{a,-M(r)e%”), 
From. the definition of 1 we see easily that it has the period of the lattice, 
that is, W(r) = T(r + i), where ¢ is a vector of which each component is zero 


or unity. Indeed, the substitution r  r + 7 is equivalent to the substitution 
m—-m— zt under the summation sign. However, the summation is over all 
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nuclei of the infinite lattice and the substitution n ~ n — i therefore cannot 
change it. 

Since the perturbing energy is linear in the displacements, the actions of 
the different eigenvibrations of the lattice upon the electron are independent 
of one another and can be superimposed upon one another. 

Such a model is completely analogous to placing an electron in an electro- 
magnetic field which is produced by the superposition of plane monochromatic 
plane vibrations. The various vibrations differ in wave vector f and polarisation. 
If the frequency corresponding to the wavevector f is w(f), such a wave field 
can conveniently be described in terms of light quanta. Indeed, we can assign 
to each vibration f quanta of energy w(f) and momentum &f. The quanta 
of the electromagnetic field are called photons. By analogy, the quanta of 
the elastic lattice vibrations are called phonons {acoustic quanta). 

It is well known that the probability for a quantum transition § > & per 
unit time is proportional to the square of the absolute magnitude of the matrix 
element V,, of the perturbing energy. This matrix element we must now 
determine. 

First of all, we note that the perturbing energy contains the vibrational 
amplitudes linearly. It is well known that its matrix elements are thus non- 
vanishing only for transitions corresponding to the absorption or emission 
of one quantum by the electron. Transitions for which the energy changes by 
two quanta are a higher-order effect. Let the lattice before the transition 
be in such a quantum state that the total number of quanta with wave vector f 
is equal to NV(f). Ibis then well known that the probability for a transition where 
the lattice gives off one quantum of energy 4 w(jf} to the electron is proportional 
to N(f) and the transition where the electron transfers to the lattice one vibra- 
tional quantum proportional to N(f) + 1. The proportionality coefficient is 
the same in both cases. It depends only on f, but not on N(f). We must now 
determine it. 

As it is independent of N(f) we can validly evaluate if for large N(f). This 
limiting case corresponds to a transition to classical mechanics. The perturb- 
ing energy and its time-dependence is then a travelling plane wave of the form 


V = Re (a, . elle (ft -— G-7) TE(*). (1) 
its matrix element is equa} to 
Vie = efle($9 - 2A ba ei G-8 +F-7) (a, ‘ i (r)) g* (é', vr) » (&, r) d3y 
+ eit lee") — (8) = sey ei - §'- fer) (af ° ki* {v)) ¢* (&’, %) g* (é’, v) 96, v) ary, 


To find the probability for the transition § ~ §’ we must integrate V ¢¢ 
over the time from zero until some value ¢, take the absolute square of the 
integral and integrate it again, over §’. It is well known that for the last 
integration only those V,, are important which are independent of the time, 
that is, those for which the condition 
elearneh e(@) — e@) + half) =0 (2) 
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We can indicate this simply by multiplying the transition predabilliy by a 
é-function-like factor of the argument «(§’) — ¢(§) + 4 w(f). Physically this 
describes the law of conservation of energy during a collision. The case where 
we have the upper sign requires that for the transition «(§’) = «(§) — & w(f), 
that is, that the electron gives off one lattice vibration quantum. The case 
where we have the lower sign requires, on the other hand, that the electron 
absorbs one vibrational quantum. 

We must now find out what becomes of the integrais occurring in V,,. To 
evaluate them it is convenient to make the substitution r— r+ n: 


a 


fele-¥ 21 (a, Ten) ©) 9&0) 9G 0) dr 
= [ efe- S Sgn) Qh(S- 8 7-7) (a, TE(r)) (*) o* 6, x) o (, 7) Br; 


(*) indicates here that for the lower sign we must replace (a, - HI) by (a@,« - Ii*). 
The functions i and » have the periodicity of the lattice so that we could 
replace their arguments r +n by r. It is clear from this that the integra} 
over the nth elementary cell differs from the same integral over the “first” 
cell by a factor ei -§ +/'™, The integration over the whole volume of the crystal 
can thus be replaced by an integration over one elementary cell followed by a 
suxomation over all elementary cells. In the last summation we have only 
the terms e'¢-§' +1” since the integral itself does not contain n. We get thus 


[fete # 24 (a He) ©) 9G, 7) 9G, 2) Pr] DEAL, 


where the integral is taken over one elementary parallelepepid. The sum is 
non-vanishing only when the exponent is 0 or an integral multiple of 22. 
Important ‘is only the case when it is zero, as §, &’, and f are defined only 
modulo 2x. For given § and f, &’ is thus completely determined. Because of 
this, for every elementary transition not only is it necessary to conserve energy, 
but the law of conservation of quasi-momentum in the form 


§-g§ +7 =0 (2a) 


must also be satisfied. Using these conditions we can state that fur electronic 
transitions starting from a given state not all vibrations with arbitrary f can 
take part, but only those which satisfy the relation 


e(§ + f) — e(€) F Rw(f) = 0. 


The conservation of quasi-momentum can be expressed by multiplying the 
transition probability by a d-function of argument § — &’ + 7. 
' ‘We can thus finally write the probability for single quantum transition per 
unit time in the form 


Wi = AGN dle) —e@ + Ao] 9E-F FNP, ——-) 


where the upver sign and N’(f) + 1 reier to the absorption of one quantum 
by the lattice, and the lower sign and N (f) to the absorption of one quantum 


APPENDIX A 813 


by the electronf. It is important to know the dependence of the transition 
probability on f for small 7, Small f correspond to long lattice deformation 
waves (by definition the wavelength is 2x/f). But if the deformation waves 
are sufficiently long, the electron again enters into almost uniform conditions, 
that is, into a lattice with a slightly changed constant. If we denote the elastic 
deformation tensor by V;,, the Hamiltonian function of the electron (§’) in 
such a deformed lattice can be expanded in a power series in powers of the 
tensor V;, and we can restrict ourselves to the first terms: 


a'(§) = €{§) + AgViz- 


Here e(§) is the energy of the electron in the undeformed lattice and 2,, a 
quantity depending on §. It is important that the first term of the expression 
in that case contains already not the displacements u,, of the lattice sites, but 
the deformation of the lattice, that is, the relative displacements, since 


Ou; dU 
UF ages 
ee clas Ry * Fa, al 
The terms A;, V;, plays the role of a perturbing energy. Its matrix element, 
from which we obtain the probability for the transition § > &’ is equal to 


diy |v (&, 7) Vi, y(§, 7) dr. 


The lattice deformation V,, and the displacement can easily be written as a 
travelling plane wave. The transition probability will then contain the 6-func- 
tions, already encountered, which multiply the square of the modulus of 
the elastic deformation, corresponding to a given wave vector f, and the integral 
over one phase cell known from the previous expression for the probability. 
For / = 0 this integral tends neither to zero nor to 0, and we can thus validly 
put in it f = 0 for sufficiently small f. The square of the modulus of the elastic 
deformation corresponding to a given f is proportional to the energy density 
of the corresponding deformation. We shall denote it by o(f). The probability 
for the transition for small f is thus proportional only to the well-known 
é-functions and the energy density of the deformed lattice. The coefficient of 
proportionality depends then only on §, but not on f. Since o(f) = 2 w(f) N(f), 
we write 


Wi, = AG) ho(f) d[eG) — 2G) tho dG -—FEFNAG™?. 


5. If we apply to a metal an external electrical field, the equilibrium of the 
electron gas is violated. In fact, since in an external field F there is no stationary 
state of an electron, the electrons must accelerate continuously according to 
the law €=eF/k, already encountered. On the other hand, the thermal 
lattice vibrations will scatter electrons both with respect to their direction and. 
their energy. There must thus be established some stationary process where 
the additional momentum in the direction of the field, produced by the field 


' f Jt is sufficient to take the coefficient of proportionality A(, f) to depend only on & and f, 
since §’ can be eliminated from the condition § x &’ + f= 0. 


28 o* 


per unit time, is completely scattered by the lattice and the total extra kinetic 
energy which the electrons obtained, being accelerated in the field, is trans- 
ferred to the thermal vibrations. It is natural to expect that in that case the 
electron gas can no longer be described by the well-known fermion distribution 
function. One must expect this a prior? because one does not obtain any current 
from the fermion distribution function—since all directions for the velocity in 
it are equally probable. One must thus find the electronic distribution function 
im an external electrical field. ; 

We can write the following equation for the distribution function for the 
electrons in a field: 

dn) 


at di 





tee Rea (5) 
where dx (§)/dt is the change of »(&) per unit time, m, is the number of electrons 
entering the given cell in §-space per unit time due to collisions with the lattice, 
and n, the number of electrons leaving it due to the same cause. 

We can write the derivative dn(§)/dé in more detail as follows 


dn) _ anié) | (= ay 
t 


dt @ ae a 











However, d&/di is equal to e F/k in an electrical field. We can thus rewrite 
the left hand side of the equation which determines ” in the form 

an én eF 

a Lf 

ét | (3 i ) 

We must now find the difference n, — ny, that is, the difference between 
the total number of electrons, entering the state § per unit time and the 
number of electrons, leaving it. 

To do this we consider first of all apart from the state § only one more 
“i gtate, §°, and determine the balance of all transitions § — § and their reverse 
§' — §. We determined in the preceding section the probability WZ, , for the 
transition of one electron from the state ¢ into &’, without taking into account 
the fact that ¢’ may turn out te be occupied by another electron so that the 
transition § > § is forbidden by the Pauli principle. However, any theory of 
the metallic state must take this necessarily into account as at all experiment- 
ally accessible temperatures the electron gas is completely degenerate so that 
there are practically no free states inside the surface « = g. 

Let us thus consider a state §. The possibility that an electron of given § 
‘makes a transition to a free state ¢’ is equal to. WF,—which we have already 

evaluated. We must multiply it by the number of free states ¢’. The total 
number of states per unit volume is equal to the weight of §’, that is, dv’, 
and the number of occupied states is equal to n(§’) dz’ and the number of 
unoccupied states to [1 — {§)] dv’. Moreover, the transition probability is 
proportional! to the number of occupied states § from which the transition 
can take place. This number is »(€)dzt. Let us assume that the transition 
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§ — § involves the transfer of one quantum to the lattice. The probability 
for the transition § — §’ is then clearly equal to 


Wz. (§) [2 — nS} drdr’. 


The transitions § — §' can, however, partly be compensated by the reverse 
ones: §’ + §. Since the original equation contains only the balance of all direct 
and reverse transitions, we must find the probability for the transition & — § 
and subtract it from the probability for the transition § > &. To do this we 
roust in the following first of ail interchange the indices and arguments § and ¢’. 
Then, since § > & corresponds to the transfer of one quantum by the electron, 
§’ + § must correspond to the transfer of one quantum by the lattice. The 
probability obtains thus a different index. Wz,, and Wt, differ only by the 
factors N(f) + 1 and W(f). Indeed, we must in the 6-functions occurring in. 
We, by definition take the lower signs, but also we must interchange the 
arguments § and &’. The arguments of the 6-function thus change sign under 
these operations, but as the é-functions are even functions, they are not 
changed at all. 

The total balance of ali § + §’-transitions involving the transfer of one 
quantum by the electron can thus be written in the form 


{Wee nS) (1 — 2(8')] — We. n(§) [1 — nS)dtdc’. 

Transitions § + § which are such that the lattice gives up one quantum 
are clearly also possible. To evaluate the balance of these transitions also, it 
is clearly sufficient to interchange the + and — signs in the expression obtained 
above: 

Wey n(§)  - 2(8')) — We. n(&) D1 — n)jdrdr’. 
According to our earlier remarks, we can write Wz, and Wz, in the form 
Wry = BOING) +1, Wi, = BONG, 
Wi, = BONG), Wey = BOW) + U1, 


where B® and B®. differ in the signs in the arguments of the 6-functions. In 
fact, according to our definitions, in BY the upper and in B® the lower 
sign occurs. 

We must now evaluate all states 6’ and also all possible f of the phonon 
which takes part in the transition. To do this we must integrate the expression 
for the balance of the transitions § <= § over all &’, that is, over dt’ and 
over all f, that is, over dt. The expression obtained must be put equal to 
(dn(§)/dt) dz with the opposite sign since we evaluated in fact the difference 
between the numbers of electrons leaving and entering the state, while (d/dt) dr 
is equal to the opposite expression. 

Because of the 6-functions occurring in BY and B®, four of the six integra- 
tions over dz’ and dz, can be performed at once, once we know the form of the 
functions ¢(§} and w(f). Three of them, viz. those where we use the 6-func- 
tions of §—§'+f can be performed explicitly—by simply substituting 
§& =§+f in n(§'). As to the fourth one—the one taking conservation of 
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energy into account—we can say that it everywhere leads to a replacement 
of «(§’) by ¢(§) + k w(f), and, moreover, to a multiplication of the integrand 
by an unknown coefficient a,(a,) depending on § and f. 

We find finally for the unknown electron distribution function in a field 
the integro-differential equation 
én(§) (2 e F(t) 


oe (ee )- | a, BO {n(® [1 — mf) + 1) 


— nf’) [Ln] VN} af + [ a, B {mG U- mE NM — (5a) 
— n(8') [1 — mL (f) + 1} a7, 


where we must put in the first integral §’ = § + f and «’ = e — ko, and in the 
second integral §’ = § — f and e’ = e + h w. The integration is over all those 
f which can take part in transitions from the given state §, that is, which 
satisfy the equation «(§ + f) — «(§) + 4 w(f) = 0. 

If we assume that the gas is in a state of statistical equilibrium 0n/dt = 0, 
when F = 0, equation (5) is identically satisfied by the fermion distribution 
for the electrons and the Planck distribution N(f) = [e*°*7_—]-1 for the 
phonons, as can easily be checked by simple algebra. The equilibrium between 
the electrons and the phonons requires the fermion form for the electron 
distribution function and the Planck form for the phonon distribution function. 

In statistical equilibrium the total current vanishes, since the direct and 
the inverse directions of § are equally probable. If the metal is in an external 
electrical field, it is plausible to expect that not only the electron distribution 
function, but also the phonon distribution function will change due to collisions 
with the electrons with a distribution function which is no longer the fermion 
one. The integro-differential equation contains the N (f) which is also unknown. 
We must construct another equation to determine W(f). To do this we must 
require that the total number of phonons of given f must not change in time: 
dN (f)/dt = 0. 

In an electrical field there must become established some well-defined 
equilibrium for the phonons such that the number of phonons of any state f 
which are absorbed per unit time by the lattice is exactly compensated by 
the number of phonons absorbed by the electrons per unit time. However, 
one must mention that the number of phonons of a given f can also change 
because of the interaction between different eigenvibrations without any 
participation of the electrons. However, estimating both effects, one can 
verify that the second source for phonon transitions is much less important. 
We shall. neglect it in the following. 

We now consider the total change in the number N(f) due to collisions with 
the electrons. Let the absorption of one phonon by the lattice be accompanied 
by an electron transition § — §’, ¢(§) > 2(§’). We have shown that the prob- 
ability for such a process is equal to 


Wee n(§) (1 — n(§')] drdr’, 
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or, in a more convenient notation, 
BO (N(f) + Un [L — n@)ardr’, 


To find the final balance of all phonon transitions we must find the difference 
of the expressions obtained and integrate it over all initial and final states of 
the electron—over dt and dz’. The integral must vanish: 


B® {LN (f) + 1] nS) LL — n(S)] — Wf) nG) [1 — nG)]drdv’ =0. (5b) 


Together with the earlier integral equation, it determines the two unknown 
distribution functions N (f) and »(§). We must again emphasise that for statisti- 
cal equilibrium both functions must have the well-known form 


mG) = [oO— MP4 11, Cf) = [eden — Yt, 


6. The integral equation contains functions a(f,, §), w(f) and «(§) which 
are different for different cases, and there is no physical sense in solving it 
exactly. 

Therefore it is not impossible to evaluate the magnitude of the resistivity 
of the model of a metal which we used in a general form, but also to determine 
its temperature dependence in the whole temperature range where the crystal- 
line lattice exists, that is, from the absolute zero until the melting tempera- 
ture. 

However, it is possible to find exactly the asymptotic behaviour of the 
temperature dependence in two limiting cases: we can determine the behaviour 
of the resistivity of a metal for 7 > O and T < 0, where @ is the “‘character- 
istic’? Debye temperature of the metal. The first case will be called the high-' 
temperature case and the second the low-temperature case. Moreover, we can 
construct a qualitative, interpolating formula which describes the resistivity 
of a metal satisfactorily at T ~ 0. 

Let us first consider the high-temperature case. 

The condition T > @ means that the energy of a lattice phonon is much 
less than k 7’. In fact, the maximum frequency q, is of the order of magnitude 
k Ofh. Since kT /h > k O/h by definition, we see that k T/h > wy, ork T > hw, 
as we stated. 

If we take for the phonon distribution function N(f) the Planck form, we 
can expand it in a power series in h w(f)/k 7. If the temperature is sufficiently 
high, we can cut off the expansion after the first, classical, term k T/h w. It 
follows that N(f) > 1. The unknown distribution function NV (f) which is not 
of the Planck form occurs in the integral equation and there is no reason 
whatever to expect that in a weak electrical field the distribution function will 
change its order of magnitude. Therefore for T > 0 we have N(f) > 1. 

We can then, however, in the expression for the transition probability 
Wee, validly neglect 1 as compared to N(f) in the factors N(f) + 1 and put 


cae + 
Wig = Wee- 
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This simplification essentially changes the form of the integra] equation. 
Indeed, putting N(f) » N(f) + 1, we can take it out from under the braces. 
Inside the braces remain two terms n(§) (§’) with opposite sign which cancel 
one another and there only remains the difference 1(§) ~ n(é’). The factors 
1 — n(§) and 1 — n{&’) which give the probability density for free states and 
which are typical for the Fermi statistics have thus disappeared. The total 
balance of electronic transitions § = & is now thus of the same form as if the 
probability for the direct and reverse transitions depended only on the number 
of electrons of the state from which the transition takes place and did not 
depend at all on the probability that the final state is already occupied. 

The probability for the transition § — §’ of one electron is thus simply equal 
to Wi, where we have already put N(f) ~ N(f) + 1. 

The total energy interval where transitions are possible is the “smeared 
out” zone of the fermion distribution. Its order of magnitude is well known 
to be k 7. However, at each collision the energy of the electron is changed by 
an amount & w which is appreciably less than kT (in the high-temperature 
ease). The energy changes thus slowly even in that small region where it can 
change in practice. Thus, at high temperatures the energy of the electron is 
essentially conserved. 

Let 2(§) be its energy when there is no external field and eg its energy in the 
field (y: the field potential). If we denote the total energy by H, we can then 
write H = ¢(§) + e¢. Collisions with lattice phonons lead only to a redistribu- 
tions of the electrons over their “momenta”’, but not over their energies. 

This redistribution leads to a slow exchange between the electrons of the 
given value of the total energy H. This exchange will take place in configuration 
space. Indeed, if the electron changes its “momentum” §, its “kinetic” 
energy <{§) also changes. However, since the total energy remains equal to B, 
its potential energy e (x, y, z) must change, that is, its position in configuration 
space. 

One can express this in @ different way. Let »(e) be the distribution function 
of the electrons. Since « = # — e¢ 9, this distribution function depends on the 
spatial co-ordinates: n(s) = n(# — e ¢). The spatial density which is inhomo- 
geneous with respect to y must lead to a diffusion of the electrons in the direc- 
tion of the lower spatial concentration. 

To simplify the further discussions we assume the crystal to be cubic. Of 
course, this can not influence the temperature dependence and also makes the 
‘consideration of the diffusion current easier, because the diffusion coefficient 
becomes then a scalar while in general it is a second-order symmetrical tensor. 

Furthermore, we are interested only in the exchange of electrons with a 
given value of # and the diffusion current must thus be averaged over all 
directions of § corresponding to the same value of ¢(§). After this operation the 
diffusion coefficient depends now only on 2. We denote it by D(e). 

One can thus easily write down the diffusion current, pertaining to electrons 
with a given value of 2(§). We must choose a phase cell dz, including all 
states with a given «. We multiply its volume by two since in each elementary 
cell there are still two states possible with opposite spin. Moreover, we must 
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xoultiply the volume of this phase cell by the geometrical gradient of 
n(s) = n(# — e¢) evaluated for constant energy (we have assumed that 7 is. 
conserved) and by the diffusion coefficient D(<«). The total current of electrons 
of given # and « is thus equal to 


— 2dr, D(e) grad n(e). 


However, we can very easily evaluate the geometrical gradient of 2(é);- 
it is equal to 


3 a a 
A ve=| VE -en)| sai ig Set ae 
é 6e IB = const Ge Ge 


where F is the electrical field strength. 

We obtain the density of the electrical current of the electron of given « 
from the diffusion current, simply by multiplying by e. Moreover, the total 
current density j is obtained from the same expression by integrating over «: 


0) én 
“Oe. 


At temperatures T > © the electron gas is still highly degenerate. Therefore 
n(e) has a steep discontinuity at ¢ = e,. Since the other functions such as D(e) 
and d7z,/de change smoothly, we can take for n({s) the same form as at absolute 
zero; that is, m{e) = 1 for « < s and n(e) = 0 for ¢ > eg. The smearing out 
of the distribution can be neglected since k 7’ < ey. Therefore Gnjde is now 
6-function-like function of <— 6. Indeed, it satisfies the definition of a 
6-function—with the ope sign: dnfde = 0 for ¢ # &, and 


n oF 
—de= = a 
{F é A [ : fn As é 


j=—2eR —de. 
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In the last integral we took ” out from under the imtegral sien and at the 
same time replaced the upper limit of the interval over which we integrate 
by &. 

The total current density is thus equal to 


j= et r(Se) De). 


Let us determine the temperature dependence of o. As it is a purely mechan- 
ical quantity, (dz,/de), does not depend on the temperature. We know from 
general considerations about diffusion that D(e) is of the order of 4v A, where 
» is the electron velocity averaged in some way or other and 4 is the electron 
mean free path; v{e,) is temperature independent. 
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The electron mean free path 2 is by definition inversely proportional io 
the probability W of a collision with phonons per unit time. On the other 
hand, the probability for a collision is at high temperatures proportional to 
N(f) and this, in turn, is proportional to 7. The terms containing f can in no 
way change the temperature dependence of the transition probability. Indeed, 
in order to obtain the mean free path, one must average the transition probabil- 
ity over all f from zero to fy, defined by the condition Aw(f)) ~ k@. Such an 
operation cannot lead to an additional temperature dependence of W. 

We find thus that 4 is inversely proportional to the temperature. The 
conductivity of the metal, o, which is by definition equal to j/F is thus also 
inversely proportional to the temperature and the resistivity F is directly 
proportional to 7. 

This law is exact, independent of the order of magnitude estimates made. 
The latter refer only to the numerical proportionality coefficients which are 
temperature-independent at sufficiently high temperatures. The law R ~ T 
itself asymptotically exact provided only that 7 > @. 

We shall now consider in how far this law agrees with experimental data 
on metals. It is clear that we must take such metals that their conductivity 
‘can be studied in a broad temperature interval T > ©. Such metals with a 
high melting point are tungsten, tantalum, and molybdenum. 

For tungsten we have (QO ~ 380°K)t+ 


Rk 
P= 2500°K, & = 94-31, 7m 376-5; 


R 
T = 3500°K, R= 141-42, 7 400-4, 


For molybdenum (9 = 2%) 


R 

T = 1800°K., R= 47. a 261; 
R 

T = 2800°K, R= 78-2, a 280. 

For tantalum (O ~ 288°K) 

& 

fT =1800°K, R= 67-6, 7a 375; 
R 

TP = 2800°K, R= 1050, G-= 375. 


The agreement for tantalum is thus already very good, even though T is 
only eight times higher than @. 

It is of interest to estimate from the experimental data the number A/a, 
that is, to find out how many atomic distance @ are included in one free path 


{ The resistivity is expressed in arbitrary units. 
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of the electron. To do this, we first of all estimate o. In it there occurs dz,/de. 
We can write the latter in the form (dz,/d&)(dé/ds). However, de/dé is 
nothing but % v where »v is the electronic velocity (see section 3). We must 
now find the order of magnitude of the quantity dz,/dé. Since our considera- 
tions have purely an order-of-magnitude character, we may assume that «¢ 
depends only on the magnitude, but not on the direction of ¢. In that case 
dt, is the volume between two infinitely close spheres in the 4-space: 


4n dé 


dt, ~ (eae? 


and we have for the conductivity 


2 


lL @& ‘ 
OR me ee 
32? ° 


One can very easily estimate the magnitude of & from the condition that 
the electron gas is highly degenerate at all temperatures so that the phase 
volume occupied by it ~ (42/3) (€/22)* 4 V naoust be of the order of magnitude. 
of the total number of electrons in the volume 4 V divided by two because of 
the two possible spin orientations. Assuming that the spatial density of the 
electrons » = N/AYV is equal to unity divided by the elementary cube of 
volume a?, we find é (22)" 1 ( 3 \. 


—_— Ww Pm 
27 


a 


“8xr Sx 


and for the conductivity o: 


1 e /x\?8 2 
°~3 ha\3) a 


For most metals the conductivity is of the order of 10° 0-1 cm~ or 1017 sec 
and a@ ~ 3 x 10-8 cm; the free path comes thus out to be of the order of some... 
hundreds of atomic distances. , 

It is also of interest to follow the electrical conductivity of metals up to the 
melting point to compare the properties of the liquid and the solid phases 
at the same temperature. This is therefore interesting, because the solid phase 
is much more ordered than the liquid one and a comparison enables us to 
elucidate the discontinuity in the conductivity when the ordering undergoes 
a discontinuity. The usual experimental data about the discontinuity of the 
electrical conductivity at the melting point are not altogether useful since 
the specific volume undergoes a discontinuous change together with the order- 
ing. However, by extrapolation one can refer the resistivity of a liquid metal 
to the equivalent isotropic dilatation and thus compare the data referring to 
the same volume and amount of material which are in different phases. We 
obtained the following numbers: 


Metal Ag Al Au Be Cd Ono K Li Na Sb Sn & 
Byg/Psoy 1:66 1-7 1-59 0-352 1-39 1-82 1-64 1-92 0-873(2) 0-75 1-78 1-48 
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The resistivities of Bi, Sb, and Na(?) decrease on melting. One must ascribe 
this to the fact that the motion of the electron is influenced not only by the 
order, but also the conditions for motion in the metai itself. 

We now turn to the low-temperature case, 7’ < ©. We first of all elucidate 
which of the thermal lattice vibrations can play an important role in this case. 
Although formally the whole accoustic spectrum up to w, ~ k O/h takes part 
in the phonon transitions, the ““maximum frequencies”, that is, those vibra- 
tions for which 4 w > kT will practically not at all be excited. This follows 
from the shape of the Planck distribution, N(f) = [e?@** — 1}-1: when 
hw(f)> kT, N(f) is practically equal to zero. 

Therefore only those phonons for which & w{(f) = &Z will turn out to be 
important for the transitions. Since, on the other hand, k 7 is the width of the 
smearing out of the fermion distribution, each collision will thus change the 
energy of the electrons over the whole possible range of its change. 

One can, on the other hand, easily show that the wave number changes 
relatively little—the less, the lower the temperature. Indeed, at low tempera- 
tures—as we just mentioned—phonons of low frequency, that is, long wave- 
Jengths, are excited. However, long deformation waves of the lattice correspond 
to a limiting transition to an elastic continuum as the discrete structure does 
no longer play a role. It is wejl known that we can then put the frequency 
(J) proportional to the wave vector / with a coefficient of proportionality 
which depends only weakly on f. At low temperatures only phonons of smell f 
are thus excited. On the other hand, the electron wave number ¢ remains 
by definition of the order unity (inverse lattice constant). Since eack collision 
changes § by +7, § must change little both in magnitude and in direction. 

It is thus valid to speak about 2 slow redistribution of the electrons among 
wave numbers. One can describe this as follows: & varies little in magnitude 
remaining in the vicinity of the Fermi suriace. (Electrons with smaller & can 
not undergo transitions because of the Pauli principle.) Each collision changes 
é inappreciably. There occurs thus something like a diffusion of phase points 
over the Fermi surface. 

If we apply an external electrical field to the metal, there will be a preferred 
direction of motion for the electrons. Phase points collect more densely near 
one part of the Fermi surface than would normally happens without a field. 
For a stationary process electron-phonon collisions per unit time will un- 
balance the total electron momentum by the same amount as the field is able 
to balance it during the same interval. In other words, the ‘diffusion current” 
will at any point of the energy surface exactly compensate the current of 
phase points under the action of the field. For a given field, the total current 
will reach a value which is the larger the slower the diffusion on the energy 
suriace dissipates any accumulation of points, equivalent to a. current. The 
velocity of the dissipation of electrons is thus a measure for the electrical 
resistivity of a metal. The first, in turn, is measured by the diffusion of the 
electrons on the energy surface, and the total diffusion evrrent is proportional 
to the diffusion constant D which is multiplied by the gradient of the “surface 
concentration” of the electrons. In a weak external field the current of the 
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phase points under the action of a field can be put proportional to the field— 
just as any change in momentum. The gradient of the “surface” concentration 
is nearly exactly the same as the current density in the given direction. It 
measures in fact the difference in the density of phase points in the given 
direction in a field and without a field. We find thus that the phase point 
eurrent at a given point of the energy surface which is proportional to the 
external field is because of the stationary condition equal to the diffusion 
eurrent flowing in the opposite direction which is equal to the known diffusion 
coefficient multiplied by the gradient of the surface concentration of the phase 
points; it is thus proportional to the totai current. The diffusion coefficient D 
connects thus indeed the field and the current and one may consider it to be a 
smeasure of the electrical resistivity of the metal. The proportionality coef- 
ficient for the relation between the field and the phase point current in the 
given direction, on the one hand, and the proportionality coefficient for the 
relation between the current density and the surface concentration gradient, 
on the other hand, are purely mechanical quantities, and the temperature 
dependence of the resistivity which interests us is thus determined by the 
diffusion coefficient we are looking for. 

The general expression for the diffusion coefficient is D ~ vA where v is 
an average velocity of the points and Aa mean free path. We must understand 
here by v the average velocity of the phase points on the energy surface and 
by A their mean free path on the energy surface. As the position of a phase 
point of an electron changes due to collisions with phonons we must under- 
stand by mean free path its change of momentum in one collision, that is, 
Aé. In this form it corresponds exactly to the usual definition of a free path 
as the distance travelled between two collisions. We must understand by the 
average velocity of the phase points the distance travelled by them per unit 
time on the energy surface. This distance is clearly equal to the same mean 
free path multiplied by the number of collisions per unit time. We have already 
determined the number of collisions and denoted it by W. We have thus 
Dw W (4é)*. 

We have mentioned that at low temperatures phonons are excited with 
small #/. However, for small f the probability W is proportional to the energy 
density of acoustic vibrations of a given 7. Furthermore, this energy density 
occurs in the transition probability and the d-function-like dependence on 
e(§') — e(§) + & w(f) which expresses the law of conservation of energy in a 
collision. We must substitute here for 6’, § + f and obtain then the result 
that for electrons of a given § phonons of arbitrary f can not take part but 
only those for which f lies close to the surface «(§ + f) — e(§) + & w(f) = 0. 
However, near this surface not all vibrations are excited, but practically only 
those whose frequencies are of the order of or less than & 7/4. Larger fre- 
quencies are according to the Planck distribution not excited at all. We must 
thus take into account only those phonons which lie close to the energy surface 
and within a region determined by the condition % w{(f) + & 7. Their number 
is thus proportional to the total of closed curves 4 w(f) ~ kT on the surfaces 
e(§ Ff) — «(§) + A w(f) = 0. However, since for sufficiently low temperatures 


only low frequencies and small / are excited, one may consider these curves 
to be plane circles with an area proportional to f?, The energy density of all 
phonons which can take part in the transitions is thus proportional to 
i. wo(f) P ~ fF. We find thus that W ~ f*. Moreover, D still contains a factor 
(4 §)? which is proportional to f? since changes by f in a collision. We find 
thus D ~ 75. Since, however, 4 o(f) = kT and w ~ jf, we see that the resistivity 
of a metal must be proportional to 7'>. As in the case of the high-temperature 
law R ~ 7, this law is true independent of the estimates we made of the order 
of magnitude of the various quantities which only refer to the coefficients of 
proportionality. 


7. The R ~ T*-law is asymptotically exact for the chosen model of a metal 
for Z < . For intermediate temperatures one cannot find a general law since 
it has no sense to solve the transport equation in its general form. All the 
same it is possible to construct a qualitative taterpolation formula from which 
we obtain both the # ~ 75-law for low temperatures and the & ~ 7'-law for 
high temperatures. It describes the intermediate region 7 ~ @ in satisfactory 
agreement with experiments. We shall derive this formula in the present 
section. 

We have already mentioned that we must use as a measure for the electrical 
resistivity the change per unit time in the number of electrons of a given 
direction under the action of the field which in a stationary state is exactly 
compensated by the phonon collisions. We have already mentioned that the 
change in the number of electron of given § under the action of the field is 
(e/k) (P[6n/8§]). To evaluate the change in the number of electrons of only 
the given direction of §, we must multiply by de and integrate over all energies 
corresponding to this direction. The change in this number n under the action 
of the field is obtained by integrating over the energies of both intervals 
giving the change in the number x(§) of given magnitude and direction. It is 
in general not possible to perform this integration since in the equation for 
the unknown functions » and N there occur A (&, f), ¢(§), and w(f) which are 
different for different cases. However, we can. at least make an estimate of the 
temperature dependence of the resistivity by making one simplifymg, qualita- 
tive assumption. 

This assumption is the following one. For 7 = © the energy changes are 
still all by an amount of the order of £7, that is, over the whole of the possible 
range of change in «. As to the changes in momentum, they proceed still 
rather slowly. In an electrical field there will therefore be established an 
approximate statistical equilibrium with a well defined chemical potential « 
for electrons with the same direction of their momentum. Electrons with 
different directions of § can thus be characterised by their own Fermion 
distribution functions where only ~ depends on the direction. 

We impose on this change the condition dN (f)/dé = 0, that is, that the 
jattice phonon must remain in a stationary state. This condition is expressed 
analytically by equation (5b) and we only need to put definite values into it for 
the present case. 
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In equation (5b) we have integrations over dr and dr’ for given f. The 
second integration we can perform immediately using the fact that §’ = § + f. 
However, the transition must also satisfy the energy conservation law so 
that not all electrons with arbitrary § can take part, but only those for which 
& satisfies the relation ¢(§ + f) = ¢(§) $ & w(f). We can express this geometric- 
ally as follows: the vectors § and § + f are connected with the same energy 
surface, but as f is given, § can lie only on a certain well-defined curve satisfying 
the condition that § + f lies on the same surface. 

Finally, the integration in equation (5b) leads to an averaging over all § 
corresponding to the points of this curve. We must also integrate this result 
over the absolute value of §, or, more conveniently, over de. One shows, 
however, easily that one can validly interchange these two operations; the 
energy changes are, indeed, not taking place over the whole range, but only 
in the vicinity of the Fermi surface, that is, in a small section of order kT. 

Indeed, electrons inside the filled band can in general not undergo any 
transitions as soon as they are further removed from the Fermi surface than 
kT. In fact, each electron transition is accompanied by a change in energy 
of about 4 w ~ k 7’ so that because of the Pauli principie it is simply impossible 
to make a transition from a phase cell which is further from the smeared out 
zone than k ®. In general, there are no electrons outside the smeared out zone 
as follows from the shape of the fermion distribution 

m = [et HFP 4 y7-2, 

Therefore, although the integration over de formally is from 0 to ©, it 
gives a non-vanishing result only near ¢. In that case, the averaging over 
the curve on which § lies can be performed over the Fermi surface bearing 
in mind that for the subsequent integration over de only the regions in its 
immediate vicinity are important. As § then changes in this integration 
practically very little, the coefficient A (§) occurring in the transition prob- 
ability, can validly be assumed to be constant: 4(§) = A (8)po(e(§,) = e). 
The required equation (5b) can thus finally be written in the form 


where the bar over the integral indicates an average over the Fermi surface. 
The integration is over all energies, but n(§)[1 — n(&’)] vanishes for states 
further from the Fermi surface than & 7. , 

If the metal is not.in an external electrical field, (e) is the Fermi distribution 
with a constant 4 which is independent of the direction. The form of all distribu- 
tion functions is then known. in an external field, some kind of approximate 
equilibrium of the electron gas is established with a distribution function 
which has again the fermion form but with u dependent on the direction of 
the momentum. One must then clearly also change the phonon distribution 
function NV (f}. Its change is not arbitrary, but must satisfy the already men- 
tioned condition dN (f}/dt = 0 which expresses equation (5b), only written in 
a different form. This equation enables us to express the change in N(f) in 
terms of the change in n(6). 
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[4 heo(f){N(f)n(1 — 2’) — (N(f) + ln’ (L— np de = 0. 


if the external field is weak, the deviations of » and NW from their equilibrium 
values will accordingly be small. Denoting them by 6” and 6, we retain 
the notation »(§) and N(f) for the “zero-order” equilibrium distribution 
functions. Bearing in mind that these equilibrium functions reduce the integrand 
identically to zero we can re-write the integrand up to first order in small 
quantities in the following form 


ON (n — n') + 6n(N + n') + 6n'(n —- N40). 


Here occur simultaneously én and 6n’, that is, the deviations from the 
equilibrium values of the electron distribution for two values of §. We have 
already mentioned that this is reflected by the fact that each direction has 
its own 4. However, the quantity yu itself is in this case not important—we are 
only interested in the relative change in ~ when we change from the direction 
of § to that of §’. It is thus unnecessary because of this to introduce simultane- 
ously into our considerations 6” and 6n’—assuming n’ to be given we can put 
én’ = 0 and introduce only the relative change in » which is equal to dx. 
We denote the difference 


#(S) — w(’) by bz. 
We have thus only left in the integral 
éN(n — n') + bn(M + 2’); 


we can easily express n’ in terms of », using the fact that for equilibrium 
dN/di must vanish. We get thus 
Nn 


vw =——_—_. 
NM+i-n 


Moreover, for small du, én = (@nféxz) du. Since m depends only on the 
difference « — wu, we have Gnj/du = —dnfde. We get thus for the integral 


j ay 
Aka(f)| O(n — 2!) - 6 n(N +’) |de=— = 0. 
Gs di 


it is convenient to take n instead of ¢ as integration variable and integrate 
clearly, from 0 to 2. Moreover, we have already mentioned that we shall 
neglect the dependence of 4 on §. In the second term we have (dn/as) de = dn, 
and in the first term we put ds = kT dnjn(1 ~— n) as follows easily from the 
known form of . 

The integral thus reduces to the form 


1 


—~n)kT P 
9 


fal) 
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However, ~p—-n I 
n(l—n) M+1l—n’ 
N(N +1) 
N+ = ———. 
t N+l~n 


We then get by integration over dn 
N(N + 1) 
k? 


Now, only 6 depends on the direction of the transition. We must average 
it over the curve on the energy surface on which § lies. We finally get 


NN +1) — 
= ——__—- ou. 
kT 
Knowing 6N we can now easily evaluate the change in the number of 
electrons with a given direction of §: 


JA Ao(f)(nQ — n')\(W +1) —n'(1— 2) N] a8 fide 


éN éu = 0. 


6N 


PS [4 heo(f)[n(l— 2) N—n"(1— n)(N + LD) dfde. 


We can chose n’ and n’’ to correspond to the same direction but to different 
energies: &’ corresponds to an energy «’ = « — i w, and €” to an energy e” = ¢ 
+ kh w. The integration over df takes into consideration only those f satisfying 
the equation «(§ + f) ~ e(§) FA aw(f) = 0. 

Ti is clear that with such a choice of §’ and §” we have én’ = 6n’’. Using 
the same arguments as before we can put them equal to zero since they must 
have the same w. After that, the integrand is of the form 


Akow[én(2N¥ +1 —n’ — 2") + 8N(2n — nr’ — 1"). 


Here x, n’, n’, and N are the known equilibrium distribution iunctions, and 
thus 


, nF +1) 7 Nn 
ae ~N+l-n° 


As before, we replace én by (6nj6y) bu = —(Onfés) dy and ée by 
kT dnjn(l — n). We then express 6 in terms of 6» and we get finally for the 
integral over de (changing to » as integration variable): 


1 
2 ae ra ar 
A to fanfaw +h~w—n’)du+ (N+ 1) fet ccc aE in}. 
o 
However, 
24—-n — nn" 1 1 


=e 


n{n-1) Ntl—-n» Nin 


and 


I 1 
aWei—w -wewrs Ul Saye 


We thus get from the integral 


N+1 Aw 


kT 


We must still integrate this result over all f allowed for the transition. 
We must, however, first find the value of du — bu 
We mentioned that dy is the difference u(§) — w(§ + f), that is, a quantity 
determined by § and f. For given f it can change only in such a way the § 
is displaced over the known curve on the energy surface; 5u is the result of 
averaging 54 over this curve. We must expand the difference du — dy for 
small f in a power series in f. The zeroth term of the expansion is then by defi- 
nition of du = w(§) — u(§ +f) identically equal to zero, as 64 vanishes for 
f = 0. Furthermore, there must be terms in the expansion terms linear in the 
components of f and terms quadratic in them, to which we must restrict the 
expansion, aes 
Knowing 64 — du we can integrate over f. We have already mentioned that 
the integral is taken over a part of the energy surface which is limited by the 
condition h w(f) + k O. Bearing in mind the qualitative character of our cal- 
culations we may assume that part cf the energy surface to be a plane. If we 
first integrate over the angles, the linear term in the expansion of du — du 
clearly vanishes and there remains the quadratic term, proportional to f?. 
We still had from the preceding integration over dn a factor (h w)?/k7 which 
is proportional to f? and an element of the plane surface is proportional to 
f df. If we replace & w(f)/kT by x (bearing in mind that purely qualitatively. 
f ~ a(f) the temperature dependence of the integral is finally reduced to the 
factor or 
e* de 
(= 17 
0 


Akw(Su — dn) NN + lo 





= Ahw(du — du) N(N +1) 


(8) 


W: remember that » entered the calculations as an independent variable. 
follows from equation (5a) that the whole of the expression obtains is 


equa! to an eF 
(7) 


‘because of the stationarity condition dn/dt = 0. We can easily evaluate this 
last expression; it is equal to 


on de eF ase 
de \ 0G A 


For we can substitute its equilibrium, Fermi expression since 34 is small 
compared to yu for a weak field (on the right-hand side terms without dn cancel 
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identically) and dn/de is the already well-known 6-function-like function:. 
—6(s — £). Since Ge/@ § changes relatively slowly, the whole integral is equal 


to 
(( de OF: 
ra)... ¥) 

However, 02/6 is nothing but & v, where v is the electron velocity. The whole 
expression thus reduces finally to ve #. This is, however, nothing but the change 
in the number of electrons of a given direction under the action of the field. 
It is proportional to the field. On the other hand, this change is compensated 
by the “diffusion” current of the electrons in §-space. Formally putting 
F = jR, where jis the current density, and substituting this into the equation, 
we see that the only quantity which may lead to a temperature dependence 
of the conductivity is again expression (6). 

This formula agrees in the limits 7 < Gand T > O with the results, obtained 
earlier. Indeed, at suificiently low temperatures we can replace the upper limit 
O/T by infinity and the integral becomes temperature-independent and equal 
to 124-4. We obtain the already known result R ~ 7%, E, on the other hand, 
T > Owe can validly expand the exponential in the integral in a power series 
and limit ourselves to the first term. The complete expression then becomes 
4647, ie. R~ T which we had derived also. Therefore, this formula can 
without any simplifications be considered to be a qualitative, interpolation 
formula for the temperature behaviour of the resistivity. It agrees satisfactorily 
with experimental data for T ~ @. 

To estimate the degree of approximation given by it we compare it with 
another interpolation Debye formula for the specific head of solids. In fact, 
we compare the value 0, of O obtained from the electrical properties of a metal 
with the value @,, of © which is substituted into the Debye formula. One can 
most simply estimate 0, by comparing the resistivity at high and at low tem- 
peratures, #, and R,: 


R, T.\4 T, 
— = 500/ — } —. 7 
E, (3) ?, (7) 


Substituting the experimental data of K we get the following table: 


Element} Na K | Cu | Au | Cd | Pb | Na Pet 


On 159 | 99-5] 315 | 190 | 168 88 | 310 | 225 
On 212 | 212 | 357 | £76 | 132 | 129 | 375 | 193 














Our model thus enables us to determine the temperature dependence of 
the resistivity of a metal in reasonable agreement with experiments. Apart 
from the temperature, the external pressure is known also to influence the 
resistivity. It is often stated that external pressure has a very considerable 
influence in this sence, according to a non-linear law at relatively very small 
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compressions, Caesium is an example, the resistivity of which initially decreases 
with increasing pressure (up to 5000 kg/em*) and then again begins to in- 
crease; other examples are the other alkali metals Rb and ‘Ke for which there 
is also a tendency to a bending in the R(p)-curve. 

Indeed, the resistivity of a metal deviates from a linear law by amounts 
of the same order as the compressibility—K, Rb and Cs are just the metals 
which have an anomalously large compressibility—so that experimentally 
attained pressures which compel us to think about a non-linear behaviour 
of R(p) correspond to compressions of the order of 20-30 per cent. 


8. Impurities and inclusions have a very large influence on the conditions 
of metals, We shall understand by impurities here not crystalline inclusions, 
but a small amount of a foreign element in the form of a solid solution. The 
lattice of the main metal must, of course, lose its strict periodicity in as far 
as the impurity atoms distort it. In this sense, small local “defects” of the lat- 
tice are completely analogous to impurities. 

If the relative amount of impurities is very small, we can consider the elec- 
tron motion in the crystal in first approximation to take place in a periodic 
field upor. which is imposed, a small spatial periodic perturbation. The perturb- 
ing energy does not contain the time explicitly and the collisions with the im- 
purity atoms will therefore not involve energy transfer. The impurities scatter 
the electrons thus only into a different direction, similar to what is done by 
the thermal vibrations at high temperatures. We are thus justified to take over 
for this case our earlier calevlations with the only difference that the mean iree 
path occurring in the final formula is now independent of the energy density 
of the acoustic vibrations. The latter was proportional to the absolute tempe- 
rature which led to the relation 2 ~ 7. The mean free path caused by the 
impurities, on the other hand, is temperature-independent. To a first approxi- 
mation one can assume qualitatively that the scattering of the electrons by 
impurities is simply superimposed upon the scattering by the thermal lattice 
vibrations—and the temperature dependence of the resistivity of a dilute 
solid solution is the same as that of a pure metal. Matthiesen was the first. 
to express this rule. This refers only to very dilute (‘‘infinitely dilute’) solu- 
tions as one can select alloys with relative amounts of the components very 
close to one another for which the resistivity is practically constant over a 
very wide temperature range. 

Impurities, and also other lattice defects (deformations, dislocations), lead 
to the phenomenon of the so-called residual resistivity which consists in the 
fact that the resistivity of all metals in practice does tend not to zero as 7 > 0 
but to a finite value—the so-called residual resistivity. The impurities also 
change the form of the electron distribution function (since the thermal vibra~ 
tions change it arbitrarily little as Z’ + 0), and one can not split the resistivity 
of a metal into a part caused by the thermal vibrations and one caused by 
the impurities. This effect makes it extremely difficult to check experimentally. 
the & ~ 7%-law or, in other words, to compare our model of a metal with. 
actually existing metals. 
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A peculiar form of a solid solution is a regular alternation of the atoms of 
the components of an alloy in a lattice when their relative numbers are known 
(for instance, Cu: Au = 1:1). This stracture, or intermetaliic compound, is 
called a “superstructure’’. It produces again a strict periodicity in the lattice, 
One must, of course, expect that the superstructure is strongly reflected in the 
resistivity of the alloy, which will be approximately of the same order of magni- 
tude as the resistivity of a pure metal. This has also been observed for all 
clearly established cases of superstructure. However, at high temperatures the 
superstructure contains many irregularities which later freeze in and lead to a 
residual resistance of a higher order cf magnitude than the one of the pure 
components of the alloy. 


9. We mentioned in section 1 that the theory developed here has a serious 
defect in that it does not take into account the electron—slectron interactions. 
We can, however, consider at least what these would lead to if their order of 
magnitude were such that the electron distribution function when there is 
no field is not appreciably changed. We have already stated that there are 
no reasons whatever for assuming these interactions to be smail in metal, 
but in transport processes effects due to perturbatins with energies much less 
than &Z may also be important. 

First of all, the free electron gas must have a zero resistivity, as the total 
momentum of the electrons is not changed in each elementary “collision” 
and the collision can therefore not change the total momentum of the whole 
of the gas. One would think that § would take the place of the momentum of 
the electrons in the crystal lattice and the electron-electron coilisions could 
also not lead to an additional resistance. However, in actual fact § is for each 
electron defined only modulus 2% and its sum could thus change for the 
two electrons by 27 so that each of the relevant § could change by less than 
2x. The velocities of the electrons which were defined in section 2 as functions 
oi period 2z change thus also without conserving their sum. Hence, electron— 
electron collisions in the lattice change the total current. 

We shall estimate how the probability of such an effect depends on the tem- 
perature. First of all, we note that effective collisions can not take place with 
electrons of all velocities, but only with those whose energy lies in the smeared- 
out region of the Fermi distribution. Indeed, electrons inside the fully ocenpied 
region can only interchange their positions and this means that there is no 
effect. Electrons from the interior and the smeared-out region can also merely 
interchange positions—because of the law of conservation of momentum the 
electron from the interior region can only go to a position of the other electron 
and nowhere else, since the other electron can only take up the former’s 
position because of the Pauli principle. Outside the smeared-out region there 
are in general no electrons, at all, and collisions are therefore only possible 
only in the smeared-out region. 

The collision prebability is then first of all proportional to the square of 
the number of electrons in the smeared-out region, and thus, since that number 
is proportional to the width, &7’, of the region, to the square of kT’. Secondly, 


832 APPENDIX A 


one of the electrons must necessarily fall after the collision into the smeared-out 
region: it cannot fall into the interior region because of the Pauli principle 
and not into the exterior region because in that case its partner would—due 
to the energy conservation law—fall into the interior rezion which is again 
forbidden. The collision probability must thus once more be proportional to 
the width of the region—and the final effect caused by electron-electron colli- 
sions will thus be ~7? up to very high temperatures. 

Let us compare the resistivity caused by the lattice with that caused by the 
electron-electron interactions; this can, of course, merely be done very approxi- 
mately since it is impossible to separate them physically. The two become of 
the same order of magnitude at a temperature + where the Fermi distribution 
breaks down as the mean free path of the electrons in that case is of the order 
of magnitude of the atomic spacing. In fact when the temperature reaches the 
order of magnitude of electronic temperatures, it must be possible from simple 
dimensional considerations to construct expressions for both resistivities from 
the same universal constants. To compare the two effects at low temperatures, 
we use equation (7), removing from it the numerical constant and substituting 
for R, the resistivity at the above-mentioned limit 7 = 7. 

The resistivities caused by electron-electron collisions vary in the ratio 
(x/7,)8, and bearing in mind that R,. ~ R,, we see that the resistivities again 
become of the same order of magnitude at low temperatures, if 

6? 
T, = 

The Debye temperature O is, however, usually small (it contains the nuclear 
mass in the denominator as kw, ~ &@, and is of the order {«/M)”, where « is 
an elastic constant and M the nuclear mass). On the other hand + is very large, 
larger than 10,000°K. The two resistivities therefore become of the same order 
of magnitude at a relatively low temperature 7',. It is impossible to say any- 
thing more definitely, as the equation Ry, ~ T* contains an unknown numerical 
coefficient. 
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ParEeRs Nov IncLUDED IN THE COLLECTED PaPERS 


Apart from the papers which are contained in the main body of this Collec- 
tion, there are a number of papers which are either completely out-of-date 
or contain slight errors. As they are sometimes quoted, we are giving a list 
of them here, and also give 2 brief abstract of them. We have excluded, though, 
various contributions made by Landau to conferences, abstracts of which 
appeared in the J. Phys. U.S.S.R. 4, 277, 278, 279, 380 (1941); 6, 225, 229 
(1942); and in the J. Hxp. Theor. Physics, 1, 195, 574 (1942), apart from one 
(J. Phys? U.S.S.R. 4, 284 (1941)), 


On the Derivation of the Rlein-Fock Equation 


A derivation analogous to Schrédinger’s derivation of the non-relativistic 
wave equation is given of the Klein-Gordon equation starting from a Hamil- 
tonian equation. 


D. Iwanenko und L. Landau, Zur Ableitung der Blein-Fockschen Gleichung, Ze. Physik, 
40, 16] (1926). 


Note on Quantum Statistics 


A note objecting to Dirac’s suggestion that for electrons only totally anti- 
symmetric wave functions should be allowed. 


D. iwanenko und L. Landav, Bemerkungen tiber Quantenstatistik, Zs. Physik, 42, 562 
(1927). 


The Connection between Wave Mechanics and Classical Mechanics 


Various aspects of the connection between the Hamilton—Jacobi equation 
and the Schrédinger or the Klein-Gordon equation are discussed, and the 
similarity between wave- and geometrical optics, on the one hand, and waive- 
and classical mechanics, on the other hand, is stressed. 


J. Wsaneaxo w J, clanqay, Ceaab Bomnosoi MexanuKn c kKNaccuteckot, Kypnan Pyccexoeo 
Dusuno-Xununecnozo Oéumecmsa, Pusurecnud omdes, 59, 255 (1927). 
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On the Theory of the Magnetic Electron 


An attempt to introduce the fourth quantum number of the electron thro 
considering antisymmetric tensors of different rank. A generalisation is ma, 
to many-electron systems. 


D. Iwanenko and L. Landau, Zur Theorie des magnetischen Elektrons, Zs. Physil:, 48, 340 
(1928). 


Tniversal Constante and Limiting Transitions 


A general diseussion of the question of dimensions and of the choice of 
independent units. 


Y.Tanos, J. Usanenxo, a WT. Tangay, Muaposste nocroaunme w upenempanit nepexon, Hypnas 
Pucerozo Dusuno-~Xumurecnozo OGwecmed, Gusuiccnut omden, 60, 18 (1928). 


On the Spin-effect in the Many-body Problem 


A discussion is given of possible generalisations of the Dirac equation to 
many-electron systems. 


L, Landau, Zum spin-Effekt im Mehrkérperproblem, Physik. Zs. 30, 654 (1929}. 


On Ioffe’s Theory of Electrical Discharge 
A critique of a paper by Ioffe (Physik. Zs. der Sowjetunion, 1, 155 (1932). 
L. Landau und L. Rosenkewitsch, Uber die Theorie des elektrischen Durschechlag?s von 
A. Joffe, Zs. Physik, 78, 847 (1932). 


L. Landau und L. Rosenkewitsch, Uber die Theorie des elektrischen Durschschlages von 
A. Joffe, Physik. Zs. der Sowjewnion, 2, 200 (1932). 


On the Theory of Supraconductivity 


Thermodynamic arguments are applied to a theory where superconductivity 
is based upon a saturation current within any small volume element. 


L. Lendav, Zur Theorie der Supraleitfuhigkeit, Physik. Zs. der Sowjetunion, 4, 43 (1933). 
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On Deviations from Ohm's Law for Semiconductors in Strong Electric fields 
A consideration of possible deviations from Ohm’s law in strong fields.+ 
L, Landau und A. Kompanejez, Uber die Abweichung der Halbleiter vom Ohmschen Gesetz. 
in starken elektrischen Feidern, Physik. Zs. der Sowjetunion, 6, 163 (1934). 
“1. Taugay u A. Konmaueen, 06 orxnokemnax noRyNpoOBOAMUKOB Of sAakOHa OMA B CHBANX 


DEERIPUIECKUX HOAAX, Myprxas Ononepuuenmanrsnoti u Teopemunecsot Dusunu, 5, 276 (1935). 
+ An erratum to this paper was published in Physik. Ze. Sowietunion, 9, 479 (1936). 


The theory of Phase Transitions 


Essentially an abstract of the two papers on phase transitions which 
appeared in the Physik. Zs. der Sowjetunion, 11, 26. 545 (1937); Collected- 
Papers No. 29, p. 193. , 


L. Landau, The theory of phase transitions, Nuture, 138, 840 (1936). 


theory of the Superfluidity of Heliwm {1. 


Essentially an abstract of the classical paper on liquid helium which appeared 
in the J. Physics U.S.S.R. 5, 71, 1941; Collected Papers No. 46, p. 301. 


L. Landau, Theory of the superfluidity of helimn II, Phys. Rev. 60, 356 (1941). 


Hesonance Scattering of Neutrons on Light and Heavy Nuclei 


& conference contribution discussing the applicability of the Breit-Wigner 
formula to resonance neutron scattering. 


L. Landau, Resonance scattering of neutrons on light and heavy nuclei, J. Physics U.S.S.R, 
4, 284 (1941). 


Stability of Tangential Discontanuctics in Compressible Fluids 


An (erroneous) discussion of the stability of tangential discontinuities in 
compressible fluids. 


L. Landau, Stability of tangential discontinuities in compressible fluids, Comptes Rendus 
(Doklady) de VAcadémie des Sciences-de VURSS, 44, 189 (1944). 
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On the Theory of The Viscosity of Helium LI 


Essentially an abstract of the two papers in the J. Exp. Theor. Physics 
O.SS8.R. 19. 637, 709 (1949); Collected Papers Nos. 69 and 70, pp. 494 and 
511. 


ol. Wl. Tangay u YW. M. Xanaranxos, K reopau sasnoera renma II, Haseemus Axadenuuu Hays 
CCCP, cepus pusureckan, 12, 216 (1948). 


Concerning W. P. Allis’ Criticism of My Paper on Coulomb Interactions in a Plasma 


It is shown that Allis’ criticism of Landau’s paper on the transport equation 
of a plasma (Phys. Z. Sowiet Un. 10, 154 (1936); Collected Papers No. 24, 
p. 163) was based upon an incorrect expansion of the collision integra}. 


L. Landau, Concerning W. P. Allis’ criticism of my paper on Coulomb interactions in » plasma, 
Physical Review, 77, 567 (1950). 


